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Polarized Wiggler for NSLS X-ray Ring
Design Consideration*

A. Friedman, S. Krinsky and E. Blum

National Synchrotron Light Source

Brookhaven National Laboratory

Upton, NY 11973

Abstract > ,

We examine the properties of an elliptically polarized wiggler that will generate circu-

larly polarized photons with energy spectrum of 3-12 KeV. The vertical wiggler magnetic

field is produced by |Vp$rix£anent niagnets while the horizontal wiggler fietd is generated

by electric coils capable of AC excitation. The radiation parameters of the wiggler are

presented, iafiludirig photon flux, circular and linear polarization and spectrum. These

parameters are compared to the synchrotron radiation from a bending magnet. Numerical

values are calculated for radiation from the wiggler and bending magnet for the NSLS

X-ray ring parameters. A conceptual design for such a wiggler is discussed and several dif-

ferent alternatives are analyzed. We consider AC excitation of the wiggler to produce the

time modulation of the elliptic polarization, and also to produce time modulated linearly

polarized radiation.

* Work performed under the auspices of the US Department of Energy under contract

no. DE-AC02-76CH00016.



1. Introduction

Circularly polarized X-ray light is an essential tool in several research areas. Its

main virtue is that magnetic properties can be detected much more easily with circularly

polarized photons than with linearly polarized or unpolarized photons. Some effects can

only be detected with circularly polarized photons. A typical experiment using circularly

polarized light involves measuring the absorption or scattering of the photons by a target.

Measurements are taken for right and left circular polarization. The results are then

subtracted from each other in order to yield the net polarization. Fig. 1 illustrates a

magnetic Compton scattering experiment involving a soft magnetic material1. An axial

magnetic field is applied to the target and the scattered photon intensity J+ is measured,

the magnetic field is then reversed and the scattered photon intensity I~ is measured at

the same angle. Since the material is soft, reversal of the magnetic field causes the spins to

invert. Thus, nj becomes ni and n[ becomes n^ (rjf being the number of electrons in spin

up state, and nj, the number of electrons in spin down state). The measured quantities / +

and I~ can be calculated by:

where / + , /~ are the fluxes of the right polarized and the left polarized incoming photons

respectively, $o is the spin independent scattering cross section, and $Spin is the spin

dependent component of the scattering cross section. The net spin of the material can be

calculated from Eqs. 1:

1+-I- f+- f~ "T ~ "i $*pin (0,
I+ + I- / + + / - n T + « l $o " ("}

In Eq. 2, / + + /~ is the total photon flux and is measured separately, nj + n] is usually

known (for an element it is simply the atomic weight). • <J>0 and $,pjn are calculated

theoretically. Thus, either the net spin nj — nj or the net circular polarization / + — /~

can be determined from Eq. 2. This experimental setup can be used to measure the

polarization of the incoming photons1 (Pc = ( /+ - / ~ ) / ( / + + / " ) ) by using a material in
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which (nj — nj)/(n-|- + n^) is known, such as soft iron. For a photon beam with a known

Pc the experiment can be used to determine the net spin of a material. Note, that for a

linearly polarized photon beam / + — / " = 0, and hence Eq. 2 will not yield the net spin.

Hard ferromagnetic materials do not yield the same net spin when the DC magnetic

field is reversed. It is, thus, beneficial to be able to reverse, instead, the helicity of the

photon beam. Such reversal is also described by the relations of Eq. 2.

T+ T- Magnetic Material

tjr

+B

Figure 1: Magnetic Compton scattering experiment setup

In most cases2 $j,p,-n/$o <C 1- Hence, the experiment described in Fig. 1 poses a

serious detection problem. This problem may be alleviated by using an incoming photon

beam in which the polarization is modulated in time.

« Pc. cosut. (3)

As it will be demonstrated later the circular polarization dependence on the wiggler

strength is not linear. Hence, for a sinusoidal magnetic field, Pc is not precisely sinu-

soidal, but has higher harmonic content. The signal detected with the Pc of Eq. 3 is

where in this case /+, I~ are the measurements for positive and negative helicity respec-

tively. The measurement of the intensities 7* is a small AC signal (spin effect) modulating



a large DC offset (charge effect). This AC signal can be readily detected using such tech-

niques as lock-in amplifiers and high-pass filters. Fig. 2 describes an elliptically polarized

wiggler"'' constructed from a vertical permanent magnet wiggler and a horizontal wig-

gler which may be constructed either of a permanent magnet**'7 or an electromagnetic

magnet . In the case of an electromagnetic wiggler, the oscillation of Pc is achieved by

exciting the wiggler with AC current. In this design, the horizontal and vertical wigglers

are displaced relative to one another by 90°.

Figure 2: Schematic of an elliptically polarized wiggler

2. Electromagnetic Excitation and Polarization
2.1. Electromagnetic Excitation by a Charged Particle Beam

The electromagnetic field radiated by electrons passing through a wiggler can be

calculated using standard techniques^'^""^. Here we apply an approach developed by

Gover and Friedman . The three dimensional Fourier decomposition of the electric field

is given by"*:

E(r, t) =
1 f°

— dudkxdks , k)e-iwt+tk-r (5)

where

*« = i/(7)a-*2-
is a unit vector denoting the field polarization, and the summation is over all the or-
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thogonal polarizations a. For a current of particles with charge —e, the Fourier component

x(w,k) is expressed in terms of the path integrals of the electromagnetic field along the

particle trajectories:

j

where ZQ = y/uojeo is the vacuum impedarice, the summation is over the charged particles

and the pai;h integral is:

j = f° dt Vj(t) • eae-ikr'^+iut. (8)

In Eq. 8, vj(t), Tj(t) are the velocity and trajectory of the j-th particle. The photon flux

per solid angle can be calculated* from Eqs. 5-8

where a = e2/2eohc = 1/137.04 is the fine structure constant, I is the beam current and

Aw/« is the measured bandwidth. For high energy photons it is convenient to express the

flux in terms of photon energy instead of photon frequency:

dN
= a-

where Vpk is the photon energy in electron volts.

2.2. Photon Polarization

From Eq. 8 it can be seen that there is a direct relation between the electron velocity

vector and the polarization. In fact, Eq. 8 suggests that the polarization of the radiated

photon is the projection of the electron velocity vector on the plane normal to the line

connecting the viewer to the source (Fig. 3a). It is, thus, easy to see that a particle

moving on a circular trajectory will generate elliptically polarized radiation, depending

on the viewing angle (Fig. 3b). In reality, the dependence of the polarization on the

particle parameters is more complex. Eq. 8 involves an integration over time, and different

components of the velocity may have different time behavior, resulting in a complicated



function for the polarization. As discussed in the next section, a high degree of circular

polarization of synchrotron radiation is achieved at small angles for photon energies near

the critical energy*.

(a)

GO
Figure 3: Polarization as a function of view angle (a) linear polarization (b) circular

polarization.

In many cases, the electron beam emittance is large enough to affect the polarization.

Hence, statistical methods should be used to analyze the degree of polarization produced.

We define the coherence matrix^'*'' .

* The critical energy huc is the energy above which the photon flux drops rapidly.
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xx <*xy

In Eq. 11; x,y stand for the directions in the plane perpendicular to the viewer, and the

symbol <> stands for averaging over the different emitters (electrons). For unpolarized

light

"xx "™ yy * xy ~~ ^yx ~̂ *•*• \ /

The polarization can be defined by the four dimensional Stokes vector*':

50 = Jxx + Jyy ; Total intensity.

51 = Jxx — Jyy ', Polarization in the x or y direction.
(13)

Si = JXy + Jyx ; Polarization in the 45° or 135° direction.

53 = —i(JXy — Jyx) ; Circular polarization.

The degree of polarization is

So

the degree of circular polarization is

Pa = | j , (15)

and the degree of linear polarization is

(16)

Note that Pc = P implies Pi = 0 and vice versa. Thus, elliptically polarized light may be

regarded as consisting of circular polarization plus linear polarization.



3. Synchrotron Radiation

Consider an electron rotating in a circular trajectory with radius p and linear velocity

v = f3c in the xz plane (Fig. 4).

Pet . /3ct .,_,.
x = pcos ; z — psxa . (17)

P P

Since the trajectory is a perfect circle, the radiation does not depend on the horizontal

angle f, but only on the vertical angle 0 (ij? = 7r/2 — 0). For radiation frequencies much

larger than the rotation frequency, most of the radiation comes from a small arc near the

tangential point between viewing line and the circle. Hence, the t dependence in Eq. 8 can

be expanded in a Taylor series around £(£ = 0). Performing this expansion to third order

and carrying out the integration results in^:

AW, = JL^JL

w / i i 2 /2 \ 3 / 2

where 7 is the Lorentz factor and K\jz, K2/z are modified Bessel functions. From Eq.

18 it is obvious that the radiation in the plane of the circular orbit is perfectly linearly

polarized and as the vertical angle $ grows, the radiation becomes more and more circularly

polarized.

By Eq. 10, the photon flux (photons/sec/rad?) is:

TT T 2 2 1 ' 'i'1*' i | •*• / 2 1 I / 2 T-̂ 2 / \ I * i 2 I T w*2 f \ * /««/\ \



Figure 4: Storage ring trajectory

Figs. 5 and 6 show the photon flux and polarization that can be achieved from the

bending magnets of the NSLS X-ray storage ring. In these figures, we take a conservative

estimate of the vertical emittance of the X-ray ring (ej, = 2 x 10~9m rad) and consider the

beta function at the source to be (/3y = 16m, oy = 11/irad). Calculations were carried

out by averaging over the electron vertical angle distribution. Fig. 5a shows the circular

and linear polarizations as a function of photon energy, measured at if) = I/27. Note,

that for very high photon energies (w >> u>c) the circular polarization decreases and the

linear polarization increases. This happens beacause the circular polarization becomes

more sensitive to the electron beam angular spread for increasing photon energy while the

linear polarization becomes less sensitive. For a filament beam (zero emittance) the linear

and circular polarizations approach an asymptotic limit as the photon energy increases

above the critical energy:

(20)



where

0n = 70 (21)

is the normalized angle. For 0n = 1/2, PLOO = 2/3 and Fcoo = V^/3.

Fig. 6a shows the angular dependence of the polarization for a photon energy of lOKeV.

The circular polarization grows and the linear polarization decreases with the angle. Al-

though not shown in the figures, the total polarization is constant in photon energy and

angle and is a function of the angular spread only. Figs. 5b and 6b show the photon flux

as a function of photon energy and vertical angle respectively.

From Figs. 5 and 6 it is obvious that circularly polarized light is produced in a storage

ring bending magnet. Unfortunately, since it is only detected off the ring plane, the flux

is low and for many experiments insufficient. Another disadvantage of using a bending

magnet as a source of circularly polarized radiation is that the synchrotron radiation

from a bending magnet does not vary with time. Although a time varying orbit could,

in principle, be used to change the angle between the irradiated object and the electron

beam, thereby varying the degree of circular polarization, such techniques are complicated

and could endanger the orbit stability of the whole storage ring. Thus, in order to use

AC techniques for signal detection, it is of significant interest to build an insertion device

that will generate a high flux of circularly polarized light with AC modulation of the

polarization.

Fig. 7 shows how the polarization and the photon flux vary as a function of the vertical

angular spread of the electron beam. The circular polarization decreases drastically for

increasing angular spread, while the linear polarization increases. This results from the

cancellation of the component of the electric field that is perpendicular to the circular

motion plane due to opposite contributions of different electrons.



1.0
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(a)

Synchroron Polarization at i> = 1/(27) (NSLS)
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Figure 5: Properties of the synchrotron radiation from a bending magnet source at NSLS as

a function of photon energy (a) linear and circular polarization (b) photon flux, for electron

emittance ey = 2 x 10~9m-rad, beta function fiy = 16m angular spread cy = 11/trad.
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Figure 6: Properties of the synchrotron radiation at 10 KeV from a bending magnet source

at NSLS as a function of vertical angle (a) polarization (b) photon flux, for angular spread

cTyi = 11/irad.
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Figure 7: Dependance of synchrotron radiation (a) polarization (b) photon flux on the

vertical spread of the electron beam, at lOKeV photon energy.
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4. Elliptically Polarized Wiggler

Consider a wiggler magnet constructed from a vertical wiggier and a horizontal wiggler

superimposed with a TT/2 phase difference between t h e m ^ (Fig. 2). The magnetic field

on axis is:

2?i"mc Ky . ,

e *w (00)
2-KtncKx , v '

Bx = :— cos kwz

where \w is the wiggler period and kw = 2ir/\w. The horizontal wiggler field is weaker

than the vertical wiggler field (Kx/Ky < 1).

The radiation from an electron moving through this wiggler may be calculated by the

methods presented in Section 2. This calculation was carried out using a computerized

algebra program^ and Saddle Point integration . The results of the calculation were

coded into a computer program that was used to generate the graphs in this section. An

easier"'' approach can be used in order to get a rough estimate of the properties of the

radiation that will also give some insight into the physics involved. For large Ky and photon

energy close to the critical energy or higher, most of the radiation emanates from small

sections of the electron trajectory around the tangent point to the viewing line. These

sections, being very small, can be approximated as arcs with radii of curvature that can

be calculated. The radiation is then calculated using the synchrotron radiation formulae.

This is called the "Bend Source" approximation . Note, that every wiggler period has two

such points and their corresponding radii are opposite in sign (Fig. 8). In a planar wiggler,

these two points will yield AW» which are equal in magnitude and opposite in sign. Thus,

there is no circular polarization component to the Stokes vector. In an elliptical wiggler,

these two arcs are at different angles to the viewer, resulting in a net circular polarization.

The radius of curvature of a curve is calculated by drawing a line that is perpendicular

to the tangent to the curve, then moving an infinitesimal distance Ax and drawing another

such line. The distance between the points where these lines cross each other and the curve

is the radius (see Fig. 9). The radius calculated this way is

13



p = ^{^y'2?'2- (23)

The radius calculated for an electron in an elliptical wiggler is:

P=\w (i+ef'2 — r
7 (24)

where f is the projection of the angle between the wiggler axis and the target of the

radiation into the x-z plane. The vertical angles between the viewer and the arcs are:

( 2 5 )
K

p_ = xp
7Inserting Eqs. 24, 25 into Eqs. 18, one finds the radiation parameters on axis (xp = £ = 0)

in the bend source approximation":

AWe=n \KV T

demonstrating that elliptical wigglers generate circularly polarized light on-axis"'*. Figs.

10-12 show the photon flux and polarization that can be produced by elliptical wigglers

in NSLS X-ray ring straight sections (ey — 2 x 10~9m, /39 = 30cm, ay = 80/jrad). The

fluxes are computed per wiggler period and should be multiplied by the total number of

periods in the wiggler. Note that the flux peaks at a vertical angle of about ip = Kx/-y

where the circular polarization is zero. The net flux of circularly polarized photons peaks

at about ifr = 0.75Kxfi (Fig. 12) which is, therefore, a recommended working angle. Since

the polarization criteria are symmetric around V1 = 0, a measurement of the polarization

can be taken at i}> = — xj}max at the same time the experiment is performed at t/> = ipmax

14



{i>max being the angle at which the flux of circularly polarized photons is maximum). This

method will also detect sudden changes of the electron beam position and their effect on

the polarization. There is a trade off between the polarization and the flux on axis. A

higher Kx value will yield a higher degree of circular polarization, but will decrease the

photon flux on axis significantly. This is due to the fact that for large Kx the angle between

the two bends in a period becomes larger, thus producing less radiation on axis. Note,

however, that for each Kx the maximum circularly polarized photon flux is comparable.

Hence, the angle of the experiment can be tailored to the value of Kx chosen.

Figs. 13 show the polarization as a function of the electron be&jn vertical angular

spread for various observation angles. The results are somewhat surprising in that the

reduction in circular polarization is not as drastic as expected. The physical explanation

for this is that there are two bends (in each period) contributing to the circular polarization

and electrons that have large angle will still produce significant circular polarization from

one of the bends. Figs. 13g,13h demonstrates that when choosing an observation angle in

which the polarized photon flux is maximal for given Kx, the effect of the angular spread

is minimal. For completeness of the study we are also presenting Figs. 14 which are the

corresponding photon fluxes. Note that for Kx = 1, the photon flux does not change

drastically as a function of angular spread.

15



Figure 8: Bend Source approximation

Figure 9: Finding the local radius of a curve
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10u
Photon Flux (X^lGcm) (NSLS)

K*=0.5 -
2=1 -

10s 10*
Photon Energy [eV]

Figure 10: On axis (a) Linear polarization of elliptical wigglers as a function of photon

energy, (b) circular polarization, (c) photon flux per period [Ky = .13, / = 200mAmp,

AA/A = 10-3].
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Figure 11: Polarization as a function of vertical angle (a) linear polarization (b) circular

polarization \Ky = 13, I = 200mAmp, AA/A = 10~3].
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Figure 12: Photon flux as a function of vertical angle (a) total flux per period (b) net

circularly polarized flux per period [Ky = 13, / = 200mAmp, AA/A = 10~3].
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Figure 13: Polarization as a function of electron beam vertical angular spread, (a) Linear

polarization, ifr = 0, (b) Circular polarization, tp = 0, (c) Linear polarization, ij> = 1/47,

(d) Circular polarization, rj) = 1/47, (e) Linear polarization, ij> = I /27, (f) Circular polar-

ization, ifi — 1/2-y, (g) Linear polarization, xj> = il>maz, (h) Circular polarization, 0 =

[Ky = 13, / = 200mAmp, AA/A = lO"3].
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Figure 14: Photon flux per wiggler period as a function of electron beam vertical angular

spread [Ky = 13, / = 200mAmp, AA/A = 10"3].
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5. Conceptual Designs for Elliptical Wigglers

In all the designs discussed in this section the vertical wiggler is built from permanent

magnet. Its realization is straightforward since the vertical gap is small and the desired

value of Ky = 13 is easily achieved in a configuration with static horizontal field. The

horizontal wiggler has a gap in the 6 to 8 cm range. An electromagnetic horizontal wiggler

is of interest, so that the polarization can be modulated. In addition, if it is possible to

move the horizontal wiggler relative to the vertical wiggler, we could also provide a source

with a time-dependent linear polarization.

In a configuration with an AC horizontal wiggler there is a problem of eddy currents

developing in the permanent magnet material. To solve this problem, it is necessary to

use a high resistivity permanent magnet, such as epoxy bound materials. However, the

maximum remnant field that is achieved in these materials is only, about 6KGauss (private

communication with K. Halbach). This will yield only Ky = 11 in the configuration

discussed. Consequently the photon spectrum will be softer than what was presented here.

5.1. Permanent magnet horizontal wiggler

The magnetic field of a permanent magnet wiggler on axis is given by°:

Bo = 2Br™^. (l _ > * * / * - ) e - ' / * - (27)

where BT is the remnant field in the magnet, M is the number of blocks per period, h is

the height of a block, and g is the wiggler gap. We choose to use a conservative value for

Br (0.8 T), M = 4 and h = A^/4. Table 1 shows the calculated wiggler strength on axis

for Xw = 12 cm and Xw = 16 cm. Two gap sizes are examined; g = 8 cm and g = 10

cm. Only small values of K can be achieved when \w = 12 cm. Better values of K are

obtained with 16 cm period.

Table 1: Permanent Horizontal Wiggler Parameters

\w — 12 cm \w = 16 cm

g = 10 cm Ba = 0.083 T; K = 0.93 Bo = 0.16 T; K = 2.393

g = 8 cm Bo = 0.14 T; A' = 1.57 Bo = 0.24 T; A" = 3.54
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5.2. Air core electromagnetic horizontal wiggler

An air core electromagnet excited with AC has the virtues that it does not have

eddy currents in its core, and that it is linear throughout its cycle. Thus, beam dynamics

are more easily understood and handled. Table 2 shows the parameters of an air core

electromagnetic wiggler with Kx = 1 and Xw = 16 cm (see Fig. 15). Three gap sizes are

examined. To calculate these parameters we used Eq. 27 (with M = 2), but this time Br

represents the field in the coil.

(28)
Br =

H = J D

were D is the width of the coils (in our example D = 3 cm). The current densities required

are achievable. However, water cooling will be necessary.

8cm

Baa
*— 3cm —** 2cm **- 3cm

Figure 15: Air core magnet configuration
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Table 2: Air Core Electromagnetic Wiggler Parameters (Xw = 16cm, Kx = 1)

g[cm]

B0/Br

Br{K Gauss]

J[KAmp/cm2]

8

0.2532

2.64

0.7

6

0.375

1.78

0.47

4

0.555

1.21

0.32

5.3. Iron core electromagnetic horizontal wiggler

An iron core electromagnet has the advantage that the current required is much lower

than that of an air core electromagnet. The problem of eddy currents may be alleviated

by using laminated iron. The use of transformer iron which contains silicon, will further

reduce the generation of eddy currents. A typical configuration of an iron core electromag-

netic wiggler^'l" is shown in Fig. 16. In reference 9 Halbach developed an algorithm for

optimizing such a configuration. We present here only the final results of this algorithm.

The total flux entering the pole and leaving at the top is:

B2W = B0Wf2 + fi0JDJ (29)

where Bi is the maximum field allowed in the iron, BQ is the corresponding field on axis,

fi > 1 accounts for the variation of the field along the bottom of the pole, and J is the

current density. The field on axis is^'^:

•00 = T~"

Ai+^rn!K7i
/DA2/f^2

where / i > 1 accounts for the change in the field between the wiggler axis and the wiggler

tip. fi and fa are, usually, weakly dependent on the geometry. Table 3 shows calculation

of the various parameters for a wiggler with Xw = 16 cm, and Dij\w = 0.2875. The

corresponding / 's are f\ w 1.17 and /j> « 2.35. We limited the field in the iron to B < 1

Tesla in order to use transformer iron, and the current density to 200 Amp/cm2 in order

to use air cooled coils. Two gap sizes are examined. The second row in Table 3 represents

the field on axis with J = 200 Amp/cm2. The fourth row represents the current density
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required for Kx = 1.

Table 3: Iron Core Electromagnetic Wiggler Parameters (\w = 16cm)

g = 6 cm g = 8 cm

BOmax [Tesla] (J = 200Amp/cm2)

0.1532 0.1214

J [Amp/cm2] 87.32 110.2

The design with g = 8 cm requires a current density of 110 Amp/cm2 which is well

under the limit for air cooled coil.

W/2

Figure 16: Iron core magnet configuration

A Poisson run (Figs. 17) reveals that the degradation of the permanent magnet field

due to the proximity of the iron is insignificant. This concept seems to be viable for the

realization of an AC elliptical wiggler . However, further simulation is necessary in order

to determine the three dimensional field structure and the effects of the eddy currents.
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Figure 17: Poisson runs demonstrating the performance of a permanent magnet near iron

(a) magnet touching iron (b) magnet not touching iron.

6. Conclusion
From the results presented, use of an elliptically polarized wiggler looks like a viable

way to achieve 3-12 KeV circularly polarized X-rays from the NSLS X-ray ring. Other

concepts, such as cross field undulator4 or a bending magnet will either not yield the high

photon energy required or will not produce enough photon flux. These approaches are

more sensitive to the electron beam angular spread and hence they are not appropriate for

the NSLS ring, which has low vertical /? in its straight section. In order to increase the

sensitivity of detection, AC modulation of the polarization is recommended. This can be

done in an elliptical wiggler by constructing one of the wigglers from electromagnets and

operating it with AC current. Two concepts for such a configuration were checked and
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found to be feasible from the point of view of producing enough magnetic field.

There are several issues to be studied in a more detailed design:

1. A thorough three-dimensional design of the magnet configuration that will include

study of eddy currents in the electromagnet core, the permanent magnets (and the

effect on their magnetization) and the vacuum pipe walls.

2. A study of the orbit stability of an electron beam passing through an AC wiggler

magnetic field in a storage ring. This study should include beam correction issues and

control issues.

3. The polarized insertion device could also be operated as an undulator by opening

the vertical wiggler gap. In this mode, the device will produce low energy circularly

polarized X-rays. A study should be carried out to determine the performance of the

device in the NSLS X-ray ring.

Although the X-ray ring has a low vertical /? in its straight sections, the elliptical

wiggler will yield sufficient circularly polarized light. Examination of the possibility of

reducing the vertical emittance and/or increasing the vertical j3 is recommended because

an improvement in the vertical angular spread would significantly improve the polarization

output of the device.
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