
8 
Report INP No. 153S/PH 

ON THE NEW NOTION OF MASS IN CLASSICAL MECHANICS 

Andrzej Horzela. Edward Kapuścik and Jarosław Kempczyński 

Department of Theoretical Physics. H. Niewodniczański Institute 

of Nuclear Physics, ul. Radzikowskiego 152.31-342 Krakow. Poland 

and 

Laboratory of Theoretical Physics. Joint Institute for Nuclear 

Research, 101 000 Moscow. USSR. Head Post Office. P.O. 79 

Abstract: 
A new concept of mass connected with the Galilean transformation rules of 

momenta and energy is introduced. It is shown that the Galilean mass does not 

have to be equal to the inertia! mass of a particle. 

Kraków, January 1991 

1 



Many textbooks in physics (lj introduce the notion of momentum p of * body 

through the relation 

p = mv (1) 
— *i» 

'•Г 
where m is the inertial mass of a body and p its velocity. Such treatment of 

momentum contradicts the general spirit of Newton mechanies.because the basic 

Newton equation of motion 

(2) 

requires from the momentum to be a primary physical quantity. As a matter of 

fact, relation (1) is not a general law of physics. It has to be considered as a kind 

of a constitutive relation valid or invalid for a given body and as such it has to be 

experimentally checked. 

Recently F. Herrmann and M. Schubert [2] have proposed a new technique of 

measuring momentum without using the relation (1). Their experiment provides 

a clear operational definition of momentum independent from other mechanical 

quantities. The only assumption which they adopted without any comment is the 

requirement that momentum vanishes for bodies at rest. The aim of the present 

paper is to show that this assumption does not follow from any general law of 

physics and. independently from its wide use, it may not be valid under some 

condition. 

Our main argument comes from the modem elementary particle physics where 

momentum, mass and spin are concepts which arise in construction of representa¬ 

tions of the Poincare group [3] - the fundamental symmetry group of relativistic 

space-time. In low energy physics the Poincare group is replaced by the Galilean 

one which acts on the space-time coordinates in the following way 
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(3.1 

f -»f' = i + b (4) 

where Л is the orthogonal 3 x 3 matrix describing rotation of the coordinate 

axes used in two inertial reference frames, u is the relative velocity of these two 

reference frames, a is the translation of the origins of the coordinate systems 

and b is the time displacement between the docks tightly connected with the 

two reference frames. Following the spirit of relativistic physics we may define 

momentum, kinetic energy and mass in classical mechanics as quantities arising in 

th<- construction of representations of the Galilean group (4j. The mass parameters 

which appear in that way have fundamental meaning and are independent from 

other mass parameters which appear in the theory. The mass of a particle which 

arises in the construction of a one-particle representation of the Galilean group we 

shall call the Galilean mass of the particie to stress its conceptual difference from 

the notions of the inertial. gravitational active and gravitational passive masses. 

In this way the Galilean mass // of the body enters physics through the following 

transformation rules for its momentum p and kinetic energy X. 

pit) — p'(t') = Rp{t) +ць 1.5 i 

(6) 

The inertial mass m of the body is defined as the proportionality factor between 

its acceleration and the force acting on it. From this definition and the Newton 
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equation (2) we get only a differential relation between momentum and velocity 

of the form 

from which it follows that 

dp dv 
Tt=mTt 

p(t) = P f mi%t) (8) 

where P is a constant vector. The relation (8), for time independent inertial 

mass, is the most general relation between momentum and velocity in classical 

merhanics. In ord'-r to reduce it to the usual relation (1) we must choose P = 0. 

as an initial condition for the differential relation (7). But. in general, P depends 

on the choice of tłu- reference frame because from i-5) and the transformation lav 

for the velocity 

v(t) -*v'(?) = Rv(t) + u (9) 

it follows that under the change of a reference frame the constant vector P behaves 

according to the rule 

(10) 

from which it is seen that the choice P = 0 is Galilean invariant only when ft = m. 

For ц Ф m such choice is not invariant and therefore may be Tsiid only in one 

particular reference frame. Consequently, we have proven that the equality of the 

inertial mass of the body to its Galilean mass is a necessary condition to have the 
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relation (li. Any experimental detection of a possible rest momentum P for some 

bodies will be a proof of the difference between fi and m. 

Theoretically, the rest momentum P may have many realizations. For exam-

pie, it is possible to consider models in which P is proportional to the velocity 

of the body at some fixed time to. The value of to becomes then a new param¬ 

eter of the theory [5]. Another, more universal realization for P is given by the 

assumption that 

where U is the initial and f2 the final moment of the motion, respectively. In such 

models for the free motion we always have the relation (1) in which the inertial 

mass 11 is replaced by the Galilean one ft. From the physical point of view, this is 

just the correct result.because the inertial mass is well defined only for accelerated 

motions. For free motion there is no need to introduce it at all . because in that 

case both sides of (7) vanish. Since any free motion can be simulated by the 

passage to another Galilean reference frame, it is not strange that for free motion 

we see just the Galilean mass and not the inertiai one. 

The Galilean mass ft enters also the transformation rule (6) for the kinetic 

energy T. Usually this quantity is given by one of the three expressions 

which are all equivalent for P = 0 and fi = m. For ft фт. none of them transforms 

according to (6). It must be however remembered that contrary to the general 

belief none of the expressions (12) is the definition of the kinetic energj'. Each of 

them is only a realization of the kinetic energj- T in terms of other mechanical 



quantities and therefore equations i 12) are constitutive relations of the th< 6 r 

In general, kinetic energy should be J~'ined as a quantity which under the Galilean 

transformations behaves according to (6) and obeys the conservation law 

§-'•' 
In order to express kinetic energy T as a function of momentum and velocity we 

shall start from the general bilinear form 

T = Ap2 + Bv* + Cp- v i 141 

The transformation rule (6) together with (5) and (9) expresses В and С in 

of A and reduces (14) to the expression 

Г = Ap 2 - ^(1 - 2fiA)v2 + (1 - 2fiA)p- v 

For P = 0 and /i = m this expression automatically satisfies the conservation law 

(13) for arbitrary value of A and with different choice of .4 w may get one of the 

expressions f 12). For u i m and arbitrary P the conservation law (13) is satisfied 

onlv if 

A = -{ц - m) 161 

and substituting this into 115) together with (8) we get kinetic energy in the form 



Froii: tłu.- expression we see that for ft — m ihe positivitr of the kinetic enercy 

lm :h<" rouditio:. 

\i >m (18) 

From 117) it also follows that for ц = m it is necessary to have P = 0. The equality 

of the Galilean mass to the inertia) one is therefore a necessary and a sufficient 

condition for the validity of the relation (1). 

As it is seen, in ciassicai mechanics the violation of the relation (1) leads to 

the appearance of the resi energy and rest momentum. It is rather naive to expect 

that in the framework of ciassicai physics these quantities will cause important 

physical effects. Guided by rhe zero-point energy problem in field theory [7j. 

we expect however that the situation may be different in the case of quantum 

mechanics. This is the subject of our present investigations. 
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