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ABSTRACT

A study on the dynamic response of a tank containing two different liquids under seismic

excitation is presented. Both analytical and numerical (FEM) methods are employed in the

analysis. The results obtained by the two methods are in good agreement. The response

functions examined include the hydrodynamic pressure, base shear and base moments. A simple

approach that can be used to estimate the fundamental natural frequency of the tank-liquid system

containing two liquids is proposed. This simple approach is an extension of the method used for

estimating the frequency of a tank-liquid system containing only one liquid. This study shows

that the dynamic response of a tank filled with two liquids is quite different from that of an

identical tank filled with only one liquid.

INTRODUCTION

The dynamic response of liquid-storage tanks subjected to earthquake ground motion has

been the subject of numerous studies in the past thirty years. An excellent review of this topic

can be found in Veletsos (1984). Most of the previous studies were focused on the tank

containing only one liquid. Recently, a new concept of reprocessing reactor spent fuel has been

developed by Burris, et al. (1987). This fuel recycling process is carried out primarily in a

electrorefiner-tank filled with two liquids of different mass density: one is liquid cadmium

placed at the lower part of the tank; the other is molten LiCl and kCl situated on the top of liquid

cadmium. The adequacy of designing this tank based on the solution obtained by assuming that

the tank contains only one liquid is questionable. A recent study by Tang, Ma, and Chang (1991)

shows that the sloshing motion in a tank containing two liquids is quite different from that in an

identical tank containing only one liquid, and the sloshing wave height computed based on the

one liquid assumption may lead to an unconservative result. This finding makes it a necessity

to consider the effect of two liquids on the computation of the hydrodynamic pressure in the fuel
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recycling tank. This paper deals with the dynamic response of a tank containing two different

liquids subjected to seismic excitations. Both analytical and numerical methods are employed

in the analysis.

The objectives of this paper are: (1) to present the exact solution for the rigid tanks that

contain two liquids; (2) to compare the results obtained based on the two-liquids solution with

those obtained based on the one-liquid solution; and (3) to propose a simple approximate

approach to evaluate the response functions of a flexible tank. The response functions examined

are the hydrodynamic pressure, base shear and base moments at sections immediately above and

below the tank base plate. The convective component of the hydrodynamic pressure has been

studied in detail by Tang (1992). Here only the so-called impulsive component of the

hydrodynamic pressure is presented. It should be mentioned that in this paper, all responses are

considered to be linear.

SYSTEM DESCRIPTION

The liquid-tank system investigated is shown in Fig. 1. It is an upright, circular

cylindrical tank of radius R containing two different liquids. The lower portion liquid, identified

as Liquid I, has heavier mass density, p^ and the upper portion liquid, identified as Liquid II,

has lighter mass density, p2. The heights of Liquids I and II are Ht and H2, respectively. The

total height of Liquids I and II is H. Both liquids are considered to be incompressible and

inviscid. Points for the tank and contained liquids are specified by two cylindrical coordinate

, .systems R, 6, zx and r, 6, T^ as shown in Fig. 1. The origins of the two coordinate systems are

at the central axis of the cylindrical tank.

The base motion applied to the tank is a 10-s duration of horizontal acceleration time

history having a maximum acceleration of 0.31 g. The magnitude of acceleration of this motion

is denoted by x(t). It acts along the direction of 9=0 as shown in Fig. 1. The dimensions of the

tank and the properties of the two liquids are listed as follows:

tank height

radius

freeboard

31

20

13

inch

inch

inch



Liquid I density 535 lb/ft3

height 6 inch

Liquid II density 138 lb/ft3

height 12 inch

ANALYTICAL APPROACH

If Pj, the hydrodynamic pressure in Liquid I, and Pj, the hydrodynamic pressure in Liquid

II, satisfy the Laplace equations

V2PX = 0 (la)

and

V2P2 = 0 (lb)

and the appropriate boundary conditions, then the acceleration at an arbitrary point along n-

direction, denoted by an, in Liquid I is given by

a» = — - ^ (2)
Pj an

and in Liquid II a,, is given by

a = - — — (3)
p2 an

The boundary conditions for Liquid I are that:

(a) The vertical acceleration of Liquid I at the tank base must equal zero, i.e.,

*5P
-II = 0, and (4)

(b) The radial acceleration of Liquid I adjacent to the tank wall must equal the acceleration

of the tank wall, i.e.,

- 1 I = x(t) cos 6 (5)
Pi dr „*



The boundary conditions for Liquid II are that:

(a) The radial acceleration along the tank wall is given by

Pi
= x(t) cos 8, and (6)

i-R

(b) At the free surface, if the surface wave effect is neglected, the hydrodynamic pressure is

zero, i.e.,

The boundary conditions at the interface of two liquids are:

(a) Continuity of hydrodynamic pressure, i.e.,

PI = PI

and

(b) Continuity of vertical accelerations, i.e.,

P2

(9)

The method of separation of variables is used to solve the differential equations (la) and

(lb). The boundary conditions [Eqs. (4), (7), (8) and (9)] are used to determine the

eigenfunctions and eigenvalues, and the boundary conditions [Eqs. (5) and (6)] are used to

determine the integration constants.

The hydrodynamic pressure at any point, (r,8,z), in the liquid field can be expressed as

P(r,9,z) =
Pj(r,e,z2,t)

= C1(r,z)p2x(t)Rcos8 (10)

where the coordinate z is defined by



z = •

Zj for 0 s z s Hj

z2 + Hj for Hj s z s H
(11)

and the function Q,(r,z) is given by

(12)

in which Ij is the modified Bessel function of the first kind and 1\ is its derivative; function An

is given by

and <j)n(z) is the nth eigenfunction defined by

for 0 s z s H,

cosS, cos X — - a sinB, sin X — \ for H, s z i Hln I " H ln 1 " H 1

(14)

and \\§n\\ is its norm. X,, is the nth eigenvalue which is the nth root of the characteristic

equation given by

cos|3ln cos(32n - a sinpln s i n ^ = 0 (15)

The notations used in the above expressions are explained as follows:

a =
Pi

Plm " \ -jj-



fc. - K 2
H

n . R

After the hydrodynamic pressure is obtained, the base shear, denoted by Q(t), is computed

from the following equation

Q(t) = J T fH P|r=R Rcos0dzd8 (16)

and the base moment, denoted by M(t), above the tank base plate is obtained by performing the

following integration

M(t) = ffa f" P|r=R Rzcos6d8dz (17)

r

This moment in combination with the beam theory is normally used to estimate the axial forces

induced in the tank wall.

The bending moment due to the pressure exerted on the tank base is denoted by AM(t)

and is given by

AM(t) = f2* f * P| i=0 r2cos6drde (18)

The base moment at the section immediately below the tank base is then given by the sum

of Eqs. (17) and (18). This moment is used in the design of the foundation.

ANALYTICAL RESULTS

The input excitation is a ten-second acceleration time history. This time history and its

Fourier transformation are plotted in Figs. 1 and 2, respectively. The maximum acceleration,

0.31 g, occurs at t=4.64 second. As can be seen from Fig. 2, this time history has a rather broad

frequency content, ranging from 0.5 to 12 cps. The maximum hydrodynamic exerted on the wall

is obtained by evaluating Eq. (10) at r=R, and the result is plotted in Fig. 3 shown by the curve

identified by the letter "a". In the same figure the solutions obtained by assuming that the tank

is filled with only one liquid are also presented for comparison. The solutions for the case of

one liquid can be obtained easily by simply taking a=l in the expressions presented above. The



curve identified by the letter "b" is the solution obtained by assuming that the tank is filled with

Liquid I, and that identified by the letter "c" is the solution for a tank filled with Liquid II. The

curve identified by the letter "d" is the solution obtained by assuming that the tank is filled with

one liquid whose mass density is a weighted average of the densities of Liquids I and II. This

weighted average density, denoted by p, is defined by

x l

Examining the information presented in Fig. 3, it becomes apparent that the solutions

obtained based on the assumption that the tank is filled with one liquid can either overestimate

or underestimate the true response; hence, they are not adequate for design of a tank system that

contains two liquids.

Since the sloshing motion in a tank is excited by the impulsive component of the

response, the increase of the impulsive pressure in a tank containing two liquids, shown in Fig.

3 by the curves labelled with the letters "a" and "c", gives the explanation for the result reported

by Tang, Ma, and Chang (1991) that the wave height in the tank filled with two liquids is

increased by a factor of two.

The base shear and moments for the tank considered herein are listed in Table 1 for the

same four cases considered in Fig. 3. Again, the data in Table 1 indicate the inadequacy of using

solutions corresponding for one liquid in design.

NUMERICAL APPROACH

The finite element code, FLUSTR-ANL (FLUid-STRucture interaction code developed

at Argonne National Laboratory), is used to perform numerical analysis for the tank-liquid

system. The finite element model for the tank is shown in Fig. 4. It consists of 660 fluid

elements, 396 for Liquid I and 264 for Liquid II. Among them 174 are thin fluid elements

placed along the tank wall and base.



NUMERICAL RESULTS

The hydrodynamic pressures at the elements near the 8=0 plane along the height are listed

in Table 2. Also listed in Table 2 are the solutions obtained by Eq. (10) at the same locations.

One can see that the solutions obtained by the two approaches are in good agreement.

EFFECT OF TANK FLEXIBILITY

The procedure proposed herein in an extension of the simple practical procedure proposed

in Veletsos (1984), Veletsos and Tang (1987) and Veletsos and Yang (1977) for a tank

containing one liquid. The procedure consists of two steps: The first step is to replace the

ground acceleration x(t) in the expressions of the rigid tank solution by a pseudoacceleration

function A(t) which is defined by

A(t) = M f' x(T)exp[-£co(t^r)]sin(w(t-c))dT (20)

in which co = the circular natural frequency of the system, t, = the associated damping in percent

of critical damping, and co = co y 1 - t,2. This function represents the instantaneous acceleration

of a single-degree-of-freedom that has a circular frequency, co, equal to that of the fundamental

frequency of the liquid-tank system, and is excited by the acceleration x(t). The second step is

the evaluation of the fundamental frequency of the liquid-tank system, co. This frequency may

• b& expressed in the form

c
co = —

H P
(21)

in which E = Young's modulus of elasticity for the material of the tank wall, p = its mass

density, and c = a dimensionless coefficient.

Comprehensive numerical data for the coefficient c for the steel tanks filled with water

have been reported, Haround and Housner (1981) and Veletsos (1984). If the value of c for the

tank filled with water is designated by cw, then the value of c for a tank filled with two liquids

may be determined from



C " N (22)

in which pw = mass density of water, p' = the mass density of an equivalent liquid that replaces

the two liquids in the tank and produces the same base shear as that in the tank with original

two-liquids.

Assuming that the wall thickness of the tank considered is 1/8 inch, the thickness to radius

ratio of the tank is computed to be 0.00625. The value of cw obtained from Veletsos (1984) is

0.0605 for a value of thickness to radius equal to 0.0005. Since c,, is approximately proportional

to the square root of the ratio of the thickness to radius ratios of two tanks, the value of cw for

thickness to radius ratio of 0.00625 is calculated to be 0.214. The value of p* can be obtained

from the data presented in Table 1, and it is found to be 211 lb/ft3. Therefore, the value of c is

computed from Eq. (22) and the result is 0.116. The fundamental frequency for the liquid-tank

system obtained from Eq. (21) is found to be 207 cps. This high fundamental frequency

indicates that the liquid-tank system considered herein can be treated as a rigid tank system, i.e.,

A(t) = x(t).

CONCLUSIONS

The hydrodynamic pressure induced in a tank containing two liquids is computed and

presented. Both analytical and numerical (FEM) methods are employed in the analysis. The

''solutions obtained by the two methods-are in good agreement. This study shows that the

hydrodynamic pressure computed based on the assumption that the tank contains only one liquid

is not adequate for a tank filled with two liquids, and the reason for the increase of wave height

in the tank containing two liquids is the increase of the impulsive pressure. The proposed simple

practical procedure for evaluating the response for flexible tanks filled with two liquids is easy

to use. Although approximate, the results are believed to be accurate enough for practical design

purposes.
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Table 1. Comparison of the Resultant Forces Obtained by Different Analysis

Base Shear, lb

Base Moment Above Mat, Ib-in.

Base Moment Below Mat, lb-in.

Analysis

(a)

436

2,656

6,317

CO
1,096

7,905

15,600

00
2S5

2,067

4,050

(d)

559

4,056

7.94S

(a) Two liquid solution
(b) One liquid solution (p = pa)

(c) One liquid solution (p = p2)

(d) One liquid solution (p = p)



Table 2. Comparison of Analytical Solution with the FEM Solution for
Pressure Exerted on Wall

Height, in.

17.125

15.25

13.25

11.125

9

7

5.125

3.25

1.25

0.125

FEM, psi

0.079

0.154

0.215

0.270

0.317

0.364

0.552

0.656

0.705

0.707

Analytical, psi

0.066

0.156

0.227

0.2S7

0.332

0.36S

0.546

0.676

0.739

0.750
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Fig. 1. System Considered
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(a)

(b)

PRESSURE, psl

(a) Two-Liquids Solution

(b) One-Liquid Solution (P=P 1)

(c) One-Liquid Solution (P=P 2)

(d) One-Liquid Solution (P=P)

Fig. 3. Hydrodynamic Pressure Exerted on Tank Wall



Fig. 4 . FEM Model
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