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Ŝ
«
S
gs

"S
te

1

* §

I f
g &i sci
Çj Ou

El
O* *œ

S à
o "3
- s11l-f

H 1
fc s^1
H W
ci m

3

cu
rr

en
co

ns
er

ve
d

1̂
c

Se
*c-
e

'Si•e
C

*«-i
S

* €•>

t-*»owg
«sf
*î
U

-«ST-a

|
-*J
V
3i-<-*jte

o
a/o

• rS
•4-3

J

5
H
^<

4S
Rel
u

1gu
tr\
§a
u

•*«
«Su4
ç*
oe

^§
i

»— *ta
•8
c>•>*

o
-sS

nu
um

 c
on

st
ru

ct
io

n

•fcâ

§
t^

1
O

-3
e

^S-.
*?
5-
W

§•
g
575

g
S
t*
e
e
g.

•xs
S
<â
ce

*isa

I5

^

E
xa

m
pl

es

o

o£

£
-Si~c
£pk.
s<u
a.«
làa

C
on

cl
us

io
:

ï/9
0

t— r~:

In
te

rn
at

io
na

l M
at

he
m

at
ic

al

S3
•73
H

M
J_3

fe
re

nc
e 

of
 1

G
8

£

1

J^

CD

1•+?
«s o
3 O
p S

CJ ^J*C3 .ft
21(6 g
^ 0«2;
a^
3S

t<-r
0 ^3
a g
o w>

•^i«.s

T
al

k 
gi

ve
is

ti
tu

te
 a

t 
J

,3



1. INTRODUCTION.

We propose a non-perturbative approach to 2D massive quantum field

theories which is based on quantum symmetries.

Symmetry in quantum field theory is widely recognized as being of fun-

damental importance. In 3 + 1 spacetime dimensions, the likely symmetries

of the 8-matrix are subject to the severe limitations of the Coleman-Mandula

theorem [l]. The theorem states that any symmetry group is necessarily lo-

cally isomorphic to the direct product of an internal symmetry group and the

Poincaré group. These possible symmetries are normally not restrictive enough

to allow a non-perturbative solution of the theory.

In lower-dimensional quantum field theory, some of the postulates of the

Coleman-Mandula theorem may be relaxed in a non-trivial way. Apart from

the structure of the Poincaré group itself, one of the main assumptions of the

theorem is that the symmetry group acts on multi-particle states as if they were

tensor products of one-particle states. More specifically, let Q be a generator of

the symmetry group and W denote the Hilbert space of one-particle states. The
multi-p Article states are spanned \>yW®---®W. The action of the generator

on a multi-particle state is an operator from W ® • • • ® W into itself, and will be

refered to as the comultiplication A(Q). The proof of the Coleman-Mandula

theorem assumed the trivial comultiplication:

A(Q) = Q ® 1 ® • • ®1 + 1 ® Q ® 1 ® • • ®1 + - - - I ® - - ®g. (1.1)

Supersymmetry in any number of dimensions is of course a well known example

of how the hypothesis (1.1) can be circumvented.

The subject of integrable quantum field theory has a long history, with

many impressive results. The Leningrad school developed the quantum inverse

scattering method (QISM) to quantize integrable systems, including the sine-

Gordon model [2] [3]. It was this investigation that led to the theory of the

Quantum Group. The QISM is an algebraization of the Bethe-ansatz methods.

In quantum field theory the QISM was developed as a way to quantize the

theory in a manner that preserves the infinite number of commuting integrals



of motion which exist in the classical theory. The Bethe-ansatx has had many

successes, bat many of its features (such as the introduction of a pseudo-vacuum

and the entailed complicated filling of the Dirac sea) are rather unpleasant for

the typical quantum field theorist.

This paper is primarily devoted to the description of some new quantum

symmetries that exist is a wide variety of known integrable quantum field theo-

ries in 1 +1 dimensions. The conserved currents that generate the symmetries

are non-local and further characterised by non-trivial equal-time commutation,

or braiding, relations. These exceptional properties of the currents are respon-

sible for the non-trivial comultiplication of the charges when acting on multi-

particle states. That is, the assumption (1.1) of the Coleman-Mandula theorem

is violated. Contrary to the QISM, the non-local charge framework deals with

conserved charges that are not in involution. The efficiency of the method re-

sides in the non-abelian nature and in the non-commutativity of the algebras

generated by the non-local charges. Though the same algebraic structure of

the Quantum Group appears in both the QISM and the theory of non-local

charges, their physical content is different.

The existence of a non-trivial comultiplication for the non-local conserved

charges implies that they belong to the algebraic framework of Hopf algebras,

notably the Quantum Groups and the Yangian symmetries [4] [5] [6]. Our work

thus provides explicit currents that generate the Quantum Group symmetries.

The non-local charges for the Yangian symmetry were studied in [7] [8]. The

Yangians are hidden symmetries of 2D massive current algebras. The Quantum

Group symmetries are generated by currents having fractional Lorentz spin [9].

They provide a non-Abelian extension of the 2D Poincaré algebra. A typical

example is the sine-Gordon theory for which the hidden quantum symmetry al-

gebra is the quantum sl(2) loop algebra. It is an infinite dimensional symmetry.

The algebra generated by the non-local charges allows for a non-perturbative

treatment of the theories.



2. THE NLC APPROACH TO 2D QFT.

The integrability of two dimensional quantum field theories requires local

integrals of motion in involution. Only one integral of motion besides the trivial

ones is required for factorization of the 5-matrices. But, in general, the Abelian

character of the algebra generated by these integrals of motion prevent them

from providing significant non-perturbative results. For example, solving the

two-dimensional conformai field theories only from their integrals of motion

which are in involution would have been difficult. The non-local currents (NLC)

approach is a proposal to avoid these difficulties. It is based on a formulation

of the quantum field theories which relies on non-local quantum symmetries.

The basic points of this approach can be summarized as follows:

•) Definition and construction of the non-local conserved currents.

As we will illustrate in the following, there are at least three or four approaches

to this constructive problem. Solving this problem requires characterizing (at

least in part) the operator algebra of the models. Being non-local the currents

will be characterized by non-trivial braiding relations among them and with

the fields of the theories.

•) The action of the charges on the fields. The models invariant under non-

local quantum symmetries are distinguished by their field content and the way

the conserved charges act on them. In section 5, we will review the techniques

involved in the description of these actions. Because of their non-locality, the

charges act on the fields as generalized graded commutators and have non-

trivial comultiplications. They generate a quantum algebra and are naturally

interpreted as quantum Lie derivatives.

•) The conservation laws and the ^-matrices. By their non-commutativity

and non-cocommutativuty the non-local charges provide non-perturbative in-

formation on the 5-matrices. This information is hidden in the on-shell conser-

vation laws for the non-local charges which turn out to be the exchange relations

for the quantum algebra generated by the non-local charges. In general, they

determine the 5-matrices.



•) The Ward identities for the correlation functions. Besides giving

information on the S-matrices, the non-local charges also impose constraints
on the correlation functions through the Ward identities.

There are a priori four approaches for defining non-local conserved currents.

The first one consists in defining the theory on a lattice. In section 4, we
will use this method to reveal the geometrical origin of the non-local currents.
This approach requires analysing how the non-local currents behave in the

scaling limit. The other approaches apply directly to the continuum. Either
one defines the quantum theory by specifying its operator algebra or one defines

it as a relèvent perturbation of its ultraviolet limit. We will present exampks

of both methods in section 6. Finally, another approach consists in defining the
quantum field theory from its symmetries. In a way analogous to the standard

approach to two-dimensional conformai field theories, the massive quantum field

theories and their operator algebras are defined as the minimal models invariant
under the quantum symmetries.

3. EXCHANGE ALGEBRAS AND ON-SHELL CONSERVATION
LAWS.

The simplest way to realize that non-local conserved charges provide
non-perturbative information on the 5-matrices consists in going backwards.

Namely, in this section we assume that the 5-matrices are known and we look

at the conserved charges we can define using this knowledge.

Let us suppose that we have multiplets of asymptotic particles. We denote

by WA the vector spaces spanned by the particles of species A. The two-particle

to two-particle 5-matrix is an operator SAB:

SAB : WA®WB^WB®WA (3.1)

By Lorentz invariance, S only depends on the difference 0 12 of the rapidities:

812 = BI — 02» The rapidities parametrize the energy-momentum of the parti-

cles: (E = mcosh0;p = msinhfl). Factorization requires S(S\z) to satisfies the

Yang-Baxter equation:

(SBC ® l) (l ® SAC) (SAB ® l) = (l ® SAB) (SAC 9 l) (l ® SBC) (3.2)



Unitarity and crossing symmetry further constrain the 5-matrix.

As is well known, to any solution of the Yang-Baxter equation we can

associate an exchange algebra. The algebra is generated by a matrix valued

operator T(0) = (Ti3-(0)). We denote by TA(B) the operators acting on WA.

They satisfy:

= TB(02) • T^) SAB(el2) (3.3)

A representation of the algebra (3.3) is provided by the 5-matrix itself. Namely

to any species C we may associate the generator T^(S) whose action on WA

are defined by T^ *(0) = SAc(0). They form a representation of the algebra

(3.3) because S satisfies the Yang-Baxter equation. Since S (#12) depends only

on the difference of the rapidities the exchange algebra (3.3) possesses an au-

tomorphism: 6 — * 6 — X. Therefore we can define a one-parameter family of

generators 7A(0) by:

TA(0) = T(6-X) (3.4)

They also satisfy the exchange algebra (3.3). The operators we are interested

in are not the generators 7A but then- logarithmic derivatives, denoted Qx:

= (é TA) A)" {3-5)

On-shell the charges Qx act on the particles of type A and of fixed rapidities 8

Taking logarithmic derivatives transforms the multiplicative form of the

exchange algebra (3.3) into an additive form. Denote by QA.ia- the matrix

elements of QA. The exchange algebra (3.3) is then equivalent to:

*' (3-6)

kl



with ejjj} = (Tj)ik (T^)"1. Note that the braiding matrices 6^ act on the

charges <& by an adjoint action: £w »gj C*;fcl = (7? • <& • T* '%..

The equations (3.6) can alternatively be written as follows:

SAB &A-.B (<&) = AB;A (<&) *XB (3.7a)

Equations (3.7) are naturally interpreted as conservation laws for the on-shell

conserved charges Q^. They act on the asymptotic particles of the species A

and with rapidities 8 as QA.i3-(^)- The generators Q^ are formal power series

in A; there is thus an infinite number of conserved charges. They are non-

local because they have non-trivial comultiplications. The relations between

non-locality and non-trivial comultiplications will be clarified later.

Finally let us show how we recover local conserved charges from the above

construction. The local charges gA are given by the trace of the non-local

charges:

They are local because the trace kills the 6A factors in the comultiplications.

They are obviously conserved:

SAB ga®l + l®?B = SB ® l + l®?x SA* (3-9)

It is easy to check that the definitions (3.8) and (3.5) of the local and non-local

charges are compatible with the booststrap conditions.

In summary, the exchange algebras reflect the conservation laws of on-

shell non-local charges. The NLC approach consists in developing this in the

opposite direction by constructing the non-local charges in the quantum field

theory and then by deriving the 5-matrix using the exchange algebras, alias

the conservation laws.

6



4. THE LATTICE CONSTRUCTION.

Non-local conserved currents can be defined in a lattice formulation of

the models 1. The lattice approach reveals the geometrical origin of the non-

local conserved currents in a simple way: Non-local conserved currents originate

in the quantum group invariance of the local hamiltonian. In other words, if

the lattice model possesses a quantum group invariance there are non-local

conserved currents associated to it.

To illustrate this point, let us consider a vertex model on a square lattice.

Each vertex of the lattice corresponds to a space-time point (x,t). In our

convention the time t goes up and the x-coordinate increases from the left to

the right. On each link of the lattice there is a copy of a vector space V, called

the configuration space, to which the generalized spins of the model belong.

The vertex model is defined by the data of the configuration space V and of the

^-matrix of the Boltzmann weights; the matrix R acts on V ® V. Graphically

we will represent it by a crossing:

R:V®V ->V®V (4.1)

4a) Lie group invariance and local conserved currents.
Before dealing with quantum groups, let us warm up with Lie groups by

proving the physically obvious statement that Lie group invariance of the R-

matrix implies the existence of local conserved currents taking values in the Lie

algebra of the group.

Suppose that the configuration space V carries a representation of a Lie

group G. We denote this representation by p. We suppose that the .ft-matrix

is <?-invariant; this means that:

R (p(g)®p(g)) = (p(ff)® />(?)) R ; vseG. (4.2)

1 The result presented in this section have been obtained in collaboration
with G. Felder [10].



Taking Lie derivatives of equation (4.2) gives its infinitesimal form. If ta, a =

1, • • • , dimp, form a basis of the Lie algebra § of G, the equation (4.2) implies:

S, (4.3)

where Ta = p(ta) are the matrices representing the Lie algebra Q in the con-

figuration space V. Equation (4.3) admits the following simple graphical rep-

resentation:

-X-

(4.4)

Here the crosses drawn on a link represent insertions of the matrices Ta acting

on the copy of the configuration space V located in this link.

We now introduce currents, denoted by J£(x, t), taking values in Q. Then-

components, J£(x,t) and Jj*(x,i), are defined by inserting a matrix Ta acting

on the copy of the configuration space V located on the link ending at the point

(x, i) and respectively oriented in the x- or ^-direction. This definition is better

summarized by the following picture:

J«(M) = —Xr

J?(z,t) =

(*-*)

(x,t)

(4.5a)

(4.56)

The currents (4.5) are obviously local. The equations (4.3) or (4.4) are the

lattice conservation laws for the currents (4.5) :

t) = 0.

8

(4.6)



This proves the standard statement: Local conserved currents reflect Lie group

invariance.

4b) Quantum group invariance and non-local conserved currents.

Our aim is now to reproduce the arguments of the previous section with

the Lie group replaced by a quantum group. The outcome will be the definition

of non-local currents which are conserved due to the quantum group invariance

of the -R-matrix of Boltzmann weights.

Suppose that the configuration space V carries a co-representation of the

Hopf algebra F (Gq) of 'functions over a quantum group9. By abuse of notation

we denote the matrix elements of this co-representation by p(g), p(g) € F (Gg).

Quantum group invariance then means that the Jî-matrix is an intertwiner for

F(Gq):

R (p(g) ® i) (i ® p(g)} = (i ® p(g)} (p(g) ® 1) R- (4.7)

Equation (4.7) is analogous to the equation (4.2) but is not quite the same

because in the quantum group case, we have to be careful with the order of the

tensor product since the matrix elements p(g] do not commute.

As in the classical case the infinitesimal form of the equation (4.7) is de-

duced by acting on it with Lie derivatives. This requires developing a differential

calculus on the quantum group F (Gq). We refer to [11] [12] for the details con-

cerning its formulation. The net outcome is the following infinitesimal form of

(4.7):

R ra®i + e£®7* = i®Ta + Tb®e% R, (4.8)

Summation over repeated indices is implicit. The matrices Ta and 6g form a

representation of the algebra Uq (§) of the quantum Lie derivatives acting on

F(GQ) in the configuration space V. The matrices 9£, which define a gen-

eralized grading, arise when trying to commute the quantum Lie derivatives

through the quantum group elements. In other words, they define the general-

ized grading of the ^ antum Liebnitz rules. A graphical representation for the



equation (4.8) is the following:

(4.9)

As before the crosses denote insertions of the matrices Ta but the wavy lines

denote insertions of the matrices 6£. The fact that the lines and the crosses

are touching indicates a summation of the adjacent indices.

The components of the currents are now defined by the following graphical

representations:

(*.*)

(*.*)

(4.10a)

(4.106)

The definition (4.10) can be easily translated into precise equations but their

description is cumbersome. In (4.10) the wavy lines represent the insertion of

a collection of matrices 6g with an implicit summation over adjacent indices.

The precise location of the string attached to the currents is irrelevent up to

topological obstructions. >. The matrices O£ can be thought of as defining a

quantum flat connection on the lattice. The definition (4.10) is analogous to

the lattice definition of parafermions. Parafermions are products of disorder

operators by spin fields; in (4.10) the crosses represent the anakgue of the spin

fields whereas the wavy strings are the analogue of the disorder lines. The non-

locality of the local currents (4.10) is transparent in their definition. Moreover,

the equations (4.8) and (4.9) are the conservation laws for them:

= 0. (4.11)

10



Hence we proved our claim: Non-local currents reflect quantum group invari-

ance.

Further properties of the lattice non-local conserved currents will be de-

scribed in réf. [10] i!n colloboration with G. Felder. There, the connection

between non-local conserved currents, differen* .. luilus on quantum groups

and the quasi-triangular quantum Lie algebras introduced in [12], as well as

examples, will be developed.

6. THE CONTINUUM CONSTRUCTION.

In this section, we first review the basic techniques for dealing with non-

local currents. This framework was used in réf. [8] and [9]. Examples will be

given section 6.

Due to the possibility of fields with non-trivial braiding relations, quan-

tum field theories in two spacetime dimensions may have non-local conserved

currents. The currents, which we denote by J£(x, t), are localized at the space-

time points (x, t). Their precise definition (e.g. from the lattice construction

we described section 4 or directly in the continuum as we will describe it in sec-

tion 6) requires attaching to the currents a one-dimensional curve going from

—oo to the point (x,t). The precise location of the string attached to the cur-

rents is irrelevant except when topological obstructions are encountered. The

non-locality of the currents is encoded in their equal-time braiding relations:

•E(M) Jï(y,t) = R% Wy,t) tf(*,t] ; for x > y. (5.1)

The above equation is implicitly time-ordered to the left, e.g. J£(x, t)J%(y, t) =

J£(x,t+ f ) J * ( y , t ) , for 6 small and positive. The braiding relations (5.1) origi-

nate in the topological obstructions encountered while trying to move the string

attached to the currents, and are displayed in figure 1.

11



Figure 1: graphical representation of braiding.

In this figure, time increases upward, and the positions of the strings are

dictated by the time-ordering. Associativity of the operator algebra requires

the matrix /2|J to be a solution of the Yang-Baxter equation. A more complete

discussion of braiding relations in 2D quantum field theories can be found in

(13] |14J.

For conserved currents, dfiJ£(x,t) = 0, the global conserved charges Qa

acting on the physical Hilbert space are Qa = ̂  ftdx J£(z,t). The charges

Qa acting on the fields $*(y) are not defined by integrating the currents along

an equal-time slice but along a path f(y) from —oo to — oo surrounding the

point y:

3" (*fc(y)) = éî /7(y)
 dz" ** Jt(z) **(y) • M

The contour 7(y) is drawn in figure 2. There we have drawn the string attached

to the currents hi the position specified by the order of the fields in (5.2). The

exact shape of the contour f(t/) is irrelevant due to the conservation of the

currents.

12



-œ
«M

-œ

Figure 2: thé contour of integration for the action of

non-local charges on fields.

The action of the charges on the fields (5.2) can be expressed in terms of

generalized commutators, as we now describe. The fields of the theory can be

classified into multiplets according to their braiding relations with the currents.

We suppose the following braiding relations

J£(x, t) *k(y, t) = etf *'(y, t) Jfa, t) ; for x > y. (5.3)

As in (5.1) these braiding relations arise from the obstructions for moving the

string attached to the fields. To express (5.2) as generalized braided commuta-

tors, let us decompose the contour of integration 7(y) into the difference of two

contours 7+ and 7-, 7(y) = 7+ — 7_, as in figure 3.

Integrating the r.h.s. of (5.2) along the contour 7+ gives the product

Qa$k(y), When the currents are localized on the curve 7_, the braiding re-

lations (5.3) can be used to move the string through the point y, giving the

product Q$$l(y)Qb. We gather everything into the result:

eg* *'(y) Q\ (5.4)

13



-00

-00

Figure S: decomposition of the contour cf figure 2.

In particular if we consider $(y) as the time-component of the currents,

(5.4) shows that the global conserved charges Qa satisfy braided commutation

relations:

Adj (Q°) (Qb) = Qa(Qb) = Q Qc Qd • (5-5)

This defines a quantum adjoint action.

Next we consider the action of the charges on a product of fields. This will

define for us the «multiplication A(Q°) of the charges. For simplicity, consider

the action on a product of two fields. This is defined as

The contour 7j2 encloses both space-time points t/i and yz- The contour 712

can be decomposed into the sum of two contours, 712 = Ti + T2i as ™ figure 4.

14



-œ

Figure 4: the contour defining the action of non-local

charges on a product of fields.

The integration over the contour 71 gives the action of the charges on

. After having taken into account the braiding relations between the

currents and the fields $*(&), the integration over the contour 72 gives the

action of the charges on $"(2/2)- Thus we obtain:

(5.7)

Let us arrange the quantum numbers of the fields $(&) f ̂ (îfc)) into a

vector space W\ (W^)- The charges Qa on the product of two fields is then an

operator on Wi <g> W%, which is denoted by A f Q* j , and defines the comultipli-

cation. In this compact notation (5.7) becomes

(5.8)

15



where 6£ is the braiding operator and is a matrix acting on the vector space

Wi. More specifically, (f|6gjfc) = 6gf. The same comultiplication holds for the

global charges Qa.

Hence, by simple contour manipulations we have shown: The non-locality of

the currents and their non-trivial braiding relations leads to generalized braided

commutators and to non-trivial comultiplications.

6. EXAMPLES.

As we mentioned in section 2, there are at least three possible approaches

for constructing non-local conserved currents in a non-perturbative way. The

first one consists in defining the models on the lattice; we used this approach in

section 4 to illustrate the geometrical origin of the non-local conserved currents.

The two examples that we now describe illustrate two other approaches. The

first example deals with current algebras in two dimensions; we show how it

is possible to define the quantum theories by specifying the operator algebras.

The second example deals with massive theories defined as perturbations of then-

ultraviolet limits. In both cases it leads us to a non-perturbative construction

of non-local conserved currents. We refer to the original papers [8] [9] for the

details of the proofs.

6a) CURRENT ALGEBRAS AND YANGIAN CURRENTS.

•) The classical theory: Let us first describe the classical models we have

in mind. These are two-dimensional geometrical models. They are defined by

a one-form, denoted by J(x), valued in a semi-simple Lie algebra Q: J(x) =

£a J2(z)tadz" where ta, a = 1, • • •,dim£, form a basis of g 2. By definition of

the classical models we assume that the equations of motion require the J£(x)

to be curl-free conserved currents:

2 We suppose the t° orthonormalized. We use the convention: [ta,tb] =
fabctc where fabc Denote the structure constants of £.

16



The equations of motion (6.1) admit a Lax representation. Namely they are

equivalent to the zero curvature condition, |Pft(A), PI/ (A) = 0, for the connec-

tion P A ,

The geometrical character of the equation (6.1) leads to the definition of an

infinite set of conserved charges. These conserved charges are non-local. They

can be defined in two différent but equivalent ways: either one uses the transfer

matrix defined from the connexion PM(A) as a generating function for the non-

local conserved charges as in réf. [15]; or one uses a recursive definition of the

conserved currents as explained in réf. [16]. In the following we only need the

two first conserved currents. The first one i. -ne local one-form J^°'n(x) =

J£(x). The second one, denoted by jW(x) = £a jWpfàfda», is defined by:

,R ,.(6.3)
with d^c(x) = ep,,JZ(x)

The currents J^^x) are non-local because <j>c(x) is non-local: <t»c(x) = fc *JC

where Cz is a curve ending at the point x. Using eq. (6.1) it is easy to check

that the currents J^ are conserved: d J ^ x = 0.

•) The quantum theory: The currents J^ ^(x) are the ones we want to

quantize. A way to define the quantum models consists in imposing constraints

on the operator algebra. This approach was described in réf. [8]. It is for-

mulated by specifying the operator algebra generated by the quantum currents

J£(z, t). This mainly consists in requiring that the operator product expansions

of the currents J£(x, t) close on the currents and their descendents. It leads

us to formulate an algebraic definition of these massive current algebras in two

dimensions. A hidden consequence of this definition is that the massive current

algebras actually describe perturbations of §W affine Kac-Moody algebras by

the perturbing fields $pert.(x) = £a J$(x) J£(x).
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The properties of the 2D massive current algebras that we define in [8]

ensure that the quantum currents J£(z, t) still satisfy the geometrical quantum

equation of motion (6.3):

**M-o
drWx) - dvJÏ(x) + /*• : Jfa) Jt(x) : = 0

where the double dots denote an appropriate normal order. The proof of eq.

(6.4) relies on a slight extension of a theorem due to Luscher [7] which describes

the operator product expansions between currents in a massive current algebra.

Having proved that the quantum conserved currents satisfy the quantum

form (6.4) of the equations of motion (6.1), it is easy to defined the quantum

conserved currents jW(x,i). They are defined by a point splitting régularisa-

tion (6 > 0):

Km
(6-5)

where <f>c(x, t), which satisfies d<f>c = *JC, is defined by:

<t>c(x,t)= f *Je (6.6)
Jc*

The contour of integration Cx is a curve from — oo to x. It is the analogue

of the wavy strings involve in the lattice definition of the non-local conserved

currents described in section 4. The field <j>(x, t) depends weakly on the contour

Cx because *J is closed: d * J = 0.

In equation (6.5), Z(6) is a renormalization constant which is determined

by requiring that J^pfat) are finite and conserved. The constant Z(6) is

logarithmically divergent in 8. The existence of the renormalization constant

Z(8) which, at the same time, ensures the finiteness and the conservation of the

currents jW^(x, t) is a non-trivial consequence of our definition of 2D massive

current algebras.
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•) The braiding relations and the algebra of conserved charges: The

non-local character of the currents jW^(xt t) is encoded in their braiding rela-

tions and in their Lorentz transformation law.

The former can be summarized as follows. Let $(y, t) be a quantum field

local with respect to the currents J£(x,t). Then it satisfies the following equal-

time braiding relations:

JZ(x,t) $(y,t) = *(y,i) J£(x,t) ; for x * y (6.7a)

(x, t) ; for x < y (6.76)

, t) = $(y, t) jW;(x, t) - I/* Qb
0 (*(y, t)) Jfr, t)

; for x > y (6.7c)

where Qc are the global charges associated with the local conserved current

Jp(x,t). The first relation (6.7a) is simply the definition of the mutual locality

of J£(x, t) and $(y, t). The proof of the braiding relations (6.76, c) is the same

as the proof of the braiding relations for disorder fields. It only relies on the

manner of deforming the contour Cx entering in the definition of the currents

Besides non-trivial braiding relations, the non-locality of the currents also

implies that the non-local conserved charges generate a non-abelian extension

of the two-dimensional Lorentz algebra. As explained in the introduction, this

is possible since the Coleman-Mandula theorem [1] breaks down in two dimen-

sions because the comultiplication of the symmetry algebra could be non-trivial.

In other words our examples provide explicit counter-examples of the Coleman-

Mandula theorem in two dimensions. In two dimensions the Poincaré algebra is

generated by the momentum operators P^ and the Lorentz boost L is Abelian.

The momentum operators P^ are the global charges associated with the con-

served stress-tensor T^x): d^T^x) = 0. The Lorentz boost L is the global

charge associated with the conserved boost current:

(6.8)
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On the local fields L acts as a commutator: l($(y)J = L $(y) - $(y) L.

The currents J£(x), which are one-forms, transform covariantly under Lorentz

boosts; the light-cone components J±(x,t) have Lorenti spin ±1.

Let Qo and Q" denote the global charges respectively associated to the

currents J°(x, t) and J^^(x, t). They satisfy the following algebraic relations:

<?S,<?o = /-"OS

08 , OÎ -

where C -̂ is the Casimir of § in the adjoint representation in the normalisation

defined by equation (6.9). The relations (6.9) are part of the defining relations

of the semi-direct product of the Yangians Y(§) by the Poincaré algebra. Only

the Serre relations are missing. (See réf. [4] for more details on Y(§).) It is

worth noting that the normalization coefficients in the equations (6.9) are not

arbitrary: they are the normalizations which ensure the crossing symmetry of

the Y (£)-invariant S-matrices. The proof of the commutation relations (6.9)

were given in réf. [8],

•) Action on the fields and the comultiplications: The action of the

non-local charges on the quantum fields and their «multiplication follow from

the general theory reviewed in section 5. Let $(y,t) be a quantum field local

with respect to the conserved currents J£(z,t). Because the braiding relations

between this field and the conserved currents are trivial for the currents J£(x, t)

but non-trivial for the non-local currents J^l^(x,t), the charges act as pure

commutators in the first case but as generalized braided commutators in the

second case:

Ql + ^f*6 Qbo(*(y)) QC
0

The equations (6.10) are proved by deforming the contour of integration 7(y)

and by using the braiding relations.
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Let us now describe the comultiplkations. The comultiplications just en-

code how the charges act on a product of fields, say $i(yi)$2(y2) • • • • As

explained in section 5, for the fields $nfcn) which are local with respect to

the currents J£(x) the comultiplication can be deduced by deforming the con-

tours of figure 4 and by using the braiding relations (6.7). For the charges Q$

associated to the local conserved currents J£(x, t), we find:

whereas for the charges Q" associated to the non-local conserved currents

[x. t) we have:

(6-12)

Equation (6.11) is the standard Lie algebra comultiplication as it should be.

Equation (6.11) together with the equation (6.12) are defining the relations of

the non-cocommutative comultiplication of the Yangians Y (Q).

•) Action on the asymptotic states and the ^-matrices: We now de-

scribe how to obtain non-perturbative results for the S-matrices by examining

the action of the non-local charges on the asymptotic states. The constraints

on the S-matrices we obtain arise by requiring that they commute with the

non-local conserved charges. In the cases we are dealing with, these commu-

tation relations will simply be the exchange algebras for the Yangians Y(§).

The constructions we explained are model-independent. Different models are

distinguished by their field content and spectrum of massive particles. The

models may also be invariant under other symmetries. They will then not be

completely specified by the Yangian invariance; in particular the quantum fields

will carry other quantum numbers besides the Y(Q) indices. In theses cases the
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^-matrices will admit a factorization whose elementary factors are separately

invariant under the various quantum symmetries.

The way to deduce the action of Q" on the asymptotic states is clear. It

is enough to compute the action on the one-particle states because we already

know the comultiplication. First we should identify the (asymptotic) fields,

called $AI which create the asymptotic particles. Because of the global §-

invariance the fields $A belong to some representation A of the Lie algebra

Q. The antiparticles belong to the conjugated representation A* and they are

asymptotically created by the fields <EA*- Secondly because the local conserved

currents J£(x) appear in the operator product expansions between $A and

$A* they can be written as (generalised) normal ordered products of the two

conjugated fields $A and $&*• Finally once we have the expression of the

currents in terms of <&& we can insert it into the definition (6.5) of J^(x) and

use it to compute the action of Qf.

By global ^-invariance, the asymptotic particles gather into multiplets.

Each multiplet forms a representation p of the Lie algebra Q. The global charges

QQ are represented by p (Qg) = Ta on the multiplets. The Lorentz transforma-

tion laws (6.9) of the charges implies that on-shell the non-local charges depend

linearly on the rapidity of the asymptotic particles: p (Q$) = T° - ^^- T*.

This follows because on-shell L = d/30. The conservation law for the two-body

S- matrices are then:

(ra (6.13)

with &i2 = ffi— $i- These equations are the exchange relations for the Yangians

Y (9)- They determine (up to scalar factors) the 5-matrices.
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6b) THE SINE-GORDON MODEL AND slq(2) CURRENTS.
In this section we describe the non-local charges that characterize the sine-

Gordon theory. We will show that these charges generate the quantum sl(2)

loop algebra. Our analysis provides a new simple derivation of the soliton S-

matrix.

•) The sine-Gordon theory: The quantum sine-Gordon theory is described

by the Euclidean action

S = --
47T

- fd?z rcosfjfe): . (6.14)
-K J \ i

The parameter ft is a coupling constant; it is related to the conventially nor-
*** . y— — *** •̂ * *—

malized coupling by ft = fl/y4n. The values of the coupling ft = 1 and /0 = v2

are known to correspond to a free Dirac fermion and to the SU(2) Gross-Neveu

model respectively. The parameter A defines the mass scale of the model; in

the deep ultra-violet it is zero. For /? < \2 the action can be renormalized by

normal-ordering the cos (yS$) interaction and absorbing the infinities into A;

the coupling constant f) is thereby unrenormalized.

We will treat the action (6.14) as a perturbation of a conformai theory in

the sense developed by Zamolodchikov [17]. Namely, we treat the A cos (/?$)

term as a perturbation of the conformai field theory corresponding to a single

free boson. À more careful analysis shows that it corresponds to a free boson

compactified on a circle of radius R = p/2. For P < -\/2, the perturbing field

is relèvent: its (holomorphic, anti-holomorphic) anomalous dimensions are less

than one. Following Zamolodchikov, this allows us to assume that the space

of fields has not been drastically modified by the perturbation. In particular

it allows us to suppose that all the operators 0(x,t) of the sine-Gordon the-

ory have a smooth ultra-violet limit and that they are in correspondence with

the fields of the ultra-violet conformai field theory. We can thus label in a

unique way the fields of the sine-Gordon theory by the corresponding fields in

the ultra-violet limit. In the massless limit, the free boson can be expanded

as $(z,z) = <j>(z) + <f>(z) with (<f>(w)<J>(z)) = — log(jz — w) and similarly for #.
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The fields of the ultra-violet conformai field theory are products of the chiral

vertex operators exp (ia<f>(z)) and exp (to$(z)) and of their Virasoro depen-

dents. The anomalous (holomorphic, antiholomorphk) dimensions (A, A) of

these exponential operators are: A( expia<f>(z) ) = A( expta^(z) ) = -̂.

The perturbing operator cos (/?$) is thus relèvent for 0 < \/2 as indkated

above.

In the deep ultra-violet limit the (anti)-chiral components <f>(x, t) and <f>(x, t)

can be expressed in a non-local way in terms of the sine-Gordon field $(z,t).

The relations are:

dydt*(y,t))
-°° \dydt*(y,t)J.

Though the above non-local expressions (6.15) can only be derived in the mass-

less limit, we can take them to define the chiral components <f> and <j> in ex-

ponential operators in the massive theory also, because of the correspondence

mentioned above. The vertex operators exp( ia<f>(z) ) and exp( ia(f>(z) ) are

then Mandelstam-like operators.

The sine-Gordon theory has a well known topological current: J**{x,t) =

Jj: «""^«(a,*) where f = -e"". We take the convention c01 = 1. The

topological charge is:

r =

The normalization of the topological current is fixed by the periodicity of

the cos(/?$) potential. More specifically, the topological solitons that corre-

spond to single particles in the quantum theory are described classically by

field configurations with T = ±1. These solitons are kinks that connect two

neighboring vacua in the cos(/?$) potential. In the quantum theory the topo-

logical charge T (0) of an operator 0 is defined by the commutation rela-

tion |T,0 = T (0) 0. The topological charge of the vertex operators is:

T ( exp (ia<f> + to )̂ ) = 0 (a - a).
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•) The non-local conserved charges and their algebra: As proved in réf.
[9] the sine-Gordon model admits four non-local conserved currents:

) = 0. (6.17)

The Lorentz spin s of the currents J± ( « ' ) »s a = £ (— &) . The conservation

law (6.17) can first be proved to first order in perturbation theory. Then, for p2

irrational, simple scaling arguments are enough to show that the first order is

exact. Therefore the currents are conserved to all orders. From these conserved

currents we define four conserved charges, Q± and Q±, respectively associated
to the currents J* (x, t) and ~3 ̂  (x, t). The Lorentz spin of the conserved charges

is:

1 s spin(<?±) = -spin(e±) = ^-1. (6.18)

The conserved currents whose exact expressions are given in réf. [9] are

Mandelstam-like vertex operators. The conserved charges Q± and Q± are thus
non-local due to the fact that the (anti)-chiral components, <f> and (j>, of the

sine-Gordon field $ are non-local. This non-locality is reflected in the relations

(6.15) which manifest the strings attached to the currents that were refered to in

section 4. The braiding relations arising from the non-locality are independent

of the scale; thus they can be described in the ultra-violet limit without loss of

information. For the currents of interest, the braiding relations are:

= q~27Ï(y,t) J*(x,t] ; V *,y

= q* -fi(y,t) Jf(x,t) ;Vx,y

where q = exp(—2iri/fi2) = — exp(— «r/7).

The algebra of the non-local charges is first obtained to lowest non-trivial

order in perturbation theory. Simple scaling arguments then show that it is
exact to all orders for p2 irrational. The result is:

Q± Q± -q2Q±Q± = o (6.200)
Q± Q* - ?~2 ^=F Q± = «(1 - g±2T) (6.206)

T , Q± = ±2 Q± (6.20c)

[t ,

25



where a is some constant. The NLC appproach consists in taking it as the non-

perturbative definition of the theory. The algebra (6.20) is a known infinite

dimensional algebra, namely the q-deformation of the sl(2) affine Kac-Moody

algebra, denoted slg(2), with sero center |4]}5). Only the Serre relations for

slq(2) are missing in (6.20).

•) The action on the soliton fields: We now determine the manner in

which the non-local charges are represented on the fields and on the asymptotic

soliton states. We first construct the fundamental quantum fields that create

sine-Gordon solitons out of the vacuum. They must have topological charge

±1. There are large families of operators with topological charge ±1. These

operators differ by products with local fields, and in general differ in Lorentx

spin. Among them, there are four fields which generate these families. These

fields, which we call the soliton fields, are defined by:

= exp

= exp

They have topological charges ±1. The solitons fields in (6.21) are also charac-

terized by non-trivial Lorentz spin: spin (9f±) = —spin (*±)

(±i #*,

/ ? -
f =F~ #*,*)) -

The soliton fields transform covariantly under the action of the non-local

charges. It can be proved that:

0

A :
(6.22)

0

A :

^^ •

The fields $± (or ^±), implicitly defined in (6.22), have topological charge

±1. They differ from the fields *± (or ̂ ±) by the local operators T±TT (or

T± Zip). They also create solitons asymptotically. An easy computation shows
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that spin t = spin (*¥) + i. Therefore the action (6.22) is consistent with

the Lorentz spin ±^ of the non-local charges, as it must be.

The comultiplication of the charges defines their action on product of soli-

ton fields. As explained in section 5, this comultiplication follows from the

braiding of the currents with the soliton fields. The required braiding relations

are:

16.231

Therefore, the comultiplications for the non-local charges Q± and Q± are:

(6.24a)

(6.246)

(6.24c)

The last relation follows from the additivity of the topological charge.

Let us now determine the manner in which the non-local charges are repre-

sented on asymptotic (in the sense of scattering theory) mulfci-soliton states. De-

note by |a — ±|, 0) a siugle-soliton state with topological charge T = 2a = ±1

and rapidity 0. The vector space of single soliton states of fixed rapidity will

be refered to as W = vect.{| + f ), | - §)}.

Consider first the action on single-soliton states. The action of the charges

on such states must form a representation of the algebra. This representation

can be deduced as follows. We suppose that the fields (6.21) create the solitons.

Taking into account the topological charges of the soliton fields, we have the

following non-vanishing matrix elements,

(6-25)

as t — * ±00. Analogous non-vanishing matrix elements exist for any operator

having topological charge ±1 and which differs from the soliton fields by mul-

tiplication with a local operator. Thus we can take either fields of the family
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generated by the soliton fields "9± or *± to create the soliton state | ± 5, 0)

asymptotkally. From equation (6.22), one infers that the charges Q+ and Q+

will transform anti-solitons to solitons and vke versa for the charges Q- and

Q_. Moreover, in rapidity space, a Lorentz boost is represented as a shift of 0:

9 — » 6 — a. The on-shell operators exp(±0/7) have Lorentz spin ±i. Taking

all these facts together, we find the following representation of the charges on

the asymptotic solitons,

= c *

Q± = c c-0'-1 E± q*HP (6.26)

T = H

where c is a constant, H = diag(+l, —1) and E± are the Pauli spin matrices

a±. The action on multi-soliton states is deduced from the comultiplication

(6.24).

It is instructive to compare the above results with the known structure

of the slq (2) loop algebra. The isomorphism of the representation (6.26) to

the slq (2) representation is made explicit by identifying the spectral param-

eter x in the principal gradation with exp(0/T(). The comultiplication (6.24)

that we derived in the quantum field theory can be compared with the known

comultiplication of slg(2); they are equivalent as they must be. In particular

this implies that the comultiplication provides a representation of the algebra

(6.20) on asymptotic states with an arbitrary number of particles. This fact

is important in establishing the non-local charges as true symmetries of the

theory.

•) The S-xnatrix from the non-local charges: We now demonstrate how

one can use the non-local charges to obtain non-perturbative information about

the sine-Gordon theory by providing a derivation of the soliton S-matrix. The

integrability of the sine-Gordon theory implies that the set of in-coming and

out-going momenta are the same. Let W\ <g> W? denote the Hilbert space of

two-soliton states of fixed rapidities, i.e. Wi ®WZ IB spanned by the states

\ati = ±|, 0i ) ® (02 = ±|, #2)- The two-particle to two-particle 5-matrix is an
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operator, a : W\ ® W% —* Wz ® Wi- By Lorentc invariance S depends only

on the combination 61 — 63. Apart from the rapidity dependence, S depends
on the coupling ft. In order to keep this dependence in mind we denote the

two-body 5-matrix by <£(§£•; q) with Xf = exp(0,-/7) and g = - exp(-»jr/Tr).

The 5-matrix must commute with the action of the non-local charges since

they are symmetries of the theory:

0 . (6.27)

Let us rewrite (6.27) in a slightly different form. Representing the charges as

in (6.26) and multiplying both sides of (6.27) by gT/2®gT/2 or g-T/2®g-T/2

wherever appropriate, we find:

=0 (6.28o)

E± ® g^/2 + q**'2 ® x2 E±)

2 E± ® g=FH/2 -I- g±H/2 ® xi E±) S (j±; g} (6.28i)

S Î

L; g (6.28c)

Jimbo [5] has proven that the solution S(x;q) to the above equation is

unique up to an overall scalar function #(#12 = Oi — 62)' He showed that the

solution automatically satisfies the Yang-Baxter equation, which is required

for factorization of the multiparticle 5-matrix. Constraints on i>(#i2) can be

found by imposing crossing and unitarity. The minimal solution is the known

sine-Gordon 5-matrix [18].

29



7. CONCLUSIONS.

It IB now clear that the NLC approach to two dimensional integrable quan-
tum field theories is very effective. Because it deals directly with the physical

vacuum and with the quantum operator algebra it avoids some of the unpleasant

features of the quantum inverse scattering method.
In section 6, we only presented the basic examples: the Yangian symmetry

of the 2D current algebras and the sl9(2) symmetry of the sine-Gordon model.
Many more examples can be and should be developed. Already, the NLC ap-

proach was successfully used to discover the general structure of the 5-matrkes

for new massive theories describing perturbations of Lie algebra related con-

formal field theories. This was done in réf. [19] [20] for the restricted and

unrestricted models and for any value of the central charges of the underlying

Kac-Moody algebras. The -̂matrices which were discovered this way have the

following tensorial structure:

S(&) - XCDD(0) ( S9(0)®S!™(9) ) (7.1)

Each factor in (7.1) reflects a quantum symmetry. Xcm>(0) are Toda-Iike

CDD factors. S%£(6) are ^-matrices, generally in the RSOS form, which are

invariant under fractional supersymmetries. The 5-matrices S§(6) are Y(§)-

invariant or 2/9(£)-invariant depending on the nature of the conformai field

theories and of their perturbations. For the restricted models the S g (9) factors

are in the RSOS form. It remains to study the consequences of this general

structure by developing many more examples.

Another interesting problem concerns the computation of the correlation

functions. Very little results in this direction are known. The differential equa-

tions satisfied by the correlation functions are known only for the massive Ising

model. However Smirnov's approach [21] to correlation functions expresses

them in terms of form factors, and these form factors are in turn deduced from

the S-matrices. Since the non-local currents characterize the 5-matrix, it seems

that they will determine, at least in part, the correlation functions. However

all the consequences of the Ward identities for the non-local currents have not

been fully explored up to now.
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There exists another approach to the correlation function problem. As

we learned in conformai field theory, to constrain the correlation functions we

need symmetry algebras which possess only infinite dimensional representations.

Those we described in this paper have finite dimensional representations; we

used these representations to find the S-matrices. To restrict ourselves to infi-

nite dimensional representations it is natural to look for central extensions of

the NLC algebras. This direction leads to hierarchies of symmetry algebras with

the corresponding hierarchies of integrable me ^. ihe simplest examples are

the hierarchies of Lie algebras, the finite Lie algebra §, the loop algebra §, the

affine Kac-Moody algebra Q^1' and then* quantum deformations, and the corre-

sponding hierarchies of Toda models over Q, Q or $W. The last Toda theories

are singular conformai theories [22] invariant under the quantum affine algebra

Ug (9^) with center [9]. The approach to 2D quantum field theories based on

the compatibility between these two symmetries seems very promising.
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