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The study of the dynamic response of the plasma is a valuable
tool for investigating transport processes in a Tokamak. In this paper, in
order to make the best use of this experimental information, a
deductive approach is adopted. A system identification method is
developed to estimate the transfer Junction of the system from the
time evolution of its parameters to any excitation. The form of the
identified transfer Junction is linked to a representation of the transport
in terms of poles (eigenvalues) and eigenmodes. These eigenvalues and
eigenvectors are thus directly deduced from the raw data with no
restriction on the underlying processes and there is consequently no
need to adjust any simplified transport model to the experimental
data. This method is illustrated in this paper by analysing the injection
of pellets on Tore Supra. The density and the temperature transfer
Junctions were observed to share the same poles with the corresponding
eigenmodes grouped in pairs with identical profiles. This implies the
presence of a coupling between the particle and heat flow. A criterion
is developed to select amongst the possible coupling mechanisms,
based on compatibility with the observed transfer Junction. The
selection suggests a model in which the particle diffusion coefficient
depends on the density and on the temperature gradient.
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1. INTRODUCTION

Transport phenomenology in tokamak plasmas is a topic
whose study has encountered many difficulties, especially in trying to
find suitable descriptions for complex behaviour such as energy
confinement degradation, profile resiliency, different confinement
regimes (L-mode, H-mode, pellet fuelled discharges), propagation of
sawtooth induced perturbations, etc.. Clearly the understanding of
the transport mechanisms is a major objective for an optimal design
and optimal operation of a future fusion reactor, where control of
additional and fusion product heating, current drive, fuelling,
impurity and ash are imperative.

This paper uses the dynamic response of the plasma to
investigate the transport mechanisms. This method consists in
measuring the temporal evolution of the plasma parameters following
a perturbation which may be either externally imposed (additional
heating modulation, working gas or light impurity puffing, pellet
injection, heavy impurity blow off) or produced by less controllable
phenomena (internal disruptions, regime transitions). Clearly the
plasma relaxation will depend closely on the underlying mechanisms
and its study will yield additional experimental information on the
transport phenomenology.

Commonly, the use of the plasma dynamic response has been
restricted to the evaluation of the coefficients of an a priori chosen
transport model by trying to match the simulated and actual temporal
evolution of the plasma parameters. In this paper, a deductive
approach is adopted. In a first step the information contained in a
perturbative experiment is extracted. This analysis method creates a
tight link between the plasma dynamic response and the transport
processes, without having to invoke a par.icuja: mechanism. To
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determine the underlying mechanisms, some simple properties of
the plasma dynamic response, which can be experimentally
established, are used, providing solid basis for their subsequent
modelling. This representation of the plasma dynamic response can
then be used to validate or exclude the contending transport models.

This paper is organised as follows : the link between the
plasma dynamic response and the transport processes is developed
in Section 2. The analysis of pellet injection experiments on Tore
Supra using this formalism is presented in Section 3. The study of
the dynamic response properties and the elaboration and validation
of a transport model is assessed in Section 4 and the conclusions are
presented in Section 5.
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2. FORMALISM

This section presents the link that can be established between
the mathematical representation of the transport processes and the
transfer function that may be deduced from the measured plasma
dynamic response.

2.1 Transfer function form

The evolution of the density and temperature profiles, n and
T, is governed in the most general case by continuity equations for
the particle and heat density :

= S-VT, (Ia)
dt

(Ib)

Here S and Q denote the particle and heat sources, and F and q the
corresponding fluxes. No specific form will yet be assigned to the
particle and heat fluxes since no particular transport mechanism is
yet specified. Thus the continuity equation for both parameters may
be rewritten in the general form :

(2)

where y is the transported quantity, x the corresponding source term
and L the transport operator. This operator is usually a linear
integro-differential operator acting on the spatial variable,
characterised by time independent coefficients which may vary in
space. The usual convective and diffusive terms are contained in this

TofcomoJc transport phenomenology and plasma dynamic response



general form. Although the condition of linearity may appear as a
severe constraint, this formalism may still be applied to non linear
transport models, for small perturbations around a steady state.
Similarly some kind of time dependency on the transport coefficients
can be introduced. This will be developed in Section 4.

The analysis will also be restricted to separable source terms,

x(r,t) = x(r)u(t), (3)

in which u(t) is a dimensionless function, called the excitation signal,
and x(r) gives the spatial distribution of the source. The continuity
equation in the Laplace variable can be written :

s y(r,s) = x(r)u(s) + Ly(r,s), (4)

where the linearity and stationarity of L have been used.

To find an expression for the transfer function of the system
in the Laplace domain, the eigenfunctions of the transport operator,
yn(r), will be introduced, which satisfy the equation

Pnyn(r)=£yn(r), (5)

where pn are the associated eigenvalues. The chosen eigenfunctions
take account for the edge conditions associated with the transport
operator. Since this function set is complete, both the source
distribution x(r) and the Laplace transform of the solution of the
continuity equation y(r,s) may be decomposed as :

x(r) = £ xn yn(r), (6a)
n=l
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y(r.s)= X cn(s) yn(r). (6b)
n=l

This decomposition becomes complicated when the profile of the
source does not satisfy the edge conditions or when the edge
conditions have an explicit time dependence. This is however only a
problem when computing the eigenvalues and eigenfunctions of a
given transport operator, a step which is not necessary in the
present analysis.

The continuity equation now becomes :

OO

£ ((s - pn) Cn(S) - xn u(s)) yn(r) = 0. ( 7 )
n=l

Since the eigenfunctions are independent, their coefficients in the
sum of (7) must be equal to zero, thus :

_\

(8)

The transfer function of the system may now be derived :

The eigemnode amplitudes Xn can be included in the normalisation
of yn(r) and will no longer be explicitly shown.

The poles and residues of the transfer function are now seen
V

to be the eigenvalues and eigenmodes of the transport operator.
Expressed in other words, if the transfer function of the system can
be identified in the ad hoc form (Q), a diagonalised representation of
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the transport operator would be obtained, without invoking any
specific mechanisms. In the context of tokamak transport, where
these mechanisms are not well known, this approach is clearly more
objective.

A method, derived from well established system identification
techniques, has been developed to find the transfer function of the
system in the prescribed form on the basis of measurements of the
temporal evolution of the quantity y(r,t) during a transient. The
technical details of this method are reported in a separate
publication [1] but for the sake of conciseness and completeness, its
main principles are recalled in Appendix 1.

2.2 Discussion

Before closing this section, it is appropriate to reiterate the
salient features of this approach.

The major advantage is that the data reduction phase may be
carried out without choosing a particular transport mechanism. The
features of the poles and eigenmodes of the transport operator may
still be experimentally determined. Consequently there is no need to
specify any edge conditions, which is helpful since in a Tokamak
these depend on complicated and not fully understood edge physics.
Since they influence largely the poles and the eigenmodes, any
analysis where they are required relies heavily on their accuracy.

In addition the poles and the normalised eigenmode profiles
do not depend on the source term distribution x(r). This term
results from the identification procedure and can have a physical
meaning, e.g. a power deposition profile. Thus results obtained with
different source terms may be compared. In particular the
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interpretation can be extended to the whole plasma volume, even if
the source term does not vanish. The identification of the transfer
function can also be performed with any excitation signal u(t)
although rich waveforms will clearly yield more information.

Finally a statistical treatment of the transfer function variance
fixes the maximum number of poles that may be reliably identified.
This guaranties that the pertinent dynamic response information
available in a given experiment has been extracted.

It is instructive to compare this approach with a Fourier
analysis or any equivalent homodyne detection. Both methods off ^r
the same noise rejection property, namely that the signal to noise
ratio can be arbitrarily raised by increasing the experiment duration.
The transformation from the Laplace domain to the frequency
domain is achieved by simply replacing s by jco in equation (9).
However the transformation from a frequencial representation to a
description in terms of poles is less obvious : it requires
measurements of both the amplitude and phase of the response over
a wide frequency range followed by a reduction of this scattered data
to the desired form (equation (9)) using H00 methods [2 J. Thus the
results obtained directly in i±ie Laplace variable are more easy to
interpret.
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3. EXPERIMENTAL RESULTS

The method developed in the previous section was applied to
the analysis of the dynamic response of the electron density and
temperature following pellet injection.

3.1 Experimental conditions and diagnostics

All the data used in this work were recorded during the
current plateau phase of limiter ohmic discharges on Tore Supra [3]
with the following characteristics :

major radius 2.38 m
minor radius 0.75 m
magnetic field 3.8 T
plasma current 1-1.5 MA
peak electron density 3 x 1019 nr3

filling gas D2

The measurements of the electron density was made using a 5
channel interferometer with a 2 ms sampling period, those of the.
electron temperature with a 6 channel Fabry-Perot interferometer
tuned to the second harmonic of the electron cyclotron emission and
sampled every 1 ms. The electron cyclotron emission measurements
were cross calibrated against a 12 channel Thomson diffusion system.

Up to 20 deuterium pellets with velocities up to 600 m/s were
launched at a repetition rate of 1 to 4 Hz into a steady state plasma.
The ablation duration (=0.5 ms) is shorter that the data sampling
period, so the excitation signal u(t) may be treated as a Dirac
function. Following pellet injection, the plasma column undergoes a
horizontal displacement of a few millimeters, considered small

Jean-Marc Maret and Équipe TORE SUPRA 10



enough to be neglected.

(a) shot #2693 - Line density excursion [le!9m-2]

34.S 35 34.7 34.9 35.1 34.8 35 34.7 34.9

Time [s]

(b) shot #2693 - Normalised temperature excursion

MHWIJUMW-o.i -

34.S 35 34.7 34.9 35.1 34.8 35 34.7 34.9

Time [s]

FIG.l. Dynamic response of the line integrated electron

density (a) and of the normalised electron temperature
(b) estimated with :

(i) independent transfer Junctions for each pellet and
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each channel of each diagnostic.
(U) transfer Junctions with poles common to all channels
of a diagnostic, but independent for each pellet and each
diagnostic.
Uv) transfer Junctions iuith poles common to all pellets
but independent for each diagnostic.
(iv) transfer Junctions with poles common to both the
density and the temperature.

3.2 Transfer function identification

The raw interferometrie signals and the normalised
temperature perturbation, i.e. the temperature excursion normalised
to the temperature of the target plasma, are shown in Figure 3.
These signals are used to identify the transfer function of the plasma.
For this particular experiment, a maximum of 3 poles were identified
(N = 3). Going to N = 4 yielded a pair of poles statistically
indistinguishable and whose associated residues had opposite sign,
leading to a sum of two partial fractions that cancel. It should be
noted that up to N = 4, the sawtooth contribution is treated as noise
by the identification algorithm. N = S transfer functions look basically
like N = 3 with an additional pair of complex poles oscillating at the
sawtooth frequency. The corresponding residual is of course
considerably reduced, but this is not the most appropriate way to
take into account the sawtooth effects (Section 4). Accessing those
higher order poles would require longer experiments with a larger
number of pellets.

The system is first analysed with independent transfer
functions for each pellet and for each channel of each diagnostic.
This allows for particle and heat transport mechanisms which may
evolve differently. The dynamic response estimated with these
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transfer functions is plotted in Figure l(i), together with the raw
data, showing the accuracy of the identification procedure.

shot »2693 Normalised loss function

3% •

2%

1%

(a) Line density

4%

3% •

2%

(b) Temperature

(O
~-(ii)

(iii)
- - - ( iv)

#1 #2 #3 #4

Channel

#1 #2 S3 #4 US

Channel

FIG.2. Normalised loss Junction for the same cases as
Figure 1.

These transfer functions do not take into account that,
according to equation (9), their poles should not depend on the
radial position. A new set of transfer functions was derived by
imposing poles common to all channels of each diagnostic, but still
allowing independent transfer functions for each pellet. The
corresponding dynamic response is plotted in Figure l(ii). There is
no significant increase in the normalised loss function, the relative
variance of the residual after identification, when going from variable
poles to constant poles (Figure 2), experimentally confirming that
there is no radial dependence. Imposing common poles yielded a
considerable improvement in the pole variance, a consequence of the
reduced number of free parameters in the identification procedure.
Since the poles are spatially independent, this analysis procedure can
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be applied directly to the raw signals, thus avoiding a preliminary
Abel inversion of the interferometric measurements or absolute
calibration of the ECE temperature diagnostic.

3.3 Transfer function linearity

The identification procedure requires the studied system to
be linear. The simplest experimental test of this condition is to
check that the poles of the transfer function remain constant and
that the residues increase linearly with the perturbation amplitude.
Since small perturbations would yield large uncertainties on the
parameter estimate, this approach is difficult to experimentally
apply. Instead the linearity may be investigated using a multi pellet
discharge in which the amplitude of the perturbation is varied by
modifying the size and/or the velocity of the pellets. The transport
operator is taken to be linear and to not vary during the discharge.
The ability of the corresponding transfer functions to accurately
reproduce the plasma response to small or large amplitude
perturbations will then be examined as a posteriori validation of the
linearity condition.

The time evolution of such a system is described by the
equation :

= I *k(r) uk(t) + L y(r,t), ( 1 0)
k

summing over each pellet ; xk(r) gives the source term of the k-th
pellet and uk(t) is a Dirac function centered at the k-th pellet
injection time. The response of the system in the Laplace variable
may be thus expressed as

= £Hk(r,s)uk(s), (11)
k
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with

_ o _ (12)
n=l__" Hn

Such a set of transfer functions is characterised by common
poles, the eigenvalues of the single transport operator. The variation
of the source term arising from different ablation profiles is
accounted for by identical eigenmodes with different coefficients.
The invariance of the eigerunodes is however very difficult to
incorporate in the identification algorithm. A looser constraint was
imposed : all transfer function, numerators, which depend on both
the poles and residues, are independent while a single denominator,
depending only on the poles, is common to all transfer functions.

This procedure was applied to a discharge in which individual
pellets resulted in an increase in the plasma particle content from
5 % to almost 100 %. The simulation and raw data plotted in
Figure 3 show that small and large amplitude perturbations are
accurately reproduced by eigenmodes with identical poles. The small
variation in the simulation error due to the common pole constraint
is compared in Figure 2 further supporting this conclusion. The
simultaneous treatment of many pellets considerably decreases the
statistical uncertainty on the pole estimation and improves its
immunity to offsets and drifts.

The linearity of the response, even for large pellets, confirms
the choice of the analysis method, and a similar validation must be
performed for any experiment analysed with this method.
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(a) shot #3169 - Line density [le!9m-2]

36.5 37 38.537.5 38

Time [s]

(b) shot «3169 - Normalised temperature excursion

36.5 39

r/a

37.5 38

Time [s]

FIG.3. Dynamic response of the electron density (a) and
temperature (b) to perturbations of different amplitudes,

analysed with constant poles.
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4. TRANSPORT MODELLING

Having identified the transfer functions, without a specific
transport mechanism, the resulting information may now be used to
build a transport model. This modelling will be carried out in two
steps : simple characteristics of the poles and the eigenmodes will be
experimentally established and the structure of the implied
processes determined. Then, instead of introducing a specific
transport model based on expected physical transport mechanisms, a
general model will be proposed, which contains many different
mechanisms and which satisfies the established structure.
Combinations of terms of this general model yield a large number of
potential models. A selection procedure based on the experimental
data is developed and used to choose the more plausible of these
different combinations. Finally, the physical processes implied by
these selected combinations are examined in detail.

4.1 Model structure

The poles of the transfer function of both the electron density
and temperature were observed to be similar. This is shown in
Figure 4 by plotting the associated time constants for several
discharges :

(13)

Following this observation, a transfer function with identical poles for
the density and temperature was identified. Comparison of the fitting
accuracy for both independent or common pole cases (Figure l(iii)
and (iv)) as well as the corresponding loss functions (Figure 2) shows
that both density and temperature dynamic response are well
described by identical poles.
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.§ ID» 1st pole
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2nd pole

3rd pole
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Density time constant [s|

102

FIG.4. Time constants of the dynamic response of the
electron temperature compared to those of the electron
density. Crosses are obtained with independent poles
and circles with common poles. Symbol size is
representative of the standard deviation when larger
than 10 %.

This may be seen as experimental evidence for a coupling
between particle and heat fluxes, which would correspond to a model
structure whose associated eigenvalue equation takes the form :

Pn nn U
n

-MMI
(14)

The single transport operator has been replaced by a 2 x 2 matrix
whose elements are themselves operators and coupling is introduced
via the off diagonal elements. In these conditions, the poles of both
transfer functions are identical.
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Further evidence of coupling may be observed from the shape
of the eigenmode profiles. A subclass of coupled transport models is
considered in which the operators are proportional to each other.
This is described by the eigenvalue equation :

»5>
where the L matrix is purely scalar. It is instructive to explicitly write
out the lower order solutions of this equation :

U6al

= L1X2 . I ? » )-(L
L"T If*-). dec)

\ 1 3 / \ L,\ - L01H /

^L )f2(r). (16d)
2 - L<nn /

L1 and L2 are the eigenvalues of the scalar matrix L, X1 and X2 and fj
and f2 the first two eigenvalues and eigenfunctions of the L operator.
In these expressions, the eigenmodes appear in pairs, in the sense
that In1. n2) and (T1, T2) display the same normalised profiles given
by the first order radial eigenmode f l t while the next pairs, (n3, n4)
and (T3, T4) display the next order eigenmode profile f2.

For conventional transport processes, each eigenmode differs
significantly. This may be seen in the simple example of diffusive

* transport in a cylinder of radius a :

£-f£l'=B d7)
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The eigenfunctions are given by first order first kind Bessel
functions :

fn = Jc(on I). (18)

where an are the zeroes of J0- From the nature of these functions, fl

does not change sign inside the cylinder whereas f2 crosses zero
once.

Returning to the experimental data, the eigenmode profiles
are plotted in Figure 5, in their rawest form, i.e. the line integral of
the density eigenmodes without Abel inversion, and the normalised
temperature perturbation eigenmodes. The two slowest eigenmodes
have similar (homothetic) profiles, which do not vanish within the
observed plasma volume, while the fastest observed eigenmode
displays a different profile, which crosses zero. This confirms that off
diagonal elements differ significantly from zero.

in summary : poles are common to both the density and the
temperature dynamic response and their eigenmodes group in pairs
with similar profiles. This proves the existence of coupling between
particle and heat fluxes, whatever the responsible coupling
mechanism is. Such a coupling has helped in the interpretation of
several transient regimes in other experiments, propagation of the
particle and heat pulses released by internal disruptions [4, 5, 6],
plasma relaxation following pellet injection [7] and dynamic response
to a modulation of the electron cyclotron heating power [8], but has
often been introduced empirically and not deduced.

It is interesting to note that the two slowest eigenmodes of
the normalised temperature perturbation have very flat profiles. This
means that their contribution to the temperature evolution will not
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alter the temperature profile. Only the fastest eigenmode, which
dissipates on a much faster time scale than the global energy
confinement time, could change the profile, which can be seen as a
manifestation of electron temperature profile resiliency.

~" (a)shot#3169-Linedensiiyeigenmodes[lel9m-2] —--

— — '
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(b) shot #3169 - Normalised temperature eigenmodes
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Tokamak transport phenomenology and plasma dynamic response 21



(c) shot #2693 - Line density eigcnmodes [le!9m-2]
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(d) shot #2693 - Normalised temperature eigenmodes
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FIG. 5. Raw eigenmode profiles of the line integrated
density (a,c) and the normalised temperature
perturbation (b,d).
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4.2 General model

A general model is now introduced, which contains many
different forms of diagonal and off diagonal terms to satisfy the
previous experimental observations.

The continuity equations (1) are first rewritten using a vector
notation :

at
n (19)

In this general model the particle and heat fluxes are considered to
have the form :

(20)

The coefficients D and K are the usual particle diffusion coefficient
and thermal conductivity of the Pick's and Fourier's laws. D+ and K+

are the characteristic coefficients of diffusive cross terms. V and U
are the velocities associated with abnormal particle and heat pinches
(a positive velocity corresponds to an inward pinch). These terms
have previously been empirically, and perhaps somewhat arbitrarily,
introduced in numerous works and their pertinence will be
discussed here in the light of the proposed approach. Finally y T T is
the heat convection associated with the particle flux for which the
value of Y, 2. Or ,̂ is largely a matter of convention [9]. All these
expressions will be treated in cylindrical geometry.

The six implied transport coefficients D, D+, K, K+, V and U
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have an implicit radial dependence. Since the local parameters n,
Vn, T and VT vary during transient regimes and may in turn affect
the transport coefficients, a functional dependence of these
parameters will also be examined. This transport model is general
enough to treat complex situations such as turbulence induced
transport or critical temperature gradients [1O].

Since the studied transient regimes have been observed to be
linear, this model may be linearised by assuming small perturbations
around a stationary state :

n(r,t)\ /no(r)\ [n(nt)\
- + '

with the condition

- .IT/TO/

It should be noted that it does not imply

^/fr>vT/
 (231

which would impair the treatment of slow eigenmodes with long
characteristic scale lengths. A linearised expansion for the transport
coefficients may be written :

D(r,t) = D(r ; n, Vn, T, VT)

with similar expansions for the other transport coefficients.
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A functional dépendance on n and T of the source terms is

also included :

S(T,t) = S(r, t ; n, T) = SO(F) + S(T) u(t) + — n + — T-, (25)

with a similar expression for the heat source. Here the explicitly

time depending term S-u is the externally imposed source term.

These expressions are used to derive a linear expression for

the fluxes. As an example of this, the diffusive term of the particle

flux takes the form :

D Vn = D Vn0 + D Vn

+ Vn0 ̂ n + Vn0 -Jj- Vn + Vn0^f+ Vn0 - VT. (26)
on. o Vn oT

In this expression, it is important to note how, for small

perturbations, a functional dependence of D on n gives rise to an

apparent pinch term of velocity Vno (3D/3n), while a functional

dependence of D on T or VT would introduce a coupling with the

heat transport, even if such effects are not explicit in the model.

The details of the linearisation of the general model are given

in Appendix 3, which results in the equation :

(27)
Q

where the elements of the matrices V and 2) are combinations of the

transport coefficients and their functional derivatives.
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(a) shot #3169 • Density eigenmodes [le!9m-3]
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(b) shot #3169 - Temperature eigenmodes [keV]
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FIG.6. Abel inverted density eigenmodes (a) and
smoothed and calibrated temperature eigenmodes (b).
The extreme curves correspond to one standard
deviation.
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4.3 Transport coefficient estimation

The transport coefficients of the general model are evaluated
by solving the integral form of the associated eigenvalue equation
with respect to the elements of the I''and *D matrices :

(28)

This vectorial equation is repeated for each identified pole and
eigenmode, which, for the particular case of these pellet
experiments, would allow the simultaneous determination of up to 6
coefficients. This resolution is carried out in a least square sense
when the set of scalar equations is overdetermined,.

To solve equation (28), terms which depend on profiles,
gradients, and flux integrals of the density and temperature
eigenmodes and of their unperturbed profiles must first be derived.
Details of the Abel inversion and the smoothing techniques are given
in Appendix 3 (Figures 6 and 7). The damping rates in the 1P matrix
must also be explicitly calculated. A modification of the particle
source term due to a change in recycling conditions appears in the
elements IP11n and iPnT, which vanish beyond the neutral penetration
region and do not contribute to the flux balance in the plasma centre.
A variation of the electron ion energy transfer or of the radiation
losses appears via iPTn which is neglected because of its small
contribution to the electron power balance. ^En. is the only damping
effect included in the analysis because there is an important variation
of the ohmic heating power during pellet injection. The ohmic power
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profile before injection is calculated with a flat electric field, and
using the Spitzer resistivity, with a constant Zeff and without a
correction for trapped electrons. During the transient, the current
profile is assumed to be frozen, thus

dpQh- 3 Poho
8T 2 T0 '

shot #3169 - Unperturbed profiles

(29)

Temperature [keV]
Density [leI9m-3]

* Thomson scattering

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Normalised radius

FIG. 7. Unperturbed density profile obtained by Abel
inverting interferon^etric measurements and unperturbed
temperature profile from Thomson scattering data,

To demonstrate that this procedure yields transport
coefficients which are comparable with previous analysis, a simple
case is presented in which there are diffusive terms but no heat
convection (y = O) and no convective terms (1^ = 0). This
approximately corresponds to the model chosen to study the
propagation of the sawtooth induced heat and particle pulses in JET
[61, except that in this model the diffusion coefficients were constant
and a simpler slab geometry was used. The derived diffusion
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coefficients are plotted in Figure 8 as a function of radius in the
region where electron temperature measurements were available.
There is good qualitative agreement with [6], which also obtained a
large ratio between heat and particle diffusivity (D + Dnn and % +
D-T1-), a negative contribution of the temperature gradient term to the
particle flux (Dx + DnT) and a positive contribution of the density
gradient term to the heat flux fax + DTn). Thus, not only are the
results comparable, but this suggests that the physics of the transport
in the two experiments is not dissimilar.

shot #3169 - Diffusive model

—D + Dnn [m2/s]
-Dx + DnT [m2/s]
. Xx + DTn [m2/s

X + DTT [m2/s]

O 0.5 I

Normalised radius

FIG.8. Diffusion coefficient profiles for the purely
diffusive model. Upper and lower curves correspond to
one standard deviation.

4.4 Model selection

The information extracted from the present experiments is
not sufficient to derive the 6 coefficients of the general model and
their 24 functional derivatives. It is therefore necessary to limit the
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number of independent terms while still leaving a large number of
possible term combinations. The selection of the most probable
combinations is then performed by attributing to each combination a
Figure of merit.

This selection should not be considered as unique and
definitive. It is not unique since it depends on the way the Figure of
merit is calculated, although a careful choice should reduce this
sensitivity, and not definitive since the studied experiment may not
reveal all the important combinations. Since the selection is not
strict, the chosen models must be subsequently examined to see if
the physical processes they imply are meaningful.

It could be assumed that different mechanisms are responsible
for particle and heat transport in different time scales. But since the
number of calculable parameters is limited, it would be more realistic
to search for a global transport model that would explain both the fast
and slow plasma response as proposed in [-11]. The insensitivity of
the transport coefficients derived from the fast or the slow dynamic
response was chosen as a criterion to select the more plausible
combinations.

To set up this criterion, it is important to note that a least
square resolution of equation (28) favours fast eigenmodes, since the
corresponding poles have large absolute values and the source term
distribution for pellet injection excites fast and slow eigenmodes
with similar amplitudes (see Figure 6). Ideally, to guaranty that the
same importance is given to the fast and slow response, transport
coefficients and eigenmode profiles satisfying equation (28) and as
close as possible to the measured eigenmode profiles should be
sought. This is difficult to perform since in equation (28) both the
independent (r.h.s.) and dependent (l.h.s.) variables are derived
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from the measured eigenmodes which would require a non linear
minimisation of a complicated loss function.

The relative importance of fast and slow eigenmodes can be
more simply controlled by introducing a pole weighting parameter a
and transforming equation (28) to

n (30)
in

With a = O the previous fast pole weighting is recovered, with
a = 1/2 a coarse balance between fast and slow eigenmodes is
obtained, and with a = 1 a slow pole weighting is achieved.
Practically a model could be accepted if its coefficients do not
significantly differ for different values of a. The simple diffusion
model treated above would not pass this test, as shown in Figure 9 by
the large variation of its coefficients with a.

A possible quantitative formulation of this criterion is to
attribute to a given model a score computed as the root mean square
of the difference in the coefficients for a = O and 1, normalised to
the plasma size and averaged over the observable volume :

<j2(V/aj = -1- ((V(a = O) - V(a = l))2) (3 1 a)
a2

a2(D/a2) = -L ((D(CC = O) - D(O = D)2) (3 Ib)

Other formulations of this test would not be expected to alter the
selection significantly.
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shot #3169 - Model validation

—D + Dnn[m2/s]
—Dx + DnT [m2/s]
. Xx + DTn [m2/s]
••X+DTT[m2/s] fast

fast

. slow

slow

O 0.5 1

Normalised radius

FIG.9. Diffusion coefficient profiles for the purely
diffusive model evaluated for fast and slow pole
weighting.

4.5 Selected models

This selection procedure may now be applied to find which
combinations of the independent contributions yield the lowest
score. Since the pellet experiments yielded 6 eigenmodes, only
combinations with up to 4 terms were tested. Absurd combinations
such as those involving the derivative of a coefficient but not the
coefficient itself were discarded. There are 280 remaining
combinations, which reduces to 94 when there is no heat convection
( Y = O ) .

The ordered score of equation (31) is shown in Figure 10 for
three possible values of the convection coefficient (y = O, 3., ^).
Models with y = O are the least satisfactory, and y = §- the best,
indicating that heat convection really exists. There is a swift
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degradation of the score away from the best models, which
correspond to combinations of less than 4 terms. This justifies a
certain confidence in the model selection, and shows that having
chosen a maximum of 4 free coefficients was not over restrictive. The
possibility that the model selection was influenced by some kind of
artifact of the eigenmode profiles was investigated by modifying the
number of base functions used in the density Abel inversion and for
the temperature profile smoothing (see Appendix 3), which resulted
in no fundamental reorganisation of the model classification.

10«
shot #3169 - Model classification

10» -

10-1

- 5/2 convection
• 3/2 convection

no convection

20 40 60 80 100

Model #

FIG. 10. Model classification based on the difference
between their coefficients evaluated with fast or slow
pole weighting. Only thejirst 100 models are shown.

The final step in this approach is to examine the physical
mechanisms implied by the models with the lowest scores.

The 9 first models contain the following coefficients :

Tokamak transport phenomenology and plasma dynamic response 33



model #1 D, DnT

model #2 D, Dx

model #3 D, VnT

model #4 D, DnT, Vnn

model #5 D,Vnn

model #6 D, DnT, V11n, VnT

model #7 D
model #8 D, DnT, VnT

model #9 D, V11n, VnT

These models all have a similar structure : a diffusive particle
transport (D) possibly combined with cross terms. Profiles of the
transport coefficients of the 4 first models are plotted in Figure 11
for a = O, 0.5 and 1.

Model #1 and model #2 are fundamentally different : in
model #1 the cross term (DnT) is a functional dependence of the
diffusion coefficient on the temperature gradient which only occurs
in transient regimes, while the cross term in model #2 is explicit
(Dx) and also contributes to the stationary particle flux. The
experimental observations do not allow this distinction which can be
understood by inspecting the independent variable associated with
Dx and DnT in equation (60). To be decorrelated these two variables
require VT0/TQ larger than VTnXTn, which can not experimentally be
achieved.

In model #3, there is an outward pinch (VnT) i.e. a
dependence of the diffusion coefficient on the temperature, which
leads to a unsatisfactory modelling of the slow response, seen by a
variation of the diffusion coefficient estimation (Figure ll(c)).

Model #4 is a refinement of model #1, in which a dependence
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of the diffusion coefficient on the density has been added (V )
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shot #3169 - Model #4 validation
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FIG. 11. Profiles of the transport coefficients of the first 4
models. Each coefficient has been evaluated using slow,
balanced and fast pole weighting.

These preliminary remarks are not sufficient to select the
most plausible of these models but the reasons for preferring
model #4 to the others may be seen from a closer examination of
their properties.

In model #2, the underlying transport model is fully linear,
while in model #4, the functional dependencies of D result in a non
linear transport model. This non linearity is corroborated by steady
state observations such as energy confinement degradation or
electron temperature profile resiliency.

Using to expressions derived in Appendix 3, the functional
dependencies of the diffusion coefficient yield apparent transport
coefficients :
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= • Vn0 , (32a)

Vnn = Vn0 (32b)
dn

All these coefficients should be small in the flat density profile region
(Vn0= O), i.e. the discharge centre up to r/a = 0.4 (see Figure 7).
This property is satisfied by both DnT and V11n in model #4, without
having been imposed, which is not the case for DnT in model #1 and
VnT in model #3.

In model #4, the positive sign of Vnn implies a particle
diffusion coefficient which decreases with density, a feature that has
been deduced from several scaling law studies. Similarly the positive
sign of DnT implies that the diffusion coefficient increases with
steeper temperature profiles, which has been predicted by
theoretical transport models using turbulence thresholds. It should
be noted that the absence of a linearised heat diffusion in these
models does not .mean that there is no explicit heat diffusion, but
only that x and D1̂  cancel each other (see equation (5 Td)).

All these observations indicate that model #4 should be
chosen as the more plausible. A couple of further remarks on this
model are pertinent.

The deduced particle diffusion coefficient of model #4 can be
expressed as a power law with the following exponents :

«h = - -^r-. - .d In n
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3 JnD (33b)

which are shown in Figure 12(b). In the region where the density
profile is flat, these exponents are rather imprecise, but a value
between. 1-and 2 can be safely taken in the region r/a = 0.4 tqLO.6.
This leads to a confinement time degradation of TE = P"a where a is

approximately :

a =
«VT

aVT+l'
(34)

and values of i to 2. are expected for a.
2 3

(a) shol #3169 - Transport coefficients (b) Diffusion coefficient derivatives
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FIG. 12. (a) Model #4 transport coefficients and their
standard deviation, (b) Logarithmic dependencies of the
panicle diffusion coefficient obtained from these
transport coefficients.
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It is interesting to note that in the model classification, a
diffusive term in the particle flux (D or Dnn) was necessary for the
first 101 models, while models with an explicit abnormal particle
pinch (V) are not found to be good. This questions the universality
attributed to this abnormal pinch during the last decades.

A variation of the diffusion coefficient during transients has
already been proposed to explain the profile of the phase of the soft X
ray response to a modulation of the gas injection on TCA [U]. In
conclusion the study of the dynamic response, in connection with
these observations, gives additional credit to a model whose
coefficients depend on local plasma parameters and their gradient as
is the case in model #4. In the pellet experiments, a particle
diffusion coefficient increasing with the density, and decreasing with
the electron temperature gradient (in absolute value) has been
identified.

4.6 Discussion

This procedure should be seen as an example of the steps
required to deduce the most probable transport processes from the
experimental data. Although the criterion developed for these
experiments was not chosen without care, the ordering would
change if the criterion was changed, but probably not significantly.
With the introduction of additional and/or more precise
experiments, other criteria may be considered more appropriate,
and it would be the re-appearance of the same solution that would
strengthen the final selection.

One could already consider as appropriate the description of
the plasma dynamic response to pellet injection with this transport
model. This description is however restricted to the processes
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included in the initially proposed general model. It is therefore
prudent to discuss, at least qualitatively, whether other phenomena
could also affect the plasma dynamic response.

It should be first emphasised that no particular edge condition
was required, neither for the transfer function identification nor in
the transport coefficient evaluation. The edge conditions could even
be determined by the analysis, providing that measurements are
available up to the limiter radius. So the results deduced from this
analysis will not depend on the delicate choice of the edge
conditions, as would be the case in an analysis where a given model is
adjusted to the measurements.

One of the most striking feature of the observed dynamic
response is the spread of its characteristic time constants (see
Figure 4). The longest one exceeds the global energy confinement
time (= 0.1 J/W) and even approaches the resistive time associated
with poloidal field diffusion. Some phenomena that may influence the
observed time constants are now examined :

- Dumping effects on the particle flux due to a modification of the
recycling conditions, even limited to the neutral penetration
depth, would certainly affect the time constants of the system,
because the latter are global to the whole discharge. However they
do not alter the evaluation of the transport coefficients in the
region observed in this experiment.

- A coupling to a third parameter could also be responsible for the
spread in the time constants. The effect of coupling is to split each
pole of the diagonal transport operators, as in equation (16) and
Figure 13. This splitting could lead to time constants which are
much larger than expected. A good candidate for a third coupling
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is the relaxation of the plasma current, whose dynamic response is
intrinsically slow. Note that the diffusion operator for the current
profile formally differs from those of the density and the
temperature, so that a similitude between eigenmode profilés can
not be used to confirm the existence of this coupling. This could
although be verified with a polarimetric measurement by
examining whether all three parameters share the same poles.

Pole splitting

— 1st order eigenmode
— 2nd order eigenmode

O 0.1 0.2 0.3 0.4 OJ 0.6 0.7 0.8 0.9 1

FIG. 13. Sketch of the pole splitting when coupling is
introduced.

Sawtooth activity was averaged by restricting the order of the
transfer function (see Figure Kb)). Detailed effects of sawteeth are
known to be of fundamental importance for transport. In principle,
sawtooth activity could be treated in the transfer function
identification as a train of impulse excitations synchronised with
the internal disruptions. This would yield information on the
transport mechanisms during the quiet period between two
disruptions. However the analysis of the overall plasma dynamic
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response would require a model of the sawtooth crash, i.e. what
triggers the internal disruption and what are the transport
mechanisms during the reconnection phase and the time
resolution for this aspect of the problem is not yet available.
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5. CONCLUSION

A deductive method has been developed for the study of
transport phenomenology in a tokamak plasma. The first step was to
establish a close relation between the transfer function and the
underlying transport mechanisms by showing that the poles and the
residues of this transfer function coincided with the eigenvalues and
the eigenmodes of the transport operator. An analysis technique
based on system identification methods was then developed to
estimate these poles and eigenmodes from measurements of the
temporal evolution of parameters in transient regimes.

With this method the experimental data can be reduced to a
diagonalised representation of the transport mechanisms, without
having made an a priori choice or any restrictive hypothesis on the
underlying transport mechanisms. This reduction conserves the
information pertinent to a dynamic analysis and offers several
practical advantages : it does not depend on the source term
distribution ; any excitation waveform can be used ; it is applied
directly to the raw signals such as line integrated or non calibrated
measurements.

Properties of the poles and the eigenmodes of the transport
operator can be experimentally deduced which unambiguously
determines the structure of the transport model. This representation
may also be used to evaluate the transport coefficients of a given
model and to compare contending models. To be accepted, a
transport model must have poles and eigenfunctions that are close to
all those observed experimentally.

The method was illustrated using the dynamic response of the
plasma to pellet injection on Tore Supra. First it was verified that the
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plasma responds linearly to this perturbation. The identified poles of
the transfer function were found to be shared by the electron density
and temperature, and the radial eigenmodes grouped in pairs with
homothetic profiles which is solid proof of a coupling between the
particle and heat fluxes. Such a coupling has already been proposed
for the interpretation of other experiments but riot by direct
deduction.

Many possible forms of this coupling were considered and a
selection was performed based on the ability to simultaneously
described foe fast and slow response of the plasma. This suggested a
particle flux which was proportional to the temperature gradient or a
particle diffusion coefficient which decreases with electron density
and increases when the temperature profile becomes steeper.

In recent years, the dynamic response of a plasma has been
increasingly used as a powerful tool in the study of tokamak transport
phenomenology. The methodology developed in this work will help
in exploiting the potential information in a given experiment and in
combining different experiments and will result in the elaboration of
a more reliable model of the transport processes.
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APPENDICES

1. Transfer function identification

Considering that the expression for the transfer function in

the Laplace variable *•

H(,S),fcUi^L .35,

one can draw the impulse response of the system, that is the

temporal evolution of y(r,t) following a Dirac function excitation :

h(r.t) = £ hn(r,t), (36)
n=l

where

v, ir t\ < f*7ihn(r,t) = { . (37)
Iyn(F)eP^t t > 0

to practical situations, these signals are sampled with a period

T. Their value for both negative and positive times kT can be

calculated with the single relation

hn(r.k) = yn(r) 5(k) + eP-T hn(r,k-l). (38)

The z-transfonn of a discrete time signal v(k), which can be

assimilated to the pendant of the continuous time Laplace transform,
is defined by
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-kv(k). (39)

In particular, the z-transform of the impulse function is 1 and the z-
transform of a one sampling period delayed signal v(k-l) is z'l-v(z).
These properties applied to equation (38) lead to

hn(r,z) = yn(r) + eP-T z- 1 hn(r,z). (40)

or

The transfer function, expressed now in the z-variable, is of course
equal to the z-transform of the impulse response of the system, that
is:

*••>• = -

The poles and the residues of the Laplace domain transfer
function being sought have a simple relation to those of the z-transfer
function : the latter coincide while the former are linked by

Pn=^, (43)

where zn are the poles of H(r,z).

For practical reasons, the identification of the transfer
function will be limited to its first slowest poles (the smallest in
absolute value) : the limit imposed by the Nyquist frequency forbids
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access to too fast poles : fast poles are associated with more radially
structured eigenmodes which are excited with small amplitude by
smooth source terms. The transfer function then may be reduced to :

N-I

H . .

n=l

The second equality is simply the conversion of a sum of partial
fractions into a ratio of two polynomials in z. This form yields to the
relation

N-I N
y(r,z) = £ bn(r) z'n u(z) - £ an z-" y(r,z), (45)

n=0 n=l

which can be formulated in the temporal domain using the property
of the unit delay operator as

y(r.k) = £ bn(r)u(k-n) - £ any(r,k-n). (46)
n=0 n=l

This last expression allows a given transfer function to recursively
calculate the response of the system to any excitation waveform u(k).

The problem of identifying the transfer function of the system
can now be addressed and consists in finding the coefficients
{ai ..... ajj, bo(r) ..... bN-i(r)} on the basis of measurements of the
system response to a given excitation. This coefficient set completely
defines the sought transfer function and elementary mathematical
operations lead directly to its poles and residues.

The algorithm for determining these coefficients falls outside
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the scope of this paper [I]. It is sufficient to know that the variance
of the difference between the actual response of the system y* and
the one obtained with the estimated transfer function, i.e. the loss

function

£ (y^r.k) - tfr.kf, (47)
k=l

is minimised. Sometimes the normalised variance will be used, i.e.
the variance normalised to the unperturbed signal value
a(r)/y(r,k=0).

2. Profile treatment

Both density and temperature spatial measurements are
analysed with a similar method which can smooth the experimental
profiles and perform the Abel inversion of line integrated
measurements .

The sought quantity y(r) is first decomposed as a sum of base
functions with ?- propriate weighting coefficients :

3<r) = I cn fn(r). (48)
n=l

The choice of the base function set is not critical but allows the
imposition of known basic properties of the treated profile, such as a
null gradient in the centre or a vanishing profile at the edge.

Smoothing can be introduced when the number of base
functions is smaller than the number of data points, by determining
the weighting coefficients that minimise the variance
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~ I (£ Cn fn(rm) - y*(rm)f. (49)

Here y*(rm) symbolises the M data points. In addition, the
corresponding covariance matrix of the weighting coefficients allows
to evaluate the estimated profile variance.

The advantage of this technique is that derived quantities can
bft easily and precisely estimated : for example the profile gradient or
the flux integral is obtained by replacing the base functions by their
derivative or integral in equation (48).

Abel inversion consists simply in replacing the base functions
in equation (48) by their line integrals,

(50)

and the data points by the line integrated measurements. In this
situation, the Abel inversion reduces to the multiplication of the data
point vector with a predetermined matrix.

For the density and temperature profiles, first order first kind
Bessel functions were chosen :

fn(r) = Jo(an|), (51)

an are the zeros of J0 and a the plasma minor radius. Including
Ct0 = O allows to add a pedestal to the profiles.
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3. General model linearisation

In essence the general model introduced in Section 4 is non
linear and its linearised form is derived, following a development
first proposed by Gentle [121.

The equation for the first order perturbation, using the
notation introduced in Section 4, is :

(52)

The ^L matrix is simply :

fT°

O

3-1
2

(53)

The dumping rates matrix is deduced from the functional
dépendance of the source terms :

Prr

The convective term coefficients are :

I as
3n

3Q

as »
3T

3Q
3T

(54)

= V + V1111. (55a)

U + VTn + y (V + Vnn)),

(55b)

(55c)
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VnT + D - + Dx (55d)

where the functional dependence of the transport coefficients appear

through the quantities :

Vnn = Vn0 ^°- + VT0 ̂  + n0 ~, (56a)3n 3n dn

gi + no ̂ , (56b)

(56c)

no V1T = VT0 ~ + Vn0 ̂  + |n0 T0 |jL (56d)

The diffusive term coefficients are :

2>m = D + Dnn, (57a)

^S-(Dx + DnT). (57b)
TO

= T0 (Xx + D7n + Y (D + Dnn)), (57c)

H>rr = n0 (x + DTT + Y (Dx + DHT)), (57d)

where the functional dependence of the transport coefficient is
gathered in the parameters :

Dnn = Vn0 - + VT0 - + no -, (58a)
3Vn
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(58b)

To

no

Vn0 To

T0 |L.

(58c)

(58d)

In the above expressions the newly introduced diffusion coefficients
are normalised such that the whole diffusion coefficient matrix can
be expressed in the same units :

D
Xx

D

T0

J£_
"O

(59)

It is possible to determine whether the side effects of the
coefficient functional dependence, i.e. apparent pinch or cross
terms, can be distinguished from effective pinches or couplings by
inspection of the matrix coefficients. For instance D, which combines
with Dnn in Dnn and 2?Tn, is isolated in 1/pT so that it can be
separated from Dnn. This also applies to Dx and DnT and to V and
V11n, but not to x said Bn- or xx and DTn, for which only the sum can
be evaluated. Thus, a separate estimation of K and 3ic/3VT, and other
combined coefficients, is not possible from a single experiment. The
convective and diffusive contributions to equation (52) are therefore
made of 12 independent terms :

^ ° + 2 > V h
V T / IT

Vn
= D

y (TO Vn + Vn0 f)
Vn

^ 1 Y T 0 V n
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-, V T ~TO \ y (T0 VT + VT0 T) / TO \ y T0 VT

Vn
(60)

+ v -"--«,U(T0H + H0T)

T/ To.n +ho T

If the heat convection had been neglected (y = O), the number of

independent parameters would drop to 8 :

So VnTT0

VT

T

(61)
n !

In the latter case, none of the basic coefficients (D, D+, K, K+, V, U)
may be distinguished from side effects due to their functional
dependencies.
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