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Abstract. Some cosmological implications of the recently proposed fourth-rank

theory of gravitation are studied. The model exhibits the possibility of

being free from the horizon and flatness problems at the price of introducing

a negative pressure. The field equations we obtain are compatible with k =0
obs

and U <0.18 for our present day universe; they imply -p/p<0.055 which

corresponds to an almost pressureless perfect fluid. Furthermore, there is no

horizon problem for t>t ~102°t «10~23s. When interpreted at the light
c1 as Planck

of General Relativity the treatment is shown to be almost equivalent to that

of the standard model of cosmology combined with the inflationary scenario.

Hence, an interpretation of the negative pressure hypothesis is provided.
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1. Introduction

Recently [1] we have explored the consequences of considering that the

metric properties of our universe are described by a quartic line element.

The natural object characterising this geometry is a fourth-rank metric,
i.e., a four times indexed tensor G . W e developed a field theory for the

gravitational field based on this geometry. Such theory was shown to exhibit

three important energy regimes. There is a low-energy regime characterised by

the absence of matter and in this case the fourth-rank metric G turns out
(JVAp

to be separable in terms of the usual second-rank metric, G ^ =g g,
jJLVAf} (£1V A p )Furthermore, the field equations coincide with the Einstein field equations

in vacuum. Next is the medium-energy regime in which the geometry is still

Riemannian, G =g ĝ  , but there is matter in the game. In this case

gravity couples, as compared with General Relativity, in a different way to

matter. There is finally a high-energy regime in which the geometry is truly

fourth-rank and there is matter.

In our previous work [1] we advanced some results on the application of

fourth-rank gravity to cosmology. We obtained no conflict with the observed

values of the cosmological parameters. In fact, for k=0, as required for

flatness, the energy density parameter is given by n=-4p/p, i.e., for non-

relativistic matter, p~0, Q is, as observed, less than unity. The purpose of

this work is to develop more in detail fourth-rank cosmology.

The astronomical observations indicate that our universe is isotropic.

This observation combined with the Cosmological Principle lead to the use of

Friedman-Robertson-Walker (FRW) metrics. This geometry is characterised by a

function a(t) which is roughly the radius of the universe and a parameter k

taking the values +1, 0, or -1, for a closed, a spatially flat or an open

universe, respectively. On the other hand this geometry can be parametrised

in terms of the cosmological parameters H, the Hubble constant, and q, the

deacceleration parameter. These functions are important because they are

observable.

Further observations show that the universe has evolved from a highly

dense phase to a present day diluted universe. At large scales matter can be

described as a perfect fluid, characterised by the energy density p and the

pressure P- Associated to the FRW geometry there is a critical energy density

p which sets the scale of energy densities. This allows to define the energy
c

density parameter Q which is also an observable.

The values of the cosmological parameters H, q, and Q, are quite

difficult to determine with accuracy. In fact, the reported values have very



big dispersions. In our work we are going to use the more conservative values

reported in [2]. Most relevant for our later applications is the energy

density parameter for which the reported value is Q wO.1-0.3.
obs

Further observations show that to a very big extent our space is quite

flat. Therefore, the parameter k characterising the FRW geometries must be

zero, k =0. The last important observation is the fact that the universe is
obs

quite isotropic and homogeneous. This is an indication that matter was in

causal contact in the very remote past. This condition roughly translates

into r >a, where r is the horizon radius.
H H

The task of the physicist is to develop a gravitational theory fitting

the previous observations. The first candidate we have is General Relativity.

When General Relativity is applied to cosmology one obtains field

equations which are in conflict with the observed values of the cosmological

constants. The most relevant equation is
n = i + ^ . (i.i)

a

It is clear that the reported values for £2 and k do not fit into this
obs obs

equation. If one insists in keeping k =0 one has Q =1. This is the
obs pred

missing mass problem. In this case when the standard model of cosmology is

applied to the early universe one finds r <a, therefore causality is
H

violated. In order to solve this problem one considers inflation [3, 4, 5].

However, inflationary cosmology is sound only if later observations show that

a w =1.
obs

Therefore, from a cosmological point of view our conclusion is that

General Relativity is an incomplete theory. In fact, it describes well, to a

very high accuracy, the effects of the gravitational field alone: the shift

of the perihelion of inner planets, the bending of light on strong

gravitational fields, etc., however it fails to describe the coupling of the

gravitational field to matter, for example, the standard model of cosmology.

We must look therefore for an improved theory for the gravitational

field coinciding with General Relativity in the vacuum case and with a

different way of coupling the gravitational field to matter. The theory of

fourth-rank gravity we have developed previously satisfies these

requirements.

When fourth-rank gravity is applied to cosmology we obtain field

equations in which the gravitational field couples, as compared to General

Relativity, in a different way to cosmic matter. For positive pressure neither

the flatness nor the causality problems find a satisfactory solution. On the

ill



other hand, under the controversial hypothesis of negative pressure we obtain

Q = " 4 1 + 1 ± - (1.2)

It is clear that this equation is compatible with k =0 and a non-
obs

relativistic behaviour of cosmic matter with the proviso, as mentioned above,

that pressure be negative.

When the field equations are applied to the early universe we find that

causality is not violated for an age of the universe larger than
20 — 23

t "10 t ~10 s. Before this classical time quantum gravity effects
clas Planck

dominate and the very concept of causality is lost.

Our field equations can be reinterpreted at the light of General

Relativity. In fact, they can be rewritten as Einstein field equations

coupled to a perfect fluid with an extra contribution which behaves as a

cosmological constant.

One must finally provide an interpretation of the negative pressure

assumption. The concept of negative pressure is not new in cosmology. In fact,

when used in inflationary cosmology it provides a solution to several current

problems. In spite of this one needs an interpretation of negative pressure

based on more phenomenological grounds. Intuitively, this can be viewed as a

force opposing the spontaneous expansion of the universe, ?.nd can be

interpreted as a friction effect.

Our terminology concerning the evolution of the universe is as follows.

We consider the very early universe to be the regime in which quantum gravity

effects dominate; the early universe is therefore that for t>t in which a
c 1 as

classical treatment is sufficient; the present universe is that in which

matter is almost pressureless.

The paper is organised as follows. In section 2 we consider the

fundamentals of General Relativity and fourth-rank gravity. Section 3 is

dedicated to cosmography where we collect the model-independent observational

results concerning our universe.. In section 4 we discuss the standard model

of cosmology. Section 5 is dedicated to fourth-rank cosmology and contains

our main results. In section 6 we provide an interpretation of our model in

the language of General Relativity and inflationary cosmology. Section 7

contains the conclusions.



2. General Relativity and Fourth-Rank Gravity

In this introductory section we write down the formulae which will be

useful in the applications to cosmology. For comparison reasons we consider

both the standard theory of gravity, i.e., General Relativity, and the theory

of fourth-rank gravity.

2.1. General Relativity

Here we collect the fundamental results of General Relativity necessary

for our later analysis. More complete results can be found in the standard

texts on General Relativity [6, 7].

General Relativity is closely related to Riemannian geometry where the

line element is given by

ds2 = g dx^ dx" . (2.1)

From the metric g one can construct a metric connection, the Christoffel

symbol of the second kind, the Riemann curvature tensor, the Ricci tensor and

the scalar curvature.

General Relativity takes as its starting point the Einstein-Hilbert

Lagrangian density

2 (g) = K R(g) (- g ) 1 / 2 , (2.2)

where K =1/8ITG is the Einstein gravitational constant; G is the Newton

gravitational constant. One must furthermore consider the contributions of

matter

£ = £ + £ . (2.3)
EH matter

Variation of the Lagrangian with respect to the metric gives Einstein field

equations

*E
 [ V g ) - 2- R(«> V = V • a 4 )

where

, 5£
T = - — m a t t e r , (2.5)

is the energy-momentum tensor of matter.

Einstein's field equations can be rewritten in the Landau form

K R (g) = S , (2.6)
E [If S l±V

%:& ; ; ; ; . ! ,.



where
l

— *• ~Zy L g , \C*. if

with

T = g^V T ^ , (2.8)

is the reduced energy-momentum tensor, which is usually interpreted as the

source of space-time curvature.

2.2. Fourth-Rank Gravity

Here we collect the main results on fourth-rank gravity. A more detailed

account can be found in our previous work [1].

Fourth-rank gravity is based on fourth-rank geometry in which the line

element is given by

ds4 = G....% . dx^ dxV dx dxP , (2.9)

where G ^ is the completely symmetric fourth-rank "metric tensor". In this

case there is not a metric connection and therefore the Riemann and the Ricci

tensors are constructed in terms of an independent affine connection F of

space-time.

A Riemannian behaviour is obtained for separable metrics

( 2 1 0 )

In fact, in this case the line element (2.9) factorises and one is back to

the Riemannian case.

Fourth-rank gravity is based on the Lagrangian density

£ (G, D = K <R2>1/2(G, n G1 / 4 , (2.11)
grav E

where

<R2>{G, D = GM"Ap R (F) R_ (D , (2.12)

and R (F) is the Ricci tensor associated to the independent connection F

is the contravariant metric tensor satisfying

^ . (2.13)

v

For the exact definition of G=det(G ^ ) and G ^ ^ , cf. [1].

The full Lagrangian must consider also the contributions of matter and

is therefore given by



£ = £ + £ , . . (2.14)
gr a v mat ter

Variation with respect to the connection gives

5£ S£ 82
\ t t e r = 0 . (2.15)

where

gray _ 6 . » , .

^ 5̂  r^ - 5̂  ^ - s» r \ J c1/4

a 3 A<r /3 Aa a Ap

p A p a Z p A a A

with

^ = < R 2 > " 1 / 2 G a ^ 5 R y 5 , (2.17)

(for simplici ty, we have omit ted K ) . In all known cases of physical in t e res t

the m a t t e r Lagrangian does not depend on the aff ine connection [7], Therefore

the second t e rm in (2.15) vanishes and the solution is

r A = J A L(y) 1 / P (3 y + Q y - Q y ) (2.18)

i.e., the connection is the Christoffel symbol of the second kind for the

tensor y satisfying y y =5^; for this to be the case we have assumed that
IXV W V

iXV
y is regular. We can therefore write

v n = v (y) • (2-i9)

Furthermore

<R2>1 / 2
( n = <R2>"1/2 G»vXp R (D R. (D = f» R W = R(y) , (2.20)

Variation with respect to G
f

" -L ^ J = ' (2'21)
gives

4 K <R2>~1/2 [R R̂  - I <R2> G . ] = T . . (2.22)

where

-1/4- matter

\xv\p dCii v\p

is the fourth-rank analogous of the energy-momentum tensor.





More information can be obtained from eq. (2.22) by observing that the

energy-momentum tensor must decompose in one part proportional to the metric

and one part which is a separable tensor. In order to accommodate all the

symmetries it is worthwhile to write

T = I < f V 1 / 2 [f f, - i- <T2> G , ] , (2.24)
\ivXp 2 <fiL> Xp) 2 juiAp

where

<¥2> = G^P f 7 . (2.25)
\±v Xp

In this case the field equations reduce to the simple form

K R (?) = f , (2.26)
E HI; \xv

with the further relation

K
 2 R2(y) = K E

2 <R2> = <f2> = f2(y) , (2.27)

where f(y)=y^f (y). One would be tempted to replace f by the reduced

energy-momentum tensor S defined in (2.7). However, that tensor involves a

metric g , an object which is, in principle, absent in fourth-rank geometry.

The field equations (2.22) exhibit three energy regimes. The first one

is the low-energy regime in which there is no matter and therefore the

geometry is Riemannian, G =g g The second one is a medium-energy
\XV\p (\3Af Xp )

regime in which there is matter but the geometry is still Riemannian, i.e.,

the metric is separable. This possibility is not excluded as a closer

analysis of eq. (2.22) reveals. Lastly, we have the true high-energy regime

in which there is matter and the geometry is truly fourth-rank.

In the medium-energy regime the metrics G „ and g are related by
\wXp sjuv(2.10). In this case it is therefore reasonable to replace T with that

defined in (2.7). However, the field equations (2.26) are not Einstein field

equations since the Ricci tensor appearing there is for the tensor y and

not for the metric g

The large scale geometrical structure of our universe seems to be well

described by Riemannian geometry, and since matter is involved in the game,

its description belongs to the previously mentioned medium-energy regime. We

explore this possibility in section 5.



3. Cosmography

In this section we collect the observational results concerning the

structure of the universe and its evolution. Further details can be found in

[2, 3, 4, 6, 8].

The observed isotropy of the universe combined with the Cosmological

Principle, the assumption that all positions are equivalent, gives as the

only possible Riemannian geometry for the universe a Friedman-Robertson-

Walker (FRW) geometry. FRW spaces are characterised by the cosmic radius a(t)

and by the constant k=l,O,-l, corresponding to a closed, spatially flat, and

open universe, respectively. The curvature properties of a FRW geometry can

be rewritten in terms of the cosmological parameters H, the Hubble constant,

and q, the deacceleration parameter, which can, in principle, be determined

from the observed distance versus redshift Hubble diagram [2, 6, 8].

Observation shows that the universe was very dense, i.e., matter was

ultrarelativistic, in the past, and that it has evolved to the present

non-relativistic regime. Based on these observations one can consider cosmic

matter as a relativistic or non-relativistic perfect fluid depending on the

age of the universe. The perfect fluid is characterised by p, the energy

density, and p, the pressure, which are related by the state equation of

matter. At the early stages of its evolution the universe was dominated by

radiation, in this case p/p=l/3. At the present time, in the average, cosmic

matter can be described by a non-relativistic perfect fluid for which p«0.

In the framework of the FRW geometry one can introduce a critical

density parameter p which sets the scale of energy densities. One can then

introduce the cosmic density parameter Sl=p/p .
c

The parameters H, q and fi are observable and any proposed cosmological

theory must be confronted with these observed values.

Observation shows isotropy at large scales. In order to exhibit this

behaviour the different regions of the universe had to be in causal contact

from the beginning. Observation shows furthermore that our universe is almost

spatially flat, k=0, i.e., its geometry is almost Euclidean.

Any proposed cosmological model must agree with the previously described

observational results.

3.1. Isotropy, the Cosmological Principle and FRW Spaces

The observation shows that the universe is quite isotropic. This fact



combined with the Cosmological Principle, the hypothesis that all positions

in the universe are equivalent, gives as the only possible Riemannian

geometry a FRW metric. In this case the line element is

dsZ = dt2 - aZ(t) 6t2 , (3.1)

where

At2 = (1 - k r 2 ) ' 1 dr2 + r2 dfl2 , (3.2a)

d£22 = de2 + sin2e dy2 . (3.2b)

In the previous a(t) is the cosmic scale factor and dlZ is the line element

of a maximally symmetric three-dimensional space-like section. The radial

coordinate r is written in units such that the constant k takes the values 1,

0 or -1. The parameter k characterises the geometry of the space-like

sections of the universe. For k=l the universe is closed; for k=0 it is flat;

for k=-l it is open.

The Ricci tensor is given by

V =" h ta s"(k + ;2)1 \ ^ - hIa*+ 2 (k + *2]] v • (3'3)
where u =5 . Hence, the scalar curvature is

R = - ^ [ a a + ( k + a2)] . (3.4)
a

These quantities can be parametrised in terms of the cosmological parameters

H = J , (3.5a)
a.

which is the Hubble "constant", and which is a true constant only for a de

Sitter space; and

q = " ?| = " 1 " \ • (3.5b)
a H

which is the deacceleration parameter. The importance of this parametrisation

resides in the fact that H and q can be determined from the observed Hubble

diagram.

3.2. The Matter Content of the Universe. The Perfect Fluid

The observation shows that the universe was dominated by very dense and

hot matter in the remote past. Today matter seems to be, almost pressureless.

10
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In both cases matter is well described by a perfect fluid, which is

relativistic in the former case and non-relativistic in the later case.

A perfect fluid is characterised by the energy-momentum tensor

V = cp + p) UM " v " p V • (3-6)

where p and p are the energy density and pressure of cosmic matter. The

reduced energy-momentum tensor, defined in (2.7), is

V = (p + p) UM u* ~ i (p •p) V • (3-7)

In order to relate the energy density p and the pressure p one needs a

state equation. Two well understood regimes are the ultra-relativistic

regime, radiation dominated, in which y=p/p=l/3, and the non-relativistic

regime, "dust" matter dominated, in which y~0. The coupling of gravity to

matter needs the Einstein gravitational constant K . Combining this with the

FRW geometry we obtain the critical density

p = 3 K H2 = 1.96 x 10"29 h2 g/cm3 , (3.8)
C C.

where

^ 3 9 )lOOkm/sec/Mpc '

This leads to the introduction of the cosmic energy density parameter

o.io)

in such a way that p sets the scale of energy densities.
C

3.3. Observed Values of the Cosmological Parameters

The situation with the observed values of the cosmological parameters is

not a happy one. In fact, due to several practical difficulties, they are

quite inaccurate. In some cases this inaccuracy does not allow to

discriminate the validity of different cosmological models.

It must be emphasized that for our purposes we need values of the

cosmological parameters determined in a model independent way. The Hubble

diagram must at the same time provide the Hubble constant, H, and the

deacceleration parameter, q. However, the Hubble diagram shows a big

dispersion for big values of H such that no relaible value for q exists

today. The energy density is determined from the cosmic virial theorem and

the infall to the Virgo cluster [2, 6].

There exists a wide range of reported values for the cosmological

11



parameters [2, 3, 8] depending on both the nature of the performed

observation and the interpretation of the observed data. We use the values

reported in [2]

h = 0.5 - 1.0 , (3.11a)
obs

with preferred values closer to 0.5 and to 1.0. The determination of q from

deviations from the linear Hubble law is almost imposible with the present

day accuracy of the existing observations. For the energy density ratio we

have

0 = 0.1 - 0.3 . (3.11b)
obs

3.4. Flatness and Causality

Further observations show that our present day universe is almost flat,

i.e., its geometry is almost Euclidean; this means that

k = 0 . (3.12)

obs

The other observation concerns the observed isotropy of the universe

over large regions of space; this means that all regions were causally

connected in the past. For this to be the case one should have
r > a , (3.13)

H

where r is the horizon radius which sets the size of the region in which
H

causal contact can be achieved.

For a FRW space the horizon radius is

which is the maximum distance that light signals can travel during the age t

of the universe.

4. The Standard Model of Cosmology

The standard model of cosmology is based on the Einstein field

equations. They provide the coupling of gravity, or geometry, given by a FRW

metric, to matter, described by a perfect fluid.

The Einstein-Friedman equations are equivalent to

12



p = 3 K — (k + a2) > O , (4.1a)
a

P = - K — [2 a a + (k + a2)] . (4.1b)

a

In terms of the cosmological parameters these two equations can be rewritten

as

Q = 1 + iL , (4.2a)
a

q = \ (1 + 3 y) Q . (4.2b)

In order to verify the validity of the previous equations we will

consider them for the present and early universe.

4.1. The Present Universe

The observed values of fi and k, (3.11), do not fit into eq. (4.2a).

There exist two possibilities in front to this impasse. The first one

consists into assuming *k =0, Q =1. This is preferred by some authors by
obs pred

"aesthetic or philosophical reasons" {2]. This takes us *o the "missing mass"

problem.

The second possibility is to accept £3 <1, then one should have

k =-1, as deduced from (4.2a), which corresponds to an open universe. If
pred

the non-relativistic regime has lasted for quite a long time then we can

integrate the field equations (4.1b) to
a (k + a2) = a > 0 , (4.3)

where a is an integration constant. Since we assume k=-l, it is not possible

to have a=0, i.e., there is no maximum and the universe will expand forever.

A further integration gives

t = X * (a2 + a a ) 1 / 2 - | ln[2 (a2 + a a ) 1 / 2 + 2 a + a] , (4.4)

where A is a further integration constant. For very large a

t * a , <4-5)

such that

a « 1 . (4.6)

Then fi goes to the value

13



«„ * 0 . (4.7)

Hence, it is clear that the observed cosmological data do not fit into

the field equations and that even under strong assumptions on the observed

values of the cosmological parameters the situation cannot be much improved.

4.2. The Early Universe

At early times matter is described by the state equation y=l/3. In this

case the Einstein field equations reduce to

a a + (k + a2) = 0 . (4.8)

Independently of k the solution, for small t, goes like

a ~ t 1 / 2 , (4.9)

such that

r = 2 t . (4.10)

It is then clear that for early times r <a, and therefore causality is lost.
H

4.3. Comments

Since £i <1 one should expect an open universe with k =-1. However
obs pred

the large scale structure of the universe tells us that k is rather close to

zero so that £2 must be close to unity; but this is more or less excluded by

the cosmological data [2]. This ambiguous situation is one of the most

serious puzzles of the standard model of cosmology known as the flatness

problem.

One can easily conceive the local isotropy of the universe however the

global isotropy remains inconceivable since, in the standard model of

cosmology, regions separated by distances exceeding the light horizon, i.e.

causally disconnected regions in the universe, cannot be correlated with each

other. Researchers dealing with the microwave background radiation show that

10 years after its birth the universe was isotropic at a scale by far

larger than the size of causal contact r [2, 3, 8]. This violates for sure
H

the causality principle and this is another ambiguous puzzle of the standard

model, the so called horizon or causality problem.

The previous inconsistencies can be removed if either the true value of



the Hubble constant H is less than that implied by the present
o b s

observations or if the true value of the energy density parameter £2 is
obs

greater than the observed one. The former possibility is related to the

incompleteness of the hot big bang theory while the latter asks for more

accurate measurements. The inflationary universe scenario deals with the

first scheme; cf. [3, 4, 5] for a detailed account on inflationary cosmology

and further references.

5. Fourth-Rank Cosmology

The large scale geometry of the universe seems to be Riemannian.

Furthermore there is matter present. Therefore, in the context of fourth-rank

gravity, the description of the cosmic properties of the universe belongs to

the previously mentioned medium-energy regime of our model. Therefore the

metric G , will be separable in terms of a metric g which we assume to be

the FRW metric. Matter is described by a perfect fluid; therefore we use the

same energy-momentum tensor appearing in [3.7).

When fourth-rank gravity is applied to cosmology one should deal with

the equations analogous to the Einstein-Friedman equations of standard

cosmology. In fourth-rank gravity however matter enters the field equations

in a non-linear way. An essential difference with respect to general

relativity is the fact that the equations determining the evolution of the

universe involve not only the energy density and the pressure but also their

time derivatives. Therefore in order to correctly deal with these equations

one should provide a time dependent state equation. However, the two extreme

situations we are interested in, viz. the ultrareiativistic and the non-

relativistic regimes, had lasted for such a long time that we can confidently

work under the assumption of a time independent state equation.

The generalised Friedman equations exhibit a radically different

behaviour depending on the sign of the pressure. For positive pressure the

model predicts a closed universe, k=l, with a~t for early times. In this

case the flatness and horizon problems do not find any solution.

On the other hand for negative pressure the situation is by far improved.

In fact the generalised Friedman equations are compatible with the observed

values of fi and k, so that the flatness problem can be overcome. For early

times the radius of the universe grows linearly while the horizon radius

grows faster for a time bigger than t ~102°t s»10~ s. At earlier
& c I as PI anclt
times quantum gravity effects become important and our classical approach

15



breaks down such that there is no violation of causality.

Since our model can find solution for both the flatness and horizon

problems it appears that this treatment contains in a natural way the basic

ingredients of both the standard model of cosmology and inflation. In the

language of inflationary cosmology we can therefore reinterpret our

assumption of negative pressure as related to the presence at early times of a

cosmological constant.

5.1. Preliminaries

The field equations are

K R (f) = (p + p) u u - ^ (p - p) g .

From here one directly obtains

- ( p 2 - 2 p P + 5 p 2 ) 1 / 2 . (5.2)
V2

On the other hand we have

f _ _ G R^ = _ 1 _ [(p

The inverse of (5.3) is given by

p ) UM J _ ( p _ 2 p )

= C g - D u u , (5

where

3 (l-2y+5y2)1/2

C * - -TT^y l ' (5.5a)

D - - ! (
S2 y(l-2y) •

Further useful quantities are

j = D - C = — I (1 - 2 y + 5 y 2 ) 1 / 2 , (5.6)
Vz y

(1 + 3 y) C - 3 (1 - y) J = - 3 ( | ~ ^ J J . (5.7)

There is a global ± sign in (5.2M5.4) which we have fixed at will since the

final result is independent of this choice. The forthcoming analysis depends

on the sign of p.

16



5.2. Positive Presure

The first step is to calculate the Ricci tensor for the metric y . Let

us start by writing the corresponding line element

ds2 = J dt2 + C a2 dt2 . (5.8)

Now we introduce the new time coordinate

dx = J 1 / 2 dt . (5.9)

Then the line element is written as

ds2 = dx2 + A2 d£2 , (5.10)

with

A = [C1 / 2 a](x) . (.5.11)

The previous is nothing else but a FRW line element with Euclidean signature;

we

by

we can therefore use eqs. (3.3) with a%-A2. The Ricci tensor is then given

R (y) = - — [A A" - (- k + A'2)] 5° 6°
HV 2 (1 V

A.

- i _ [A A" + 2 (- k + A'2)] a- , (5.12)
A

where primes denote derivatives with respect to x. The previous is written in

terms of the system of coordinates involving T; in terms of the t coordinate

we get just an extra J factor in the first term

R (y) = - H [A A" - (- k + A'2)] u u
\IV 2 fl VA

- ^ [A A" + 2 (- k + A'2)] y v, (5.13)
A

Comparison with the Ricci tensor obtained from the field equations, eq.

(5.1), gives

- 3 K } ^ = ^ (I + 3 y) p , (5.14a)

- K — [A A" + 2 (- k + A'2)] = i (1 - y) p . (5.14b)
E A 2 d

These field equations can be rewritten as
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- 3 (*~^~y } J A A" + 2 (1 + 3 y) C (- k + A'2) - 0 , (5.15b)

where we have used (5.7). The field equations written in this form are of

practical use since the first one allows to determine the value of k when

evaluated at the present time. The second one allows to determine the

evolution of the early universe.

The previous field equations can be easily solved when y behaves like a

constant.

5.2.1. Constant y

In the two physical regimes in which we are interested y behaves like a

constant. The relevant equations in this case are obtained with the simple

replacements

i /?
A -» C a , (5.16a)

()' •» J" 1 / Z () ' . (5.16b)

In this case eq. (5.14a) is rewritten like

- 3 K | = i (1 + 3 y) p , (5.17)

Equations (5.15) reduce to

- p , (5.18a)

- 3 ( | ~^~y ] a a + 2 (1 + 3 y) (- k + j a2) = 0 . (5.18b)

Equations (5.17) and (5.18a) can be rewritten in terms of the cosmological

parameters as

q = j (1 + 3 y] II , (5.19)

7
EL

respectively. Let us observe that eq. (5.19) is the same we obtain in General

Relativity, viz., (4.2b).
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5.2.2. The Present Universe

When y^O, at first order in y, we obtain

j = 3 y , (5.21)

therefore, from (5.20) we obtain

— = 3 v + - f l > 0 . (5.22)
•2 J 4

a

The observed values of k and Q do not fit in this equation. It is clear that

k=0 is not acceptable and we will have k =1. Now we can set y to zero and
pred

then £2 is given by

Q = ± -L (5.23)
3 -2 '

a

Equation (5.18b) simplifies to
3 a a + 2 = 0 . (5.24)

The first integral is

a2 + ̂  ln(a) = <x > 0 , (5.25)

where a is an integration constant. From (5.24) one deduces that a<0,

therefore, as can be understood from k =1, there will be a maximum radius
pred

a ; this allows to rewrite eq.(5.25) as
m a x

a 2 + % ln(a) = ~ ln(a ) . (5.26)
3 J max

Then

Q = * . (5.27)
ln(a /a)max

Therefore when approaching the maximum radius the energy density becomes

infinite. Hence, at very late times the universe will be as dense as it was

at very early times. This, of course, contradicts the cosmological data and

no solution of the flatness problem is provided.

5.2.3. The Early Universe

In this case y=l/3 and the quantities in (5.5) are given by

£ = 3 (5.28)
J

Then, equations (5.18) reduce to
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K (- k + 3 a2) = - ^ P a2 < 0 , (5.29a)

a a - k + 3 a 2 = 0 . (5.29b)

The first integral of (5.29b) is given by

a6 (- k + 3 a2) - a < 0 , (5.30)

where a is an integration constant.

For small a the solution is

even worst than in General Relativity.

1/4
For small a the solution is a~t . Therefore the horizon problem is

5.3. Negative Presure

As announced our model can be improved if we consider negative pressure.

The first step is to calculate the Ricci tensor for the metric y . Let

us observe that now y<0, J<0, therefore we redefine them as y->-y, J-»-J, in

order to deal with positive quantities. In this case the line element is

ds2 = J dt2 - C a2 dl2 . (5.31)

As before we introduce a new time coordinate

dr = J 1 / Z dt , (5.32)

and the line element is rewritten as

ds2 = dr2 - A2 dl2 , (5.33)

with

A = [C1 /2 a](r) . (5.34)

The previous is nothing more than a FRW line element, we can therefore use

eq. (3.3). The Ricci tensor is then given by

R (y) = - — [A A" - (k + A'2)] 5° S° - — [A A" + 2 (k + A'2)] y .
U-v A 2 M v A 2 V

(5.35)
The previous is written in terms of the T coordinate; in terms of the t

coordinate we get just an extra J factor in the first term

R (*) = - " fA A" - (k + A'2)] u uv - -L [A A" + 2 (k + A'2)] y .
A A

(5.36)
Comparison with the Ricci tensor obtained from the field equations, eq.

(5.1), gives
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- 3 K J ^ = i ( l - 3 y ) p , (5.37a)

K — [A A" + 2 (k + A'2)] = i (1 + y) p . (5.37b)
E A2 <;

These field equations can be rewritten as

6 KE C -L (k + A'2) = % <{^gf> p , (5.38a)
A

[ J J A A" + 2 (1 - 3 y) C (k + A'Z) = O . (5.38b)

As in the previous case we concentrate in the constant y regime, which

is of use for our discussion.

5.3.1. Constant y

The relevant equations are obtained with the simple replacements given

by eqs. (5.16). In this case equations (5.38) reduce to

]
 a a + 2 (1 - 3 y) (k + ^ a2) = 0 . (5.39a)

Equation (5.39a) can be rewritten in terms of the cosmological parameters

15 <^* 7» • I n ^ r 1 ° •
Next we consider the present and early universe cases.

5.3.2. The Present Universe

In the negative pressure case eq. (5.40) is compatible with k =0, which
obs

then reduces to

n = 4 y
 2 . (5.4D

l+4y-y

The previous equation provides a state equation for matter. In fact this

equation can be inverted to
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y = I | / 4 (1 -Q)Z + Q2 _ 2 (1 - £2)1 . (5.42)

For the reported values Q ~0.1-0.3 we obtain

obs

y * 0.028 - 0.10 . (5.43)

The lower bound corresponds approximately to non-relativistic cosmic matter,

which is in agreement with present observations. The upper bound is to high

to describe non-relativistic matter. However, Borner [2] also reports a more

conservative upper bound fis0.18, which seems to be quite a safe estimate. In

this case y is bounded by y~0.055, which is a better upper bound for non-

relativistic matter.

The previous numerical results are indicative of the fact that fourth-

rank gravity is in better observational agreement than General Relativity.

For the quantities in (5.5) we obtain

j = 3 y . (5.44)

Therefore eq. (5.39b) simplifies to

a * 0 , (5.45)

and has the approximate solution

a = a t + 0 , (5.46)

where a and /3 are integration constants.

5.3.3. The Early Universe

In the early universe one has y=l/3. One can then inmediately read from

(5.39b) that

a = 0 . (5.47)

The solution is therefore

a = a (1 + v t / a ) , (5.48)
o o

where a is the radius of the universe at t=0. In fact it is reasonable to
o

keep a finite since at t=0 matter cannot be compressed beyond the Planck

density, v can be thought of as the initial velocity of expansion of the

universe.

The horizon radius is given by

r = a - (1 + v t / a ) ln(l + v t / a ) , (5.49)
H o v o o
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where, for later convenience, we have explicitly written c, the speed of

light.

In order to not violate causality one must have r >a. This condition
H

reads

lnU + c t /a 0) > /3 , (5.50)

o

where f?=v/c. For very early times this inequality does not hold. This is not

a problem since at those times quantum gravity effects dominate and one

cannot talk about causality in the framework of the present model. The time

at which the previous inequality starts to hold is to be determined from

ln(l + — t |S) = f3 . (5.51)
a c 1 as

0

Let us rewrite the previous equation as

eP = 1 + a 0 , (5.52)

where

a = — t - (5.53)
ao c l a s

In order for equation (5.52) to have a non-trivial solution for /3, i.e.,

greater than zero, one should have cc>l. This means

t > ̂  . (5.54)
c l a s C

This is the time at which quantum gravity effects cease to be important and

the present classical model emerges. Then causality is respected from the

very beginning of the validity of fourth-rank cosmology. The value of t
C 1 AS

is estimated to be

t ~ 1020 t ~ 1O~23 s . (5.55)
c l a s PIanck

Our estimation of t is as follows. The mass of the universe is assumed to
c l a s

be a conserved quantity. At t=0 we assume that mass was compressed at Planck

density. This allows to determine a to be

[ M T1/3

„ U n i v l L . (5.56)
M Planck

P 1 anckJ

We have estimated the mass of the universe to be

M « 1060 M . (5.57)
Unlv Planck

Our estimate contains an error of one or two orders of magnitude which is not

relevant to our analysis.
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6. Fourth-Rank Cosmology at the Ligth of General Relativity

We have seen that, under the hypothesis p<0, the previous model is able

to solve the flatness and horizon problems. The two previous problems are

usually approached through General Relativity plus some inflationary

mechanism. In order to emphasize more this point of view we will try to

reinterpret our field equations at the light of General Relativity.

The Ricci tensor for the tensor y can be decomposed as

V r ) = V g ) + V • C6-1}
The extra term Q can be brought to the right-hand side of the field

equations and be absorbed in the energy-momentum tensor.

This allows to interpret the extra term as the effect of a field driving

inflation. This is due to the fact that fourth-rank gravity, with p<0,

behaves, at least in what concerns the horizon and flatness problem, like

General Relativity plus inflation.

For the Ricci tensor we have

v l r ) = • ^ [ A A" • ( k + A>2)1 \ u v ~ -^[A A"+ 2 (k + A>2)] v

- [- (2 J + D) £ - + — (k + A" )] u uA A 2 fi v

- ~ [A A" + 2 Ck + A'2)] g . (6.2)
A

In the almost constant y regime the Ricci tensor reduces to

R (y) = [- C2 + ^) - + — (k + ^ a2)] u u
3.

- L [C a s + 2 ( k + c -2 , , g ^ ( 6 3 )

We can now easily evaluate Q which is given by the simple expression

v = 7 <!+ 2 4 «v - \ v - U ! ^
a

The trace is given by

• 3 vk (i + 2 ^ • (6-5)

3.

Then we can define

, ^ . « - — / J W . » -*t. ••**' • - . -



« • 2
Q = Q - I Q g = - JlZ- ( i + 2 —) lu U + ^ g ] . (6.6)
>i> ^nv 2 v s\iv l+2y a 2 fi v 2 6fn>

3.

The tensors R (g), T and Q are all of the same order at any epoch

of the evolution of the universe. Therefore, even when they decrease with

increasing time, the term Q will persist and no recover of the standard

model is possible.

The previous result can be interpreted at the light of inflationary

cosmology. The contribution of Q to the energy-momentum tensor can be seen

as a vacuum potential energy in the early universe. This, in fact, is one of

the most relevant features of inflation.

7. Conclusions

In this paper we focused our attention on some of the cosmological

aspects of fourth-rank gravity. Our main result consists into the fact that

in the medium-energy regime fourth-rank gravity combined with the

cosmological principle, i.e. the FRW geometry, can provide us with a good

description of both, the early and the present day universe, a description at

least free from the horizon and flatnes problems. These two among other

problems of the standard hot big-bang model have puzzled physicists for many

years. A satisfactory solution to these puzzles is contained in the clever

idea of inflation. We expect the model proposed here to be an alternative to

the solution of the previous difficulties with the standard model of

cosmology.

It is worthwhile to note here that our results can be reinterpreted at

the light of the general theory of relativity in the following sense. It

appears that the success of our treatment in overcoming both the horizon and

flatness problems is conditioned by the assumption of a negative pressure.

Negative pressures of a perfect fluid, to which cosmic matter can be

approached, are known to be related to the presence, in the early universe,

of a cosmological constant which in turn is related to the dominance of

matter or equivalently to a de Sitter phase at a given epoch of the evolution

of our universe. Here is the basic idea of inflation. In this sense one can

say that the present model is almost equivalent to the inflationary universe

scenario that lies closely on General Relativity. Another proof on what

preceeds can be found in the positive pressure case. There, radiation

dominates the cosmic constituents at every time in the early universe and, as
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it is the situation in General Relativity without inflation, neither the

horizon nor the flatness problems do find any solution.

Other problems of the standard model are partially, if not totally,

overcome in the framework of inflationary cosmology and had not been

considered in this paper. The reason for this lack is that most of these

problems rised when applying particle physics to cosmology; this is the case

of the primordial monopoles, domain walls, gravitinos and strings. Therefore,

in order to consider these problems in the context of fourth-rank cosmology

one has first to look for a self-consistent field theory in such "curved

space-times" used in fourth-rank gravity.

Another interesting problem which we have not considered here is the

cosmological constant problem. However, in order to be considered

consistently one should study fourth-rank gravity in the high-energy regime,

i.e., one should construct and "extended quantum cosmology".

Finally, we should emphasize the question concerning the analogous in

fourth-rank gravity of the equivalence principle. Since in the low- and

medium-energy regimes the geometry of this model reduces somehow to the

Riemannian geometry, one can claim that there is an answer.

We hope further investigation will follow and give satisfactory

improvements on the presently existing approaches.
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