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RESUME

À l'aide d'études théoriques et de simulations de particules, on étudie
l'accélération des électrons au moyen d'ondes de plasma électronique
relativistes de grand amplitude. L'accélération maximale pouvant être
obtenue grâce à ce processus est fonction d'un grand nombre de facteurs. Le
présent rapport présente une étude de l'impact de ces facteurs sur le
mécanisme d'accélération. Bien que l'on fasse particulièrement référence
au concept d'accélérateur a onde de battement, l'étude se rapporte
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dans le plasma soit par des particules ou un laser.
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Abstract

Electron acceleration by relativistic large-amplitude electron plasma waves is

studied by theory and particle simulations. The maximum acceleration that can be

obtained from this process depends on many different factors. This report presents

a study of how these various factors impact on the acceleration mechanism.

Although particular reference is made to the laser plasma beatwave concept, the

study is equally relevant to the acceleration of particles in the plasma wakefield

accelerator and the laser wakefield accelerator.
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1. IN IKULUJU 1 ION

Relativistic large-amplitude electron plasma waves are encountered in controlled thermonuclear

fusion research, advanced particle accelerator research and space plasma research. These waves

are important in hot electron preheat in laser fusion targets, current drive in tokamaks, laser

acceleration of particles and final focusing of particle beams in high-energy particle accelerators.

In the area of particle acceleration, there are at least three concepts for plasma-based collective

accelerators, all of which involve plasma waves with phase velocities almost equal to the velocity

of light, and plasma wave amplitudes that are a significant fraction ( > 10%) of the cold-plasma

wavebreaking limit. In the laser plasma beatwave accelerator (LPBWA) concept proposed by

Tajima and Dawson,1 the plasma waves are generated by the nonlinear coupling of two intense

laser beams of slightly different frequencies propagating through a low-density plasma. If the

difference frequency of the lasers is chosen to match the plasma frequency, the ponderomotive

force of the beatwave can resonantly build up the relativistic plasma wave. In the plasma

wakefield accelerator (PWFA) concept, the plasma waves are excited by a short, intense electron

bunch propagating through a high-density plasma.2 The space charge force of the electron bunch

displaces the plasma electrons and generates a wake of plasma oscillations with a phase velocity

that is equal to the driving electron bunch velocity, which is very close to the velocity of light.

An alternative to using an electron bunch is to inject an extremely short but intense laser pulse

into a low-density plasma, as is the case in the laser wakefield accelerator (LWFA) concept.3

The ponderomotive force of the laser pulse envelope initially expels the plasma electrons both

radially and axially, resulting in plasma oscillations as the returning electrons overshoot their

initial positions.

The acceleration of particles in the three concepts is identical. A trailing relativistic electron

bunch injected into the potential well of the plasma wave at the appropriate phase remains

synchronized to the wave and accelerated for a significant period of time.

In this report, we discuss the results of a study of electron acceleration by relativistic

large-amplitude electron plasma waves. Although particular reference is made to the laser



plasma beatwave concept, the study is equally relevant to the acceleration of particles in the

plasma wakefield accelerator and the laser wakefield accelerator.

In the laser plasma beatwave concept two laser pulses of frequency w(, and u, are injected into

a plasma with a plasma frequency up. If to0 and w, are both greater than up, the laser pulses

propagate through the plasma without attenuation (i.e., the plasma is underdense to the incoming

electromagnetic radiation). In the presence of the transverse electric field of the laser pulses,

each free electron in the plasma oscillates in a direction perpendicular to the direction of

propagation of the laser beams. The wave magnetic field displaces the plasma electrons along

the direction of light propagation, depending on the field strength and the instantaneous electron

velocity. If the intensity of the laser light is constant along the direction of propagation, the

electric and magnetic forces experienced by the plasma electrons during one half cycle of

oscillation is equal and opposite to the next half cycle, and the electrons return to their starting

position at the end of each oscillation. If the intensity of the laser light varies along the direction

of propagation (as in the case of the beating of two laser beams of slightly different frequencies),

the plasma electrons experience varying electric and magnetic fields during each half cycle of

oscillation. The net effect does not cancel exactly during a period of oscillation, and plasma

electrons pile up along the direction of light propagation. This phenomenon is known as the

ponderomotive effect. It results from the nonlinearity of spatially-varying electromagnetic fields.

As a result of the ponderomotive effect, a space-charge wave due to the displaced plasma

electrons builds up behind a laser pulse. If the frequency of the beating light envelope,

Aw = cj,, - CJ,, is resonantly matched to the plasma frequency, up (natural vibration frequency

in a plasma), the ponderomotive force on the plasma electrons maintains a resonance with the

plasma frequency, and the amplitude of the space-charge wave grows significantly, often

reaching a significant fraction (~ 30%) of the background electron density. Thus very large

electric field gradients are created.

In a laser beam of constant amplitude, each oscillating plasma electron experiences increasing

displacement from its equilibrium position and increasing peak velocity. Eventually, the

relativistic mass increase of a plasma electron due to these peak velocities shifts the plasma
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frequency out of resonance with the beat frequency. The amplitude of the space-charge wave

begins to decrease, thereby reducing the peak velocities. On a longer limescale, the amplitude

varies harmonically, exchanging energy back and forth with the beating laser beams. If the

incoming laser beam intensity is not constant, but has a finite risetime and pulse duration, the

initial buildup of the space-charge wave will take longer, then continue to change harmonically,

and finally decay away after the laser pulse has passed.

It has been proposed1 that the potential well associated with the large-amplitude electron plasma

waves can be used to accelerate particles injected from an external source to ultra-relativistic

energies. The maximum acceleration that can be obtained from ibis process depends on many

different factors. This report presents a study of how these various factors impact on the

acceleration mechanism. For instance, the time of injection of the particles during the buildup

time of the space-charge wave, the injection phase of the particles relative to the potential

troughs, the injection energy of the particles and the acceleration length of the interaction region

are all relevant issues that determine the maximum energy gain of the particles. Clearly, some

of these factors will be tempered by experimental issues. In present-day experiments, injection

phases are not easily controlled, and energy spread in the output spectrum will occur. Radial

forces from the space-charge wave will influence the maximum acceleration as well as the spot

size of the accelerated beam. Ideally, the experimentally attainable length of the interaction

region should be matched to the acceleration length.

The issues raised in the foregoing discussion are studied in a series of model calculations, which

help to demonstrate the basic physics and provide greater insight into the various mechanisms

underlying this concept. The range o\~ parameters used in these studies to demonstrate the

physical principles have been selected from those typical of present-day experiments.45



2. THEORY AND SIMULATIONS

(i) Plasma Wave Generation

In the laser plasma beatwave acceleration concept, the plasma waves are generated by the non-

linear coupling of two co-propagating laser beams in a low-density plasma. The periodic force

that acts on the plasma electrons (ponderomotive force) and causes them to bunch is directed

along the propagation direction of the electromagnetic waves. It originates in a non-zero v x

B force due to the electromagnetic waves (Fig. 1). The ponderomotive force is given by6

B" = - Pe
 P \7 ' ° 1 1 M \

CNL . . . . E 0 V o l A '
w n CO -I Ct

where copc = (nce
2/eomc)

1/2 is the electron plasma frequency, nc is the plasma electron density, u>0

and OJ, are the laser frequencies, Eo and E, are the electric fields of the two laser beams and e0

is the permittivity of free space.

Consider two plane electromagnetic waves with frequencies CJ0 and w, polarized in the x-

direction and propagating in the z-direction with equal electric field amplitudes. The combined

electric field is

E - EQ + Ex

= E0[cos(k0z - o)0 t ) + c o s {kxz - ( o ^ ) ] ^

" ( ^ 0 + ^ 1 ) | - ( a ) 0 + a ) 1 ) i ] c o s [ ( ^ 0 - i c 1 ) ^ - ( a ) 0 - t o 1 %}x (2)

The high-frequency component of the beatwave is at the average frequency (u>() + CJ,)/2, whereas

the beatwave envelope is at the frequency (OJ(, - <J,)/2.



Using Eqn. (1) and averaging over the short time scale w ' = 2/(a>0 + u , ) , the force on each m '

of fluid (ponderomotive force FNI) is obtained from

[ (^ 0 - JcJ-f - (co0 - G),)-!] (3)

as

p e £ s i n

where Ak = k<, - k, and Aw = «„ - u , .

We can estimate the maximum possible amplitude of the plasma wave by considering the

maximum possible bunched electron density or density fluctuation Sr^. For a background

plasma electron density of r^, the maximum possible density fluctuation St\, — ne (Fig. 1).

From Poisson's equation

•E = _ £ _ = - -

—eng (6)

and

n e2 m o)p

c2 ic2 e



The maximum electric field

I-Ewl = I**™J = ^ ~ = 0 . 0 9 6 /ne Vfm (8)

where nc is the plasma electron density in m \

For the general case the amplitude of the density fluctuation s = Sn /̂n,. can be obtained from

the Maxwell and fluid equations within the slowly varying envelope approximation7'111

( i | e P i - _ ^ _ ) e = ! « „ « , (9)
« p e eft 16 a)p, 2a)pa 4

where ^u = u>pi. - (<4, - o>,) is the frequency detuning from exact resonance, J<C is the electron-ion

collision frequency and a, = vo,/c - el:.,.'n\.u>,c is the normalized oscillatory velocity of an

electron in the laser field E,. The driver term on the right-hand side of Eqn. (9) is defined in

terms of the laser field strengths (Eo and Et) of the two laser beams. The second term on the

left-hand side, which gives a nonlinear frequency shift as the plasma wave amplitude increases,

is due to the relativistic mass increase of the oscillating electrons as n\. -* 7m,. and ojpi.
2 -» ojpc0

2/7,

where topd, is the plasma frequency with the re^t mass, and 7 is the relativistic Lorentz factor

defined by the mean electron velocity in the wave. The third term describes a linear detuning

of the plasma frequency ojpi. from the exact resonance with the beat frequency (co(, - u.̂ ). The

fourth term is the linear damping term due to electron-ion collisions.

liquation (^) shows that the plasma wave amplilude initially grows linearly with time according

to the relation

(10)

In the absence of other effects, relativistic detuning limits the amplitude of the plasma wave.

As the plasma wave grows, the plasma electrons increase in mass and the plasma frequency copc

no longer matches the driver frequency (w,, - o>,); this dephasing causes the amplitude growth

to slow, stop and then reverse." The saturated amplitude is given by



es = [^(tl^lt)] 3 ( ID

and the time to saturation is determined from

-J '[o0(t)a1(t)] d t = [ - ^ - a o ( t ) a 1 ( t ) ] 3 (12)
4

o

Assuming a linear risetime T for the laser intensity, I(t) = It/r and a(t) - a (t/r)"2 , the time

to saturation is given by

TO) —

= 4 . 8 7 [ S±] 5 (13)
ao«i

The saturated electric field amplitude is then given by

Es = 0 . 0 9 6 Jn~e es V/m ( 1 4 )

For maximum plasma wave amplitude, the time to saturation, Eqn. (13), should be matched to

the laser pulse duration. There is also an advantage to choosing a plasma density so that the

exact frequency match between the driver and the plasma frequency occurs not at the beginning

of the laser pulse, but later on, during the growth when the laser intensity is greater." This

detuning can increase the saturated amplitude by as much as 60%. It has been suggested that

the plasma density could be continuously adjusted to maintain exact resonance at all times during

the laser pulse, and a number of approaches have been suggested to achieve this in practice.12

For resonant excitation of plasma waves (frequency cop and wavenumber kp) with two

copropagating laser beams of frequency u)(1 and u, and wavenumbers ky and k,, respectively, the

following wavematching relations must be satisfied

kp = k0 - k± = bk (15)
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The phase velocity of the plasma wave vp is given by

where the group velocity of the electromagnetic waves vg
EM is obtained from the dispersion

relation for an electromagnetic wave in a plasma

to2 = Ope + k2c2 (17)

The group velocity is

da = kcl = c(1..^%2)i/2 (is)
9 dk <o <o2

The phase velocity is then given by

2

v = c ( l - £f)i/2 (19)
P 0)2

and the Lorentz factor 7p is defined as

2

Y = ( l - - ^ ) - 1 / 2 = (_5_) = (J?£)i/2 (20)
P c2 wpe ne

where nc is the critical density for the laser beam (where the laser frequency equals the plasma

frequency), which for a CO2 laser is nc = 102S m~3.

An important feature of laser accelerators is the synchronism that exists between the group

velocity vg of the laser pulse and the phase velocity of the plasma waves, as shown in Eqns. (18)

and (19). It follows that the trapped particles being accelerated are also in synchronism with the

laser pulse, and particles are accelerated by the electrostatic wave until they outrun the wave.

The maximum energy gain

4tf = 4 e s Yn ma c
2 (21)



The dephasing distance is
LP= \ kP YP (22)

Equation (22) is nothing more than a statement that when a panicle accelerates, it can move

from the top to the bottom of the potential well of the plasma wave. In other words, it can

travel, at most, half a plasma wavelength in the (moving) wave frame.

Experimental parameters typical of present-day experiments4 s calculated from Eqns. (9) through

(22) are given in Table 1 for plasma densities of 1O22 and 1023 m~3. Since the phase velocity of

the plasma wave is somewhat lower at the higher electron densities (Eqn. 20), the injection

energy of the particles for trapping is also lower.

(ii) One-dimensional Model

A simple one-dimensional model gives a great deal of insight into the basic physical mechanism

for particle acceleration in relativistic electron plasma waves. Consider the relativistic motion

of an electron in a large amplitude plasma wave, as shown in Fig. 2. If an incoming electron

is moving too slowly with respect to the plasma wave, then the plasma wave outruns the particle

before it can experience any acceleration. If, on the other hand, the incoming electron is

moving too fast with respect to the plasma wave, then it outruns the wave, and once again

experiences no acceleration. Hence there is a minimum and maximum injection energy of the

electron for which the electron is trapped by the plasma wave. These limits are most easily

determined by considering the motion of the particle in the wave frame (Fig. 2). In the

laboratory frame, the energy and velocity of the electron are given by 7 = (1 - 01)~v2 and

/3 = v/c. The Lorentz factor, the phase velocity, the electric field amplitude, the electric

potential and the wavenumber for the plasma wave in the laboratory frame are given by 7P, 0P,

E, 4> and kp, respectively. The energy and velocity of the electron in the wave frame are given

by 7wav<" and &"*"'. The corresponding values in the wave frame for the electric field amplitude,

the electric potential and the plasma wavenumber are given by E*'1VC, 4>wavc and k / ' " .
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The electron energy and velocity in the two frames are related by the Lorentz transformations

Y Y p ( 1 _ pp p ) (23)

and

Y = ywaveyp ( l + PwavePp) (2 4)

The wavenumber, kw"ve, of the plasma wave in the wave frame is obtained by the Lorentz

transformations of the momentum four-vectors for the plasmon

(Y 1 P Y \ | * P | = | ~ P ' » | ( 2 5 )

\ ~-iPY Y / ^ iu>p/c) \ 0

where the right-hand side refers to the wave frame quantities.

Hence

kfave * ifi (26)
Y

The equation of motion of the electron must transform similarly under a Lorentz transformation.

However, despite the fact that both the mass and acceleration are different in the two frames,

the component of force along the direction of motion remains the same in special relativity

where one frame is at rest. Hence E = Ewa%c.

The wave potential in the laboratory frame is given by

E = Emva = - V(J> =-*„<!> (27)

Using the invariance of the electric field under Lorentz transformation (E = Ewavc). and

Eqns. (26) and (27), the wave potential in the wave frame is

e £ wave 6 E kofywave _ _ _ _ _ — p _ e (j, = Yne<|> = yjrtc2 (28)
,wave -i wave ,wave ^ lP 'P \*-"l
Kp Kp Kp
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In the wave frame, the picture is now quite simple. The plasma wave is a standing space charge

wave of wavenumber k,/7p and electric field amplitude E = Ew*ve. The electric potential of the

plasma wave <Awa" = yp<f> (Fig. 2). In order to trap the incoming electron, the kinetic energy

of the electron in the wave frame must be less than the potential well of the standing wave

(ywave - 1) we2 i. e4>"ave (29)

The above condition is written in laboratory frame quantities using Eqns. (24) and (26) for the

transformations of the energy and the wavenumber, respectively, and the invariance of the

electric field. Minimum laboratory frame energy for an electron trapped in a plasma wave is

then obtained as

ti -

where P = (1 + cos <£0) and <t>u is the phase at which the particle is injected into the plasma

wave.

Maximum laboratory frame energy for an electron is obtained when it reverses its acceleration

in the wave frame. Using the transformations given above, the maximum laboratory frame

energy is given by

me
me

The relativistic equation of motion of an electron in an electric field in one dimension is

-j- (ymev) = -eE s i n (kpz - u p t + <J)0) (32)

where the injection phase <j>u is relative to the plasma wave.
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If £ = kpZ - cjpt, then Equation (32) can be reduced to the differential system

^ (33)

f
The first-order ordinary differential equation in d7/d£ from Equation (33) can be solved

analytically in terms of the variables (7,£) with the solution

$+(t>) (34)

where A = (eE)/(mc2kp), j8p = oy^kpC), and the initial values are (70,£0)-

To help visualise the motion of the electron more clearly, we refer to the electric field of the

plasma wave and the electric potential in the wave frame, together with the forces on the

electron shown in Fig. 3. The Lorentz factor for the plasma wave yp = 32. Consider a particle

injected into the wave with an initial energy of 5 MeV (7 = 10) at zero phase, which

corresponds to a zero in the electric field and a potential minimum, in the wave frame. In the

lab frame the particle is moving in the same direction as the wave, but slower. In the wave

frame the particle is initially moving in the negative z-direction. If the particle is to be trapped

by the plasma wave, it must, at least, come to rest at the top of the potential well, i.e., its

kinetic energy in the wave frame must not exceed the depth oi' the potential well (as stated in

Eqn. (29)). The particle then moves down the potential well (i.e., in the positive z-direction),

and acquires its maximum energy when it reaches the bottom of the potential well (as stated in

Eqns. (21) ind (31), and the discussions that follow). The reason relativistic particles gain

energy very rapidly is as follows. Since 7 ••=(!- jg-)"1'2 and /? = v/c then

^ (35)

F;or small fractional changes in the particle velocity (i.e., d/?//3) large fractional changes in the

particle energy (dyly) are obtained because oi' the non-linear relationship (in 7') between the two
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quantities. Physically, this means that when a relativistic particle is accelerated, it increases in

mass rather than velocity.

Figure 4 (a) shows the particle orbits in phase space (7,^) for particles injected with different

initial energies into a plasma wave with a wave amplitude e = 0.24 (i.e., EQ — 2.4 GeV/m) and

a background electron plasma density of 1022 m3. In phase space the picture is as follows. The

particle is injected at zero phase at point A in Fig. 4 (a). Initially, the particle slips in phase

(gaining only a small amount of energy) until it reaches the point B. It then gains energy very

rapidly until it reaches the maximum energy at point C. From point C to A, the particle

advances in phase, losing energy until it arrives at point A again and the cycle repeats itself.

Points A,B and C are also shown in Fig. (3), which also shows the forces acting on the particle

at different points on the particle orbits in phase space.

The location of point B is determined by noting that in phase space, B corresponds to the

location of the vertical tangent to the particle orbit. Then from Eqn. (34)

_i

*L = XL (36)

The vertical tangent is obtained when d£/d7 = 0, i.e., 7 = 7p, and so

<Yp - Y0) - PD <Yp " 1) ~~ - PP <Yo " 1) ~2 + Acosl0 = A cos£ ( 3 7 )

from which the phase angle £T corresponding to the vertical tangent can be obtained. B is the

turning point where the particle initially moving along the negative z-direction in Fig. 3 is

stopped, turned around and trapped by the wave. The trapped particle moving down the

potential well gains energy very rapidly until it reaches the bottom of the potential well and then

starts to climb up the potential well on the other side, thereby losing energy. The centre of the
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particle orbit in phase space (O) corresponds to 7 - •>,.. where the particle neither tains nor

loses energy but remains in a constant phase of zero. Orbit P corresponds to a panicle whose

initial energy 7 is less than ym[n and Q corresponds to a particle with initial energy greater than

7mai- These orbits describe the untrapped particles. The thick lines on these trajectories

describe the particle motion for 45 plasma wave periods (27Tu>.,,"') or 1.5 cm acceleration length,

which is typical of our experiments.

Figure 4 (b) shows a plot of the maximum output energy of the particles as a uinction of the lab

distance z for zero injection phase and a set of initial injection energies. 1 he lab frame distance

/ is normalized by the plasma wavenumber kp = 2ir/\p, where Xp is the wavelength of the

plasma wave. This figure shows that the maximum output energy of the particles is periodic,

with the lab distance z. as expected from Fig. 4 (a). For maximum output energy ihe length of

the accelerating region should be tailored lo correspond to one of the maxima in the output

energy.

Figure 4 (c) shows the output energy ^\ p.irtLle.s >A ith an initial -jnergy of 10 MeV, as a function

of the lab frame distance z for a number of different values of the injection phase 6,, The

maximum energy is obtained for panicles that ore initially injected with a pha-.e of groator than

.i.Z. In the laser plasma heatwave e.xpi_nii...;it\. si rut. iliere is nu selection of \\-.*: 'K^ion

phases of the individual particles, a spectrum o\ rkvtron energies may be expected. F i ^ :.: 4 id)

shew, a plot o\ the output energy of particles micctcd uniformly in all phases betv ix;i '.) and TT

for an initial injectiot! energy of HI MoV am! a pi.r.ii'n ;ciii."tr: z • 1.5 cm {k,./ 2lJ>; Panicle

tripping and significant energy gam is obtained for particle^ injected within approximately f

TT/2, centred on T/2. Figure 4 (e) shows a plot of the final phase of the panicles as a lunetion

ot the initial phase, for an initial injection energy of 10 MeV.

Figure 1 ;l) shows a typical output energy spectrum for 10 MeV panicles injected with injection

pii.i-.L-s unifurnily distributed between 0 d\\d TT<2. For this particular case, the maximum enertv

gam is approximately 36 MeV. which agrees well uilh I'.qn. (21).
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In actual experiments, the electric field a. lplitude of the plasma wave will have an axial

variation, as a result of the focusing geometry of the laser beam. To simulate this effect, the

calculations discussed in Figs. 4 (a) - 4 (f) \ ;re repeated using modulated accelerating field

amplitudes given by

E = Eof(z)

fiz) = —1TT <3°>
(1 + -^r) 2

z;

where z; - (it wu
2/X)2 is the Rayleigh range, z is the axial distance measured from the laser

beam waist, z = 0 corresponds to the laser beam wa:st with spot size w0, and X is the laser

wavelength.

Figure 5 (a) shows the spatial profile of the constant amplitude (plane wave) electric field with

f(z) = 1 used in the calculations discussed so far. Figure 5 (b) shows the amplitude-modulated

field, which results from the focusing geometry of the laser beam.

Figure 6 (a) shows the output energy as a function of the axial lab frame distance z for an

injection phase of zero and a set of injection energies. Comparing Figure 6 (a) with the

corresponding calculations for a plane wave with f(z) = 1, in Fig. 4 (b), the maximum output

energy is observed to be lower for the case of an axially varying field amplitude, compared to

the plane wave case, where the amplitude is independent of the axial distance z. Furthermore,

the modulated field amplitude case does not show the periodic behaviour in the output energy

that was observed in the plane wave case. Figure 6 (b) shows the output energy as a function

of the axial lab distance for 10 MeV particles injected with a number of different phases. Again

the periodic variation of the output energy is less pronounced than in the previous case.

Figure 6 (ĉ  shows the corresponding output energy spectrum, which shows not only a lower



Ih

maximum energy, but also a different spectral d sinbu'.ion of energies compared to l i g . 4 iT).

Another important feature of the acceleration puves s wi'h an axially varying Held i.s the increase

in the threshold (or minimum) energy for particle napping compared to the pi.uic wn\e case,

which is given by Eqn. (30). A particle with a minimum eherg,> that is trapped in a plant? wave

will not necessarily be trapped in a wave thai has an a\iai amplitude modulation. In order to

gain some physical insight into this b e h a v o u r ot the particles as observed in the computer

simulations, we use a simple mathematical mouel, which shows qualitaii\ely the features

predicted by the simulations. Consider a function for the plasma wave amplitude with a linear

leading edge of length Z, i.e..

E(z) - L'ri fiz) s i n ( k z m t + 4 i . J ( 3 9 )

where f(/.) - / / / . gives a linear leading edge shown m l:ig 7 I'he linear leadm.j edge is uiosen

to simplify the integration on the r g h t hand .iide of F.qn. ("Wi. The energy change o\ 't particle

of charge q starting at z = t = 0 with a phase c , and ending at /. is given by

w = q f - i z t: ••:• . - = . i i i ( k L z ^ • • $ , ( 4 0 )

\iy substituting 6 as the outgoing phase. ••* e oniam

v- - -i> -. : --* I • (t. ( 4 1 )

and

" - ••; j -••• • -- - ^- 4>.) s . n : ay ( 4 2 )

W i t h i h e . i s s u m p t i o n t ha t a n a v e r a g e < \ ' \ ••.1n iie tL f i n e d , I h e n
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qE,. l s i n < J > - y i n < J > ,
[ - c o s oi *•h [ cos oi

*,. n--*> , k [ i , . ^ ) ' ( 4 3 >
; v p v

Equation (43) can now be used to explain qualitatively what is observed in the simulation. If

the leading edge is gradual, the second term in Eqn. (43) is small, because Z is lar^e and Zk,

(Vj/v - 1) > > 1. Thus we have a modulation of the electron energy given by the first term as

a sinusoidal function of 0, and W is most negative when <£ is close io ir. This is what is

observed in the simulations. In faci, the amplitudes of modulation in the simulations agree well

with the value qE,/kr( 1 - vp/v), indicating the validity of the use of a fixed v. The v used was

the injection electron speed. Fora steep leading edge, Zkr(vp/v - 1) > > 1 is not satisfied. The

second term in f-.qn. (43) is positive at v> = TT and non-negligible compared to the first term.

Therefore, the modulation is reduced.

(iii) Two-dimensional Model

The finite width of the laser beams (radius ru) results in a transverse variation o\ the

space-charge wave, which gives rise to radial focusing and defocising fields. These radial fields

can set up betatron oscillations for the injected particle beam. If the longitudinal field has a

radial variation given by

•~'A r ) - E , : T . - — - ) (44)

then from Maxwell's equations it can be shown that the radial field has the form"

(45)

p

The radial field K, is wZ out oi phase with the longitudinal field L,, so that it is focusing or

defocusing according to the phase, and one half of the accelerating cycle is radially focusing and

one half is radialh defocusins:. a> ^umn in I-'ig. X. The expressions for the longitudinal and



radial fields generated by the heatwave can be derived in the linear fluid approximation for an

unmagnetized, cold plasma of classical electrons and immobile ions14

- ?r2

EAz.z, t) = -[^.-E] ae ""'
e

(46)

x [a) tcos [k z-v>Dt) +cos (k z) sin (u t) ]

x {(i) t s i n (>„:-'•-(i) t ) -2 Ll - c o s (a> t ) ]

-s in(A' p z) s m ( c o p t ) } (47)

where the two laser pumps are assumed to have the form given in Eqn. (2). Equations (46) and

(47) predict the longitudinal and radial field profiles for the plasma waves in the linear regime

up to saturation. A plot of the longitudinal field profiles given by Eqns (46) and (47) is shown

m Kig. 9. Ideally, particles should be injected in the accelerating and focusing phase (Fig. 8).

in which case the accelerated beam is likely to be tightly focused. In the dcfocusing phase, on

the other hand, the particles are likely to be scattered.

A modification to Eqns. (46) and (47) has been introduced to take into account the axial

variation in the intensity of the focused laser beams. The modified forms of Eqns. (46) und (47)

used in the present calculations are given b\

* {—-Z- [2 ( 1 - c o s ( w . L) ) +t; i r. {k y.) s i n ( u n t ) - u > n C s i n (k::-u>nt) ]
kpa

2 ' y t *

(48 )
cos (Dpt) Mi)oti:oH (kpz -
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f(z)

* (a).,[.sin (xpz-wpc) -2 [I-cos io)f L) }

-sin(kpz) s in(u p t ) f (49)

where f(z) = exp (-2z2/(r), and a is the beam waist, and z is centred on the beam waist. In our

calculations, where the electrons are injected from the near field, the origin of the z-axis has to

be shifted.

Equations (48) and (49) are based on a linearized theory that is valid for initial plasma wave

growth up to saturation. For injecting particles close to the peak of the accelerating field (i.e.,

saturation fields), Eqns. (48) and (49) must be further modified to take into account the non-

linear behaviour of the plasma waves, since otherwise the fields will continue to grow beyond

the saturation limit during the time the particle takes to traverse the accelerating region. To

implement this, we use a one-dimensional, non-linear, fully relativistic modei of the plasma

wave and numerically integrate the differential equations for the wave amplitude and the phase

to obtain the wave amplitude as a function of time." Fkure 10 shows that the wave amplitude

initially grows linearly with time until the relalivistic mass increase shifts the plasma frequency

out of resonance with the laser driver. This results in a decrease in the wave amplitude.

Physically, the phase difference between the laser driver and the plasma wave (Fig. 11) changes

sign, which results in energy flow from the plasma wav; to the laser field. In fact, there is a

periodic exchange of energy between the laser driver and the plasma wave, as shown in Fig. 11.

The particles are now injected during the plasma wave buildup before the peak fields are

obtained, accelerate through the region as the wave amplitude reaches the maximum value, and

then decrease as the plasma wave gives its energy to the l.iser fields. This approach is consistent

with a model in which the particles are injected with the average value of the plasma wave

amplitude, and the amplitude is maintained at a constant value. Figure 12 shows an energy
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spectrum of accelerated particles in one dimension for a fixed field amplitude (a) and a

linearly-rising field amplitude calculated using the relativistic, non-linear model (b). The

excellent comparison between the two calculations tor on-axis particles shows a good degree of

consistency between the two models.

Figure 13 shows the wave amplitude as a function of time for a finite duration laser pulse, with

a risetime of 250 ps and a full-width-half maximum duration of 500 ps. The wave amplitude

builds up to a maximum, undergoes a number of oscillations during the laser pulse as the laser

driver and the plasma waves exchange energy, and finally decays as the laser pulse turns off.

Figure 14 shows the motion of particles injected off-axis at a normalized radius k r̂ = 1, for a

number of different injection phases between 0 and ir. For injection phases greater than TT/2,

the particles rapidly move away from the axis as they propagate through the beatwave region,

as expected for the radially defocusing fields shown in Fig. 8. For injection phases between 0

and ir/2, where the radial field is focusing, the particles execute the normal betatron oscillations

about the axis of the system. The maximum longitudinal axis displayed in Fig. 14 corresponds

to the maximum dimension of the accelerating region in a typical experiment (approximately

1.5 cm).

In Fig. 14, all the particles have been injected parallel to the z-axis. The present calculations

are based on a cylindrically symmetric model and negative values of the variable r have been

used to indicate where the particles cross the propagation axis.

Figure 15 shows the motion of particles injected at a phase angle of ir/4. for a number of

different off-axis positions. The part ies all invariably diverge away from the propagation axis.

Figure 16 shows the motion of particle^ injected at a number of different off-axis locations for

an initial phase angle of 7i72. The particles in this case are in the radially defocusing phase and

continue to diverge as they propagate through the accelerating region.



Figure 17 shows the motion of particles that are injected at the optimum phase for maximum

output energy (<£n = 90° to 110°) for a number of different off-axis positions. For these

conditions the particles are focused as they converge towards the propagation axis. For

conditions similar to this but at an injection phase of 135° (Fig. 18), the particles execute

betatron oscillations as they propagate along the axis.

Figure 19 shows a plot of the optimum injection phase for maximum output energy as a function

of the radial position of the particle for off-axis injection. From this plot the optimum injection

phase for a range of off-axis positions appears to be approximately 95°. Since the radial field

is maximum off-axis, the maximum output energy also decreases with increasing off-axis

distance {Fig. 20).

(iv) Two-Dimensional Model with Beam Emittance

It is customary to represent a particle beam travelling along the axial z-direction as a

6-dimensional ellipsoid in phase space. In the parametric representation, the ellipsoid is

characterized with the six parameters (xm.0m.ym.v-m.L.5). where \m is the lateral displacement

perpendicular to the z-axis, 0m = dx/dz is the divergence in the x-z plane. ym is the lateral

displacement perpendicular to both the x and the z axis, <pm = dy/dz is the divergence in the y-z

plane, L is the longitudinal beam extent and <5 is the momentum spread.

If the ellipsoid is projected into a two-dimensional subspace (xm,0m). the result is an ellipse in

this phase space (xn,,0m). For modeling the radial motion of the particles, the longitudinal

projection of the ellipsoid can be neglected, provided there is no coupling between the radial and

longitudinal motions. Furthermore, if azimuthal symmetry is assumed, the ellipses in the (xm,0m)

and (ym,<pm) subspaces are identical, and it suffices to consider the behaviour of the particles in

the (xm,0ul) subspace only.

In our model we consider the distribution of particles in the (rM1,0m) subspace. In order to

illustrate some of the points discussed above, we have selected two cases with different



distributions for the injected particles. In the first case, we assume a beam ellipse with an r.rea

(erniltanee) of 6TT mm-mrad in which the particles are uniformly distributed In the second case,

the coordinates of the individual particles in the injected beam arc selected randomly. A

random-number generator was used to seleci Hie injection phase ;f>,, in the range ±ir. Beam

dynamics calculations for the injection beam transport system"1 weie used to determine the beam

parameters in the interaction region. A Gaussian random-numbr, generator with a standard

deviation equal to the electron beam radius (0.054 cm) was used to select the rni coordinate of

the electron. A Gaussian random-number generator with a standard deviation equal to the

angular beam divergence (5.36 mrad) was used to select the 6m coordinate of the electron where

Q,n is the angle the electron trajectory makes with the z-axis. The initial transverse momentum

(P,) of the electron is then given by

where the total momentum of the electron P is given by P? = Pr" + P,2.

Figure 21 (a) shows the input and output beams, where the particles are distributed uniformly

in phase space. The output beam ellipse has been shifted along the horizontal co-ordinate axis

in order to distinguish it from the input beam ellipse. The input phase angle £ = 95°.

r i^ine 2i (li) shows the corresponding output energy spectrum for this case. In Fig. 21 (a) the

vertical input beam ellipse is rotated through approximately 4.5 ', hut the envelope of the output

beam can be approximated to an ellipse.

Figure 11 (a) shows the input and output beams for an input phase angle $ --• 105 s , and

F'g. ?2 &>•• -luiv.s the corresponding ouiput energy spectrum. The output beam emittance is no

longer an ellipse, and shows considerable structure about a central lobe The structure is due

to the non Imear behaviour of the radi-il fields and the convolution o\ the focusing and

d e l i i c u M P g l . ' - i . - c s v . i t h p h a s e .

Figures 23 and 24 show the input and f• ni• •=11 beam profiles for the second case, where the

particles were randomly distributed with the plir.se angle £ = 90° (in Fig. 23} and § uniformly
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distributed between ±ir (in Fig. 24). The output beam profiles in both these cases show

considerable structure, which reflects the non-linear nature of the radial fields. We have

examined in some detail the behaviour of various regions of the beam ellipse and the effect on

the radial fields in transforming the input beam to the observed output beam profile, although

no simple analytical picture can be given.

3 CONCLUSIONS

In this report we have discussed the results of a study of electron acceleration by relativistic

large-amplitude electron plasma waves. Although particular reference is made to the laser plasma

beatwave concept, the study is equally relevant to the acceleration of particles in the plasma

wakefield accelerator and the laser wakefield accelerator concepts. A number of interesting

features in the acceleration process have been observed and investigated. There is a threshold

energy for the injection of electrons in a large-amplitude electron plasma wave with a phase

velocity close to the speed of light. If an incoming electron is moving too slowly with respect

to the plasma wave, then the plasma wave outruns the particle before it can experience any

acceleration. If, on the other hand, the incoming electron is moving too fast with respect to the

plasma wave, then it outruns the wave, and once again experiences no acceleration. Hence there

is a minimum and maximum injection energy of the electron in which the electron is trapped by

the plasma wave. The threshold energy for particle trapping is increased for a spatially non-

uniform plasma wave amplitude, as would be the case for a focused laser beam. Higher

injection is required for amplitude-modulated waves than would be the case for plane waves.

For maximum energy gain, the system length should be matched to the dephasing length, so that

the particle is extracted at the point of maximum energy gain. The longitudinal and radial

electric fields are 7r/2 out of phase, so that only a small region of the accelerating cycle is

useful. Particles should be injected in the accelerating and focussing cycle of the fields. Since

current experiments have little control over the injection phase, a spectrum of final electron

energies can be expected.
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Table 1

Parameters for Typical Laser Acceleration Experiments

Laser Wavelengths

Resonant Electron Density (n0)

Plasma Frequency (<•>,,)

Phase Velocity (Pp = vp/c)

Lorentz Factor yp

Electron Quiver Velocity (vo/c)

Pulse risetime (TF)

Pulse width (x)

Saturation time (xs)

Density Fluctuations (Sn/n,,)

Field Gradient

Acceleration Length

Injection Energy

Maximum Energy Gain

Maximum Output Energy

10.25 |im and
10.59 pm

1016 cm3

5.69 x 10"

0.9995

32

0.07

250 ps

500 ps

130 ps

0.24

2.4 GeV/m

22 cm

5 -10 MeV

30MeV

40 MeV

9.55 urn and
10.55 urn

10" cm3

1.87 x 1013

0.995

10

0.07

250 ps

500 ps

65 ps

0.19

6.0 GeV/m

0.7 cm

5 - 10 MeV

40 MeV

50 MeV
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Fig. I Schematic diagram ot the heatwave, ponderomnlive force, concentrations of the positive
and negative charges, the associated electric fields, electron density distribution, and the
ponderomotive wave in the plasma.
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Fig. 2 Relativistic motion of an electron in a large-amplitude plasma wave. The energies and
velocities of the electron in the lab and wave frames are given by a, /3 and 7"™", /3WBVC

respectively. The electric field amplitude, the electric potential and the wavenumber for
the plasma wave in the lab and wave frames are given by E, <£, k,, and EW1VC, tf>wavc, kpWIve

respectively. The phase velocities of the plasma wave in the lab and wave frames are
vp and zero respectively.



28

a
UJ

u.
O

E
u
UJ

UJ

FORCE ON ELECTRON

O
Q.

Ul
<

*- z

ACCELERATION DECELERATION

Fig. 3 The electric field and the electric potential of the plasma wave in the wave frame. The
accelerating and decelerating forces on the electron are also shown.
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amplitude e = 0.24, wave phase velocity j3p = 0.9995 and injection phase
4>0 = 0°. Thick lines represent the extent of our experimental system (1.5 cm).



30

100
INJECTION ENERGY y o IS

INDICATED NEXT TO THE CURVES

J_
1000 2000 3000

knZ

4000

F:ig. 4 (b) Variation of electron lab frame energy (7) with the acceleration distance
(l^z = zup/c), for injection phase <•/>„ = 0'', and a set of initial injection energies.
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Fig. 4 (c) Variation of electron lab frame energy (7) with the acceleration distance
(kj.z = zwp/c), for different values of the injection phase (<£0). Injected electron
energy yu = 20.
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Fig. 4 (d) Spectrum of accelerated electron lab frame energies (7) for electrons that were
injected uniformly in all phases between 0 and ir. Injected electron energy
7.. = 20.
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Fig. 5 (a) Spatial profile of the constant-amplitude (plane wave) electric field with f(z) = 1.
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Fig. 5 (b) Spatial profile of ihc ampiitude-modulated electric field.
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Fig. 6 (a) Variation of electron lab frame energy (7) with the acceleration distance
(kpZ = zup/c), for different values of injection phase energies. Injection phase
</>u = 0°.
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Fig. 7 Spatial profile of amplitude modulated electric field with
f(z) = z/Z.

linear leading
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Fig. 8 Charge density contours, axial and radial electric fields in a plasma wave of finite radial
dimensions.
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Fig. 9 Proiiles of the axial (Y:,) .uui radia! (L:.,) fields of the plasma waves. The laser axis lies
along the axial z direction
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Fig. 10 Variation of plasma wave amplitude (e = 5nc/ne) with time from a one-
dimensional, non-linear, fully relativistic model of the plasma wave.
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Fig. 12 (a) Accelerated electron energy spectrum from a one-dimensional model with a fixed
plasma wave amplitude
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Fig. 13 Variation of plasma wave amplitude (density tluctuation 5nc/n..) with time for a
finite duration laser pulse. Laser pulse risetime is 250 ps and a full-width-half
maximum duration of 500 ps. The laser pulse envelope is shown in this figure.
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Fig. 14 Trajectories of electrons injected into a two-dimensional plasma wave at the same
radial distance (k/ = 30) but with different injection phases. Plasma wave
amplitude e = 0.24, wave phase velocity 0p = 0.9995. Acceleration distance
k = za)p/c and radial distance I^r = rup/c.
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Fig 15 Trajectories of electrons injected into a two-dimensional plasma wave at different
radial distances (k,,r). Electron injection phase 4>0 = 45°. Plasma wave
amplitude e = 0.24, wave phase velocity /?p = 0.9995. Acceleration distance
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Fig. 16 Trajectories of electrons injected into a two-dimensional plasma wave at different
radial distances (k,r). Electron injection phase 0O = 90°. Plasma wave
amplitude e = 0.24, wave phase velocity /3P = 0.9995. Acceleration distance
kpZ = zct)p/c and radial distance k,,r = rwp/c.



51

OPTIMUM INJECTION PHASE
= 90° to 110°)

-1

-2 i 1 1 1 1 1 1 1

25 50 75 100 125 150 175 200 225 250 275

kpz

Fig. 17 Trajectories of electrons injected into a two-dimensional plasma wave at different
radial distances (k,,r). Electron injection phase <£0 is optimized for maximum
output electron energy, and lies between 90° and 110°. Plasma wave amplitude
e = 0.24, wave phase velocity /3p = 0.9995. Acceleration distance kpZ = zup/c
and radial distance k,,r = rajp/c.
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Fig. 18 Trajectories of electrons injected into a two-dimensional plasma wave at different
radial distances (k,r). Electron injection phase <f>0 = 135°. Plasma wave
amplitude e = 0.24, wave phase velocity /Jp = 0.9995. Acceleration distance
kpZ = zwp/c and radial distance k,,r = ra)p/c.
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Fig. 19 Variation of optimum phase £ (optimized for maximum output electron energy)
with radius. Plasma wave amplitude e = 0.24, wave phase velocity
jSp = 0.9995.
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Fig. 20 Variation of maximum output energy of the electron y with radius. Plasma wave
amplitude e = 0.24, wave phase velocity j8p = 0.9995. Injected electron energy
7o = 20.
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Fig. 21 (a) Radial emittance diagrams at the input (object) and output (image) planes for
electrons injected into a two-dimensional plasma wave. Plasma wave amplitude
e = 0.24, wave phase velocity j8p = 0.9995. Injected electron energy 70 = 20.
Input phase 4>0 — 95°. Injected electrons were uniformly distributed in phase
space. The output beam is shifted along the radial axis for clarity in this figure.



Fig. 2! (b) Accelerated electron energy spectrum for the case shown in Fig. 21 (a).
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Fig. 22 (a) Radial emittance diagrams at the input (object) and output (image) planes for
electrons injected into a two-dimensional plasma wave. Plasma wave amplitude
e = 0.24, wave phase velocity j8p = 0.9995. Injected electron energy 70 = 20.
Input phase 4>0 - 105°. Injected electrons were uniformly distributed in phase
space. The output beam is shifted along the radial axis for clarity in this figure.
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Fig. 23 Radial emittance diagrams at the input (object) and output (image) planes for
electrons injected into a two-dimensional plasma wave. Plasma wave amplitude
e = 0.24, wave phase velocity j3p = 0.9995. Injected electron energy -y0 = 20.
Input phase <£,> = 90°. Injected electrons were randomly distributed in phase
space. The output beam is shifted along the radial axis for clarity in this figure.
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Fig. 24 Radial emittance diagrams at the input (object) and output (image) planes for
electrons injected into a two-dimensional plasma wave. Plasma wave amplitude
e = 0.24, wave phase velocity j8p = 0.9995. Injected electron energy 70 = 20.
Input phases were uniformly distributed between ± ir. Injected electrons were
randomly distributed in phase space. The output beam is shifted along the radial
axis for clarity in this figure.
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