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Abstract

Methods for solving scattering are studied in many dimensional space. Green function and

scattering amplitudes are given in terms of the requested asymptotic behaviour of the wave function.

The Born approximation and the optical theorem are derived in many dimensional space. Phase-

shift analysis are developped for hypercentral potentials and for non-hypercentral potentials with

the hyperspherical adiabatic approximation

IPNO/TH 91-40 June 1991

"Unité de Recherche des Universités Paris ]] et Paris 6 Associée au CNRS



Introduction

This work has been achieved at the request of E. Schmid during my visit to Tiibinger in the fall 1984

under a contract with the University stating that I had to provide the Green function for many-body

systems starting from a Hyperspherical method. It is now for me a pleasure to show how the problem

has been solved and which other connected results have been obtained from the method use to generate

the solution.

A description of scattering states of many particles in many dimensional space using hyperspherical

harmonics has been given for the first time by Delves for the photonuclear reaction where a tri nucléon

is broken into three nucléons [I]. He analysed the energy spectrum of the three outgoing particles

assuming that at low energy the harmonic polynomial of degree minimum L = 1 is sufficient to describe

the final state where the three nucléons are scattered. A similar calculation has been done later for

the photodesintegration of the trinucleon hi the isospin T = 3/2 final state [2]. At the begining of the

seventies a few attempts to use a Hyperspherical Harmonic (HH) expansion for solving the nucleon-

deuteron scattering [3,4,5] failed to produce reliable results because too many partial waves are needed

to describe accurately the asymptotic behaviour of the wave function where two bound particles are

seen from far away.

The first achievement came from the use by Lin [6], for studying the phase shifts in the scattering

of an electron by an hydrogen atom, of the adiabatic approximation method introduced by Macek in

atomic physics [7] for solving the coupled equations generated by the H H expansion method.

In the adiabatic approximation the coupling between the hyperradial motion and the rotation in

the many-dimensional space spanned by the coordinates of the particles is neglected and the orbital

motion is solved by generating an adiabatic basis [8,9].

Each adiabatic element is associated with an eigenpotential. When the hyperradius increases each

adiabatic element of the basis evolves asymptoticaly to a function describing a cluster decomposition

at rest of the wave function while the eigenpotential becomes the sum of the binding energy of clusters.

For instance when we have to deal with three particles and when a basis element describes asymp-

totically a two body bound state then the eigenpotential becomes asymptotically the (negative) two

body binding energy [10].



These properties of the Adiabatic basis are utilised to calculate phase-shifts when we study scat-

tering with clusters.

This paper is divided into four sections.

First the free Green function is derived in the D-dimensional space.

Then the scattering by hypercentral potentials is studied from which the Born approximation is

obtained. In the third section a phase-shift analysis of the scattering amplitude leads to the optical

theorem. Finally, a method for solving scattering by nonhypercentral potentials is proposed and simple

applications to three body systems are given.



1 The Green Function

Let x and x' be two vectors in the D-dimensional space, the Green Function is defined as a solution

of the singular equation

^r[E- H0(S)]G(S, S') = 6(S - x1) (1.1)

where H0(S) is the Hamiltonian and E the energy. The x can be a set of coordinates S^, S2,..., SA

where each Z1- fixes the position of a particle (i) in the three dimensional space, it can be as well the

position of one object in the D-dimensional space.

We treat the problem in polar coordinates by introducing the hyperradial coordinate r = \S\ and a

set 1Î of D — 1 angular coordinates for the position of one point at the surface of the Unit hypersphere

r = 1. For a volume element

dPx = T0^dTdQ (1.2)

where dQ is the surface element over the unit hypersphere one defines a complete set of orthonormalised

hyperspherical harmonics (HH) Y[£,](fi) where [L] is a set of D - 1 quantum numbers, including the

grand orbital quantum number L, characterising the HH.

The Laplace operator contains a radial and an orbital term

where L2(Q) is the grand orbital operator. The HH fulfill

[L2(ft) + L(L +D- 2)]Y{L](Çl) = 0 (1.4)

/ Y[L](9.)Y{v](Çï)d9. = 6mJA (1.5)

where #[£],[£'] = 1 when [L] = [L'] and zero otherwise. The JT=l means an integration over the unit

hypersphere r = 1. With these ingredients the S function can be defined according to (1.2), by the

expansion

S(S-S') = —g—-— 2̂ J rç,!^')^^!^) (i-6)
r [£l=o



where the sum is taken over all quantum numbers. The free Green function is a solution of (1.1) where

H0 = -ft2A/2m and E = h2k2/2m . (1.7)

It can be written as the expansion

G(S, S1) = £ Y1I1(Of )Ym(Q)Gi,(r, r1) (1.8)

W

where the radial Green function Gi(r, r') is a solution of the differential equation

1 d „_, d L(L + D-2) 2 d(r - r')
r ^ ~2 + * )GL[r,r ) = rD^ . (1.9)

Let fz(z) be anyone of the functions

where J, Y1JlW are respectively Bessel, Neumann and Hankel functions.

They fulfill the differential equation

Their asymptotic behaviour is

(1.11)

3)/2 (1.12)

J-L(2) — cos(2 - (C + I)*/2)/Z^-1"2 (1.14a)
z—nnfty

yL(z) —» s i n ^ - ^ + l ^ ^ / z ^ - 1 ^ 2 (1.14b)

(1.14c)



One defines three sets of radial Green functions according to the requested asymptotic behaviour

G°L(r,r') = kD-2JL(kr<)yL(kr>) (1.15a)

) (1.15b)

where r>(r<) is the largest (smallest) of r and r'.

It is obvious, since eq.(1.13) holds for the three kinds of Bessel functions, that the radial Green

functions fulfill eq.(1.9) for r ^ r'.

We have threfore to check that it is still true for r —» r1. For this purpose we integrate (1.9)

between r' — e and r' + e, and let e —> 0. Then we have to prove the validity of the equation

We demonstrate the equality for G\ since the proof in the same for G^. The radial Green function

l r ' f 2 - 1 f o r r < r ' ( 1 . 1 7 )

while T and r' are exchanged for r > r'. The derivative with respect to ( r r ' ) " ' 0 ' 2 " 1 ' disappears in

the limit e —» 0.

Finally the left hand side of (1.16) becomes

§kr'[Jc+1/2(kr')Y^+1/2{k(r' + e))

where J' and Y' are for the derivative of J and Y. When € —> 0 the bracket becomes 2/irkr' which

establishes the proof.

In eq.(1.8) the sum over the quantum numbers [L] where L is fixed can be performed by using the

addition theorem for HH yielding to a simpler expression for the expansion

£ = 0



where a is the angle between S and x" given by the scalar product

while C£ is a Gegenbauer polynomial. This equation can be further simplified by performing the

sum over the grand orbital number L.

For this purpose one uses the relation between Hankel Hv'(w) (for z = 1 or 2) and J11 Bessel

functions :
BP[W)IvT = (2IzZYH(V) T1T=O[L + V)Ci(Cm a)

JL+U(Z)H^(Z)

where

w = \Z - 5| = [z2 + Z2 - IzZ cos a}1'2

for z < Z and v = Dj2 - 1.

By substitution of (1.19) into (1.18) one obtains

H C W * - 2'I) (1-20)

The eq.(1.20) for the 3-dimensional space i.e. for D = 3 and v = 1/2 becomes the usual Green function

1 eik\3-l'\



2 Scattering by a Hypercentral Potential

The scattering in many dimensional spaces can be studied in a way quite similar to the one used for

the scattering of one particle by a potential in the physical three-dimensional space. It might describe

the scattering in systems like dilute gas where a large amount of particles are in free motion and only

a few of them cannot be represented by plane waves at a given time.

As most of the physical interactions are described by potentials a large part of which is invariant

by rotation in the D-dimensional space we will study the case of the scattering of a plane wave by a

Hypercentral potential U(r).

The plane wave is expanded in series of Gegenbauer polynomials

where k.x — kr cos 9, [H].

Then we search for a radial wave Ri(r), to be substituted for Ji(kr) in (2.1), which is a solution

with the asymptotic behaviour

RL(T) —, JL(kr) + fL(k)eik'/AD-W (2.3)
r—*oo

The partial wave

= JL(kr) + /<?+(r,r ')^(r ') JRL(/)(r ')D-1rfr ; (2.4)

fulfill the requested conditions as it can be proved easily by substitution of (2.4) for Ri in (2.2) and by

taking (1.13) and (1.9) into account. The amplitude f[,(k) is obtained from the asymptotic behaviour

of (2.4) when r - i o o . According to (1.14c) and (1.15b) it is

h(k) = -e--W2fc(D-3)/2 f°° JL(kr')U(r')RL(r')(r')D-'dr' (2.5)
Jo

Eq.(2.4) is the Integral equation representation, including the requested asymptotic condition of an

out going wave, of the differential equation (2.2). In the Born approximation we assume that /L(A')



is small and then that the radial wave is well described by Jc(kr) alone in the range of the potential,

leading to

/<?>(*) = _e-iC,/2k(D-3)/2 n^kr'tfUir'Xr'f-'dr' (2.6)
Jo

The scattering with an outgoing wave behaves asymptotically according to (2.1) and (2.3) as

(2.7)
r t o o

where the scattering amplitude /(H) is given in the Born approximation by

E (2.8)

This expression can be simplified by starting from the relation [12]

leading to

i Jo

where K = 2fcsin0/2.

For D = 3 one finds the well known Born approximation formula

sin kr „
Ja



3 Phase-shift analysis of the scattering amplitude

The scattering amplitude /(fl) can be obtained by the traditional method developped for the scattering

of one particle in a central field. The wave function (2.7) is asymptotically the sum of a plane wave

and an outgoing wave. It can be expanded in series of Gegenbauer polynomials

* + ( * l = £ Cf^-1CcOS 6)RL(r) (3.1)
L=Q

where RL(T) is, out of range of the potential, the sum :

RU?) = AL[cos 5LJL(kr) - sin S^y^kr)} (3.2)

of a regular and a singular Bessel function. The radial waves RL(1T) behave asymptotically as

RL{r) ^ AL sm{kr + SL - dt/2)/[kr)^D-^2 (3.3)

For D = 3 one recovers the asymptotic behaviour

A1 sin(fcr + 6t

The phase shifts SL are obtained by solving the radial equations (2.2) by taking the condition of

regularity for r = O into account.

The asymptotic behaviour of elks for r —> oo is obtained form eqs.(1.14a) and (2.1). Then one

identifies the asymptotic expressions of (3.1) and (3.3) providing after some algebra

which becomes for D = 3

f(8) = —y^(2£ + l)(eZl*'
ik ~*

in terms of the Legendre polynomials P[. An equivalent formula

2 J °°

[L]=O
= ( f ) ( D ~ m E (e2xiL - i)V['tl(afc)yw(n) (3.6)

10

I



where Hk stand for the angular coordinates of k is obtained by using the addition theorem for HH

[11].

By using the orthonormal condition (1.5) and the addition theorem for £1/. = Q

together with

e™1- -l = 2ieiiLsin6L (3.8)

one obtains

X E t ( 2 i + D- 2)(L + D - 3)! sin2

which proovides for D = 3 the total cross section

|/(6I)|2 sinôdOdip = — £ ( 2 f + 1) sin2 ^

The optical theorem hi the D-dimensional space

\ -ftQ\\2jr\ O/ 1CD-l)/2r* -(D-3)/2x/n \ /o in\
Jĵ t7JI ait =: *(~7"/ 3171 Iv " J^itfcJ ^j.IU)

/
Jr=I

where /(fijt) is the scattering amplitude in the direction ik of the plane wave, is obtained by setting

fi — îîfc in (3.6) and by taking (3.7) and (3.8) into account.

Obviously for D — 3 one recovers the well known optical theorem

= f |/(6»)|2 si
Jr=I

for an incident beam 9 = 0.
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4 Scattering by nonhypercentral potentials

All two-body interactions, except for the harmonic oscillator potential are not invariant by rotation

in the many dimensional space.

This means that even if a large component of the potential is hypercentral nevertheless one cannot

avoid to introduce the angular dependence of the interaction in the D-dimensional space in studying

the scattering. An elegant way to overcome this disagreement is to utilise the adiabatic approximation

where the coupling between radial and orbital motions aie- neglected. It is justified since the energy

associated with the radial motion (s.g. the breathing mode) is very small with respect to the one

generated by the orbital motion in the many dimensional space which account for nearly all binding

energy in bound systems, a property which is specific of loosely coupled systems.

The hyperradius is defined by :

in terms of the coordinates Xi of identical particles of mass m of an A-body system in the framework

of the center of mass X. The Schroedinger equation in hyperspherical coordinates is

" > = • •

The wave function in the adiabatic approximation is the product

*(f) = B fA,(n,r)*w(r) (4.3)

where the hyperspherical adiabatic basis is the complete set of eigenfunctions of [8]

n,r) = 0 , (4.4)

where the hyperradhis is a parameter while U]\\(r) is the eigenpotential associated with B^[1D., r)

characterized by the quantum numbers [A]. When V(S) = Uo(r) is hypercentral the eigenfunctions

are the HH Y[L](Q.) while

12



leading to the wave equation (2.2) and the solutions developed above.

The same scheme apply to the adiabatic basis except that this time it is no longer harmonic but

must be obtained as a solution of the multidimensional partial differential equation (4.4) including the

interaction, which is a difficult task.

Then the radial solution 4[A](̂ ) is obtained from (2.2) where L = O and U^(r) has been substituted

for U0(r).

This extreme adiabatic solution must be compared with the suitable free solution in order to

extract the scattering amplitude. The Uncoupled Adiabatic Appro:cimation (UAA) is obtained when

U[X](T) is corrected by the term —h2fm < -B[A]Iĝ r-S[A] > taking the variation with r of the B^ into

account in such a way that the radial wave becomes a solution of the uncoupled radial equation

*MI£*M >] (4 5)

+U[X]{T) - -E}$w(r) = 0

where

for the normalized basis

< BW\B[X] >= J \B[x](n,r)\2dn = 1

For r - t oo the adiabatic basis elements .Bpq(fi,r) evolve to a cluster decomposition of the .A-body

system while U[\](r) becomes the sum of the binding energies (< O) of the clusters.

In order to illustrate our statements we have chosen first to calculate the U[x] (»") for the positronium-

ion system when the positronium is in S state.

The equation in atomic units

{T--L--î- + J--E}*(£) = 0 (4.6)
^13 ^23 T12

where T is the kinetic energy operator for the electrons (1) and (2) and the positron (3) is solved by

writting the wave function as a sum of three amplitudees

¥(£) = ,F(T-J3, r) + F(r23, r) + $(r12, r) (4.7)

13



Each amplitude is expanded in a series of potential harmonics [11] and the coupled Faddeev equations

(T - E)F(T13, r) = 1/P13S (4.8a)

( T - E ) # ( p » , r ) = -1/1^2* (4.8b)

are solved by projection on the potential basis for 1*13 in (4.8a) and T\2 in (4.8b) generating the

hyperradial coupled equations of the HH expansion method [13]. Then the coupled equations are

solved by matrix diagonalisation for each r and the eigenpotentials are extracted [14].

The lowest eigenpotentials U[x\(r) are presented in fig.l.

They reach asymptotically the binding energies respectively of the ground IS state and the next

nS excited states of the positronium up to n = 5. This means that for large r the adiabatic basis

describes an electron at rest and a positronium in nS state since eqs.(4.8) have been projected on a

basis describing a pah- in S state.

In another application of the method we have calculated the phase-shifts in the nucléon-deuteron

scattering at low energy by a simple phenomenological Gaussian central two-body potential providing

the experimental deuteron binding energy.

The problem is solved by applying the adiabatic approximation procedure to the Integro-Differential

Equation Approach (IDEA) for S state in order to generate the deepest eigenpotential U^(r) reaching

asymptotically the eigenenergy (< 0) of the deuteron [10] The eigenpotential U[0}[r) is exhibited in

the asymptotic region in fig.2. This eigenpotential is deep enough to generate a 3-body bound state,

which in fact overbind the Trinucleon by 13.3 MeV. When the total energy E is over the deuteron

binding energy (< 0) the IDEA generates an amplitude which extend to infinity and describes the

scattering of a neutron in S state by a deuteron.

The phase-shifts are determined by comparison with the reference wave function of a deuteron and

a plane wave for the spectator particle

*„,(£) = i^Tij)^-

where

£ V - X ) (i,j,k = 1 , 2 , 3 ) ,

14



in the center of mass frame while

in terms of the two Jacobi coordinates rij and £s.

For k small i.e. for low energy scattering one finds by using expansion (2.1) that the reference

wave function becomes

^ ^ ; 5 ^ (4.9)

The phase shift S0 is obtained b y solving (4.5) where

$[0](r) = K[0](r)/r5/2 for A = O and E = Ed + h2k2/m , (Ed < 0) (4.10)

The radial wave Wo]^) is the regular solution of the radial equation

^ M iJL ^ - Ed] - *> [ 0 ](r) (4.11)

It behaves asymptotically as

U101 —. sin(fcr + S0 - 3^/2) (4.12)
I J r—»oo

where the phase shifts S0 vanishes when the interaction fade out.

Fig.3 shows a comparison between the phase-shifts calculated from eq.(4.11) and those obtained

by means of the essentially exact solution of the AGS equations using the PF-matrix approximation

[15]. The phase-shifts are in agreement below about 10 MeV where the break-up into three particles

can be neglected. In order to take it into account we should introduce the relevant elements of the

adiabatic basis producing eigenpotentials vanishing at large hyperradius.

The coupled adiabatic approximation [8,16] generating coupled equations between various channels

should be well adapted to describe the coupling between the elastic scattering and break-up with

suitable asymptotic conditions of out going waves in the reaction channels.

Indeed it selects the only two reaction channels directly coupled to the elastic scattering and neglect

the others then providing the major contribution to the break-up

15



5 Conclusion

We developed methods for solving scattering in many dimensional space by an extension of the tradi-

tional treatment of scattering in three-dimensional space.

The Green function for free particles is obtained from a hyperspherical harmonic expansion of the

basic equation (1) where the Delta function is expressed in terms of the complete HH basis. The

expansion defining the Green function is then summed up to give a compact formula in terms of

Hankel functions.

The scattering by hypercentral potentials is studied by starting both from the Green function

leading to an Integral equation for scattering leading to a Born approximation formula and from a

phase-shift analysis of the radial partial wave decomposition of the scattering amplitude leading to

the optical theorem in many-dimensional space.

Finally a method for solving scattering by non-hypercentral potentials is formulated in terms

of an adiabatic approximation method which define adiabatic basis associated with definite cluster

decompositions of the wave function at large hyperradius.

In order to illustrate the method it has been applied to simple systems : the positronium-ion and

the nucleon-deuteron scattering by a Gaussian potential.
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Figure Captions

Fig.l Asymptotic tails of the eigenpotential U\(r) of the positronium-ion associated with the ground

(n = 0) and first excited S states (n = 1 — 4) of the positronium. The numbers at right are the

eigenenergies of the excited states in atomic-units.

Fig.2 Asymptotic tail of the effective potential

VT{r) = I5h2/{4mr2) + 3V0{r) + U0{r)

in terms of the hypercentral potential VO(T) and the eigenpotential Uo(r) for the gaussian two-

body interaction (in MeV and fm)

V(ry) = -66.327/ exp(0.6404lT-ij)
2

Fig.3 Comparison between the phase-shifts ô in the scattering of a neutron in 5 state by a deuteron

calculated by the Uncoupled Adiabatic Approximations (UAA) and by the W-matrix approxi-

mation of the AGS equations.
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