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ABSTRACT

The Schwinger boson approach to quantum helimagnets is discussed. It is shown that in
order to get quantitative agreement with exact results on finite lattices, parity-breaking pairing of
bosons must be allowed. The so-called J\ - fr - h model is studied, particularly on the special
line 72 = 2 J$, A quantum disordered phase is found between the Neel and spiral phases, though
notably only in the strong quantum limit S = \, and for the third-neighbor coupling 7j > 0.038 J\.
For spins S > 1 the spiral phase goes continuously to an antiferromagnetic order.
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The insulating phase of copper-oxide high-Tc compounds is well described by a two-
dimensional spin-1 square lattice Heisenberg model[l], displaying long-range antiferro-
magnetic order at zero temperature[2). Upon doping this Neel order is rapidly suppressed
due to the frustrating effects of hole movement, leaving a conducting state which has been
suggested[3] to be different from a normal Fermi liquid. Unusual properties of this spin-
liquid state might provide a mechanism for driving the system into a superconducting
phase.

How the antiferroraagnetic order is destabilized by doping, and the nature of the disor-
dered state so generated, are central problems in the theoretical understanding of high-Tc
superconductivity. One simple approach to these questions[4] consists of integrating out
the holes for small doping, leaving an effective spin Hamiltonian with further-neighbor
interactions:

SX.SX (1)

Here J2 and J3 measure the frustration strength between a given spin and its second
and third neighbors respectively, and the region of interest is J2 ~ 2J$. Since in this
approximation the dynamical frustration produced by holes has been replaced by a static
one, clearly (1) captures only gross features of the physics involved. On the other hand,
Hamiltonian (1) is interesting per se as a modelof a helimagnet, with the frustration
known[5] to produce a spiral phase in some region of parameter space. In fact, classically,
when J3 < I Ji the ground state of the system is in a Neel phase for Ji > 272 + 4 J3, while
for 2J2 > J\ + 4J3 it goes to a collinear order which is ferromagnetic in one direction
and antiferromagnetic in the other. These two phases are separated by a twisted spiral
phase ordered at wavevector Q = (ir,Q), with Q satisfying cosQ = 2 J j J J ' . For J3 > | J i ,
a new symmetric spiral phase ordered at wavevector Q = (Q,Q), with cos Q = 2j~+\J:s,
appears. The two incommensurate phases are separated by the line Ji = 2J$, at which an
infinite number of degenerate spiral states coexist[6]. The way strong fluctuations due to
the quantum nature of spins alter this picture—particularly near the line Ji = 2J$—is an
interesting question on its own, independently of the above mentioned connection with
superconducti vity.

In this work we study the ground state properties of Hamiltonian (1)—specially its
incommensurate phases—with particular emphasis in the strong quantum limit S =
i . First, we discuss the rotationatly-invariant Schwinger boson approach to quantum
helimagnets[7], and a natural decoupling scheme for the effective (quartic) bosonic Hamil-
tonian. Secondly, we show that, in order to get qualitative and quantitative agreement
with exact results on finite lattices, parity-breaking pairing of bosons must be allowed,
contrary to previous works in the literature[8, 9]. We present evidence that a quantum
disordered phase exists between the Neel and spiral phases, though notably only for phys-
ical spin S — \. So, the existence of such a phase cannot be asserted from semi-classical
(large-5) approximations^, 10]. On the other hand, it appears only for the third-neighbor
coupling J3 larger than a minimum finite value J3m l n ~ 0.038J\. To our knowledge, this
is the first thorough examination of the twelve dimensional order-parameter space of (1)
in the strong quantum limit, and the first concrete prediction for the boundaries of the
disordered nonclassical phase and critical J3m,n. The reliability of our approach is assessed
by comparison with the few known exact (numerical) results on finite lattices[6].

In order to obtain a rotationally-invariant Hartree-Fock decomposition of H it is
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convenient to express the spin-operators in terms of the Schwinger representational]:

Sx = ^ a x t a a x , where d = (fTx,try,crz) are the Pauli matrices, and the bosonic spinors

a* = (oxi, i r | ) satisfy axt.ax = 25. Then, by means of the Fierz identity it is not hard to

show that Sjt.Sy = | : Tr{P^j4iil>yP'l>yikx) :, where

Ox I
P = o -i

and, as usual, : : means normal order of the operators inside. The operator-valued matrix
ipx transforms under rotations as ^x —• gi)>x, with g € 5t/(2), which naturally suggests
the following invariant decomposition of (2):

(Sx.S
y W = - \Tr(WxyPWyxP), (2)

The order-parameter matrix Wxy is given by

where B' = f < E<, aLayir > and Axy = \ < J2c <™xa<>y~<, >• One can see that

(SX.Sy)HF >= \ - \Axy I (3)

that is, Axy and B x y measure respectively antiferromagnetic and ferromagnetic correla-
tions between spins at sites x and y. In the following we will assume them to be real,
Notice that (2) is also invariant under the (local) right transformation ifix -+ tj>x\.x^ with
Ax = diag(e'^x\e~l*W). This gauge invariance is broken in (3), which means that
strictly speaking Wxy must be zero (Elitzur's theorem [12]) . The apparent contradic-
tion of taking WXy ^ 0 in the calculations has been resolved in [13] in the context of
lattice-gauge theories.

As stated above, our interest is mainly focused on spiral phases, i.e., stable magnetic
structures with a uniform twist about some arbitrary axis n. For these structures, in
the classical (large-5) limit, Axy ~ Ssiu^-^- and B x y ~ Scos cU\~yi1. Then, for
finite systems the order parameters satisfy periodic or antiperiodic boundary conditions
depending on whether ^ is a normal mode of the lattice or not. Consequently, one must
Fourier-transform Bose operators as aXff = jj Ylq aqirC""1" , where q = k — j , the k's are
the normal modes corresponding to periodic boundary conditions, and Q has to be found
by minimizing the energy, In momentum space the Hartree-Fock Hamiltonian can be
diagonalized by a standard Bogoliubov transformation, giving the quasiparticle dispersion
relation ajq = I/{IB{<1) - A)2 - i j fq) and ground-state energy EHF = ^ E q ^ q + (S +
\)XN. We defined

£ x * x

and A is the Lagrange multiplier that enforces (on average) the constraint condition on
the number of bosons per site. Consistency equations require

n(q.x) , B(X) = — ] M ( q j l )

while the Lagrange multiplier forces

2N • (5)

Let's pause at this point to discuss the differences between our calculations and those
of recent works using the Schwinger boson representation[8, 9, 11]. First, we have not
referred spin operators to a twisted co-ordinate system with its z-axis pointing at every site
in the preferred direction of the local spin. This is only a matter of taste, but using a single
(global) quantization axis helps in keeping the simplicity of the calculations. Secondly, we
made no use of identities generated by means of the exact (operator) form of the constraint
in order to simplify the Hamiltonian. We avoid their use since they are largely violated
when the boson-number restriction is taken only on average. For instance, one of such
identities is : BxyBxy : -\-AxyAXy = S1; for the 5 = \ nearest-neighbor Heisenberg model
[J2 = J3 = 0), in the thermodynamic limit one finds B — 0, A ^ 0.579. Consequently, for
the ground-state energy per bond our result (3) gives EHFJ2N = B2 — A2 ~ —0.335, while
by using the mentioned identity one would obtain E'HFj2N = S* - 2A2 ~ -0.420. These
values should be compared with the quantum Monte Carlo result[2J EMCI^N ~ —0.335.

The third difference, and the most important one, concerns our allowing of nonvan-
ishing values for < Sx A Sy > in the spiral phase, which is related to the parity-breaking
pairing of bosons (here the prime means that operators are referred to the local quantiza-
tion axis above mentioned). In [8], the condition < Sx A Sy >= 0 is explicitly introduced
into the theory as a way of determining a privileged twisted reference system. This was
interpreted as a simple gauge-fixing device, with the gauge invariance being associated
to the independence of physics from the referential. Actually, this is a strong require-
ment wich affects the results in a quantitative and even qualitative way. In order to
show this we have evaluated (3) for a 20-site lattice with and without such a condition,
and the results were compared with those of numerical studies of the same model[6]. As
can be seen in Fig. 1, when the condition is used the energies of the spiral phases are
much higher than the exact values. Moreover, it can be shown that they are never tower
than the corresponding to the Neel and collinear phases (For collinear magnets one has
< Sx A Sy >= 0 automatically, so that, modulo the use of the above mentioned identities,
our results and those of [8] do not differ). In fact, introducing this condition is equivalent
to ignoring terms with an odd number of operators in the standard (large-5) spin-wave
approach to helimagnets, which produces gaps at k = 0,Q, therefore loosing Goldstone
modes. Their recovery involves consideration of cubic spin wave interactions that lead to
spin-wave binding. On the contrary, our calculations keep the correct zero-mode struc-
ture, producing only gaps for the phason zero-modes[14]. This clarifies a question which
has been recurrently discussed in the literature[15]. Finally, we would like to stress an ad-
ditional nice feature of our approach: For J3 = 0 the results obtained are exactly the same
as predicted by Takahashi's modified spin-wave theory[l6], which is known to reproduce
accurately exact results for the J1 — J2 model[17].

Numerical evaluation of Eqs. (4)-(5) involves finding the physical roots of twelve cou-
pled non-linear equations for the order parameters -4(x), B(x), plus the additional con-
straint condition wich determines A. On a finite lattice this has to be performed for several
choices of the mode Q, in order to find the one wich minimizes the energy. For the infi-
nite lattice the constraint equation decouples and only determines the magnetization[18],
while one has to add an equation for the (quasi-continuous) variable Q. By means of the



chain rule for derivatives it is easy to show that such an equation is 8X/3Q = 0. In the
particular case Jj = 2J3, S — ̂ , we have at our disposal numerical results[6] on finite
lattices to compare with. Fig. 1 shows a remarkably agreement between our prediction
for the ground state energy of a 20-site lattice and the corresponding exact values. In
the same figure we have plotted the result for the infinite lattice, for which quantum
fluctuations select the (T, Q)-phase as the stable one. Notice also the missing segment for
0.38 < ^ < 0,47 . In this region of parameter space no solution of the proposed spiral
form was found, which is better understood by looking at Fig. 2. There we plot the mean
staggered magnetization in the Neel phase, and the effective length of the rotating vector
in the spiral phase. These values are given by the long distance behavior of the spin-spin
correlation function: limiRi^,*, <S x .S y >xs M$ cosQ.R. As can be seen, for S = 5 both
orders are melted by quantum fluctuations, leaving a window in the above mentioned
region where no obvious structure is present. Our theory predicts a simple disordered
phase with a gap, though other more interesting possibilities have been suggested in the
literature (In the connection with superconductivity this phase should correspond to the
sought spin-liquid phase).

In Fig. 3 we show the stability regions of the Neel and spiral phases for general spin S.
Hatched areas are metastability regions for Neel and collinear orders (for Ji = 2J3 < 00
the collinear order is neither classically nor quantum stable). For physical spins S > 1
the spiral phase goes continuously to an antiferromagnetic order, but, quite remarkably,
for S = \ there is a window between both phases where the ground state is disordered,
in accordance with Figs. 1-2. We stress here that this result questions the reliability
of semiclassical expansions based on the large-.? limit[8, 10]. This window shrinks by
reducing J3, and finally closes at J3min ~ 0.038Ji- For J3 = 0 there is a large overlap
of the (meta)stability regions of Neel and collinear orders, with a first-order transition
between them, and no disordered phase even for S = 5(16], However the small value of
-Amin lends some support to the suggestion that dynamical generation of J3 could produce
a disordered phase for the J\ — Ji model[19].

In closing, we mention that other physical quantities like the spin-spin correlation
functions and structure factor have also been considered. For the structure factor we
found again very good agreement with exact values on the 20-site lattice. These results,
as well as a study of the geometry-frustrated triangular lattice, will be presented elsewhere.
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Figure Captions

Figure 1. Ground state energy per bond for S = \. The small dashed line is our result for
the 20-site lattice; the long dashed lines are the energies of the spiral phases as predicted
in [8]. Solid points are exact numerical values from [6]. The labels (a,b) correspond to
the 3 Wa.vevectors which minimize the energy. The solid line is our prediction for the
infinite lattice.
Figure 2. Staggered magnetization per site in the Neel phase and effective length of the
rotating vector in the spiral phase for 5 = \.
Figure 3. Phase diagram showing lines of stability (solid) and metastability (dashed) for
the different phases. Hatched areas are metastability regions for antifc rromagnetic and
collinear orders.
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