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Abstract 

The dynamics of electrons in two-dimensional, linearly or circularly polarized, ultra-high 
intensity (above 1018W/cm2) laser waves, is investigated. The Compton harmonic resonances 
are identified as the source of various stochastic instabilities. Both Arnold diffusion and 
resonance overlap are considered. The quasilinear kinetic equation, describing the evolution of 
the electron distribution function, is derived, and the associated collisionless damping coefficient 
is calculated. The implications of these new processes are considered and discussed. 
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1 Introduction 

The basic physical processes involved in laser-plasma interaction, up to 10 1 7 W/cm* are now well 

understood, on the other hand, a large number of issues remain open in the study of the relativistic 

interaction regime above 10 1 8 W/cm2. 

Most of the theoretical results pertaining to this relativistic regime have been obtained with one 

dimensional waves, but little is known about the plasma dynamics in electromagnetic fields which 

have a two-dimension& structure. Recent advances in pulse compression 2 now make possible the 

exploration of laser-plasma interactions, at fluxes above 1018 W/cm2, thus, there is a clear need to 

identify, and analyze the issues relevant to this ultra-high intensity regime. 

This paper addresses this issue of two-dimensional effects and present a general, comprehensible, 

study of the various stochastic instabilities which come into play when an ultra-high intensity, two-

dimensional, electromagnetic wave interacts with an electron population. 

So far, the only two-dimensional effects which have been predicated are collective processes, 

such as self focusing. In self focusing studies, one usualy assumes that the single particle response, 

to the various waves, is adiabatic, and can be analyzed on the basis of the ponderomotive force 

arising from the finite transverse size of the light beam. The orbital stochastic instabilities, presented 

here, are complementary to this adiabatic case, here we identify and study the impact of transverse 

resonances which break down the adiabaticity. 

First, we will identify the Compton harmonic resonances which arise as a result of the 

non'inearity of the relarivistic orbit. Despite all the studies on spontaneous, and stimulated, Compton 

scattering,4 these resonances are identified here for the first time, because all the previous works 

were restricted to one dimensional co-propagating waves, or dealed with the the fundamental 

resonance rather than with the harmonics, or do not consider the regime above 1018W/cm\ 
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Then, we will investigate the stochasticity conditions, derive the quasilinear theory describing the 

evolution of the electron distribution function, and calculate the associated collisionless damping 

coefficient. We will carry out this program for linear and circular polarization. Both, the 

identification of the Compton harmonic resonances (and instabilities), and the derivation of the 

related kinetic theory, are the main new results of this paper. 

Compton harmonic resonances appears, in the relativisric regime, despite the fact that the waves 

are travelling at a velocity far larger than the electron one (they must not be confused with relativisic 

Landau resonances arising as a result of the bearing of several transveree waves), and can be viewed 

as some kind of cyclotron harmonic resonances between the "figure 8" (in the linear polarization 

case), or the circular orbit, (in the circular polarization case) nonlinear relativistic orbit, and the laser 

waves. As in the simple cases of Landau, and cyclotron interactions, above a given threshold, 

several of these resonances can overlap, and lead to a stochastic instability.^ 

But, for the Compton harmonic case, even in the simple configurations investigated here, the 

associated dynamical system has 2j degrees of freedom, thus the resonant tori are topologically 

connected in phase space. As a consequence, Arnold diffusion takes place, even for very small 

perturbations. Both, Arnold diffusion, and quasilinear diffusion, result in panicles stochastic 

acceleration. 

The nonlinearity parameter of an intense electromagnetic wave, with vector potential A, is eA/mc, 

-e, and m are the electron charge, and mass. In the following we will use e=m=c=l. 

When A reaches one, 10 I8W/cm2 for visible light, the quiver velocity becomes relativistic, 

nevertheless, the relativistic motion in a one dimensional wave is integrable.' The electron orbit is 

the combination of an uniform translation with a nonlinear oscillation. 

The relativistic effect manifest itself through the anharmonicity of the oscillatory part of the 

motion, the well known "figure 8" orbit for linear polarization, and the circular orbit for circular 
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polarization. In the average rest frame, where the uniform translation cancels, these orbits are 
/ 

depicted on Figs. 1(a), and 2(a), while Figs. 1(b) and 2(b11 rresponds to an arbitrary motion. 

But, usually, electromagnetic waves are superpositions of several plane waves, with different 

directions of propagation, thus, the field is intrinsically two-dimensional. Such a generic situation 

includes the cases of a set of focused beams, a Gaussian beam, or a pump wave with its Raman 

sidescatters. 

In order to understand laser-plasma interaction at intensities above 10 1 8 W/cm2, the very first 

issue we have to address is the single particle behavior in the fields of these two-dimensional, 

intense, laser waves. 

We will demonstrate that, in two-dimensional, multiple waves, configurations, an irreversible 

energy transfer, from the waves, to the electrons, can take place as a result of two types of stochastic 

instabilities: strong, local, instability resulting into quasilinear diffusion, above a given threshold, 

and weak, widespread, instability, giving rise to Arnold diffusion, regardless to any threshold 

condition. 

This paper is organized as follows. In Sees. 2 .id 7 we review the results pertaining to the 

relanvistic orbit in infinite linearly and circularly polarized waves. We cast these results into an 

Hamiltonian form suitable to a further identification of the Compton resonances. Then, in Sec. 3 

(Sec. 8 for circular polarization) we investigate the impact of transverse perturbations propagating at 

some angle with respect to the one dimensional drivii.g wave considered in Sees. 2 and 7. The 

Compton harmonic resonances are identified in these sections. In Sec. 4 we describe the various 

instabilities arising as a result of these resonances. Both Arnold diffusion and resonance overlap are 

considered. The quasilinear kinetic equation describing the evolution of the electron population in the 

stochastic regime is then derived in Sec. 5 (Sec. 9), and the collisionless damping coefficient due to 

the transfer of energy from the waves to the electrons is calculated in Sec. 6. In Sec. 10 we briefly 
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consider the implications of these new instabilities outside the laser-plasma interaction context, i.e., 

in astrophysics, then we summarize the results and conclude the paper. 

2 Electron orbit in an intense one dimensional 
linearly polarized wave 

The motion of an electron in a one dimensional, infinite, linearly polarized, wave is integrable.' In 

this section we will briefly review this important result, and cast it into an Hamiltonian form suitable 

to a further analysis of the two-dimensional Compton resonances. 

Consider a linearly polarized wave, with vector potential A, propagating along the x axis, 

A(r,t) = A cos[fl(x-t)] e y . (1) 

We consider a wave travelling at the velocity of light, in order to isolate pure Compton resonances, 

not mixed with relativistic Landau processes. In the following calculation we will take £2 =1. The 

relativistic orbit of an electron interacting with this wave is the well known "figure 8" motion, 

drifting in the polarization plane. This orbit is depicted on Fig. 1. As the z degree of freedom will 

not be excited by ttie perturbations, the rnomenrum along this z axis is taken to be zero, and will 

remain unaffected by the resonances and stochastic instabilities investigated in this paper. 

To characterize such a driven electron, let us average out the oscillatory part of the motion. The 

remaining uniform translation is thus described by a parallel momentum, along the wave propagation 

direction, x, P|| = <px>, a perpendicular momentum, P j ^ ^ ^ , along the polarization direction, y, and 

a relativistic energy, E =<y> ( o stands for the averaging over the oscillations). Note that the variables 

Pj|, PL. E, are not independent and fulfil a dispersion relation, to be given later. 
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The interest of these variables, PJJ, Pj_, E, is twofold, first, they have a clear physical 

interpretation, second, as we shall see, they provide a simple set of actions to perform the analysis of 

the instabilities, and to derive the quasilinear kinetic theory. 

The morion of an electron in the intense wave Eq. (1) is an Hamiltonian time dependent problem, 

thus, we have to extend the phase space, in order to get a conservative Hamiltonian system. The 

time, t, will be the additional configuration variable, and minus the relativistic energy, -7, will be its 

canonically conjugated momentum. The Hamiltonian is:° 

HOO-AP,-!) = 1 + p 2 - y2 = 1 + [P + A(r,t)]2 - i . (2) 

p is the the usual momentum, i.e., the proper time derivative of the position, and P is the canonical 

momentum, i.e., P=p-A . We can check, with the help of the implicit function theorem, that the 

orbits on the surface, H =̂ 0, 7 >0, correspond to the real motion. 

'dP _ BHpflr _ 97 
dt - a H o / a y - ' a r 
dr _ 9H0/9P _ dy 
dt ~ " mQ/dy = 5P -

Instead of the configuration, (r,t), momentum, (P,-7), variables, we will use a set of actions (Pj_, 

P||, E), angles (6, (p, <|>). To perform this canonical change of variables we use the generating 

function S:° 

P,A A 2 

S(Pj.J||rE,x,y,t) = P|,x + Pj j - Et - pTg sin(x-t) - g ^ g g sin(2x-2t). (4) 

The momentum, p, can be expressed as, p = P + A= 3S/3r + A, so that we recover the usual 

drifting "figure 8" solution. 



7 

Note that some textbooks give the nonlinear oscillation solution in the average rest frame, without the 

complementary drift motion, described by P|j and Pj_, which is of crucial importance to understand 

stochastic instabilities, and quasilinear heating, due to Compton harmonic resonances. 

With, p x = 3S/3x = P,| - [PLMPrE] cos(x-t) - [A2/4P |f4E] cos(2x-2t), p y = 3S/3y +Acos(x-t) 

= P x + A cos(x-t), -Y = 3S/9t = -E + [Pj_A/P||-E] cos(x-t)+[A2/4P r4E] cos(2x-2t), it is 

straightforward to check that, F*|( = <px>= <PX>. Px=<py>=<Py>, E =<y>. as stated previously. Then, 

after some algebra, the unperturbed Hamiltonian Eq. (2) can be expressed in terms of these actions 

variables describing the drift of the "figure 8". 

HotPj.Jy£) = M2+ P 2 + P 2 - E 2 (5) 

We have introduced the effective mass, M, of the electron in the field of the A wave. This effective 

mass is an important concept of both classical and quantum electrodynamics in strong field. Among 

other processes, M, is responsible of a nonlinear frequency shift in strong field Compton scattering, 

and of the enhanced penetration of intense waves in dense plasmas. 

•> A2 

M 2 = l + ^ | - (6) 

The Pj_, P||, E variables describe tori in the phase space (r,t,P,-y), or (P ±, P[(, E, 9, q>, <t>), and those 

tori on the upper sheet, E > 0, of the hyperboloid, H0= 0, correspond to the real motion. Thus the 

energy momentum dispersion relation, of an electron in the wave A, writes: 

EOVPj) = - \ / M 2 + P 2 + P 2 . (7) 
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Having reviewed this result, pertaining to an ideal infinite one dimensional wave, and cast it into an 

Hamiltonian problem with the drift variables, we now have to adress the issues of real laser waves 

which are not one dimensional. 

3 Compton harmonic resonances in an intense linearly 
polarized wave 

To address these issues, let us consider a generic transverse perturbation, a second wave, a, in the 

same polarization plane, propagating at some angle, a, with respect to A. 

a(r,t) = a [cos(a) ey- sin(a) exj sin[k||X+ k xy - aw], (8) 

In the case of intense laser waves packet the frequency of this perturbation will be of the order of 

the the pump frequency, co=£2, and the angle a determined by the propagation direction, 

a=arctg(k||/kj_). However, in order to make the study quite general, we will not specify the 

frequency a: d dispersion properties of this perturbing wave. The Hamiltonian of an electron 

interacting with both the A and a waves is: 

H(r,t,P,-7)=l+ [P + A(r,t) + a(r,t) ] 2 - y2 = H„ + 2[P + A(r,t)].a(r,t). (9) 

As we are performing a perturbative analysis with respect to a, the a 2 term is neglected on the right 

hand side of the second identity. With the help of Eq. (4), we can express this Hamiltonian in terms 

of the actions (P x, P||, E), angles (8, (p, $) variables. To carry out this program, we express the old 

configurations variables as follows: x= (p-[P1A/(P||-E)2]sin((p+<t>)-[A2/8(P|rE)2]sin(2(p+2(t)), y = 9+ 

[A/P rE] sin(cp+<b), t = -0 -[P1A/(P||-E)2]sin((p+(t)) - [A2/8(P|rE)2] sin(2cp+2<|>). After some algebra. 
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the final result can be expressed as a sum of harmonic interactions weighed by a combination of 

Bessel functions. 

H(P_L,P|1,E,8,cp,(|>) = H0(P1,P||,E) + a X VN(PXJP|,,E) COS [k„tp + kj.0 + cotb + N (cp + <|))] (10) 
N 

The N sum is to be taken over all die integer. Note that, for a copropagating wave, a = k ± = 0, and 

kii = co, we recover integrability np to a new canonical transform. The amplitude of the N t n resonant 

term is given by: 

where the m, n sums over the Bessel functions, J, are to be taken over all the integers, and the h sum 

is to be restricted to 0, ±1, ±2. 5- are the Kroneker symbols. Despite its apparent complexity V n can 

be easily written in terms of the generalized Bessel function, C^, which has been widely used, and 

investigated, in the context of strong field quantum electrodynamics. ™ 

N ^ h N-hL ^ E ) 2 P | | .E 8 ( P | r E ) 2 J ' 

Ihl =0 1 2 

A review of the basic properties of C N , as well as a small argument expansion, relevant to the A=l 

regime, are given in the appendix. On the other hand, the U^ coupling coefficients involve the wave 

polarization in a simple way, 

U h = 2 s2[P±co**P|pb*a)] + A ^ h | [ c o s ( a ) + !^] + A 2 S ? h l 4 ^ | . (13) 
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We can try to solve the Hamilton equations associated with Eq. (10) with the standard perturbation 

technics, i.e., we plug the unperturbed motion in the argument of the perturbating cosines, on the 

right hand side of Eq. (10). 
9 = 2P ± s 
cp = 2P,;« (14) 
0 = -2Es 

Where s, the time associated with the extended phase space, is, in fact, two times the proper time of 

the electron. Such a perturbation scheme fails to converge, because of the occurence of small 

resonant denominators, when the cosine of the phase remains stationary. 

On the basis of Eqs. (10) and (14), this stationary condition gives the Compton harmonic 

resonances: 

ki|P|, + k L Pj.-<»E-NQ(E-P| ,)=0. (15) 

This simple equation is indeed a new result. Before pursuing further the analyses, we must 

identify which part of the phase space is to be investigated in order to address the issues of high 

intensity laser plasma interaction in die range 101 8-102 0 W/cm2. In an experiment, the wave is not 

infinite, and we are dealing with an initial value problem: a pulse with a front passes an electron at 

rest, or with a velocity smaller than c. This electron enter the wave, and because of *he relativistic 

ponteromotive forces, it picks up an average parallel momentum P̂  = 0[A 2]. While i: aie pulse, the 

electron behaves as in an infinite wave with an average momentum P|| = 0[A 2], P±=> 0. Thus, we 

will concentrate mainly on the region P|j= P x= 0[1]. Note that, if co * NQ, no resonances can take 

place for one dimensional co-propagating waves in vacuum, as the condition k]| P | t N £ l P^ = ooE 

+ N £2 E can not be fulfilled with die electron dispersion relation Eq. (7), and the wave dispersion 

relation k|| = co. On the other hand if CO = NQ, this condition is degenerate, as it does not involve the 

electron action. 
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4 Stochastic instabilities in an intense linearly polarized wave 

In the 6 dimensional phase space (x, y, t, p„, p y , -y), the triplets ( P x , PQ, E) label a set of tori. The 

unperturbed Hamiltonian is non degenerate, thus the Kolmogoroff, Arnold, Moser (ICAM) theorem 

ensures that most of these tori are topologically stable with respect to small perturbations, and are 

only slightly deformed. Although a subset, resonant tori defined by Eq. (15), are destroyed by the 

perturbations. When a (PB, P±, E) torus fulfil the Eq. (15), the perturbing a wave modify the 

topology of the trajectories, and induces a trapped domain, between separatrix. The extent of this 

trapped region is given by the island half width, in the associated Poincarc section. 

To calculate the extent of this trapped domain let us consider a resonant torus, (P||C , P j j . , E c ) , 

which fulfill the resonance condition Eq. (15). To study the dynamics, in the vicinity of (P| | C , P l c , 

E c ) , we isolate the N" 1 resonant interaction, and perform an expansion of the Hamilton equations 

near ( P j c , P ^ , E c). To do so we introduce the reduced action, J, and angle, \y. 

r j _ p H - p l l c _ P x - P x c _ E - E c 

< k||+NQ k-L co+NQ (16) 
Lv = k||<p + k x 9 + &><}> + N «p+<|>) 

The perturbed action dynamics takes place along the direction of this reduced action. J, and, we end 

up with a one dimensional nonlinear oscillator. 
- _ 
ds- = a V N ( P i c . % , E c ) s i n [ Y ] 

* "7 (17) 
^ j j f - [2(k | | +NQ)2+2k^2(0)+NQ)2] J 

The trapped domain of this nonlinear oscillator, i.e., the island half-width, AJ, is given by the 

square root of the product of the inertia by the nonlinear stiffness.^ 
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"-Vi +(kr<n)(k||+ffl+2N)l 

From this relation, we immediately obtain the island half-width in action space, as, AP(| 

=(k||+NQ)AJ, and AP x=k 1AJ. On the basis of the previous results, if we consider a spectrum of 

perturbing waves, two kinds of instabilities are to be investigated. 

If a « 1 , the Eq. (15) defines a set of 3 dimensional tori, restricted to the 5 dimensional surface of 

constant energy, Eq. (7), embedded in the 6 dimensional phase space. These resonant tori are 

associated with separatrix, near which, a thin stochastic layer develops. Even if the width of this 

stochastic layer is exponentially small, typically exp(-B/VaV) with B of the order of unity, a finite 

set of waves induces a weak stochastic instability, as a connected web will form on the energy 

surface, H 0 (P X , P||, E) = 0, depicted on Fig. 3. Arnold diffusion takes place along this web, 

resulting in the production of a suprathermal population regardless to any threshold condition." 

If a < 1, provided the extent of the trapped regions, near these resonant tori, is large enough to 

allow overlaping, (if the sum of the island half-width becomes of the order of the distance between 

two nonlinear resonances) a strong, local, stochastic instability appears, resulting in electrons 

quasilinear diffusion. 

The resonance condition, Eq. (15), restricted to the energy surface Eq. (7), can either be 

considered as a function Pn(tQ, lt(|, kj_, N, P x), or Pj_(<o, k]|, kj_, N, P ). Two resonances, (N) and (N'), 

associated with two waves, (GO, k||, k x) and (0)', k.., k,), overlap if the Chirikov threshold criterion: 

APX+AP'±> P±(co, k„, kj., N, P|() - PX(CD', kj,, k x , N, P |(), or AP„ + AF„> P„(co, k,,, k x > N, P x ) -

P||(co', kj)t k±,N, P x ) , is fulfilled. 

A two-dimensional wave packet, propagating along x, and diffracting along y, can be 

decomposed as the sum of waves propagating in the (x, y) plane. One can consider the main 

component of the spectra as a driving wave A, and the other components, propagating at some 

angle, as a set of perturbing waves a. For example, as a model configuration, we take a driving 
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wave, A, and two symmetric a waves, at the same frequency, propagating at some angle a, such 

that k|| = Q cos(a), k x = ± ii sin(a), and co = Q. 

Figure 4 displays the Compton resonances in the case, a = 7t/4 , A = 1. Note that, if a « l , we 

can identify a resonance wit/, the stochastic layer around the separatrix, and Fig. 4 is, in fact, the 

Arnold stochastic web. The resonances pattern changes dramatically if we take the case a = 3rc/4, 

depicted on Fig. 5 , for example as a result of stimulated, backward, Raman sidescattering. As 

opposed to die previous situation, an accumulation of higher order resonances appears. Thus, an 

electron starting from P|| = 1 =1, Px= 0 can easily reach the high energy part of the phase space. 

On Fig. 4, considering resonance overlap, the most dangerous resonances is clearly N = -1. 

Taking the small argument limit of the generalized Bessel function/^ to the lowest order in A and 

a, we obtain the following rough estimate of the Chirikov criterion: laAoc| >1. This condition is to 

be complemented by the one which validates the perturbative calculation A > a. Thus the final 

condition writes A>a>l/A, and we conclude that, if A<1, it can not be fulfilled, i.e., a two-

dimensional wave packet, can not induce resonance overlap, below 1018 W/cm2, but, above, if the 

angular divergence is large enough, the N=-l resonances of the various components can induce 

stochastic acceleration. 

For the case of Fig. 5, the high energy resonance overlap, seems to be more easy to achieved, 

but, in the A = 1 regime, it is to be noted that it is limited by the fact that the distance between the 

N and N+l resonances, for large N, decrease like N"1/2, although the V N coupling scale as AN/N!. 

The single particle orbit stability of various two-dimensional wave configurations can be assessed 

on the basis of Eqs. (15) and (18), but, rather than carrying out such a program, let us address the 

important issue of the electron population dynamics in the stochastic regime. 
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5 Quasilinear theory in an intense linearly polarized wave 

A kinetic theory describing fast electrons production in the Arnold diffusion case is difficult to set 

up. On the other hand, in the resonance overlap regime, the quasilinear theory provides a 

description of the evolution of the electrons distribution function F(P||̂ j_,t). 

In order to derive this Fokker-Planck quasilinear equation describing the dynamics of the electron 

population, F(P|i,Pj_,t), interacting with a wave spectra, a(kj|,k±), we start from the Hamilton 

equations. 
dPji 3H/3(p i dPj. 3H/99 i 

d t 8FV3Y' » 0=°' * dHJdy ' Ho=° ( } 

Then, for one wave, and one resonance, we express the increments 8P||, and 8P l P taking place 

during a small time, 5t, as a function of the initial phase of the perturbation \|A . Within the 

framework of the quasilinear approximation, these increments are associated with the slow resonant 

evolution of F, so that we can take f=E and t=2Es, and disregard fast, non resonant, oscillations. 

SP|, _SP 1 ^aV N (P 1 P| l ) cosfy,] - cos[y 0 + (knP,+k±px.fflE-Nn(E-pl))&/E] 
k||+N£2 k ± 2 E kyPj+kxPi-ME-NQOE - P„)/E ( " 1 } 

In the stochastic regime this phase, y o , is to be treated as a random variable as a result of the 

existence of a positive Liapounov exponent. Thus we can apply the "random phase 

approximation" (RPA) to evaluate the diffusion coefficients on the basis of Eq. (21). 

After some algebra, and the use of the identity 2sin2(u/2E)/u2=rc8(u)/E, if e = 0 + , (which is 

equivalent to the Landau causal prescription around the Compton pole, if we use the Laplace 

transform of the Vlasov equation rather than the Hamilton equations) we obtain: 

<6I5I> »2VNCP±P||) -
Dn= — = 71 — ^ 8rknP,,+kLP_L-<AE-Nn(E-P|1)]. (22) 
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The bracket o stands for the phase average and 8[k||P||+k^Px-o)E-Nn(E-P||)] is the expected Dirac 

function of the Compton resor ance. Then, it is straightforward to write down the Fokker-Planck 

equation associated with this resonant diffusion process: dF/3t = l/2[3/3P].Dpp.[3/dP].F. 

Where Dp p = (k||+NQ)2DI v D p p =(k||+N£2)kxB,,, and D p p =k x k x D, v Finally, we end up 

with the following quasilinear equation 

8 F ( P 3 t

P l , t ) - S t t V ^ * ^ 1 DN<PII^) [ ( V N Q ^ + k x ^ ] F(P||,Px,t). (23) 

Note that the very same equation can be obtained from a Vlasov representation of the dynamics 

of F(P||J>Xl8,(p,t) averaged over (8,<p). As in the Landau and cyclotron cases, the singular character 

of the diffusion tensor, i.e., the fact that it is a sum of Dirac function of the Compton resonances , 

is removed through an integration of D^ over the a(k||Jcj_) spectra. 

/ 2 ( . 
D N (P M ? L ) = | a^kj.) N

 E"' X ' 5[k1IP||+ki.Px-Eia-NQ(E-P||)] (24) , n , n . VNCU-PJ 

Thus, in the stochastic regime, the pertubing waves induce a quasilinear stochastic heating of the 

electron population, F(P||,P±), and, on Eq. (23), we see that this heating takes place along the 

diffusion paths: 

dP„ kn + Nii 
(25) 

Equations. (23), (24), and (25) are one of the main results of this paper, they allow to describe 

the electrons dynamics in the stochastic regime. In fact, in a collisional plasma, a decorrelation 

mechanism is provided by the collisions, so that the RPA, which validates this kinetic description, 

is applicable even below the stochasticity threshold. 
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The kinetic evolution of F can be summarized as follows, as a result of the interaction of the 

nonlinear resonances, near these resonances, Eq. (15), the distribution function is flattened along 

the diffusion paths, Eq. (25). This quasilinear flattening of a momentum gradient, of magnitude P, 

takes place on a time scale DN/P 2, so that, in the regime A= 1, a < 1,1N |=1, o>=Q, the relaxation of 

a momentum gradient of the order of mc occurs on a very short time scale of the order of few £2_1. 

As power is exchanged between the waves and the electrons, we have to address the issue of the 

wave damping resulting from mis irreversible quasilinear transfer of energy. 

6 Collisionless damping in an intense linearly polarized wave 

The collisionless damping process that results from the quasilinear stochastic heating of the 

electrons, is, in some sense, similar to collisionless cyclotron damping, as the wave phase velocity 

is always larger than tiie electron velocity. However, here, we are dealing with a drifting "figure 8" 

orbit, rather than widi a Larmor circular one. Note that the driving wave. A, is not affected, but 

electrons heating takes place at the expense of the perturbing lateral waves, a. To study this 

process, let us introduce the density of energy of these waves: 

U(k,Jcj.,t) = e0oa2a2(k||Jcx,t). (26) 

e 0 is the vacuum permitivity, and, for the sake of simplicity, we have considered the vacuum 

dispersion relation. The energy consevation theorem writes: 

aU(k||Jci,t) f 9F(P1|,P_L,t) 
T 1,;+JdP| |dP±E(P | |,Px) — $ T - = 0. (27) 

All the factor in the second term of Eq. (27) have been calculated previously. Thus, we use Eq. 

(23), and, after integrating by pan the momentum sum, Eq. (27) becomes: 
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a U ( k j t ' k l ' t ) = I aN(k„ Jcx) U(k | |.k1,t). (28) 

N 

The sign of a is determined by the derivative of F along the diffusion paths Eq. (25). Needless 

to say, the sign of this damping coefficient can be either positive or negative, depending on the free 

energy content of F. For a diermal distribution, we always get damping, but some inverted 

distribution give rise to kinetic instabilities and wave growth. Such kinetic instabilities are, in fact, 

nothing but, relativistic, harmonic, stimulated, Compton scattering. 
2 

O W x > = f -£ JdP |^P 1^V^(P | |J' x)5[k l |P| l +k xP 1-Ea)-NQ(E-P | |)] 

[ ( k ^ N n ^ + k ^ l . F f P H . P j (29) 

co is the plasma frequency, and we have used the normalization fdP||dPjJF =1. This last equation is 

an important result, and provides the optical depth due to the Compton harmonic resonances in ultra

high intensity laser-plasma interaction problems. 

7 Electron orbit in an intense one dimensional 
circularly polarized wave 

So far, we have restricted our studies to linear polarization, in fact, all the previous results, on 

stochastic instabilities and kinetic theory, can be derived for an arbitrary polarization. However, the 

resulting formulae do not bring out any new physics and look rather cumbersome. 

From the experimental point of view, as the previous optical depth is rather small, the observation 

of the effectiveness of Compton harmonic stochastic heating in the ultra-high intensity regime rely on 

the observation of the production of fast electrons. Thus we have to answer the following question: 
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what is the most efficient wave configuration to observe the Compton harmonic stochastic 

instabilities and the electron quasilinear stochastic heating with ultra-high intensity laser waves? This 

question can be answered on the basis of a general study, but, it turns out that the result can be 

easily found with simple symmetry arguments. 

The very reason why a irremovable nonlinear resonance appears in a perturbed integrable system, 

is a conflict of symmetry between the perturbing Hamiltonian and the unperturbed one. Ncether's 

theorem ensures integrability as a result of a high degree of symmetry, so that, if a perturbation is 

invariant under a subgroup of the unperturbed symmetry group, integrability still holds. Broken 

symmetry results in the appearance of destroyed tori. 

If we consider two waves, with two very different polarizations, and directions of propagation, 

we can expect that a large number of tori will be destroyed. One of the simplest ways to achieve such 

a configuration, is to consider a circularly polarized driving wave, and a linearly polarized perturbing 

wave, propagating at right angles. We will prove that this configuration is a very efficient heating 

scheme, and that the stochasticity threshold, up to N=-10, can easily be reached in the regime A=l. 

One can understand this as follows: in the plane of polarization, the pump wave drives a circular 

orbit, although in the very same plane the perturbation want to drive a "figure 8". Obviously, the 

folding and welding of an "O" into an "8" imply a change of topology which cannot be achieved 

perturbatively. 

The study of a circularly polarized pump is also very interesting because an intense circularly 

polarized wave appears in the radiation zone of a pulsar, as a result of the rotation of the dipolar 

magnetic field of the neutron star. Values in the range A =10 J 1 for electrons, and A =108 for 

protons, have been predicted. We will briefly point out the relevance of the present stochastic 

acceleration mechanism to pulsar physics, in the last section of this paper. 
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The motion of an electron in the field of an infinite one dimensional circularly polarized 

electromagnetic wave is integrable. Consider such a wave with vector potential: 

A(r,t) = A cos[z-t] e x + A sin[z-t] e y . (30) 

The orbit of an electron is the combination of a uniform translation and a nonlinear circular 

oscillation, and is depicted on Fig. 2. The relativistic effect manifest itself through the anharmonicity 

of the circular pan of the motion. In the average rest frame, where the uniform translation cancels, 

the trajectory is a circle in the polarization plane depicted on Fig. 2(a), while Fig. 2(b) corresponds to 

an arbitrary orbit-

As in the previous case, to find a convenient set of variables, we average out the circular part of 

the motion. The remaining uniform translation is characterized by a parallel momentum, along the 

wave propagation direction, P|| = <pz>, two perpendicular average momentum,<px> and <py>. in the 

polarization plane, and an average relativistic energy E =<y>. In fact the momentum along the y axis 

can be taken equal to zero and remains unaffected by the resonances and stochastic instabilities 

investigated in the following sections, thus, we define Pj=<px>. 

In order to use a set of actions, (P 1 ? P||, E), angles, (8, 9, §), variables, we have to perform a 

canonical transformation. This is achieved with the help of the generating function S. 

S(P1J>||,E,x,z,t) = P xx + P„z - Et - p—£ sin(z-t). (31) 

To check that this generating function corresponds to the physical definition of the average 

momentum, we simply use the identities: p x = dS/dx + Acos(z-t) = Pj_ + Acos(z-t), p z = 3S/8z =P|,-

[Pj_A/PrE]cos(z-t), -y=3S/3t = -E + [PxA/PrE] cos(z-t). After some algebra, the unpenurbed 
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Hamiltonian can be expressed in terms of the action variables describing the x, z drift of the circular 

orbit. 
H0(PXJ>,|£) =1 + [P + A(r,t)]2 - f = M2+ P 2 + P 2 - E 2 (32) 

This time, the effective mass, M, of an electron in a circularly polarized wave is given by: 

M 2 = 1+ A2. (33) 

The Pj_, P|, E variables describe tori in phase space, and those on the upper sheet, E > 0, of the 

hyperboloid, H0= 0, correspond to the real motion. The energy momentum dispersion relation is: 

E 2 = M2+ P 2 + P 2 . 

8 Compton resonances and stochastic instabilities in an 
intense circularly polarized wave 

The analysis of the stability of this drifting circular motion is similar to the linear polarization case. 

We consider a second wave, a, propagating along the x axis with a linear polarization. 

a(r,t) = a cos[kx - cofjey (34) 

The interaction Hamiltonian of an electron, in the field of both waves, is: 2[P + A(r,t)].a(r,t). 

With the help of Eq. (31), we can express this Hamiltonian in term of the actions, (Pj_, P||, E), 

angles, (8, <p, 0), variables of the unperturbed motion: x=6+[A/P||-E]sin((p+0), z=(p-[APx/(P||-

E)2]sin((j>-Ht>), t=-(HAP.|/(P||-E)2] sin((p-H)>). The final result writes: 

H(Pi,P|,Ete,«p,4>) = H0(PL.P||IE) + a j , W N (P ± ,PH,E) sin[k9 + cocb + N «p + <|»] . (35) 
N 
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The N sum is to be taken over all the integer, and the amplitude of the N m resonant perturbation can 

be expressed in terms of the derivative of the Bessel functions J'N. 

WN(P 1J> | |^)= 2 A J ' N [ ^ + ^ _ ] (36) 

Then, in order to find the resonances, we take the unperturbed phase motion, 8 = 2Pxs, (p = 2P||S, 

and <)> = -2Es, and plug it into the arguments of the perturbing sines in Eq. (35). As expected, such 

a perturbation scheme fails to converge because of the occurrence of small resonant denominators 

when the sine phase remain stationary. 

kP 1 -coE-NQ(E-P | l )=0 . (37) 

These are the Compton resonances in a circularly polarized wave. To investigate the small 

denominator problem, in the vicinity of a resonant point (P^, Pjj., E c), which fulfill Eq. (37), we 

introduce the reduced action, J, and angle, \\>. 

j _ P l l ' P l lc _ P - i " P - U _ E ' E c 
N£i k o)+NQ (38) 

,y = k9 + (o<|) + N (cp+<J>) 

The unperturbed Hamiltonian Eq. (32) is non degenerate, thus KAM theorem ensures that most 

of the (Pj_,P||,E) tori are stable with respect to small perturbation. Although resonant tori, Eq. (37), 

are destroyed even by small perturbations. The reduced variables, J, vjf, describe the the occurrence 

of a trapped domain on these resonant tori. 

^ = aWN(p ± c,P|| c,E c)sin[y] 
°. (39) 
^ = [2(N£l)2+2k2-2(C0+Nn)2] J 
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To assess the potentiality of a strong stochastic instability we calculate the island half-width. 

•v: 2alwNl 
lk2-o)2-2Ncol 

The interaction between two nonlinear resonances leads to a stochastic instability, provided they 

overlap, i.e., the sum of the previous half-width is larger than the distance between these two 

resonances. Let us consider A = 2, a = 0.6, k = to = Q, and calculate the resonance location, P|1N, 

and island half-width, A^, along the parallel momentum axis Px= 0, for -12< N <-2. The Chirikov 

stochasticity threshold, is fulfilled when Ap>j + A||N + 1 becomes of the order of P||N+rP||N • For the 

first resonances, the following table clearly shows that the stochastic regime is reached, although at 

higher energy, despite the accumulaaon of large N resonances, stochasticity desapears as a result of 

the smallness of die island size. 

N -1 -2 -3 -4 -5 - 6 -7 -8 -9 -10 -11 

P||N 0 1.29 2 2.53 2.98 3.37 3.72 4.04 434 4.67 4.88 

V 0.93 1.09 1.07 0.92 0.72 0.52 0.36 0.24 0.15 0.09 0.05 

Thus, Compton harmonic stochastic heating with two vacuum waves, in the intensity range, 

1018-1019W/cm2, can be achieved with this configuration. 

9 Quasilinear theory and collisionless damping in 
an intense circularly polarized wave 

Before concluding, for die sake of completeness, we will briefly derive die kinetic theory relevant to 

this circular polarization case. The action increments,5P|i, and SP±, taking place during a small 

time, 8t, are obtained from the Hamilton equations associated with Eq. (35). 
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SP|, 8P_ L_ aW^Pj .^ ) s i n [ y 0 ] - s in [y 0 + kPx-o>E-NQ(E-P||)5t/E] 
5 1 = ^ = ~k~~ 2E kP±-a)E-NI2(E - P||)/E ( 4 1 ) 

If the stochasticity criterion is fulfilled, the phase \|/0 is a random variable and the quasilinear 

diffusion coefficient can be calculated with the RPA. 

<|i>,„^%±!S 5 [ l a , r ( , . N n ( E , l P ] ( 4 2 ) 

Then, on the basis of this diffusion coefficient, we write the Fokksr Planck equation, 3F/3t = 

l/2[3/QP].Q p p .[3/9P].F ( Q P j , =Nfl2<8l8l>/5t, Qp P =N£lk<8I8W5t, Q P P =kJc<5I8I>/5t). 

aF(P | |,P 1,t) ,r v 3 , 3 , WN(P | | .P±) - , 

N 

[ N n 4 + k ^ i ] - F ( P | i ' P i ' t ) - ( 4 3 ) 

The singular behavior of Q is removed through an integration over the wave spectrum. Quasilinear 

heating of the population F, takes place along diffusion paths whose equation is: 

d P x k _ 

d P | | " N Q ' m 

Finally, the damping coefficient of the perturbing waves, which is also the growth rate tor an 

inverted population, is obtained on the basis of energy conservation. 

2 
aN<kn*i) = J J JdP| ldP x^W^p | 1j» l )8[kP 1-E a )-Nn(E.p | l)] [(NQ)^+k 5^-].F(p |j»j 

(45) 

co is the plasma frequency, and we have used the normalization JdPF =1. Needless to say, the 

results of Eqs. (43), and (45) can be obtained from the relativistic Vlasov equation in an intense 

circularly polarized wave. Clearly, under typical experimental condition, the optical depth associated 
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with this collisionless damping is very small, this is mainly due to the fact that ultra high intensity 

laser waves (a < 1) are required, thus, even if a cold electron population is significantly heated up, 

the relative energy loss of the wave remains very small. On the other hand, the production of fast 

electrons, in the y direction of the proposed configuration, is a clear signature of the new resonant 

diffusion process described here. 

10 Discussion and conclusion 

The previous circular polarization configuration provides one of the simplest and most efficient 

ways to demonstrate the effectiveness of Compton harmonic stochastic heating with the forthcoming 

ultra-high intensity laser pulses. Ultra-high intensity waves with circular polarization are also 

involved in the physics of pulsar environment, so let us briefly discuss stochastic acceleration in this 

astrophysical situation. 

The high energy environment of pulsars as long been recognized as one of the major candidates to 

to explain the ultra-high energy tail of the cosmic radiation spectrum. The theories of charged 

particles acceleration can be roughly classified between, non stochastic mechanisms (where the 

particle acquires energy at iiie expense of a coherent electromagnetic structure through a regular 

interaction), and stochastic acceleration (which are diffusive in nature and result from the sum of a 

set of incoherent exchanges of energy between the particle and the field). 

As far as astrophysical acceleration mechanisms, with pulsar fields, are concerned, only coherent 

mechanisms have been considered,* * surprisingly, the most simple mechanism, a charge 

interacting with intense electromagnetic waves in vacuum, above the stochasticity threshold, has 

never been put forward. For typical pulsation, 10"2s, and magnetic field, 10s T, values in excess of 

A =108 for a protons are predicted in the wave region of the spinning magnetized neutron star. 
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Clearly the stochastic acceleration mechanism presented in this paper is relevant to the physics in the 

radiation zone. But, with such a high field, radiation reaction is to be considered, thus a slowing 

down term is to be added to the quasilinear Fokker Planck equation Eq. (43). 

To summarize, we have identified me Compton harmonic resonances associated with the electron 

orbit in a two-dimensional laser waves at intensities above 1018W/cm2. Then we have demonstrated 

and discussed the fact that they arc the source of two kinds of stochastic instabilities. A weak, 

widespread, instability, resulting from Arnold diffusion along the stochastic web, and a strong, 

local, instability, as a result of resonance overlap. In this later situation, quasilinear diffusion along 

the diffusion paths of Eqs. (25), and (44), takes place according to the kinetic equations (23), and 

(43). As a consequence of this stochastic heating, the perturbing electromagnetic waves are damped. 

These processes have been analyzed for various wave polarizations and configurations; they are 

inoperative below 1018W/cm2, but will become dominant, in laser-plasma interaction, in the intensity 

range lO'M^OW/cm2. 
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Appendix 

Generalized Bessel function 

The generalized Bessel function is a special function which occurs in the study of quantum processes 

in intense electromagnetic waves. For this reason it has been widely investigated. In this appendix 

we will review its definition, and its Taylor expansion. 

The Function C^ is usually defined as: 

CN(a,P) = J I ° J N + 2 j ( a ) J j ( P ) = £ Jeiasincp-ipSin2cp-iNcpdq) 

j=-oo "" 

J are the ordinary bessel function and the denomination of C come from the obvious identity: 

JN(z)=CN(z,0). 

Two kinds of limits are relevant to the previous studies on stochastic instabilities in an intense wave, 

(i) The Taylor expansion,'" for small a and B, is relevant to the situation A <•> 1. In order to 

evaluate Eq. (13) in this regime, for the resonance N=-l, we can use: 

a 2 a 4 B 2 

J _ a a B a 3 

C!(a,B) = T + — - jg 

LC2(a,p) - T + — - ,g - - 2 • 

(ii) On the other hand, the asymptotic expansion for a = B = N = oo, is to be used if one is 

interested in a quantitative analysis of orbital stability and stochastic acceleration near a pulsar, 

A>108. Both uniform and nonuniform asymptotic expansions can be found in Refs. [10]. 
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Figures Caption 

Figure 1: Orbit of an electron in a one dimensional linearly polarized wave. 

Figure 2: Orbit of an electron in a one dimensional circularly polarized wave. 

Figure 3: Dispersion surface, Compton resonances, and Arnold web, in momentum space. 

Figure 4: Compton resonances in the (Pj, P J plane, A=l, k|( = £2^2/2, k x = ± QV2/2, co=Q. 

Figure 5: Compton resonances in the (P||, P J plane, A=l, k|| =-£h/2/2, k ± = ± QV5/2, C0=Q. 
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Compton resonances 
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