
.• . . . .• .-••';.:» I C / 9 2 / 6 5

INTERNATIONAL CENTRE FOR
THEORETICAL PHYSICS

FOURTH-RANK GRAVITY.

A PROGRESS REPORT

INTERNATIONAL
ATOMIC ENERGY

AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

Victor Tapia

MIRAMARE-TRIESTE



m ' i t



IC/92/65

International Atomic Energy Agency

and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

"The next case in simplicity includes those manifoldnesses in which the

line-element may be expressed as the fourth-root of a quartic differential

expression."

B. Riemann, 1854

FOURTH-RANK GRAVITY. A PROGRESS REPORT

Victor Tapia *

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

We consider the consequences of describing the metric properties of space-time through

a quanic line element, The associated "metric" is a fourth-rank tensor. After developing some

fundamentals for such geometry, we construct a field theory for the gravitational field. This theory

coincides with General Relativity in the vacuum case. Departures from General Relativity are

obtained only in ihe presence of matter. We develop a simple cosmological model which is not in

contradiction with the observed value £1 « 0.2 - 0 3 for the energy density parameter. A further

application concerns conformal field theory. We are able to prove that a conformal field theory

possesses an infinite-dimensional symmetry group only if the dimension of space-time is equal to

the rank of the metric. In this case we are able to construct an integrable conformal field theory in

four dimensions. The model is renormalisable by power counting.
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1. Introduction

Our geometrical conception of the universe is limited by our

psychological perception of it. There is in fact a self-consistency in that

the physical laws generate the very mathematics necessary to make those laws

understandable. In the scale of distances of our daily life, i.e., distances

much greater than the Planck lenght, the universe behaves quite smoothly and

one hopes that this behaviour might be extrapolated to very large,

cosmological, as also to very small, even subnuclear, distances. The previous

smooth behaviour allows the universe to be mathematically modelated by a

differentiable manifold. Of course, the very concept of a differentiable

manifold is possible only because our perception of space allows to conceive

it, and one can wonder how our mathematical conceptions are restricted by

this kind of anthropic principle.

The problem of determining the geometry realised in nature was already

noted by Rjemann in his thesis [1] in 1854. He pointed out that this geometry

has to be established by empirical means and cannot be decided upon a priori.

It is a purely experimental and observational issue to decide which one is

the correct geometry describing our universe.

From a purely mathematical point of view a differentiable manifold can

support many geometrical structures, each one giving rise to a different kind

of geometry. The geometrical properties can be roughly divided into affine

and metric properties. Affine properties are related to how one moves from

one point to a close one, to differentiation and to the curvature properties

of the given manifold; all this information is contained in the connection.

Metric properties, on the other hand, are related to the way in which

distances are defined.

Both, affine and metrical properties must be decided upon by

observation. The first indirect statements about the metrical properties of

our universe can be found in the Euclid axioms and in the Pythagoras theorem.

The Pythagoras theorem establishes that distances are to be measured in terms



of squares of distances along individual directions. In a modern language

this translates into the fact that the metrical properties of our universe

are described by Riemannian geometry. This means that the line element is of

the foi-m

ds = dxz + dyz + dz2 (1.1)

The fundamental object here is the metric g =diag(l,l,l). Not too much

effort must be done in order to arrive to the next level of abstraction which

is to consider line elements of the form

dsc = p dx''1 dx^ ,

with g generic functions of the coordinates

(1.2)

The previous correspond to

Riemannian geomelry where a central role is played by the coefficients g

which are named the metric.

Different geometries are obtained for different choices of the

connection and of the metric. A pa-ticular choice is a metric connection. In

this case the connection and the metric are related by a metrlcity condition;

the natural choice is

0 . (1.3)

In this case the connection is the Christoffel symbol of the second kind of

the metric g. Therefore one can associate curvature properties to a metric.

Since in nature the existence of curved spaces is not excluded a. priori it

needs experimentai verification. The experiment was performed by Gauss [2] in

1826 and it was intended to verify departures from flatness, but as a side

result he also verified no departures from Riemannianicity.

The next development concerns gravitation. In nature one observe that

particles does not move on straight lines. There are two alternatives to

explain this behaviour. The first one is to consider an extra term in the

geodesic equation giving account for new interactions, such as the

electromagnetic field. The second possibility is to give up the flatness

restriction. One then arrives inmediately to the concept of the gravitational

field as the responsible for the departure from straightness of the geodesies

and this turns to be equivalent to the departure from flatness of space-time.

The next step however depends on the geometrical conception of space-time. In

General Relativity it is conceived as a Riemannian space in which the

fundamental field, the gravitational field, is identified with the metric.

The next step is to give a dynamics to this field. The choice of Einstein is

the Hilbert Lagrangian

X, = R (-g)1 (1.4)

The predictions of General Relativity are in quite good agreement with

observation when applied to the solar system. In this case one must solve the

Einstein field equations in vacuum for spherical symmetry. The solution, the

Schwarzschild metric, gives account of the anomalous shift of the perihelion

of inner planets to an accuracy of 1 per cent or better. In this case one is

describing the effects of pure gravity. The next step is the coupling of

gravity to matter. This is achieved, for instance, when considering the large

scale structure of the universe where gravity becomes coupled to a perfect

fluid. The solution, the standard model of cosmology, gives qualitatively

good results concerning the evolution of the universe from an initial

singularity, but predicts values which do not agree with observation for the

energy density. Therefore General Relativity describes well the dynamics of

the gravitational field alone, but it fails when coupled to matter.

Further difficulties appear when one tries to quantise the gravitational

field- In this case one meets with irremovable ultraviolet divergences, This

fact has led to the view that General Relativity has to be a phenomenological

description at large distances (much larger than the Planck length) stemming

from a much more symmetric theory at small distances. The usual approach

consists in considering departures from the purely metric Riemannian

behaviour in the small distance regime. These departures might be of several

kinds and usually the considerations are restricted to modifications of the

affine structure of space-time.

Modifications of the metric structure of space-time are most difficult

to implement. This is due to the fact that the Riemannian perception of the

universe is so strongly rooted in our minds that it is difficult to conceive

any departure from it. This fact is in part due to our psychological

limitations in the same way in which we cannot imagine higher-dimensional

spaces, we can conceive them mathematically, but not imagine them at all. Due

to the previous reasons all physics which have been developed to explore the

high-energy behaviour of space-time keeps using Riemannian geometry. This is

not even assumed or postulated, it is just taken as a default principle of

nature. It is due to this fact that everything has been tried less the

possibility that the metric properties of space-time could be non-Riemannian.

We explore this possibility.

Let us remember the fundamental definitions concerning the me*rical

properties of a differentiable manifold. Here we take recourse to the



classical argumentation by Riemann (!]. The infinitesimal element of distance

ds is a function homogeneous of the first order in dx's:

ds = f(dx) , fU dx) = A f(dx) . CI.5)

Of course the possibilities are infinitely many. Let us restrict our

considerations to monomial functions. Then we will have

ds = |C dx - • - dx (1.6)

The next restriction is that this quantity be positive defined. Therefore r

must be an even number. The simplest choice is r=2, which corresponds to

Riemannian geometry. The next possibility is r=4. In this case the line

element is given by

(1.7)d s * = dx" dx" dxA dxP .

Of course, at first sight, a space with a line element of the form (1.7) may

seem bizarre. The aim of this work is to explore the consequences of assuming

that the metric structure of our universe is described by the previous line

element.

In this case a central role is played by the tensor G . and since it
|LIfAp

is related to the metric properties of space-time it is not an error to call

it a "metric" lal. It is clear that at the scale of distances of our daily

life this geometry is not realised in nature. Therefore> in the large

distance regime Riemannian geometry must be recovered. For this purpose it is

convenient to consider separable spaces in which the fourth-rank metric is
G = g g (1.8)

In this case the line element factorises and one is back to the Riemannian

case. Therefore, we expect that in the low-energy regime of a field theory

describing the dynamics of the gravitational field the fourth-rank metric

becomes separable. This would explain why if the universe is described by a

fourth-rank geometry at low energies it looks Riemannian. Departures from

Riemannianicity will appear only for the high-energy regime. Separable

metrics can also be used as a quality control of later formal developments.

In fact, all results and developments one obtains for a generic metric C

must reduce to those for the Riemannian case when applied to a separable

metric.

In fourth-rank geometry a metricity condition relating the connection

and the metric cannot be imposed consistently. Therefore, for physical

applications the connection and the metric must be considered as independent

fields. The simplest Lagrangian which can be constructed is

t = < R V / Z G ! / 4 , (1.9)

where

R ^ i n RA (D . (1.10)

The full Lagrangian must also consider the contributions of matter, then we

will have

£ = £ + K t , ( l . l l )
grav matter

where K=8TIG is the Einstein gravitational constant. Now we must apply a

Palatini-likf variational principle in which the connection and the metric

are varied independently. In all known cases of physical interest the matter

Lagrangian does not. depends on the connection. In this case the variation of

the gravitational Lagrangian with respect to the connection leads to a

metricity condition for which the solution is

tif) . (1.12)

I.e., the connection is the Christoffel symbol of the second kind of the

tensor f^v given by

which we have assumed to be invertible. On easily verifies then that

<RZ>1/2 = R(y) . (1.14)

Variation of the Lagrangian with respect to the metric C gives
(IV Ap

1 < R V " 2 [R R, - i <R2> G

2 <\iv \p) 2

Contraction with G and use of y o gives
ap

.1 /4 m a t t e r „
1 K -^r— = ° • (1.15)

5— • (1.16)

The left-hand side of this equation is the Einstein tensor for the tensor j

and the previous would be Einstein field equations if Tf turns to be the

usual Riemannian metric. This result can be obtained when no matter is

present. In fact, in the absence of matter G turns to be a separable

metric, as can be read from (1.15). Then it is not difficult to show that

eqs. (1.16) reduce to



Vg) = (1.17)

which are in fact Einstein field equations in vacuum.

Since in vacuum the previous field equations coincide with those of

Genera i Relativity we will have the same predictions concerning the

Scbwarzschild metric and its applications. Departures from General Relativity

and from Riemannianicity will appear only in the presence of matter, which is

precisely the regime in which General Relativity fails in its predictions.

The field equations (1.15) exhibit three energy regimes. The first one

is the low-energy regime in which there is no matter and the geometry is

Riemannian. The second one is a medium-energy regime in which there is matter

but the geometry is still Riemannian, i.e., the metric is separable. This

possibility is not excluded as a closer analysis of eqs. (1.15) reveals.

Lastly, we have the true high-energy regime in which there is matter and the

gf -Tietry is truly four'tl.-rank.

The large scale geometry of the universe seems to be Riemannian and

since there is matter present we are in the medium-energy regime previously

mentioned. In this context we develope a cosmological model based on the

Friedman-Robertsan-Walker metric but which couples in a different way to

matter. For non-relativistic matter, p«p, the model predicts an energy

density given by

p = 4 — p (1.18)

The energy density is therefore a small fraction of the critical density. For

the observed value ft=p /p =0.2-0.3, it is necessary to assume p /p »0.05-0.07
0 c 0 0

which is not in contradiction with the assumption that the present universe

is dominated by non-relativistic matter.

The second problem to which we apply the previous ideas is to conforirial

geometry and conformal field theory. This was the original motivation to

consider this kind of geometries [31. But, since this is such a drastic

departure from the standard concfptions in field theory, based on Riemannian

geometry, it seemed better to start by setting some fundamental issues in the

gravitational context [bj.

As in the Riemannian case one can look for conformal symmetries of t.ie

metric. They will be given by the solutions to the conformal Killing equation

which for an arbitrary rank reads

+ G
• • • M _

- £ G c"1/r [a (G1/r

d (i • • • n _ n
(1.19)

In Riemannian geometry one can clearly talk of the curvature properties of a

metric. In this case one verifies that for a flat metric the previous

equation one h^s infinitely many solutions if and only if the dimension of

the base space is 2. For higher-rank geometries one cannot talk of flat

metrics so easily. For this purpose we introduce the concept of null flat

spaces. This concept is defined only for spaces in which the dimension and

the rank of the metric coincide. In this case the line element is given by

ds = r! (1.20)

In this ease the metricity condition has the only solution r=0 and therefore

these metrics are flat. For these metrics we are able to prove that the

conformal Killing equation (1.19) has infinitely many solutions if and only

if the dimension of the base space is equal to the rank of the metric.

In applications to theoretical physics one gets that in the case of

Polyakov-IIke actions the critical dimension, for which the conserved

quantities are infinitely many, is equal to the rank of the metric of the

base space. This explains why conformal models are so successful in two-

dimensions. We develop the fundamentals of a Polyakov-like theory in four-

dimensions which exhibits conformal invariance, it is integrable and

renormalisable by power counting.

The work Is organised as follows. In section 2 we start by making some

mathematical considerations. In section 3 we develop the applications to the

gravitational field, in section 4 we present some result on conformal

geometry and conformal field theory. Section 5 is dedicated to some

concluding remarks.

To our regret, due to the nature of this approach, in sections 3 and 4

we must bore the reader by exhibiting some standard and well known results in

order to illustrate where the new approach departs from the standard one.

2. Mathematical Preliminaries. Differentiable Manifolds

Here we consider some elementary results for differentiable manifolds.



Let M be a m-dimensional differentiable manifold, and let x , u=0,- - - ,m-l, be

local coordinates. The geometric properties of a differential manifold can be

roughly divided into affine properties and metric properties.

Affine properties are related to how one moves from one point to a close

one. These properties are mathematically described by the connection F . In

terms of the connection one can define the curvature or Riemann tensor

fj vp v up uir vp v<r u p
(z . i )

From here we can define the Ricci tensor, or contracted Riemann tensor, given

by

R =
pi>

= a r - a r \ + r , r - r r . .
A l?p y Ap A<r vp va Xp

(2.2)

This is the only sensible contraction of the Riemann tensor.

The metric properties of a differentiable manifold are related wifi the

way in which one measures distances, Let us remember the fundamental

definitions concerning the metrical properties of our universe. Here we take

recourse to the classical argumentation by Riemann [1], The infinitesimal

element of distance ds is a function homogeneous of the first-order in dx's:

ds = f(dx) , fU dx) = A f(dx) . (2.3)

Of course the possibilities are infinitely many. Let us restrict our

considerations to monomial functions. Then we will have

\i u. i l / r

ds - G dx (2.4)

The next restriction is that this quantity be positive defined. Therefore r

must be an even number.

The simplest choice is r=2

ds = g dx dx , (2.5)

which corresponds to Riemannian geometry. The coefficients g are the metric

tensor. The determinant of the metric is defined by

e e g.. (2.6)

The inverse metric is defined by

vv •••v
1 d - 1

€ Sfi v ' ' ' g u v
1 1 d - 1 d - 1

and satisfies

(2.7)

S SXv = ^ • (2.8)

The next possibility is r=4. In this case the line element is given by

ds = G dx dx dx dxf' . (2.9)

It is clear that this possibility is observationally excluded at the scale of

distances of our daily life. However a Riemannian behaviour can be obtained

for separable spaces. A space is said to be separab'e if C i i i l i v can be written

as

( 2 J 0 )

In this case formula (2.9) reduces to (2.5) and therefore all the predictions

and formulas obtained for a generic G must reduce to those for Riemannian

geometry when applied to a separable metric.

The determinant of the metric G . is defined as
uiMp

r
u v A p u v A

1 1 1 1 d d d

(2.11)

where the e's can be chosen as the usual completely antisymmetric Levi-Civita

symbols. The inverse metric is defined by

rliv\p _
(d-D! G

x G , • • • G
u v A p u v X P
*i I r I Md-i d-i d - rd - i

The previous inverse metric satisfies the relations

(2.12)

6"v • (2.13)

That the previous is true can be verified by hand in the two-dimensional case

and with computer algebraic manipulation for three and four dimensions.

In the case of a separable metric the previous formulae reduce to

2

d+2 g g

(2.14a)

(2.14b)

Up to now the connection T and the metric are unrelated. They can be

related through a metricity condition. In Riemannian geometry this metricity

condition reads

A^JIV ~ A ĵii> \(t ^pv Av g up ~ ' ( i l 5 )

The number of unknowns for a symmetric T and the number of equations (2.15)

10



apLMt.jB.-2

are the same, viz. n (n+l)/2. Therefore, since this is an algebraic linear

system, the solution is unique and is given by the familiar Christoffel

symbols of the second kind

12.16)

In the case of a fourth-rank metric a condition analogous to (2.15) would

read

fx a/3j-5 (j

L f (2.17)

However, in this case, the number of unknowns T is, as before, n (n+l)/2,

while the number of equations is

^ nZ (n + 1) (n + 2) (n + 3) > n2 (n + D/2 . (2.18)

Therefore the system is overdetermined and some differentio-algebraic

conditions must be satisfied by the metric. Since, in general such

restrictions will not be satisfied by a generic metric one must deal with P

and G as independent objects. A metricity condition can be imposed

consistently only if the number of independent components of the metric is

lesser than that naively implied by (2.18). The maximum acceptable number of

independent components is n(n+l)/2, This can be achieved, for instance, if

the metric is a separable one. One can furthermore verify that for a

separable metric the metricity condition (2.17) reduces to the usual

metricity condition (2.15) and therefore f is precisely that for Riemannian

geometry, i.e., the Christoffel symbol of the second kind.

3. Gravitation

In this section we consider the applications of geometry to

gravitational theories. For Riemannian geometry the natural theory is General

Relativity. In the case of fourth-rank geometry we obtain a new theory for

the gravitational field. General Relativity is recovered only in the vacuum

case. As an application we develop a cosmological model in good agreement

with the observed value 0=0.2-0.3 for the energy density parameter.

11

3.:. General Relativity

In order to describe the dynamics of the gravitational field we need to

construct an invariant which could be used as Lagrangian. In Riemannian

geometry the simplest invariant which can be constructed is

R(g. H =g M V R M V ( D ,

which in the case of a metric space is rewritten as

(3.1)

General Relativity takes as its starting point the Einstein-Hi ibert

Lagrangian

£ (g) = R(g! (- g ) ' / 2 . (3.3)

One must furthermore consider the contributions of matter

if = £ * K £ , (3.4)
1 EH mutter

where K=8TTG is the Einstein gravitational constant. Variation of the

Lagrangian with respect to the metric gives the Einstein field equations

- { R(g) g(W] (- g)" 2 ^ V = o .

where

SJf
T

As a starting point one can also consider the "Palatini" Lagrangian

In this case one must also consider the contributions of matter

(3.5)

(3.6)

(3.7)

2 = £ + JC Z
2 P matter

(3.8)

Now the connection and the metric are varied independently in a procedure

known as the Palatini variational principle. Variation of the Lagrangian with

respect to F gives

Z = L. + K mat t . r = Q (3.9)

In all known cases of physical interest one has [4]

12



-- = 0 (3.10)

In th i s case eq. (3-9) reduces to a metr ic i ty condition equivalent to (2.15),

t he r e fo r e the connection is given by the Christoffel symbol of the second

kind for the metr ic g . Variat ion with respec t to the met r ic gives

— - |R (D - - g X p R^ (D g ] (- g ) ' / 2 - K T = O . (3.11)
uv uv ?. Ap ui; ui>

8

If we now use the previous result these equations coincide with the original

Einstein field equations (3.5). Therefore, the procedures of imposing the

metricity condition and applying the variational principle commutes.

Einsiein field equations can be rewritten in the Landau form

R g = K T ,

where

T - T - T g
\iv \ll> 2 fjiv

with

T = T

(3.12)

(3.13)

(3.14)

is the reduced energy-momentum tensor.

Einstein field equations have been applied to many physical situations.

The first classical test of any theory of gravitation is to the solar system,

to be more precise, to a spherically symmetric field. In this case one needs

to solve Einstein field equations in vacuum for spherical symmetry. The

solution is the Schwarzschild metric. Using this metric one can give account

for the anomalous shift of the perihelion of inner planets and for the

bending of light rays near the solar surface, to an accuracy of 1 per cent or

better.

The next test concerns the coupling of gravity to matter. This is

achieved, for instance, when considering the large scale structure of the

universe where gravity becomes coupled to a perfect fluid. According to the

Cosmological Principle the universe should be isotropic and homogeneous.

Therefore the universe must be described by a Friedman-Robertson-Walker

metric

ds2 = dt2 - S2(t) (3.15)

where S is the cosmic scale factor and dt is the line element of a maximally

symmetric three-dimensional space-like section (Our notation differs from the

13

standard one since we have kept R for the scalar curvature.). The Ricci

tensor is given by

R = - — [S S - (k + SZ)I 6° 3° - — [S S + 2 (k + S Z ) | g . (3.16)
fW 2 | 1 V 2 J1L>

This is for what concerns the gravitational field. For what concerns matter,

it is described by a perfect fluid for which the energy-momentum tensor is

given by

.1/2
T = [(p + p) u u • p g ] (- g)

fiV jl V H 6U.V B
(3.17)

where p and p are the energy and presure density of the universe. The reduced

energy-momentum tensor is

V = l i ( p -p) V + (p + p) \ V (-E)1/

The Einstein field equations are equivalent to

(3.18)

(3.19a)

(3.19b)

The energy density of the present universe is dominated by non-relativistic

matter, for which p «p . Under this assumption the energy density of the

present universe is given by

p - 2 a p , (3.20)

where

SS
(3.21)

is the deacceleration parameter and

3H 2

° 29
_

8TTG

(
'75km/sec/Mpc

2 , 3

g/cm , (3.22)

is the critical density, where

H - S
(3.23)

is the Hubble cons tant .

The observed value of the deaccelerat ion p a r a m e t e r q =1 points to an

energy density



while the observed value is given by the relation [5]

p
Q = — 3 0.2 - 0.3 .

P

(3.24)

(3.25)

The previous inconsistency can be removed if either the true values of the

deacceleration parameter q and the Hubble constant H are lesser than those

implied by the present observations or if the true value of the energy

density is greater than what observed.

Here we undertake a more radical approach consisting in considering the

possibility that General Relativity is an incomplete theory. However, it is

in good agreement with observation in the vacuum case, the Schwarzschild

solution. Therefore, what is failing in General Relativity is the way in

which the gravitational field couples to matter.

Some hints, on how this problem can be approached, come from high-

energy physics. When one tries to quantise General Relativity one discovers

that there are irremovable ultraviolet divergences. This is taken as

indicative of the fact that at small distances the geometry of space-time may

be different from the Riemannian one. The current view is that General

Relativity, with its Riemannian structure, is only the low-energy, large

distance, manifestation of a more general theory at small distances. Many

possibilites have been explored mainly in the direction of modifying the

affine structure of space-time. Up to our knowledge, modifications of the

metric structure of space-time have not yet been attempted. As stated in the

Introduction the purpose of this work is to explore this possibility and it

is to this problem that we turn our attention now.

3.2. Fourth-Rank Gravity

Before entering in formal developments there is a natural question to be

answered: How a field theory for the fourth-rank metric would connect with

the usual theories of gravitation based on the second-rank metric? In order

to answer this question one must take recourse *.o the concept of separable

spaces. In fact, in this case the line element factorises and we are back to

the Riemannian case. In this case the metricity condition (2.17) has a

solution: the connection is the Christoffel symbol of the second kind for the

metric g , and therefore the space is Riemannian. This would explain why if

15

the universe is described by a fourth-rank metric, at large, low energy,

scales it looks Riemannian. The problem is now to obtain this Riemannian

behaviour as the low-energy regime of some field theory.

As for General Relativity, in order to describe the dynamics of the

gravitational field we need to construct a geometrical invariant. At our

disposal we have the metric, which is a fourth-rank tensor, and the Ricci

tensor, which is second-rank one. From the metric alone it is impossible to

construct any invariant, therefore we must combine the metric and the Ricci

tensor. The simplest invariant is

<R2>(G, D = (D R. (D . (3.26)

The Lagrangian must have dimensions of an energy density. In this case the

coupling constant will be just the Einstein gravitational constant. Based on

this simple dimensional analysis we choose

X. (G,
grav

= <R2>1/2(G, D G I / 4 (3.27)

Other choices of the Lagrangian will need the use of h in the coupling

constant. The previous is the analogous of the Palatini Lagrangian for

General Relativity. But now, since there is no metricity condition, a

Lagrangian anologous to the Einstein-Hilbert one simply does not exist.

Therefore we can drop the dependence on G and I" without risk of confusion.

The total Lagrangian will consider also the contributions of matter and

will be given by

(rav matt er

Variation with respect to the connection gives

OX Oi O£

(3.28)

(3.29)
sr sr

where

3JE

Vtv

with

= < R V 1 / 2

G 1 / 4

(3,30)

(3.31)

16



As mentioned previously, in all known cases of physical interest the matter

Lagrangian does not depend on the connection. This is true for the Riemannian

case and we will assume that it is also a valid assumption in he fourth-rank

case; therefore the second term in (3.29) vanishes. In this case eq. (3.29)

has the solution

(3u - 3 (3.32)
jlV 'f.LV' 2 U. Vp V"Up p"

i.e., the connection is the Christoffel symbol of the second kind for the

tensor y, which we have assumed to be regular. We can therefore write

(3.33)R (D = R

Furthermore

Therefore

R R, = < R V / 2 R = <R2>1/2 R ,

5G1

(3.34)

(3.35)

= [i < R V / 2 R R - 1 <R2>'/2 G . ] G1/4 - K T , = 0

(3.36)

Variation with respect to G . gives\iv\p s

where

CContraction with C and use of j gives

TR - I R , = - 2 K G'"* r
^ 2 V» "

(3.37)

(3.38)

The left-hand side is the Einstein tensor for the tensor r and the previous

would be Einstein field equations if y turns to be the usual Riemannian

metric. This result can be obtained when no matter is present. In fact in

tAis case G turns to be a separable metric, as can be read from (3.36).

Then it is not difficult to show that eqs. (3.381 reduce to

V g ) = (3.39)

which are in fact Einstein field equations in vacuum. One can conclude that

this theory coincides with General Relativity only in the vacuum case and

that departures will be obtained only in the presence of matter.

More information can be obtained from en. {3.38) by observing that the

energy-momentum tensor must decompose in one part proportional to the metric
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and one part which is a separable tensor. In order to accommodate all the

symmetries is necessary to write

= <fV 1 / 2 d f t - \ <T2> G
2 (f*t> Xp) 4T

where

<T2> = G M l A p f T\ .
uy Ap

In this case the field equations reduce to the simple form

R = ± K f ,

with the additional condition

(3.40)

(3.41)

(3.42)

(3.43)

One would be tempted to replace T by the reduced energy-momentum tensor

appearing in (3.12). However, that tensor was derived from a Lagrangian

containing a metric g , an object which is absent in fourth-rank geometry-

The field equations (3.36) exhibit three energy regimes. The first one

is the low-energy regime in which there is no matter and therefore the

geometry is Riemannian. The second one is a medium-energy regime in which

there is matter but the geometry is still Riemannian, i.e., the metric is

separable. This possibility is not excluded as a closer analysis of eqs.

(3.36) reveals. Lastly, we have the true high-energy regime in which there is

matter and the geometry is truly fourth-rank.

In the medium-energy regime the metrics G , and s are related

through (2.10), In this case it is therefore reasonable to replace T with

that appearing in (3.12). However, the field equations (3.42) are not

Einstein field equations since the Ricci tensor appearing there is for the

tensor y and not for the metric g .

The large scale geometrical structure of our universe seems to be well

described by Riemannian geometry, and since matter is involved, its

description belongs to the previously mentioned medium-energy regime. We

explore this possibility in the next section.

3.3. Application to Cosmology

As stated previously we assume that the medium-energy regime previously

mentioned can describe well the large scale structure of the universe.

Therefore the metric G will be separable in terms of a metric s which
ut>Ap iiv
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B*"

we assume to be the Friedman-Robertson-Walker metric. Matter is described by

a perfect fluid; therefore we use the same energy-momentum tensor appearing

in (3.12).

The field equations are

R J.f) = i K [g (p - p) g ^ + (p + p) u u j . (3.44)

From here one directly obtains

R = K - (p? • 2 p p • 5

Vz
On the other hand we have

[(2 p - p) (p • p) u" u"] .

(3.45)

(3.46)

The forthcoming analysis depends on the relative values of p and p. Let us

assume y=-p/p>0 A negative presure does not create conceptual problems since

it can be interpreted as a force opposing to expansion. Then, the inverse of

(3.46) is given by

where

= + ( C g + D u u ] ,

_, , , _, - 2 , 1 / 2

3 (l+2y+5y )

(3.47)

(3.48a)

D = —
Vz

(l-y)H+2y+5yZ)1/2

y(l+2y)

A further useful quantity is

> O .

= — - U + 2 y
y

(3.48b)

(3.49)

The next step is to calculate the Ricci tensor for the metric y . Let

us start by writing the corresponding line element

ds2 = ± [(C + D) dt2 - C S2 d(2}

Now we introduce the new time coordinate

dx = (C + D) 1 / J dt .

Tnen the line element is written as

ds2 = ± [dx2 -

with

X = !C 1 / 2 S |(T) .

(3.50)

(3.51)

(3.52)

(3.53)
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The previous is nothing more than an FRW line element, we can therefore use

eq. (3.16). The Ricci tensor is then given by

= - — is r - (k [I Z" + 2 (k + Z'2)] y

(3.54)
where primes denote derivatives with respect to z. The ± sign has disappeared

since the Ricci tensor is an even function of j . Comparison with the Ricci

tensor obtained from the field equations, eq. (3.44), gives

- 3 ~ (C + D) = K i (3 p + p) ,

[E I" + 2 (k + T2)] = - K i (p - p) S2 ,

(3.55a)

(3.55b)

where we have chosen the lower sign in (3.44). Have we chosen the upper sign

we would have get a negative energy, as can be read from (3.55b).

We must still rewrite the dependence on T in terms of t. Let us assume

that y behaves like a constant. In this case the previous equations reduce to

3 | = - ^ (1 - 3 y) p , (3.56a)

, | + 2 §_, = | y , p , (3.56b)

where we have assumed k=0. For these equations we obtain

n =
]+4y-y

q = \ (1 - 3 y) D .

(3.57a)

(3.57b)

As mentioned prev ious^ , in the present time the universe seems to be

dominated by non-relativistic matter for which y«l. The observed value of fi

is given by (3.25). For the previous to be thj case it is necessary to have

y a 0.04 - 0.06 , (3.58)

which is not in contradiction with the assumption that the present universe

is dominated by non-relativistic matter. For the deacceleration parameter we

obtain

q ~ 0.09 - 0.12 (3.59)

This figures are very near to the minumum accepted value for q.

More refined results concerning this simple cosmological model will be

published in a forthcoming work.
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4. Conformal Geometry and Conformal Field Theory

As a second application or higher-rank geometry we consider conformal

geometry and its application to conformal field theory. This was the original

motivation to consider this kind of geometries [31. Our main result is that

the critical dimension, for which the conformal Killing equation has

infinitely many solutions, is equal to the rank of the metric.

In applications to theoretical physics one gets that in the case of

Polyakov-like actions the critical dimension, for which the conserved

quantities are infinitely many, is equal to the rank of the metric of the

base space. This explains why conformal models are so successful in two-

dimensions. We elaborate furthermore some of the principles for conformal

field theory in four dimensions. We propose a model which exhibits conformal

invariance, possesses infinitely many conserved quantities and it is

renormalisable by power counting.

4,1. Conformal Geometry

We start by implementing the concept of conformality for higher-rank
metrics. Let us consider the inner products of two generic vectors A^ and B^

u,
N (A, H) = G

P , q l i
A > B B

where, obviously, p+q=r. We can next define the norm of the vector A by

A = I N ( A , A ) | 1 / r = I N (A, 0 ) | 1 / r ,
' p . q ' ' r ,0 '

and the same definition for B . Next we define the generalised angles

a (A, B) = A~p B~q N (A, B) .
p . i i p . q

(4 .1)

(4.2)

(4.3)

In the second-rank case the previous formulae coincide with the usual

definitions. The previous formulas seem to be the natural generalisations to

higher-rank metrics of the concepts of norm and angle. It must be furthermore

observed that for higher-rank geometries we can consider inner products of

more than two vectors. For our purposes it is enough to restrict our

considerations to two vectors.

Let us now observe that under the transformation

-> Qr G (4.4)

the generalised angles remain unchanged. This is a good reason to call the
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previous transformations conformal, since they preserve the (generalised)

angles.

Let us next analyse how one can obtain conformal symmetries of the

metric. Let us consider the infinitesimal transformation

x % / t 1 ^<x) . (4.5)

with A a smallness parameter. Under this transformation the metric is

changed, at first-order in X, by

5G = G • • • + G a i

+ e
* V^

(4.6)

In order for this variation to induce a conformal transformation over the
metric, it must be

SG = <x G (4.7)

One arrives then to the conformal Killing equation

+ G

G d^G = 0 . (4.8)

(The value of a has been fixed by taking the trace of this equation.) Some

observations about this equation. It is completely written in terms of the

metric since there is no Christoffel symbol. The same overdetermination

appearing in the metricity condition (2.17), for the fourth-rank case, is

present here. In fact the number of derivatives 3 £?* i s much lesser than the

number of equations (4.8). Therefore, solutions will exist only fo<- certain

classes of metrics. A solution can be obtained for null flat spaces.

The concept of null flat space is defined only for spaces in which the
dimension and the rank of the metric coincide. Then, the line element is
given by

dsr = r! dC,' • •• d<f . (4.9)

It is clear that each coordinate < is associated to a null direction of
space-time. This is the reason to call these spaces null. The only non-null
component of the metric is
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G =1 (4.10)

One can now easily verify that the metricity condition for higher-rank

metrics, analogous to (2.17), has the only solution T=0. Therefore these

spaces are flat. This is the reason to call these spaces flat.

We come now to what we consider to be one of our most important results.

Let us consider the conformal Killing equation in a null-flat space

a, e - G = ° • ( * • » )

(The r/d factor has disappeared since in a null flat space r=d.) Then we can

establish the following.

Theorem. The critical dimension, for which the conformal Killing

equation has infinitely many solutions, is equal to the rank of the metric.

The proof is quite simple. Let us observe that at most two indices can

be equal. The equation in which all indices are different is identically

zero. The number of equations in which two indices are equal is d(d-l). They

are equivalent to

= 0 , v *

The dilution is (no summation)

(4.12)

(4.13)

The components of the conformal Killing vectors are arbitrary functions of

the single coordinate along the associated direction and therefore the

solutions are infinitely many.

When the previous result is applied to conformal field theory its

translates as: the critical dimension, for which the symmetry group of a

conformal field theory is infinite-dimensional, is equal to the rank of the

metric of the base space.

Let us now define the operators (no summation)

a

One can then easily verify that

utf r - r rs ,
1 2 2 1

(4.14)

(4.15)

*.«:**.

Therefore the symmetry group is the direct product of r times the group

<U(M, U(f2)> = U(f] f' - f2 H , (4.16)

which after Fourier parametrisation we recognise as the Virasoro group. The

symmetry group is therefore Virr.

Just to fix the ideas let us rewrite the previous for the second-rank

case. The null line element is given by

ds2 = 2 d<°

and the only non-null component of the metric is

(4.17)

(4.18)

It is clear that in the second-rank case any flat metric can be brought to

this simple form. Since there is no concept of flatness for higher-rank

metrics this seems to be a good concept to be generalised.

In the fourth-rank case the line element would be given by

ds" = 24 d<° dc' d<2

and the only non-null component of the metric would be

G = 1 .
0123

(4.19)

(4.20)

We turn next our attention to the application of these results to

conformal field theory for second- and fourth-rank metrics.

4.2. Conformal Field Theory in Two Dimensions

Let us start by making some elementary considerations on field theory.

We will restricts our considerations to generic fields <p described by a

Lagrangian

£ = ) ,

where <t> =3 4 . The field equations are

where we have introduced the generalised canonical momentum

(4.21)

(4.22)

(4.23)



The energy-momentum tensor is given by

,A
= *" nL> ' v * v

and satisfies the continuity equation

d # = - / . **r = 0 .

(4.24)

(4.25)

The first comment relevant to our work is in order here. The definition

(4.24), of the energy-momentum tensor, guarantees, through (4.25), its

conservation on-shell. This definition is independent of the existence of a

metric or other background field. This is what we need in the next stages

where we are going to independise from the usual second-rank metric.

Let us now make some considerations on conformal field theory. The main

properties that a conformal theory must hold are:

Cl. Translations! invariance, which implies that the energy-momentum tensor

U is conserved, i.e., eq.(4.25).

C2. Invariance under scale transformations which implies the existence of the

dilaton current. This current can be constructed to be [6]

The conservation of D implies that H is traceless

d DM = = 0 ,

(4.26)

(4.27)

where the conservation of H , eq. (4.25), has been used.

Now we look for the possibility of constructing further conserved

quantities. We concentrate on currents of the form

then it must be

" d C
v ju = 0 .

(4.28)

(4.29)

In order to obtain more information from this equation we need to introduce a

further geometrical object allowing us to raise and low indices. To start

with we consider the usual second-rank metric. A further restriction will be

to flat, constant, metrics. The generalisation to the curved case is

straightforward and involves only minor technical details.

Let us then consider the usual Minkowski metric 1) . Then we define

= >T «„

(4.30)

(4.31)
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If (4.30) happens to he symmetric eq.(4.29) can be written as

f = - K*1" {a e, + a e, ) - o .
u 2 n i> v sj i

(4.32)
"H" 2

Furthermore, if the energy-momentum tensor is traceless the most general

solution to (4.29) is

a e, *• a e,
d 'ti a e ) = o ,

a S
(4.33)

i.e., the ^'s are conformal Killing vectors for the metric ti , As shown
ixv

previously the critical dimension for this equation is d=2.

Therefore, any theory having the previous properties in two dimensions

will have an infinite number of conserved quantities, [n this case the theory

is said to be integrable. The classical example is the Polyakov string

described by the Lagrangian

, VA VB I/Zh X X g (4.34)

where X = d X . Our notation is opposite to that of string theories in that

g«-*h. This simple Lagrangian has many important properties. It is conformally

invariant, it possesses infinitely many conserved quantities and is

renormalisable, by power counting, for d=2. The energy-momentum tensor is

, j A > , B , . 1 / 2
h X A) h

The contravariant form is

= (hv p A ) g
p A8

(4.35)

(4.36)

In this case the contravariant 3X coincides with the momentum such that this

expression becomes symmetric. It is furthermore traceless. Therefore we will

have an infinite set of conserved quantities, for d=2.

The previous properties of this simple model have given rise to the

great success of string theories. In fact, string theories have a!) the good

properties one would like from a field theory. All these reasons are hopes

for strings to be the theory of everything. However, ' string theories are

interesting only when formulated in 2 dimensions. The ideal situation would

be to have a field theory formulated in 4 dimensions and exhibiting the good

properties of string theories. This is the problem to which we turn our

attention now.
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4.3 Conformal Field Theory in Four Dimensions

As mentioned previously, str ing theories are very nice theories with the

only defect that the good properties are present only when they are

formulated in two-dimensional spaces, while our space-time is four-

dimensional. The ideal situation would be therefore to have a theory

Formulated from the very beginning in four dimensions and exhibiting the

previously mentioned properties: conformal invariance, the appearance of ats

infinite-dimensional symmetry group, and renormalisability at the quantum

field theoretical level- Many attempts have been done in crder to solve this

problen. The nearest to our heart is that based on the existence of an

infinite-dimensional symmetry group.

The Virasoro algebra is an infinite dimensional Lie algebra. On the

other hand, physically the Virasoro algebra is a conformal algebra in one

dimension and VirsVir is a conformal algebra in two dimensions. In this way

the following problem arises: What is an infinite-parametric symmetry in D>2

like the Virasoro one in D=2? To be exact, there is an infinite-dimensional

Virasoro-like generalisation of the conformal algebra in D>2. Fradkin and

Llnetsky [73 have demonstrated that in D>2 there exist infinite-dimensional

extensions of the conformal algebras similar to the Virasoro extension of the

little conformal algebras in D=1,Z. In Fradkin and Linetsky's opinion such

algebras might become a basis of the algebraic theory of exactly solvable

conformal quantum field models in D>2 like the theory of the Virasoro algebra

in D=2.

In conclusion the natural group for a four-dimensional theory is Vir .

But while the Vir algebra is related to Riemannian geometry a similar

geometrical concept for Vir algebras is lacking. This missing geometrical

link is provided by fourth-rank geometry. Arcording to our previous results

the conformal Killing equation for a fourth-rank metric exhibits the desired

behaviour. Our problem is therefore reduced to construct a field tl.eory in

which the conformal Killing equation plays this central role.

In the fourth-rank case, however, the operation of raising and lowering

indices is not well defined, therefore the operation involved in (4.30)-

(4.31) does not exist. In fact this procedure works properly for second-rank

metrics due to the fact that only for second-rank metrics the operations of

raising and lowering indices are well defined. This is not a real problem

since the only thing we must require is that (4.29) gives rise to the

conformal Killing equation. This can be done for a simple Lagrangian which is
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the natural generalisation of (4.34) to fourth-rank.

Let us consider the Lagrangian

i H
4 ABCD

A XB
Oa |8 (4.37)

This simple Lagrangian exhibits the properties we were interested in. It is

conformally invariant, it possesses inifinitely many conserved quantities and

is renormalisable, by power counting, for d=4. The last step is to check the

existence of an infinite-dimensional symmetry group.

The generalised momenta are given by

A ABCD
C B 1/4

1 S (4,38)

The energy-momentum tensor is defined as in (4.23). Condition (4.29) reads

A
f ABCD

- i H
4 ABCD

XB X C D V

& r 5 JJT

xA xB
Q xc x\ a

a f? y 5 u
- o . (4.39)

Since the £'s do not depend on SX's what must be zero is the completely

symmetric coefficient with respect to 3X's. The result is the conformal

Killing equation (4.11) for rank 4. Therefore, we will have an infinite-

dimensional symmetry group for d=4.

Therefore, we have succeeded into implementing conformal invariance for

d=4. We have seen furthermore that the rank of the metric is essential to

implement conformal invariance in higher dimensions. It must be furthermore

observed that the appearance of the confarmal behaviour for some critical

dimension is a geometrical property of the base s,*ace and therefore model

independent. Therefore any attempt at the implementation of conformal

invariance in four dimensions by relying only on the second-rank metric is

condemned to fail.

Some final speculative remarks. In the eventuality of constructing a

sensible conformal field theory in four dimensions, the metric G , , in

analogy with the second-rank case, the string, would be an induced metric, or

an effective field. One would be therefore automatically describing the

effects of gravitation. Therefore, the gravitational theory developed in

section 3 must appear as a low-energy limit of this string-like model in the

same way in which R =0 is implied by the bosonic string theory in two

dimensions.
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5. Concluding Remarks

Some of the results we have obtained are quite unexpected and

surprising. Among them we have the fact that the gravitational theory

developed in section 3 coincides with General Relativity or'v in the vacuum

case and differs from it when matter is present, which is the regime in which

General Relativity fails in its predictions. When applied to cosmology we

obtain no contradiction with observation. Another interesting result concerns

the possibility of constructing integrable conforitial model in four dimensions

for which we expect a good quantum field theoretical behaviour. The previous

facts are indicative of a theory with a very rich structure.

There are still many open problems waiting to be addressed. Have we

considered all of them would have made the lenght of this article quite

prt ibitive and delayed its publication. Some further problems have already

been solved and we hope to publish those results in the forthcoming future.

The two problems we have chosen illustrate well the possibilities offered by

higher-rank geometries, and this was one of the purposes for which this

progress re;iorl was written.

Since 1 have started this work with a quotation it seems convenient to

me to close it in the same way by including two more quotations. Even when

they refer to another historical moments they can be reread even today with

changes which arc obvious. \ think they speak by themselves such that no more

comments are necessary.

"The danger of asserting dogmatically that an axiom based on the

experience of a limited region holds universally will now be to some extent

apparent to the reader. It may lead us to entirely overlook, or when

suggested at once reject, a possible explanation of phenomena. The hypothesis

that space is not homaioidal, and again, that its geometrical character may

change with the time, may or may not be destined to play a great part in the

physics of the future; yet, we cannot refuse to consider them as possible

explanations of physical phenomena, because they may be opposed to th •

popular dogmatic belief in the universality of certain geometrical axioms- a

belief which has arisen from centuries of indiscriminating worship of the

genius of Euclid,"

W.K. Clifford, 1S85

"People have often tried to figure out ways of getting these new

concepts. Some people work on the idea of the axiomatic formulation of the

present quantum mechanics. I don't think that will help at all. If you

imagine people having worked on the axiomatic formulation of the Bohr orbit

theory, they would never have been lead to Heisenberg's quantum mechanics.

They would never have thought of non-commutative multiplication as one of

their axioms which could be challenged. In the same way, any future

development must involve changing something which people have never

challenged up to the present, and which will we not be shown up by an

axiomatic formulation."

P.A.M. Dirac, 1973
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