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Abstract

L

The use of small chance probabilities as evidence for sources of cosmic rays is ex-
amined, with particular emphasis upon issues involved when combining results from two
experiments, two analyses, or two independent tests of the same data. Examples are
given in which different methods of combining results should be used.

Tes ts of the Null Hypothes i s This section reviews the framework under
which experimenters are testing for evidence of cosmic ray sources. Discrete sources
have been searched for using VHE, UHE, UUHE 7 and surface and underground
(i detectors. There have been many experimental reports of dc excesses, phase
modulation, and episodic emission of cosmic rays associated with a number of
sources. The most familiar are the Crab, Cygnus X-3 and Hercules X-l.[l]

We are interested in looking for evidence of a source from a particular direction.
We expect background from galactic cosmic rays, which are to a great degree,
uniform in space and time. We call the notion that all cosmic rays come from this
uniform background the null hypothesis, or Ho. We call the idea that some of the
events are due to the source the alternative hypothesis or Hi. We then devise one
or more tests of the null hypothesis.

If the two hypotheses are exclusive and complementary, then rejection of Ho is
the same as acceptance of Hi. For example, we may only look for a dc excess from
a point in the sky, consistent with the angular resolution of our apparatus. Then
our hypotheses are that this point has more events than other points(#i) or that
this point is the same as other points (Ho). More generally, there may be other
hypotheses that we are not considering; e.g. the background may in fact not be
uniform is space, or the signal may not appear as a point source but may be spread
out larger than the angular resolution. Such possibilities don't change the results
of any test which is set up to distinguish our stated Ho and Hi. However, they
certainly affect their interpretation. Two probabilities for wrong conclusions are
defined; a, the probability of rejecting Ho when it is true, which is called an error
of the first kind, and j3, the probability of accepting Ho when it is false, which is
called an error of the second kind. The significance or confidence level is 1 — a,
and the power of a test for a particular Hi is 1 — j3.

It has been long recognized that the test needs to be determined before the data
is analysed. All data sets have unusual characteristics. When these are identified
a-posteriori, it is difficult if not impossible to properly account for the number of
other effects which would have seemed just as unlikely. Neverthless, a-posteriori
analyses and serendipitous discoveries are accepted as part of the challenge of
scientific research. The intuition of the experimenter is often the most powerful
tool of data analysis. A strong caveat is needed that the significance or I — a devised
for a test formulated a-posteriori has quite a different meaning than for one devised
with an a-priori test. Unfortunately, it has become common to discount potentially
significant results equally wehter they were found with a-priori tests or a-posteriori
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tests alike.
It should be realized that there are an infinite number of tests of the null

hypothesis. An experiment could look for an excess of events from a particular
point in the sky on Thursdays, or during a particlar part of the sunspot cycle.
While it is true that the answer to the test only addresses the null hypothesis, the
test itself is chosen (explicity or implicitly) with a particular alternative hypothesis
(Hi) or a class of hypotheses in mind. A great deal of attention has been paid to
devising the most powerful tests for particular hypotheses relevant to the cosmic
ray field[2], particularly various tests of periodicity.

Examples of combination of probabilities Often one desires to
test for an unlikely fluctuation combining independent data sets and/or types of
tests. We show below that there are different ways for tests and data to be "inde-
pendent". One common example from cosmic ray physics is to determine if there
is a dc excess from the direction of a source, and then see if those events exhibit
periodicity.

The usual method is to test the null hypothesis (Ho) with two statistics that
assess the probability that the background in each test has fluctuated to what was
observed. For two independent tests, two probabilities Px and P2

 c a n be calculated.
The question, then, is what is the overall chance probability that the result was a
background fluctuation. Often the assumption is made that this probability is

P = P1P2- • (1)

This actually is the probability that the test 1 was as unlikely as Pi and that test 2
was as unlikely as P2. However this does not take into account that other possible
fluctuations would have appeared just as unlikely. A formula which accounts for
this problem is the Fisher-Pearson test[3] given by Eadie[4]

This treats the product P\Pi as a statistic and calculates the probability that
chance will give a statistic at least this small.

Table I

Comparison of ways to "combine" two independent data sets looking for a DC excess.
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Consider, however, the different example of two Gaussian distributed statisti-
cally independent data sets for which a dc excess search has been made. If there is
no systematic reason to exclude adding the data together, the correct chance prob-
ability is given by the probability of the total excess. It is not directly calculable



from just Pi and P2. For cases in which the expected event rate is the same,

_ Nri+N.2

where Nv is the number of standard deviations of the excess. A specific example
is considered in Table 1. It is no surprise that we have gotten different answers
because the 3 equations answer different questions. It is somewhat instructive in
this context to examine these differences. In the example chosen here, equati~<i 3
Io preferred.

Equation 1 regards the observations as unlikely only when both test 1 and test
2 are unlikely at the chosen level. Note that a repeat experiment in which the two
answers were reversed in order would not pass this test. Equation 2 treats the two
tests as independent types of tests of the Null hypothesis. The null hypothesis could
be ruled out by a sufficiently unlikely answer from either test, no matter what the
result of the other test, without contradicting the signal hypothesis Hi. Equation 3
deals with independent data sets which are being used to test the same hypothesis
in the same way. There is a statistical possibility that they might disagree with
each other, and therefore one is only interested in the overall answer.1 Suppose that
in the two data sets one had a large "Na" excess in one data set and a similar
"Nr" deficit in the other. This certainly provides some evidence that there is a
systematic reason to exclude adding the data together. However, if one believes
the data sets are valid, one adds the data together and there would be no effect
{Na = 0, chance P = 0.5).

This last conclusion depended strongly on the hypothesis H\ that was assumed.
If a different hypothesis was being considered, in which there was a search for
episodic emission of cosmic rays from the source, with a duration comparable to
the length of each data set, equation 2 and not equation 3 would be appropriate.

Let us now consider the common case of a dc excess and a phase test (without
period searching). One could rule out HQ with a large dc excess alone. Can one have
an unlikely phase excess without a dc excess? This question has been considered
by Lewis[5] when a dc excess is being combined with a Rayleigh test, but the same
question needs to be considered with any test of a phasogram. Lewis devises a
statistic which tests for consistency between the excess in the Rayleigh tests and
the overall excess. Something like this should be done in all cases. Equation 2 alone
presumes that a large phase excess with no dc excess or even a deficit is significant.
This fails to match the physical signal hypothesis Hi that we are concerned with,
and hence is a poor test. One may address this problem by adding a cutoff factor
to equation 3, where there is a minimum Pjc which is consistent with a phase peak.

D i s c u s s i o n In the examples that have been presented, it is dear that there is
a need to distinguish between independent kinds of tests of the Ho and independent
data sets which are both the same test of Ho. In the latter case, it is also necessary
to distinguish whether the independent data sets are expected to give the same
result. In searches for episodic phenomena, independent data sets are separate
tests which cannot be added together.

lAny data set could be broken down into an arbitrary number of subsets. There is no statistical
reason to do this. There may be systematic reasons to do it, of course.



We have often heard results presented like the following: "This result is evi-
dence for cosmic ray emission from object X. The chance that we would get this
result as a statistical fluctuation of the background (a) is 10~3." The following t̂ re
possible alternative implications of the statement:

1. Object X is a source of the cosmic rays.

2. There was a very unlikely statistical fluctuation of the background.

3. The result was due to a systematic effect not properly taken into account.

4. The chance probability of a statistical fluctuation was not properly calculated.

If the result was due to a combination of probabilities, then a proper method of
combination should be chosen.

Ultimately, however, the believability of a result strongly depends on whether
there is a commonly accepted paradigm, or physical model into which such an
observation fits. Such a paradigm is based on both the state of theoretical as-
trophysics and particle physics, and previous observed phenomena. When two or
more tests are combined, the paradigm becomes even more important, as two or
more tests must fit into the paradigm. This repeats the earlier argument that
while the test or tests by themselves can only rule out Ho (or not rule it out), by
their selection, they essentially define an alternative hypothesis (Hi) or a class of
hypotheses. If the tests were poorly chosen so that Ho seems to be ruled out, but
the observations are inconsistent with a reasonable Hi, the observation may not be
useful. Finally, the reader is warned again that because every data set has unusual
characteristics, a test chosen after the data is likely to seriously underestimate a,
and thus may lead to point 4 being the explanation of the results presented, even
if probabilities have been combined using a correct procedure.
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