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Nonlinear shaping of a two-dimensional ultrashort ionizing pulse 
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A theoretical description of ultrashort ionizing wave pulses is presented by means of two different 
models where the ionization rate increases or decreases, respectively, as a function of the electric-field 
amplitude. We show that the pulse evolves either into a horseshoe- or a horn-type structure in the time
space domain. In some parameter regions the intensity of the pulse can also increase. 

PACS number(s): 52.4D.Db 

Ionization of media under the action of a strong elec
tromagnetic field has traditionally attracted interest and 
research in various branches of physics. Most attention 
has usually been paid to the problem of breakdown con
ditions and the properties of the emerging plasma. How
ever, recent development of sources of ultrashort laser 
and microwave radiation [1,2], has intensified interest in 
the problem of nonlinear conversion of spectral intensity 
and the spatial characteristic of the pulse itself. It has 
been shown that the nonlinear interaction between the 
electromagnetic pulse and the plasma leads to a number 
of important effects, such as strong adiabatic frequency 
up-conversion [3,4], the generation of harmonics [5], 
pulse compression [6], etc. 

Most theoretical models that describe the above
mentioned effects assume that the pulses are one dimen
sional. However, within the ionized medium, it is likely 
that refraction phenomena are essential. They are deter
mined by the spatial structure of the electron density, and 
are therefore related to the ionization-recombination dy
namics of the plasma and are a slowly decreasing effect 
for IEI > Em [usually Em corresponds to the electron os
cillation energy eEm 1(4mlU)-lO eV]. 

In the present paper we shall consider the nonlinear 
dynamics of an ultrashort pulse when the ionization pro
cesses play a dominant role. The density growth rate can 
then be modeled as 

(1) 

where the function r depends on the electron concen
tration N, the neutral-atom concentration N m' and 
the amplitude of the wave electric field IEI. Con
sidering electron-impact ionization we choose 
r= f( IEI )NNm ( 1-N INm ), where f is a rapidly increas
ing function of IEI in the interval 0< IEI <Em' In reali
ty, this growth rate is a complicated functional of the 
electron-velocity distribution function and can be com
puted in the frame of a kinetic plasma description (see, 
e.g., Ref. [7]). The model dependences used below are in 
qualitative agreement with results of the kinetic theory 
and reflect the well-known features of the atom ionization 
cross section as a function of the incident electron ener
gy. 
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For field-induced ionization the generally accepted 
description (see, e.g., Refs. [8] and [9]) is based on 
the Keldysh theory [lO]. In this case 
r=nIEllNm(1-NINm), where nlEI) is a powerlike 
(multiphoton ionization) or exponentially growing (tun
neling ionization) function of IEI for all wavelength 
bands (from rf to near uv) that are now occupied by 
high-power radiation sources. For the uv band or for still 
higher frequencies, it can, however, occur that r de
creases for sufficiently large IEI. This corresponds to the 
phenomenon of atom stabilization in superstrong elec
tromagnetic fields [11]. The nonlinear dynamics of such 
short-wavelength radiation will not be discussed here. 

In order to study the dynamics of two-dimensional 
electromagnetic pulses, we assume that the wave propa
gation is in the z direction, and that the wave amplitude 
depends on x and z but not on y. This assumption will fa
cilitate our calculations below. For stationary self
focusing the physical picture would be significantly 
changed if we also included the y dependence, but for the 
present problem such a generalization would not lead to 
any new physical effects. The wave electric field (with 
frequency lU and wave number k) is thus written in the 
form [E (x,z,t)exp( -jlUt +ikz)+c.c. JY 12 where the 
smoothly varying (Iaxl and lazl «k) envelope satisfies 
the well-known equation 

aE a2E (1-) a2E lU2 (N-N ) 
2ik-+--+--E-----L 0 E=O. (2) 

az ax 2 e 2E a-? e 2 No 

In Eq. (2), No is unperturbed electron density, 
lUp =(Noq 2 1Eom)1/2 is the plasma frequency, 
7=t-lUzlke 2 is the local time, and E=1-lU~/lU2 is the 
dielectric permitivity of the unperturbed plasma. We 
have neglected dissipative effects connected with the ion
ization and the electron collisions. This approximation is 
valid when the frequency-shift emerging and growing due 
to ionization is much larger than the effective collision 
frequency. At the same time we assume that the frequen
cy shift is much smaller than lU. 

A transversely localized pulse causes the electron con
centration to grow faster in the central part than in the 
periphery when ar lalEI > O. The electromagnetic fields 
will thus diverge, and the longitudinal ionization 
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compression is accordingly less efficient. On the other 
hand, if ar lalEI <0, the transverse refraction leads to 
field convergence. The interaction between the longitudi
nal and transverse effects will thus determine the 
compression as well as the resulting structure of the two
dimensional pulse. Below we shall analyze the nonlinear 
dynamics for these two cases with the use of computer 
simulation of the three-dimensional (z,X,'T) problem. The 
numerical simulations of Eq. (2) with different ionization 
models have been based on the standard Fourier
transform split-step method demanding periodic bound
ary conditions in x and 'T. Both local time and transverse 
coordinate intervals have been chosen large enough to 
simulate localized structures and to eliminate artificial 
reflection from the boundaries. The validity of the final 
results has been checked by expanding the computation 
intervals. 

When the increase in the electron density is small dur
ing the time the pulse passes through a given point, we 
can qualitatively analyze both the electron impact (when 
IEI <Em) and the field-induced ionization mechanisms by 
using a common expression for r. In order to simplify 
this study we choose the form 

(3) 

where Yo and Eo are constants measured in units of fre
quency and electric field strength, respectively. This rep
resentation of r allows one to approximate with certain 
degree of precision the experimental data corresponding 
to growing dependences of the ionization rate versus field 
intensity. The splitting into Yo and Eo can be 
obviously performed in an arbitrary way by keeping their 
ratio constant, i.e., it is possible to take Eo as the max
imum initial field amplitude of the pulse. Normaliz
ing z by [c 22k€/( 1-€)][(NOINm )€YOlil]2/3, x by 
[c 2€/( l-€)]I12[(NoINm )€Yolil]I/3, 'T by [(Nol 
Nm )€Yolil]I/3 and introducing n=[(N-No)1 
Nm](Nm€liJ2/Y~0)1/3 and A =EIEo, we obtain from 
(1), (2), and (3) the dimensionless equations 

(4) 

(5) 

The normalizations used seem to be rather convenient 
since they demonstrate the scaling regularities of the 
problem. Varying Yo in proportion to Eo and renormal
izing the pulse characteristics: according to 'Tp -yb/3 and 
L - Y b/3 we obtain for each solution of the dimensionless 
equations (4) and (5) a whole set of evolution scenarios for 
different pulses in the plasma with given unperturbed pa
rameters. 

In the one-dimensional case (a/ax =0), Eqs. (4) and 
(5) describe the ionizational compression effect [6], where 
those parts of the pulse which have large amplitudes at 
the center of its profile overtake the front parts. This re
sults in a combined self-steepening and collapse process 
which involves the greater part of the wave energy. The 
characteristic compression distance [6] is z. = 'Tb 12 I A 0' 
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FIG. 1. Evolution of the one-dimensional pulse with the ini
tial distribution A (0, T) = 3 exp( - -? /18.5); a, b, c, and d corre
spond to z =0, 0.42, 0.69, and 0.84, respectively. 

where 'To and Ao represent the initial duration and ampli
tude of the pulse. Figure 1 shows the compression of a 
pulse with the initial Gaussian form A (0, 'T) 
=3 exp( -~ /18.5), corresponding to the compression 
distance z. =0.69. 

Consider next a slightly non uniform initial field distri
bution with a transverse length scale a l' and assume that 
the linear diffraction length zd~aI/4 is much larger 
than z.. It turns out that the frequency increase of the 
pulse is largest at the center position Xc which also has 
the largest acceleration. As a result, the pulse is bent in 
the x -'T plane where it looks like a horseshoe. Figure 2 
shows the horseshoe formation of a bell-shaped 
pulse A (O,'T,x)= Aoexp( -~ 1r6-x2 la I) with Ao=3, 
'To = 18.5 1/ 2, and a 1 =21. 3. The maximum intensity and 
the compression distance are for this case almost the 
same as in the one-dimensional example, i.e., the non
linear refraction is here a minor effect. 

Numerical studies show that the maximum compres
sion can be obtained at z < z· for smaller transverse 
lengths a l' although the compression then is less efficient. 
In order to compare with the one-dimensional situation, 
the evolution of pulses with a 1 = 5.3 and 2.1 are present
ed in Figs. 3 and 4, respectively. In Fig. 3 one can see 
that the nonlinear refraction is significant and that the 
longitudinal compression is weakened. In Fig. 4, even 
the electromagnetic field diffraction in the unperturbed 
plasma prevents the increase of the amplitude. However, 
also in this case the pulse converts into the form of a hor
seshoe. 

Considering three-dimensional wave packets, it can be 
shown that the field amplitude in the central part of the 
pulse decreases somewhat faster as compared to the two
dimensional case. Thus we conclude that, using the mod
el (3), the transverse structure of an ultrashort pulse 
causes field divergence. The ionization nonlinearities has 
here a defocusing character. 

The sign of the nonlinearity and, accordingly, the 
direction of the transverse refraction will, however, 
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FIG. 2. Equal-intensity contours for two-dimensional evolu-
tion of the initial pulse distribution A (0, 1', X ) 
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FIG. 3. Equal-intensity contours for two-dimensional evolu-
tion of the initial pulse distribution A (O,1',x) 
=3 exp[ -(1'/4.3 )2_(X 15.3)2]. 
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change if the ionization cross section decreases with in
creasing electric-field amplitude. This is a characteristic 
feature of electron-impact ionization in an electromagnet
ic field that is so strong that the oscillation energy of the 
electrons exceeds essentially the ionizaion potential ener
gy. In order to analyze the dynamics of a super-strong, 
ultrashort electromagnetic pulse, we adopt the model 
equation 

an 1 [ 1 1 ar = TATexp - TAT ' (6) 

where we have used our previous normalization for the 
variables. The maximum ionization rate is accordingly 
1 le. The 111 A 1 dependence for large amplitudes is typi
cal for the Born approximation. We have thus now ob
tained a system of equations, namely (4) and (6), which 
can be used to consider the two-dimensional compres
sion, when the longitudinal self-steepening process is 
enhanced by the transverse self-focusing. A detailed 
analysis shows, however, that the longitudinal compres
sion of superstrong field packets is rather inefficient. This 
can be seen if we write the complex amplitude A in the 
form A = \{I exp( +;q:», and rewrite Eqs. (4) and (6) in the 
form of two new equations for the real amplitude \{I and 
the frequency 0= -aq:>/ar. Thus 

~\{I2-2~(\{I2!l)=O , (7) az ar 

:f 
to 

" le 

..,-

N 

0 

~ 

~ 

to 

" le 

..,-

N 

0 

Z=o.o 
IMAX =9.0 

2 

2 

f I 
't 

4 

8 1 

'f 

6 
'f 

8 

FIG. 4. Equal-intensity contours for two-dimensional evolu-
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FIG. 5. Equal-intensity contours for the quasi-one
dimensional pulse with the initial Gaussian distribution (A 0 = 3, 
To= 10.25, a 1 = 53. 3) demonstrating weak longitudinal compres
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an _ ~n2= exp( -1/'1') 
az a7 'I' 

(8) 

In the parameter range 1 «'I' «7~, where the longitudi
nal dispersion term in Eq. (8) is small, Eqs. (7) and (8) 
look like an ideal gas system with the "effective pressure" 
p = J ~ 00 d 7 '1'. From gas dynamic theory we know that 
an initially smooth distribution will evolve to a singulari
ty. In terms of electrodynamics, the frequency modula
tion will grow faster on the periphery than at the central 
part of the pulse. This will lead to gathering of all the 
electromagnetic energy from the back front to the pulse 
cent er. 

We estimate the minimum duration of the compressed 
pulses 7min-WI17, where Wis the wave energy involved 
in the compression. As W» 1, we note that 7 min is much 
larger than the usual ionization time (- W- 1/2 ). The 
efficiency of the shortening of the pulse is also limited by 
an overflow of wave energy from the pulse front. As the 
frequency modulation, and the corresponding particle ve
locity, are small at the maximum value of 1 AI, perturba
tions escaping the compression region will appear in the 
- 7 direction. This corresponds to a gas dynamical wave 
evolution where a shock wave cannot be stable if the ve
locity perturbation is in front of the shock velocity itself 
[12,13]. The longitudinal pulse shortening is thus re
duced. 

The evolution (see Fig. 5) of a quasi-one-dimensional 
wave packet with an initial Gaussian form (A 0 = 3, 
70=10.25, and a1 =53.3) shows that the compression is 
not significant (I A 12 = I max = 13.4). The asymptotic form 
at the pulse again resembles a horseshoe, which this time 
is bent in the direction opposite to the pulse acceleration. 

This scenario changes significantly when the nonlinear 
refraction is taken into account. As a density hole is 
formed in the strong field region, the electromagnetic 
fields will converge against the center. We will thus ob
serve self-focusing of the radiation. The leading front has 
small field amplitudes and its nonlinear distortion can 
therefore be neglected. It expands in agreement with the 
usual diffraction rules. As a result, the bell-shaped pulse 
will evolve into a horn-type structure, as demonstrated in 
Fig. 6. As the compression is caused by the transverse 
dynamics, we can roughly estimate this effect by neglect
ing the time derivative in Eq. (3), assume a rectangular 
pulse form along the 7 axis, and consider amplitUdes 
1 AI» I. A similar set of equations was used previously 
[14] to describe the ionization self-channeling of a quasis
tationary electromagnetic beam. Expanding the pulse 
field and the electron density as 

IAI=Ao [~11/2 [1-£+'" 
a (Z,7) a 2 

(9) 

and 

n =u(z,t)+v(z,t)x 2 + ... , (10) 

we obtain the equations 

a2a 16 --=--4av 
az 2 a 3 

(11) 
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FIG. 6. Equal-intensity contours for the quasi-one
dimensional pulse with the initial Gaussian distribution ( A 0 = 3, 
To= 10.25, al = 10.7). The effect of transverse compression is 
well pronounced and results in a horn-type structure of the ion
izing pulse. 
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and 

(12) 

If the pulse duration is denoted by 7'p' the transverse 
length by ao, and if the initial amplitude satisfies the con
dition Ao < a67'p /4, then the nonlinear refraction that is 
described by the second term on the right-hand side of (8) 
causes compression. Analysis of Eqs. (11) and (12) shows 
that for distances z * ~ A b/2aO /27'!/2, a quasistationary 
horn-type structure is formed; see Fig. 7. It consists of a 
narrow leading part obeying the diffraction rules and a 
bulk part tending to form a smooth self-similar back
ground which is modulated by a smaller-scale wave per
turbation. The background distribution corresponds to 
an adiabatic self-similarity in Eqs. (11) and (12), 
when neglecting the term a2a /az 2 and obtaining 
a ~(32Aoabl2 /57')2/5. The modulation of the se1f
similar background stems from the usual competition be
tween diffraction and non linear terms in Eq. (11). How-
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