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Abstract

The tunneling rate is investigated in the quantum and classical limits using an

exactly soluble , periodically driven SU(2) model. The tunneling rate is obtained

by solving the time-dependent Schrodinger equation and projecting the exact wave-

function on the space of coherent states using the Husimi distribution. The oscil-

latory, coherent tunneling of the wave-function between two Hartree-Fock minima

is observed. The driving plays an important role increasing the tunneling rate by

orders of magnitude as compared to the semiclassical results. This is due to the

dominant role of excited states in the driven quantum tunneling.



The tunneling is a non-perturbative phenomenon of purely quantum origin which plays

a very important role in quantum many-body systems. The relation between quantum

tunneling and the classical physics is well-known for a potential barrier in one degree of

freedom. A quantum particle can penetrate through the region, where the classical motion

is forbidden and the semiclassical tunneling rate is of order of exp(—W/h) , where W is

the action runder barrier". So far, little is known about tunneling in higher dimensions.

The interplay between classical phase-space structure and the quantum tunneling for

non-integrable systems has recently become a topic of considerable interest [1,2]. It was

found by investigating the non-conservative system of a particle in a double-well potential

with an oscillatory driving force [1] , that the coherent tunneling takes place between

isolated, classically stable regions of phase-space and its rate is significantly greater than

the ordinary tunneling for one-dimensional integrable system in the absence of driving.

This effect may be partially related to the discrete symmetries of the quantum problem

which are irrelevant in classical limit and lead in some cases to strong quantum effects

[3] . In this Letter we want to present some results obtained for the non-conservative

time-dependent SU(2) (TDSU(2)) model.

The SU(K) models are defined by N distinguishable particles labelled by an index n.

The particles can occupy N times degenerate single-particle levels in K shells (k=l,...K)

with energies Ck- The two-body interaction V can move a pair of particles between the

levels in different shells. The Hamiltonian, written in terms of the fermion creation and

annihilation operators, has the form:

j K / .V . \ 2
K I N

(1)
W=l • - — • —

where Vki = V'(l — 6ki) and V > 0 . The SU(K) models, in spite of their simplicity,

contain some features of the realistic shell-model Hamiltonians. In the present analysis

we restrict ourselves to K = 2 with s\ = —0.5 and £2 = 0.5 . In this version the model was

introduced by Lipkin [4] and has been widely used to test various many-body theories.



One can define the collective operators:

A'

n=l

and the quasi-spin operators:

2
K+ =

ïo = Uô22-Gu) (3)

which have the commutation properties of angular momentum operators. The SU(2)

model Hamiltonian:

H = eKo - j (it* + Â'î) , (4)

where £ = £2 — £1, has the rotational symmetry about the z axis Rz{^>) and the discrete

symmetries of rotation of r angle about the x and y axes Ri(x), (2 = 1,2) in a three-

dimensional quasi-spin space.

Using the SU(2) coherent state representation for the Slater determinants j ̂ (2)) = | z)

[4, 5, 6] :

| r )=exp( . - -<J 2 1 ) |0) , (5)

where | 0) is the state with all the particles in the lower shell and z is the complex

amplitude of particle-hole excitation, one constructs the classical limit of the model. As

the total number of particles N —•> 00 various coherent states become orthogonal and

the quantum interference effects disappear [7] . Consequently, in the Iarge-N limit the

quantum dynamics becomes equivalent to the classical dynamics in the space of the SU(2)

coherent states. Performing the suitable change of variables [8] :

and

/3=±=(q + iP) (7)
v2



one obtains the classical Hamiltonian Hci = (if? \ H \ il>)/Ne in the form:

where x — l ' ^ - 1 ' is the dimensionless strength of the interaction. It is invariant under the

reflections both in coordinate-like and momentum-like variables (q — + — g, p — > — p). The

equations of motion for q and p take the form of Hamilton equations and are equivalent to

the time-dependent Hartree-Fock (TDHF) equations for the evolution of coherent states.

Obviously, such an one-dimensional system is integrable. The static part of "H.^ (8):

V(q) = -Hd(q,P = 0) = | 9
4 + ^ 9

2 - \ (9)

can be interpreted as an analogue of the potential energy. Its behaviour depends on the

value of x • For \ < 1 it has one minimum for qeg = 0 , whereas for \ > I it displays two

symmetric minima at qeq = ±J^- separated by a barrier which increases with x . The

minima correspond to the Hartree-Fock (HF) ground state energy. Starting the evolution

with a SU(2) coherent state VK9o, Po) one obtains a single, periodic trajectory for the

evolution of coherent states parameters q, p. The phase-space is organized differently

according to x- For 0 < x < 1 it contains a single elliptic point at q = 0, p = 0 and the

oscillatory trajectories with energies —0.5 < E < 0.5 . For \ > 1 the phase-space can

be divided into three different regions A, B and C depending on the type of trajectory.

The trajectories in regions A and B resemble the trajectories of the ordinary double-well

potential. The region B at — (x1 + l)/4x < E < —0.5 is built of the two parts containing

the oscillatory trajectories around the elliptic points (q = ±ge?, p = 0) for the doubly

degenerate HF minimum. In the region A at —0.5 < E < 0.5 , the system has the energy

above the top of the barrier and the trajectories have a dumb-bell-like shape. At the

highest energies 0.5 < E < (x2 + 1)/4\' (the region C), due to the presence of the p4 term

in the 7ic/, the trajectories oscillate around the elliptic points (q = 0, p = ± y (x +

The region A shrinks with x and disappears in the limit \ — > oo . Let us now consider the

time-evolution of the system for x > 1 starting with p0 = 0 and q0 close to its equilibrium

value <?<,,. In the classically allowed region the system will perform the small amplitude



oscillations around each of the HF minimum. The classically forbidden region under the

barrier becomes accessible after the so-called Wick transformation t —» ZT, where T is

real. Changing simultaneously p —* ir (x is real) preserves the Hamiltonian form of

the evolution equations. The probability of the tunneling through the barrier per unit

oscillation period is given by Pu = 1/(1 + eM), where W = f*£° irdq is the imaginary-

time counterpart of the classical action integral. ±qa are the limits of the classically

forbidden region and w is the momentum "under the barrier". The part of the system

which is transmitted through the barrier can be obtained by summing up the semiclassical

penetration probabilities at each time <,, when the classical trajectory reaches the turning

point qa:

Pdt) = l-ezp(- ['dt'TPM'W-U)) • (10)

The time-dependent driving in the SU(2) model is introduced by the time-periodicity of

X in (8):

= Xo + asin9pt (11)

with sharp "kicks" of alternating sign. The time-dependence of the Hamiltonian (8) leads

to the non-integrability in this model. Classically, variations of \ lead to the oscillations

of the potential barrier and can be caused either by the variations of the distance between

the unperturbed shells e or by the variations of the two-body matrix element V which

scatters the particles between the shells. We studied the phase-space trajectories and

values of the energy for different initial conditions and different values of parameters in

TDSU(2). The most important, as the shape and stability of the phase-space trajectory is

concerned, is the parameter 0 , i.e. the frequency of driving. The trajectory reminds the

unperturbed one for 0 being much larger or much smaller than the frequency' of classical

unperturbed oscillations u> at a given energy E. The stability of the trajectory decreases

when 0 approaches u; and in some range of 0 values around w the trajectory spreads over

all the phase-space. For a given 0, the stability of the trajectory depends on both the

driving amplitude o. and on the excitation energy.

Variations of x in (11) for fixed values of single-particle energies correspond to the



changes of the two-body matrix element Vki = V(l — 6ki) in the Hamilton operator (1):

V(t) = V0+
 v ' sin"{0t) . (12)

The time-dependent Hamiltonian H(t) (and also its classical limit, "Hc;) has a discrete,

dynamical symmetry:

/ o_— \

(13)H(t) = Ê(t + ~-\ , n = 0, ±1, ±2, ...

The time-dependent Schrôdinger equation for the TDSU(2) model can be solved exactly

in the finite basis of states labelled by the occupation number in the higher shell | k).

This leads to the system of differential equations for the time-dependent coefficients of

the wave-function.

We start quantum and classical evolution with the same initial condition corresponding

to the wave-packet at q = +qeg, p = 0, i.e. to the solution of the static HF problem for

the SU(2) Hamiltonian. For the purpose of comparison, the quantum results are analyzed

using the Husimi function [10, 11] : W^,{q,p;t) = \(q,p \ V'(0)|2 w'hich for any quantum

state | t/>) is the positive definite, normalized distribution function in the classical phase-

space spanned by the parameters (q,p) of coherent states.

In this Letter, we present the results for the following choice of parameters: \ 0 — 5,

Q = 4.75, 0 = 9 « 1.3 u>oi where u?0 = \/2(Xo — 1) is the frequency of small amplitude

oscillations around the HF minimum. In the presence of driving, classical system is pushed

away from the static HF minimum and performs oscillations in a small, confined region

of the phase-space. The tunneling rate from qeq > 0 through the classically inaccessible

region under the potential barrier to the minimum at qcq < 0 was calculated in two ways:

semiclassically, using the eq.(10), and quantum-mechanically, by calculating the integral

of the Husimi distribution over the half of the phase-space (q < 0, p):

P(t) = /
Jo

rv,(9,p;0 (14)

P in eq. (14) represents the probability, that the system, initially in the coherent state at

q > 0, can be found on the other side of the classical potential barrier. The semiclassical



estimate (10) gives a very small value for the tunneling rate: at t = 2000 the probability

to find the particles on the other side of the barrier is only Pci = 0.00034. The quantum

results are shown in Fig. 1. The curve exhibits a rich temporal structure which is absent

in the classical case. P(t = 0) is almost exactly equal to zero, because the initial wave-

function is localized near the HF minimum for q = +qeq. For 0 < t < 950 the value

of P increases, reaching the value close to 1. Then, it decreases and for t = 1S20 takes

value ~ 0.05. The integral of the Husimi distribution over the domain q < 0 is an almost

periodic function of time, with an oscillation frequency of about 3.4 • 10~4. In Fig. 2

we present the shapes of the Husimi distribution for few chosen instants of time. At

t = 0 it is a wave-packet concentrated around the minimum of the classical potential at

q — +qeq. At t = 460 about one half of the system is on the other side of the barrier.

The Husimi distribution is composed of two wave-packet-like structures, strongly peaked

around the points corresponding to the minima of the classical potential. At t = 945 the

Husimi distribution is concentrated around the HF minimum for q < 0, i.e. the system has

passed through the classical barrier. Again, at t = 1820, the wave-function returns closely

to the initial condition, and the Husimi distribution function looks like the initial one. Thp

tunneling between the two HF states is not only periodic, but also coherent. In order to

study this phenomenon more in detail we have introduced new states, è\ = -TJ(^,(7T+)±

Vt(r~))) (* = 0,1,2) consisting of the symmetric and antisymmetric combinations of

the pairs of few lowest, nearly degenerate energy eigenstates ij>i(z+), V)i('r~) of opposite

parities T+, T~ which are obtained by diagonalizing the SU(2) Hamiltonian for \ —

Xo- Such states are well-localized in the classical phase-space for the initial condition as

described before. For example, an overlap of 60 for the ground state wave-functions

t!'o(7r+) and V'O(T~) with the coherent state at q = qcq, p = 0 is ~ 0.98. This procedure

can be applied only to the quantum states t/', for energies below the top of the classical

barrier. The first two pairs of excited levels t/\(7r+), ipi(T~), (i = 1,2) for x — X'o satisfy

this condition. We have investigated the occupation numbers for three pairs of the lowest

states <j>\ ', {i = 0,1,2) which are localized at the opposite sides of the classical barrier.

Initially, only the states corresponding to q > 0 are populated. At t = 0 about 0.98 of the



system is in the ground state, 0.0007 in the first and 0.016 in the second excited state. At

later times we have looked at 4>\ at the integer multiple of the driving period, i.e. when

X = Xo- Due to the driving, particles are continuously pumped from the ground state <f>Q

to the excited levels <f>j localized at q > 0, where from they populate their energy partners

localized at q < 0, and fall down into the ground level at q < 0. For t < 950 the total

flux goes from the positive to the negative q region. The barrier "seen" by the particles

in the excited states is smaller than in the ground state, and hence the tunneling rate

is much faster there. It is possible to estimate semi classically the tunneling probability

per unit time from the first and the second excited levels fa and é2 at a fixed value of

X = xo- ft turns out, that the tunneling probability from the second excited state <t>2 is

about 150 times larger than from the first one. So even though the average population of

<z>2 during the evolution is about six times smaller than that of fa, nevertheless the flux

into the other side of the barrier is about 25 times larger.

The physical picture emerging from this analysis is the following. The driving intro-

duces coupling between different energy levels and the occupation numbers vary in time

very fast. The biggest part of the system is always in the ground state, but the flow to the

other side of the classical barrier goes through the excited states. This picture of tunneling

through the excited levels can qualitatively explain the time-dependence of the quantum

results (Fig. 1.). The wave-packet evolving according to the classical TDHF equations

can be also decomposed in the same way. Also in this case one observes the oscillations

of the occupation numbers corresponding to the movement of the packet. However, since

the trajectory remains confined close to the HF minimum in the classically allowed region,

therefore, these oscillations do not lead to the population of states at q < 0. The semiclas-

sical prescription (10) underestimates the tunneling rate by several orders of magnitude.

In principle, one could think about improving the semiclassical analysis of tunneling by

taking into account the tunneling rates corresponding to the higher energy components

of the wave-packet, but the way to do it in the consistent fashion is not obvious.

In Fig. 3. we present the stroboscopic plots of the classical trajectories in TDSU(2)

starting with the energies which correspond to the energies of the first two pairs of excited



states. The classical trajectory for <t>\ is a regular one, concentrated in three islands near

the HF minimum. The second one, corresponding to the state $2 which is very important

for tunneling, exhibits classically chaotic behavior.

The classical dynamics for the states involved in quantum tunneling has a complex

character; both stable and chaotic classical structures are involved. The presence of the

classical chaotic structures leads to the enormous growth in the tunneling rate. It is

worth emphasizing that in spite of the presence of the chaotic structures in the classical

phase-space at the excitation energies corresponding to the energies of quantum states

involved in the tunneling process, the quantum tunneling remains coherent. The quantum

wave-function that starts its evolution from the classically stable region returns closely

to the initial condition, and only a small part of it can spread into the chaotic zone.

This rdephasing" due to chaotic dynamics is very slow. The discrete symmetry (13) of

the quantum Hamiltonian is partially responsible for the observed character of quantum

solutions, but does not explain it completely [12].

Our results confirm the existence of a new mechanism of quantum tunneling, involving

transport of the wave-function between symmetric, stable regions of the classical phase-

space due to a coupling with chaotic levels. This phenomenon should be accessible in

the solid-state and molecular experiments, including tunneling of electrons through a

semiconductor double-quantum-well structure [13, 14] or the coherent tunneling oscillation

of the magnetic flux in a Josephson junction [15]. It would be fascinating to search

for similar effects also in atomic nuclei for the states of different intrinsic configuration

(deformations) in the time-periodic strong electric fields.

We wish to thank 0 . Bohigas, X. Campi, M. Cerkaski, S. Drozdz and D. Ullmo for

useful discussions and comments.
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Figure Captions

Fi3. 1.

Integral of the Husimi distribution (14) over the half of the phase-space (q < 0, p) Tor

the TDSU(2) solution. For details see the description in Lie text.

Fig. 2.

The Husimi distributions of the exact TD3U(2) wave-function at t = 0, 460, Q45, 1820

respectively.

Fi5. 3.

The stroboscopic plots of the classical trajectories starting with the energies Ex = —0.9734062

(Fig. 3a) and E% = —0.6909194 (Fig. 3b), which correspond tc J:e energies of the two

lowest excited states.
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