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1 Introduction 

A common feature of most physical systems is that when passing to the Hamiltonian 
formulation of the theory the natural phase space appears to be too large, i.e. it 
contains unphysical degrees of freedom which are eliminated by constraints. This 
has to be taken into account in the quantization procedure. There are two kinds of 
constraints which are distinguished by their Poisson brackets. For the treatment of 
one kind of constraints, the first class-constraints, a quite general method has been 
developed by a group of authors [1,2,3], which is based on the BRST-symmetry [4, 5]. 
For a detailed review see [6]. 

Although the BRST-method is a powerful tool in quantizing systems with first class 
constraints it does not apply to systems with second-class constraints, the second kind 
of constraints. Since one would like to have one procedure which can handle both kind 
of constraints, several attempts have been made to generalise the BRST-method. There 
are two lines of approach which have been followed in order to solve that problem. One 
approach is to enlarge the phase by new variables (in addition to those variables which 
have to be introduced to construct the BRST-symmetry) such that the second class 
constraints become effectively first-class constraints. Then the usual BRST-machinery 
applies. This has been proposed in [7, 8, 9]. 

In the other line of approach, one does not introduce new variables except for the usual 
ghosts, but certain structures on the second-class constraints are assumed, which are 
used to change the ghost structure. There are several approaches to handle second-
class constraints in this way [10]-[15]. In this paper we will investigate in more detail 
the method proposed in [13,14,15]. It is based on the assumption, that complexified 
second-class constraints can be split into a holomorphic and an anti-holomorphic part, 
such that the Poisson bracket of the holomorphic resp. anti-holomorphic constraints 
are in involution. If this is the case, one can impose the holomophic constraints on the 
ket-states, which automaticly imposes the anti-holomorphic constraints on the bra-
states via hermitian conjugation. Such a procedure is known as the Gupta- Bleuler 
method. 

In section 2 we briefly review of the Gupta-Bleuler method in order to define the 
problem of the existence of a split in holomorphic and anti-holomorphic constraints. 
Section 3 contains the main result of this paper, namely the proof of the existence of a 
complex structure on the constraints which allows for a holomorphic split. In section 4 
we use this result and apply the BRST-method on the holomorphic constraints. Section 
5 contains the quantization of the 4-d superparticle as an example of this method and 
we end this paper with some conclusions in section 6. 
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2 Quantization of Holomorphic Constraints 

In this section we review the principal ideas of splitting second-class constraints in 
holomorphic and antiholomorphic first-class constraints and realizing them on the bra 
and ket states of the quantum theory. This will enable us to define the problem of the 
existence of snch a split. For a more detailed presentation we refer to [13, 14]. 

Let us consider a classical system given by a symplectic manifold M with a symplectic 
form UTM which is restricted by a set of constraints given as some real functions GA, 
A = 1,..,/ on M. The se. of solutions of the constraints: 

G,i(x) = 0 x € M 

defines a submanifold N C M. The pullback of UM to N (via the imbedding 
* : N —• M ) defines a pre-symplectic form ufjt on N (i.e. uqy = I'WM)- In case 
the Poisson brackets of the constraints vanish weakly, i.e. 

{GA,GB} = fc
ABGc , (2.1) 

they are called first-class constraints and the Hamiltonian vector fields XA of GA are 
tangent to N. The Hamiltonian vector fields are the degenerate directions of u^ and 
the constraints generate symmetry transformations of some symmetry group Q on N. 
The physical submanifold T is therefore given by 

r = N/a . 
In this case one can apply the Dirac quantization method, i.e. one first constructs 
a Hubert space % on M. Of course, this Hubert space H is too large. However, it 
contains the physical Hilbert space as a subspace. The physical states in W are given 
as solutions of 

GA\9> = 0 * € W (2.2) 

where GA are now the hermitian operators corresponding to the constraint functions. 
Consistency of this method requires, at least, that the constraint algebra is of the form 
(2.1). 

However, the Poisson brackets of the constraints do not vanish on the constraint surface 
in general, i.e. we have 

{GA,GB} = ^BGC + ZAB • (2.3) 

In this case one cannot impose the constraints directly on H because this would lead 
to the condition 

ZXB|*> = 0 , 
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where the space of solutions in general is too small to be physically interesting even if 
it contains more than the trivial solution. 

In order to analyse the problem further, we first seperate the first-class constraints. 
This leads to a split into two sets of constraints G*, a = 1,.., / — 2k and $ o l a = 1,.., 2k, 
where the Ga are first-class constraints and the $ a are second-class constraints with 
the following Poisson brackets1: 

{G„Gh} = fJSc (2-4) 
{**,<?.} = flfic + rjt-, (2.5) 
{*.,**} = /y?c + £ A + £ * (2.6) 

Since all first class constraints are given by the Ga the anti-symmetric matrix Z^ is 
now invertible and therefore the number of second-class constraints must be even. In 
contrast to the Hamiltonian vector fields Xa of the first class constraints the Hamilto-
nian vector fields Xa of the second class constraints $„ are skew orthogonal to N. 

The idea of Gupta-Bleuler quantization of second-class constraints is to relax the strong 
condition (2.2) and impose only half of the second-class constraints on the states such 
that the expectation-values of all constraints still vanish. In order to accomplish this, 
one first has to find a complex structure Jf compatible with Zafiy i.e.: 

JiZfh + ZafiJ! = 0 , ra J* = -&*a , (2.7) 

and than use this complex structure to split the (complexified) second-class constraints 
into holomorphic and anti-holomorphic contraints. This can be done with the two 
projection operators 

P+% = \(% + iJfi) , P-0 = \(&t - iJt) • (2-8) 

Let us denote the k holomorphic contraints by Gr. They obey 

Gr = P+',G, . (2.9) 

The anti-holomorphic constraints are then given by 

Gl = &tP.'r . (2.10) 

It is easy to check, that the bracket of two holomorphic or two anti-holomorphic con
straints vanishes weakly, i.e.: 

{G r ,G.}*0 , {Gl,G\}*0 (2.11) 

{G„G\) *\zr.. (2.12) 

'Actually second-class constraint* may also appear on the right hand side of (2.4), but those terms 
have to be at least qnadratic in #„ 
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Together with the Ga, we now have two sets of first-class constraints, (Ga,Gr) and 
(G«,(?J), which are related by hermitian conjugation. However, the bracket of two 
constraints of one set is not necessarily in involution, i.e. in general we have 

{Gr,G.} = f:.G. + n,Gt + K.G\ (2.13) 

{Gr,Ga} = fb
nG> + fr.Gt + ht

r.G\. (2.14) 

The requirement n', = hl
ra = 0 leads to additional conditions on the complex structure 

• C A - / L J f - { < ? « « £ > = 0 (2.15) 

fr-£WZ-J&h + 4M>*4 + ̂ W-W,4l** = °- (2-16) 
Only if one can find a complex structure which solves eq. (2.15,2.16) the split in 
holomorphic and anti-holomorphic contraints is such that the bracket on each set is in 
involution. Supposing we have found a solution we can then proceed and implement 
the holomorphic contraints on the Hilbert-space % on M, i.e. one defines the physical 
subspace "Hphy, of H as the set of solutions of 

G«|¥> = 0 (2.17) 

Gr\9> = 0. (2.18) 

Hermitian conjugation of eq. (2.18) leads to 

<9\Gl = 0 (2.19) 

and the eqs (2.17) and (2.18) are therefore sufficient conditions for the vanishing of the 
expectation-values of all constraints: 

<* |G a | *> = < * | G r | * > = < f | G j | * > = 0 (2.20) 

In contrast to the Dirac quantization method, in this approach the physical bra and 
ket states are different due to the fact that GT and Gr* are independent constraints. 

The crucial point in this quantization scheme is to find a complex structure which is 
compatible with Zap and solves the eqs (2.15,2.16). In fact, the second condition is the 
hardest, since it is in some is sense the Poisson-bracket analog of the Nijenhuis-tensor 
of a complex structure on a manifold. However in the next section, when we consider 
the question of existence of a complex structure, we shall also discuss to what extent 
the condition of global existence may be relaxed. 

3 The Existence of a Complex Structure 

We now turn to the question whether there exists a complex structure on second-class 
constraints in classical systems. This allows for a geometrical treatment of the problem. 
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Since we have for the brackets of the 2Jb second-class constraints 

with Zap invertible, we can use the constraint-functions as part of a local coordinate 
system of M. We further assume that the first-class constraints, if there are any, fulfil 
the regularity condition i.e. the matrix dGm/dzj has maximum rank, where the zj are 
some local coordinates. This guarantees that we can use them also as part of a local 
coordinate system. One can then use Darboux's theorem to transform this coordinate 
system into normal form, i.e. one obtains a coordinate system {Vr,$",G'm,z'j), where 
the Poisson-brackets of the transformed constraints are given by: 

{ * ; , * :>=o, { * ; , * : } = o , {*;,#;>=*„ , «?;,#:}=o. 

The complex structure in this system is obvious. However, this is only a local statement. 
For a consistent quantization using the Gupta-Bleuler method, described in the last 
section, it is necessary to have a complex structure on a subset U C M which contains 
the submanifold N, denned by * a = 0 (by a slight abuse of our notation N is now 
given by the second-class constraints only, even if there are also first-class constraints). 
Otherwise one would have the problem that a holomorphic set of constraints defined by 
a complex structure on one coordinate patch is not compatible with the holomorphic 
constraints in some other coordinate patch which overlaps the first one. In other words, 
the transition functions which relate the constraints of two coordinate patches on their 
overlap mix holomorphic and anti-holomorphic constraints. In this case the definition 
of physical states by (2.18) cannot be extended from one coordinate patch to another. 
On the other hand, the quantum theory should not depend on the structure of M in 
a distant region from N, since all classical observables are functions on N. Therefore, 
it should be sufficient if the Gupta-Bleuler method can be applied consistently in a 
neighbourhood of N in M. Hence the problem is reduced to the question if there exists 
a solution to eqs (2.15,2.16) in some neighborhood U of N in M. 

The strategy will be the following: we shall first construct a new symplectic mani
fold containing N, which admits a global split in holomorphic and anti-holomorphic 
constraints and than show that the new manifold is related to the original manifold 
M by a symplectomorhism (i.e. by an isomorphism, which leaves the symplectic form 
invariant) in a neighborhood U of N. 

In order to construct the new symplectic manifold we consider the restricted tangent-
bundle T N M , i.e. we have for a p 6 TjfM *M(P) £ N, where TTM is the projection 
ir\i : TM —• M. This vector-bundle can be split into a direct sum 

TNM = T N 0 E (3.1) 
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where the fibres of E are the skew orthogonal complements of the fibres of TN in 
T N M defined by 

Ez := {v e TMX | uz(vtw) = 0 ,Vw 6 T N J (3.2) 

A frame for the fibres of E is provided by the restricted Hamiltonian vector-fields 
X<*\ti of the second-class constraints w„. Indeed one may check this by choosing a 
local coordinate system (w0,z,) of M. The Poisson brackets restricted to N for those 
coordinates are given by 

{*a,*fl} = 2«0 » {*a.' i} = Taj , {zj,Zk}=Uljk. 

Here the coordinates ZJ also contain the first-class constraints. A redefinition of the zy. 

where Z°^ is the inverse of Zafi, leads to the desired result for the restricted Poisson 
brackets: 

{*a, #„} = Zafi , {*a, Z'J = 0 , {z'jy Z'k} r, U'jk . (3.3) 

Since the constraints are defined globally this statement is true in all coordinate patches 
with a non-empty intersection with N. Note that this already proves that eq (2.15) 
can be solved, since in these coordinate-systems the second-class constraints commute 
with the first-class constraints. 

The manifold N can be identified with the zero-section in E and we therefore have 
an imbedding of N in E. Furthermore, we also have a projection of E to N given by 
*MIN '- E —» N. This map can be used to define the pullback of the symplectic form 
on N to E, 

<"h := *MIN(WN) , (3.4) 

which is a closed but degenerate two-form. The degenerate directions are those along 
the fibres, i.e. the vertical directions. However, we also have a closed two form u>r, 
which is non-degenerate along the fibres. In local coordinates (3.3) u>v is given by 
Zafflfi- Taking the sum of the two forms 

WE = û , + uy (3.5) 

we obtain a closed and non-degenerate two form on E, which gives E the structure of 
a symplectic manifold. One may think of E as a manifold that has been obtained from 
M by flattening out the directions skew-orthogonal to N. This gives E the structure of 
a symplectic vector bundle, i.e. a vector bundle with a symplectic form on the fibres. 
Symplectic vector bundles have the for our purpose crucial property that they always 
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admit a complex structure on the fibres which is compatible with the symplectic form 
(see e.g. [16]). Furthermore we can choose the complex structure Jg on the fibres of E 
such that, together with the symplectic form on the fibres, it defines a positive definite 
hermitian sc?' ., product 

gt(v,w) = WE,(JESV>UO V,W € Ez . (3.6) 

The complex structure Jg can be used to split the complexified vector bundle E c into 
a holomorphic and anti-holomorphic part 

E c = EH©Eir, (3.7) 

i.e. in some local coordinate system (vr,v\,Zj) of E 0 , where the vriv\ are coordinates 
of the holomorphic resp. anti-holomorphic fibres, we find for the Poiscon brackets 

{vr,v.} = 0 , {v*,»J} = 0 , {»*,».} = ZB«* • (3.8) 

The ZBafi 1S *^e representation of uv in this coordinate system. Since JE is globally 
defined on the fibres, the transition from one coordinate patch to another does not mix 
the holomorphic and anti-holomorphic directions. In other words, letting (v^,v'j,*J) 
be some other coordinate patch we have on the overlap of the two patches 

g-i. (3.9) 

Hence the Gupta-Bleuler method can be applied to construct a quantum theory out of 
E with second class constraints (v,,wj,z,). However, we are interested in quantizing 
the system given by M. Therefore we have to relate the two manifolds. This can be 
done by the Darboux-Weinstein Theorem. 

This theorem states [16]: 
Let (Mi,u>i) , (MjjWj) be two symplectic manifolds and let N be imbedded in Mt and 
Mj as a closed symplectic submanifold. Suppose TNMJ and TtfM2 are isomorphic as 
symplectic vector bundles. Then there are neighborhoods U\, U2 o/N in Mi resp. M2 

and a symplectomorphism <p : (Ut,u>i) —• (U2,u>j) such that <p\n = idtf. 

Clearly both manifolds M and E contain N as a closed symplectic submanifold. For 
the restricted tangent space of E we find 

T N E = T N 0 E . (3.10) 

Comparing this with eq (3.1) the isomorphism of TJ^JE and T N M as symplectic vector 
bundles is obvious. Therefore the Darboux-Weinstein Theorem applies and there exists 
a symplectomorphism <p : U —• V, where U and V are some neighborhoods of N in E 
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rcsp. M. This symplectomorphism can be used to define a complex structure on the 
second-class constraints on V C M 

J = ^ E V _ 1 - (3-11) 

This complex structnre satisfies the compatibility eqs (2.15,2.16) and we have therefore 
proved the desired result. 

We end this section with some remarks on the limitations of this approach. In the proof 
of the existence of a complex structure we only considered classical systems. When 
passing to the quantum system anomalies may occur which can spoil the first-class 
nature of the holomorphic constraints resp. the real first class-constraints. Another 
problem is that although a complex structure exists, it may be very hard to find this 
structure in a specific example. However, there are interesting systems where the com
plex structure is obvious at the operator level. We shall discuss such a system in section 
5. Note that it is not essential to find the complex structure already at the classical 
level. It is sufficient to have the complex structure on the operator constraints. 

4 BRST-Quantization of Holomorphic Constraints 

In the usual BRST-quantization procedure for first class constraints one constructs 
a hermitian nilpotent BRST operator ft. The physical states are than given as the 
solutions of 

ft|*> = 0 , (4.1) 

i.e. physical states are BRST-closed. However, the physical states are only defined up 
to some equivalence, i.e. two states are equivalent, when they differ by a BRST-exact 
term: 

|*> ~ |# '> <* |¥> = |* '> +ft|A> (4.2) 

Using that 12 is a hermitian operator one can easily check that BRST-exact states have 
zero norm and that two equivalent physical states have the same norm. 

In order to construct the BRST operator one introduces for each constraint a pair of 
anti-commuting hermitian variables c°, 6„ with the anti-commutation relation 
[c°, bi>}+ = 6%. Quantities depending on the ghosts can be labeled by their ghost number 
which is defined on the ghost variables as 

gh(c»)=l , gh(ba) = - l . (4.3) 
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The BRST-operator « then takes the form 

« = CGa - \c'cb&bc + ... with (4.4) 

it' = 0 and gh(H) = 1 , (4.5) 

where the Ga are the hermitian first-class constraints and the higher order ghost terms 
occur when the algebra is open and/or the constraints are reducible (for a detailed 
review of this construction see [6]). The physical states are then given by the BRST-
closed states with ghost number zero. 

We now turn to the case where we have given a system which has 2k second-class 
constraints $Q and / first class-constraints G*. As we have shown in the last section, 
there always exists a complex structure on the constraints at least in a neighborhood 
of the constraint-surface. Suppose we have found such a complex structure J which 
allows for a split of the constraints into holomorphic resp. anti-holomorphic first-class 
constraints, wich are given by 

JGr = iGr , JG\ = -iG\ T = l,..Jfe , (4.6) 

with commutation relations 

{G„Gb} = & G e (4.7) 

{GT,Ga} = f„Gt + fiaGb (4.8) 

{(?„<?.} = fr.Gt + f;.Ga (4.9) 

{GT,G\} = Zr. + K.Gt + h?,Gl. (4.10) 

We further assume that no anomalies occur at the quantum level. Since the constraints 
are not hermitian, a BRST-operator constructed as ft in eq (4.4) cannot be hermitian 
and therefore the BRST-exact states do not have zero norm: 

A n >=ft jA> , ||An;H|2 = <A|ft ,n|A> (4.11) 

This can be understood in the following way. In the case of first-class constraints 
the constraints generate symmetry transformations on the constraint surface. This 
symmetry is also present in the quantum theory and leads to equivalence classes in the 
BRST-cohomology, where different elements of one equivalence class differ by a zero 
norm state, i.e. by a symmetry transformation. In the case of second-class constraints 
there are no such symmetry transformations. Although one can split the constraints 
into two sets such that the commutator on each set is an involution, one cannot interpret 
the elements of one set as symmetry transformation, since the implementation of one 
set on the the ket-states automaticly implements the other set on the bra-states via 
hermitian conjugation. In other words an implementation of the symmetry on the 
ket-states introduces also a gauge fixing on the bra-states. 

9 



However, a scenario where a non-hermitian BRST-operator can be used to introduce 
a gauge fixing of first-class constraints has been disussed in [17, 18]. This is achieved 
by changing the inner product for the ghost variables such that /mi l , i.e. the BRST-
exact states, contains no degenerate states in this new inner product space. With this 
inner product ft and the co-BRST-operator ft' are different and the gauge fixed states 
are found as the zero modes of the non trivial BRST-laplacian A = ft'ft + ftftf, or 
equivalently as BRST-closed and co-BRST-closed states. It has been shown that a non-
degenerate inner product on the subspace Jmft or equivalently Keril is equivalent with 
a complete gauge fixing. For related work on this subject see also [19,20, 21, 22, 23]. 

We have already seen that the BRST-operator for holomorphic constraints is not her-
mitian and that we therefore cannot expect that the BRST-exact states are of zero 
norm. The holomorphic nature of the constraints together with a natural choice for 
the inner product guarantees that we have a nilpotent BRST-operator ft together with 
a nilpotent co-BRST-operator, such that the BRST-laplacian A is non-trivial. 

In order to make this more precise we have to introduce the ghosts for the holomorphic 
and anti-holomorphic constraints. Since the constraints are non-hermitian it appears 
natural to choose the ghosts such that they have the same complex structure as the 
constraints. Hence we define k pairs of ghosts J/*, J/r

 s u c n that rf and T\T are related 
by hermitian conjugation. The ghost numbers are assigned as usual, i.e. gh(j]T) = 1 
and gh(fjT) = —1. An inner product which relates the ghosts and ghost momenta via 
hermitian conjugation can be defined by using the Hodge duality on the ghosts (details 
of this definition can be found in [17]). The anti-commutation relation are denned as 

WtfU = 0 , [Jfr,li.U = 0 , fo',?,]+ = £ . (4.12) 

Since hermitian conjugation changes the ghost number of the holomorphic ghosts, the 
ghosts c",6b for the first-class constraints also have be related by hermitian conju
gation. Otherwise the co-BRST-operator is not an eigenstate of the ghost number 
operator. With this ghost system the BRST-operator for the holomorphic constraints 
is constructed as usual and (to the first orders of the ghosts) takes the form 

ft = caGa + ifGr - (4.13) 

- \<?<?feJ>< - y » v / U - \v'c>f:ji. - \v'v'fr.vt - \i'v'f:A +... 

The co-BRST-operator is obtained by hermitian conjugation, 

n f = b'Ga + TfGl- (4.14) 

- \r*n>c. - \irvfa - \fb-f:aV. - ^nm.* - ^or/,v„+... 
The BRST-laplacian is then 

A = [ft1,fl]+ = GlCT + GaG° + ghost terms (4.15) 

10 

file:///irvfa


The ghost numbers of these operators are 

gh(il) = 1 , gh{tf) = - 1 , gh(b) = 0 . (4.16) 

The ghost vacuum choosen such that it is annihilated by the ghost momenta. The 
physical states are given by the zero modes of the BRST-Iaplacian. The zero modes 
are also BRST-closed and co-BRST-closed, i.e. we have for physical states: 

ft|*> = 0 and n*|#> = 0 . (4.17) 

BRST-closed states with ghost number zero are solutions of 

Gr \¥
0)> = 0 and Ga|*(0) >= 0 . (4.18) 

On the other hand all states with ghost number zero are co-BRST-closed since ft* 
has gk(ftl) = — 1. This shows that the physical states are the zero modes of the 
BRST-laplacian with ghost number zero. 

The choice of the ghost system for the holomorphic constraints and the requirement 
that the co-BRST operator is an eigenstate of the ghost number operator has led 
to non-hermitian ghost system for the first-class constraints. This corresponds to a 
gauge-fixing of the first class-constraints [17,18]. 

However, the basic idea of the Gupta-Bleuler method is to impose half of the constraints 
on the ket states such that the other half is imposed on the bra states via hermitean 
conjugation. On the ghost-extended Hubert space the constraints are given by il and 
ft'. Therefore we can relax the condition (4.17) on the states to 

ft|*> = 0 o <1\tt? = 0 . (4.19) 

This weaker restriction defines the physical bra and ket states only as equivalence 
classes, 

|#> ~ | f > «• | t > = |*'> +« |A> (4.20) 

<*| ~ <t' | # <*| = <#'|+ <A|ftf, (4.21) 

i.e. it does not fix a gauge. The condition (4.19) now allows for more general ghost 
systems, e.g. one may choose all ghosts to be hermitian. Since this change corresponds 
to a redefinition of the inner product on the ghost variables the cohomology of the 
BRST-operator tt is not affected. Note, however, that the co-BRST operator has 
gh(fV) = — 1 for hermitian ghosts. Therefore this choice of ghosts is only possible for 
(4.19), since condition (4.17) would impose all second-class constraints on the BRST-
closed and co-closed states with ghost number zero. 
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5 The 4-d Superparticle 

In this section wc use the Gupta-Bleuler method to quantize the superparticle [24] in 
4 dimensions [25]. The action of the superparticle is givea by 

S = JdrL = fdr (2e)"1(iM + iSf»®)2 , (5.1) 

where i" is the position of the particle, e is the einbein and 0 is a Majorana spinor. 
This action is invariant under 

1. global space-time supersymmetry transformations with anti-commuting parame
ter e: 

Sex" = t£7M© (5.2) 

6,Q = e (5.3) 

2. local Siegel transformation with anti commuting parameter K(T): 

SKe = 4t'«0 (5.4) 

6Kx" = i07M>« (5.5) 

SK0 = JK, (5.6) 

where p is given as 

f = e-^i" + i © V 0 ) . (5.7) 

Before passing to the phase space of this system it is convenient to introduce the two 
component spinor notation for 0 and rewrite the spinor term in (5.1) as 

i0V0 = -i\<P<fJf - *<&?). (5.8) 

The canonical momenta for this system are: 

~ = e-»(i" + i5y"é) = p" , (5.9) 

| £ = -!>.ƒ = *., (5.10) 
o r 

-TT7 = -&**=**, (5.11) 
dtr* 

| - 0 = P , . (5.12) 
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With these momenta the canonical Hamiltonian is 

e£T0 =
 l-ep2 . (5.13) 

Eq. (5.10-5.12) give rise to primary constraints: 

Ga = ira + 9> a i r = 0 , (5.14) 

73a = jfi + i0"^aa = 0 , (5.15) 

pe = 0 . (5.16) 

The requirement, that the Poisson brackets of the primary constraints with the Hamil
tonian have to vanish weakly leads to a secondary constraint, generated bypc: 

H0 = 0 (5.17) 

Hence the complete Hamiltonian is a linear combination of constraints 

H = eH0 + XaGa + TTSa , (5.18) 

where we have omitted the constraint pe, since its action is trivial. 

Ga and Ga contain second-class constraints since their Poisson bracket yields 

{<?.,<?«} = >«« • (5-19) 

However, only half of them are second-class. The first-class part is given by 

F" = 73^T - 2H0 = iTiife. , 7* = i*aGa - 2H0 = jf*"*. . (5.20) 

In order to quantize the theory we have to replace the Poisson brackets by (anti-) com
mutators. In coordinate representation the operators corresponding to the constraints 
are 

G. = i£;+9aijP , F" = l r a , (5.21) 

S. = 4 + ̂  , 7* =#*•£, (5.22) 

Ho = - jQ • (5.23) 

We see that the constraints are already separated into a holomorphic set (5.21) and 
an anti-holomorphic set (5.22), such that each set together with the hennitian con
straint Ho form a closed algebra. The only non-vanishing anti-commutator among the 
holomorphic and the hermitian constraints is 

[Fa,G0}+=26°0Ho (5.24) 
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In order to construct the BRST-operator, we now have to introduce the ghosts. They 
are given by two complex commuting spinors r]a,pa together with their hermitian 
conjugates fj6','Pi and a pair of complex anti-commuting variables c,c. Their (anti-) 
commutation relations are: 

[lf,Va] = <r°™ , [/W«l = "2i , M + = 1 • (5-25) 

With this definition of the ghosts the BRST-operator is 

ft = v
aGa + paF

a + cH0 - rjapac (5.26) 

and the co-BRST-operator is obtained by hermitian conjugation, 

ftt = ^ + p-J* J, cH0 - Ó i C . (5.27) 

Note that the BRST- resp. co-BRST-operator is built out of an irreducible set of 
constraints which contain all first-class constraints due to (5.20). 

The BRST-closed (and co-BRST-closed) states with ghost number zero are given by 

j?°Ga¥
(0) + paF

a¥0) + cH0¥
0) = 0 . (5.28) 

The first term of (5.28) reduces the superfield ty^ to a chiral superfield 

¥0) = A - iV^td^A + -96690A + V2ëaf + 4=000° $aó,T + ÏÏF , (5.29) 
4 V2 

whereas the other terms determine the dynamical content of the theory: 

a A = 0 , fa = 0 » V = 0 . (5.30) 

We can therefore identify the correct physical states as BRST-closed states with ghost 
number zero. 

6 Conclusion 

We have proved that in classical phase space second-class contraints can always be split 
into two sets of holomorphic and anti-holomorphic first-class constraints in a neighbor
hood of the constraint surface. We have furhter argued that this statement is sufficient 
to apply the Gupta-Beuler quantization method consistently if no anomalies occur 
at the quantum level. The split of second-class constraints has been incorporated in 
the BRST method. This has led to a non-hermitian BRST-operator which can natu
rally be used to gauge fix also the first-class constraints although this is not necessary, 
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depending on the choice to implement both the BRST-operator and its hermitian con
jugate on the ket-states of the ghost extendended Hilbert-space or to implement only 
the BRST-operator on the ket-states. Both choices are possible since they correspond 
to the Dirac method resp. Gupta-Bleuler method to impose the BRST-operators on 
the enlarged Hubert space. Finally we have applied this quantization scheme to the 
4-d superparticle were the constraints have an obvious complex structure. The correct 
physical states were found as the BRST- and co-BRST-closed states with ghost number 
zero. 
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