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INTRODUCTION

A moduli space of any type is essentially unchartered terrain. Very little is known about,
the structure of such spaces, and exotica awaits discovery at the boundary. For instance,
in Yang-Mills theory over an oriented riemannian four-manifold X (see [DK]) there is a
sequence of moduli spaces of anti-serf-dual connections Mk, labelled by the Chern class
k > 0. (The "total mass" of the curvature density of [A] e Mk is Sjr̂ fc.) As one "goes to
oo" in M/t, one reaches an "ideal anti-self-dual connection" of the form ([A], { i i , . . . , i|}),
where [A] 6 Mt-t and where {xi,... , x;} is an unordered set of i points on the manifold
X. The curvature density of this ideal connection is the measure |F(J4) | 2 + 8JT2 £ i = 1 &zi

and thus the total mass 8T 2 : ; is preserved in the limit. Figuratively, in the limit an
"S^-bubble" of mass 87r2 is pinched off at each of the "marked points" x\,..., xt • This
bubbling phenomenon seems to occur at the boundaries of moduli spaces.

In the Calabi construction (see [Cal], [Ca2j) the space of harmonic maps (i.e. branched
minimal immersions) of S2 into Sn decomposes into a union of moduli spaces Hjt labelled
by the harmonic degree k > 0. (This means that if / 6 Hk, then the area of f(S2) or,
equivalently, the energy of / is 4irfc.) When / is linearly full (i.e. its image is not contained
in a totally geodesic subsphere), then either / or —/ has a holomorphic horizontal lift to
the twistor space of the sphere such that its image is a curve of degree k. In the case
when n = 4, if / is totally geodesic, then both / and —/ have holomorphic horizontal
lifts to the twistor space CP3, and their images in CPj are linear projective lines. Thus,
modulo the antipodal map on S*, the study of the space of harmonic maps of S2 into S4

reduces to the study of holomorphic horizontal curves (of genus 0) in P3. For a given pair
of antipodal points on S"1 there is an involution on CP3 which preserves the holomorphic
horizontal structure. (Thus, holomorphic horizontal curves come in "conjugate pairs".)
Modulo this involution, it was shown in [Lo] that the study of holomorphic horizontal
curves of degree k and genus 0 in CP3 reduces to the study of the moduli space Mk of
pairs of meromorphic functions of degree k with the same ramification divisor. The space
of meromorphic functions of degree fc is not a compact space, and thus neither is Alt. One
would like to know what happens as one "goes off to co" in Mk- For that matter, what
happens as one "goes off to 00" in the space of meromorphic functions of degree fc? We see
that there is a situation analogous to that of the moduli space of anti-self-dual connections.
In the boundary, we discover that there are "ideal functions" of the form (/«>, {£ 1, • • • ,x 1})
where fx is a meromorphic function of degrf"* fc — !, and {x^,..., x|} is an unordered set
of I points in S2. If we have a sequence of degree k meromorphic functions fi converging
to this ideal function, then there is a set of I zeroes and a set of ( poles of ft which in
the limit, coalesce at the set of I marked points { i ] , . . . , i (} . Similarly, in the boundary
of Mk we have pairs of ideal meromorphic functions with the same ramification divisor.
What we really want is the corresponding curve in CP3. As expected, we find that in
the limit we have bubbles being pinched off at the marked points. More precisely, in the
limit we obtain a limit curve consisting of several irreducible components, with a "main
component" being a curve Coo °f degree k — i, and ( curves emanating from the / marked
points in C^.

The outline of this paper is as follows. In Section 0 we discuss some general facts on the
Calabi construction. We also correct some misstatements in [Lo]. In Section I we review
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some facts on the moduli space Mi. We analyze further the structure of the space of
meromorphic functions and the relation between meromorphic functions and ramification
divisors. We study in detail what happens when zeroes and poles coalesce. The natural
compactification of the moduli space is then introduced. We prove that the (compactified)
moduli space Aid is a connected projective variety of dimension Id + 4. It is irreducible
when d = 1 or 2, and it has two irreducible components when d > 3. In Section II we
discuss the boundary of the moduli space. We begin with some propositions on algebraic
deformations in the moduli space. Several examples are analyzed in order to understand
what happens in the limit.

0. PRELIMINARIES

We begin with some basic definitions. We correct some misstatements in the author's
earlier paper [Lo], as well as resolve some confusion that may arise in dimension 4 between
the terms "Calabi lifting" and "twistor lifting".

1. Minimal immersions into spheres. Consider the standard 2n-sphere S2n C R2n+1,
equipped with a given orientation. Let C2 n + 1 = R2n+1 ®nC be equipped with the standard
complex bilinear form, denoted by "•", We say that an n-plane V C C 2 n + i is^totaliy
isotropic if v • w = 0 for all v,w G V. Note that if V is totally isotropic, so is V. Let
%n,2n+\ denote the space of totally isotropic n-planes in C2 n + 1 . There is a riemannian
submersion ?r ; I,,,J r t+ ! -> S2" with fibre X M n 2r SO(2n)/U(n) (cf. [Cal], [LJ). This is
just the twistor bundle over S2n , i.e. the bundle of orthogonal complex structures on S2"
compatible with the given orientation. This can be seen as follows. Let V g Tn,Jn+i,
and let {z\,. .. ,zn) be a hermitian orthonormal basis for V. Write z* = "^(z* + '!/*)•
k — 1,.. . , n. Then *(i] A t/t A • • • A xn A yn) = u 6 S2n defines for us the map jr. Note
that V © V © Cu = C J n + I . The map sending V to R-u gives us a projection map to
RFstt- Since there is a totally real embedding of RP2n into CPjn given by R'U i—* C-u,
we obtain a totally real map into CP2n- Observe that T^S271 is spanned by Xi, yi, . . . ,
xn and yn. The complex structure on TvS

2n corresponding to V is defined by sending
Xk to yx and yt to —it, for k — 1 , . . . , n. The riemannian metric in In|2n+i is a Kahler
metric. This Kahler structure on Tn,2n+i is in fact that induced by the Pliicker embedding
P '• 2n,2n+] C G(n, 2« + 1) •—» P( A" C2n+l). The complex structure on In,2n+i decomposes
into the vertical and horizontal parts: Jx = j£ © J°, where Jx ia the complex structure
of the fibre (= In,2n, and hence Kahler by an argument similar to that given above) and
where Jz is the tautological complex structure determined by i on the horizontal space
Hx, which is identified via the riemannian submersion with T^z}S2n.

Let S denote a compact riemann surface. We say that a map g : £ —• Zn,2n+i is
horizontal if it is an integral submanifold of the distribution W. We will let j be the
isothermal parameter on S, and d and 8 denote d/dz and d/dz respectively.

Let 0 : E 9-* 5"m be a conformal immersion. Then the induced metric is given by
ds2 = 2F(z,z) \dz\2 where F = \di>\2 = \B$\2. The minimal surface equation is

We say that ii> is a branched minimal immersion if it is minimal away from the set of
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isolated singular points. These are precisely the nonconstant conformal harmonic maps,
(cf. [EL]).

A smooth map / : S -+ Sln is said to be totally isotropic if d'ftPf = 0 for all i,j > 0,
i+ j > 1- Observe that at a point z, the d'f(z)'s span a totally isotropic plane V(z) in
C2 n + 1 , and hence the maximal dimension of this plane is n. V(z) can be referred to as
the d-osculating space of the totally isotropic_map / . Note that if the inosculating space
of / has maximal dimension n, then V(z) ®V(z) ® C-f(z) = C2pl+1.

Let / : E 9-» SN be a totally isotropic minimal immersion (also referred to as a super-
minimal immersion). Calabi [Cal] showed that the image of evLry such map lies fully in
some totally geodesic even-dimensional subsphere S2n. It is easily verified that in such a
case the d-oscutatit.g space of / is spanned by df, . . . , d"f, and that df A • • • A d"f ^ 0.
Note that if / lies in a lower-dimensional totally geodesic subsphere S2m C S2", then
df A • • • A d"f = 0. We will use the terms "l:es fully" and "linearly full" interchangeably.

Suppose / : S 9-» S2n is a linearly full, totally isotropic minimal immersion. Following
Verdier [V2] we define the orientation of / to be

O(f) :=fAdfA...d"fAdf--/\d"fe /\7n+1 C2 n + 1 =S R.

Note that O{f) is either real or totally imaginary, depending on the parity of n. We say
that / is correctly oriented if O(f) > 0. It follows from Calabi's results that O(f) has
constant sign. Given a correctly oriented immersion / as above, Calabi gave an explicit
description of the lift to In,2n+i;

[8f A d2f A ••• A d"f] : S - I n , 2 n + , C P ( / \ " C 2 n + I ) ,

where the brackets refer to projectivization, or to the plane spanned by the vectors in the
wedge product. This is now referred to as the Calabi lifting of / . The beauty of this lifting
is that it is canonical—it depends only on / and its 3-derivatives. In other words, the
d-derivatives of / at x determine a complex structure of Tf(t)S

2n. The Calabi lifting of
the totally isotropic minimal immersion / is holomorphic and horizontal. Horizontality
follows from the minimal surface equation, and holomorphicity follows from Lemma 0.1
below. (See [Cal], [L] and [Mi]).

Let A : S2" —> S2" denote the antipodal map on Sln and Set / be a correctly oriented
map as above. Then O(A o / ) = O(~f) < 0. Thus, given a linearly full, totally isotropic
minimal immersion / , either / or —/ is correctly oriented. Note that

[£( - / ) A B2(-f) A • • • A dn(-f)} = {df A a 2 / A • • • A dnf]

and so does not really distinguish between / and —/, unless one looks at the orientation.
This is the reason for considering / as a map into RP2n, and hence as a totally real map
into CP2n. Calabi liftings of maps into S2" only refer to correctly oriented linearly full
maps.



Lemma 0 .1. Let f : E °H> S2n be an immersion which admits a Caiabi lifting f to In,Sn+i •
Suppose that / is horizontal. Then it is hoJomorphic,

Proof. This follows immediately—almost tautologically—from the way the complex struc-
ture on the twistor space is defined. Holomorphicity of / is just complex linearity of / , .
The lemma follows immediately from the fact that the complex structure restricted to the
horizontal space at a point p = f(z) is tautologically that on Tx(F)Sin, which is deter-
mined by df(z),... ,d"f. Also, df encapsulates the complex structure of the riemann
surface. •

2. Dimension four. In dimension four a miracle happens. This enables us to have
canonical lifts of any smooth immersion / : S 9-> S4 to the twistor space. This is because
E, being a riemann surface, is oriented. Thus, /»{T2£) is an oriented 2-plane in Tf^S4

and hence determines a unique orthogonal complex structure on Tf(T)S4 compatible with
the given orientation. (This makes / ,(T,S) a complex line.) Thus, we have a lifting, / ,
of / into I2,s. This is called the twistor lifting of / . Note that this argument works only
in dimension 4 because if the codimension of the ambient sphere is greater than 2, there
exist many possible complex structures on T^jjS" such that /,(X rS) is a complex line.

Remark. Let g : E —> Zjs be an arbitrary smooth map and define / = irojr:E—> S*.
Then g is not necessarily a twistor lifting of / since the complex structure on Tf(,)S4

corresponding to g(z) does not necessarily correspond to that determined by /,(TjE).

2.1. Totally geodesic maps. Suppose that the immersion / ia totally geodesic (and is
hence a minimal immersion). The conformality condition is df • df = df • df — 0. Since
/ is totally geodesic, we also have df A9 7 / = 0. By Calabi, its lifting must be completely
determined by df, and must lie in T\j. Since / is a map to S4, we would like to have
the twistor lifting to I2,5- To do this, we need an inclusion map of T\$ into 12,5. We
will do this explicitly as follows. Without loss of generality, we may choose an oriented
orthonormal basis x\,.,. ,xs, on R5 such that the image of / lies in the intersection of R3 =
span-fi] , :^,^} with S4. We will let C3 and C5 denote the complexifications of R3 and
R5 respectively. Since / is totally geodesic, df lies in C3. Also, conformality implies that
for each point z € S, span{9/(a)} is an isotropic line in C3. Let £ = i 4 + sgn(/)ii5, where
sgn(/) denotes the sign of / which is determined by the condition that /A9/ACA0/AC > 0.
Observe that ( • C, = ( • C, = 0. Thus, V{z) := span{9/(z),C} is an isotropic 2-p!ane in C5.
We thus have a twistor lifting V of / , into X2i5. Note that this is indeed a twistor lifting of
/ because V(z) corresponds to the orientation-compatible orthogonal complex structure
on Tf(j)S4 which is completely determined by df •

Proposition 0.2. The twistor lifting V : £ •*•* 1̂ ,5 as defined above is horizontal, and
hence holomorphic.

Proof. Let P € Ij,s and let u € S* such that P 0 P © C-u = C \ Recall (cf. [Mi]) that

XPI 2 ,5 = {L € Homc(P, PL) | L(v) • v = 0} = T" ffi Tk

where the vertical and horizontal spaces are given by

T" = {L e Homc(P, P) | L(v) v = 0}

and

Now let V(zo) = P = span{9/(zo),(}- Note that ( ia a constant map, and hence 9( =
d~C = 0. Since df A d2f = 0, d2 f = Xdf for some function X. We will show that dV and
dV (the homcmorphisms Lg and L§ of F into P±) lie in the horizontal space T . Now,
letting ( )""• denote orthogonal projection to PL, we have

and

L6(df) =
= [—Ff]± by the minimal surface equation (*)

Thus, these maps lie in Homc(-P, C-u) where u = f(z0), and hence V is horizontal. Holo-
morphicity follows from Lemma 0.1. D

Let A : S* —> S4 denote the antipodal map. Consider the map A o / = - / : S —> 5 4 .

Proposition 0.3. The map Aof has a twistor Jifting toI2-5 given by W{z) = span{9/, C}-

Proof. This follows from

(A o f) A d{A o f) A ( A d(A o / ) A C = - / A df A C A df A (

= - / A df A C A C A df

5 > 0 . D

Proposition 0.4. The twistor Jifting W is also a hoJomorphic, horizontaJ map.

Proof. This would follow from the fact that V, as defined at the beginning of this subsec-
tion, is horizontal. Choose a pair of antipodal points on 54 , N and S, such that / ( £ ) lies
in the equator (relative to JV and 5). Then the involution a on S*, defined in [Lo], when
restricted to the equator is just the antipodal map. Furthermore, the related involution on
CIP3 is a contact involution, and hence sends holomorphic, horizontal lines to holomorphic,
horizontal lines. (See the remarks following Proposition 0.11.) In particular, it sends the
holomorphic, horizontal line V(E) to the holomorphic, horizontal line W(E). •

We thus have the following proposition:

Proposition 0.5. Let / be a totaJJy geodesic immersion of S2 into S*. Then both f and
—f have hoJomorphic, horizontaJ CaJabi liftings into 2?,5.

Remark 0.6. It is well known that there is a two-to-one correspondence between full har-
monic maps <l> : S2 —> S2n and full holomorphic, horizontal maps ip : S2 —* 2n,2n-H-
Replacing S2a by RPjn (or regarding <f> a& & totally real, full harmonic map into dPjn)i
we obtain a one-to-one correspondence. However, we have just been that in the non-full
case, to every totally geodesic map / : 52 —* S4, there is a corresponding horizontal,
holomorphic map / ; S2 —»Ij.s whose image is a linear CPj. It can easily be checked that
this is in fact a one-to-one correspondence.
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2.S. Linearly full maps. Now, assume that / : S P-> S4 is a linearly full, totally isotropic
minimal immersion. Recall that / is correctly oriented if O(f) > 0, where O(f) = f f\df !\
d"1 j A df A 8* f. Also, if / as above is correctly oriented, then its holomorphic, horizontal
Calabi lifting into I2,5 is given by / = \df A d2f] <E P(/\2 C5).

Remark 0.7. If we replace / by - / , i.e. the map / followed by the antipodal map .4
on S"4, we obtain the "same / " . Since / cannot be the twistor lifting of both / and
—/, we conclude that Calabi's formula for the lifting is only valid as a twistor lifting
for correctly oriented maps. Traditionally, when studying isotropic harmonic maps into
spheres, one only looks at correctly oriented ones, since if / is not correctly oriented,
th™ its antipodal map A o / = —/ is correctly oriented. Nevertheless, by our previous
argument, / should have a twistor lifting into Ti$- To define this lifting, we first perform
a hermitian orthogonalization procedure on the pair df, d2f to obtain a pair of hermitian
orthogonal functions gi = df and p2 such that [df A 92/] = [gi A g?]. Letting (, ) denote
I he hermitian inner product, we have 0 = (si,S2) = 9i • p2, implying that pi and j?2 span
an isotropic plane. Also, isotropicity implies that Q = g, • g2 = {gi,<)2), i.e. {<?i,<7i} is a
hermitian orthogonal pair.

Lemma 0.8. If f is correctly oriented as above, then the twistor lifting of its antipodal
map, A a f — —/, is given by [<?j A g2], where gy and g2 are as above.

Proof. It suffices to check that this gives the correct orientation. Now,

O(A of) = {Aof)/\g1Ag2AgiAg2

= ~{Ao f) Affi

= / A <h A 52 A > 0. •

Proposition 0.9. Let / : £ ^ S4 be a correctly oriented, linearly full, totally isotropic
minimal immersion. Then the twistor lifting of -f is not a horizontal map.

Proof, The twistor lift is given by [3l A g2}. Let P{z) = spa.n{gi(z),g2(z)} and P(z) -
span{<7i(z),ff2(£)}- By fullness, there is some point z such that P(z)@P(z)®Cf(z) = C5.
Again, we will let ()L denote orthogonal projection to P1, Now,

= S2 C P.

Thus, L^(ji has a vertical component. Consequently, the twistor lift given by P is not
horizontal. •

Note that Proposition 0.9 and Lemma 0.1 contradicts the claim by Verdier [V2, Propo-
sition 1] that the twistor lifting of an immersion / into 5* is always horizontal. (Otherwise,
since horizontality of the lift implies holomorphicity, the projection to S2n would be a su-
perminimal immersion, which is impossible since we started out with a generic immersion!)

&.S. The contact involution. The space Jj.s can be identified with CFa {via the Klein
Correspondence), and S* with HP]. The fibre J24 of the twistor fibration can then be
identified with CP]. A choice of antipodal points on S* determines the choice of homo-
geneous coordinates on HP] and CP3. Pick a pair of antipodal points on S4, call them
N and S. Choose homogeneous coordinates on HPi such that N = [1,0] and S = [0,1].
Then, the fibres above the north and south poles have homogeneous coordinates of the
form { [*, *, 0,0] } and { [0, 0, *, *] } respectively. We can now choose homogeneous coordi-
nates on CPj respecting the above choices. The contact structure on CPj is given by the
horizontal distribution which is determined by the 1-fortn whose lifting to C — {0} is

i2 = ZQ dz\ — z\ dza + — Z3 dz?.

With respect to these choices, the contact involution is defined by

The corresponding involution on HP[ is given by [a, b] i-t [a, —b]. This is just the antipodal
map on latitudinal S3's (relative to the pair of antipodal points JV and S in S4). Thus, if
we have a superminimal surface in S4, the involution produces a "conjugate" superminimal
surface. Observe that if we choose a different pair of antipodal points, the above construc-
tion produces another contact involution on CP3, and hence would produce a different
conjugate superminimal surface in S4. We thus have:

Proposition 0.11. Consider the holomorphic contact structure on CF3 determined by the
holomorphic, horizontal plane distribution. There is an RP4-famiiy of contact involutions
on CP3.

Thus, given a superminimal surface S in S4, there is an RPj-family of conjugate super-
minimal surfaces. This was used to prove the fact that given any totally geodesic S2, we
can find a pair of antipodal points on £4 so that it lies in the equatorial S , and hence
the Calabi liftings of that totally geodesic S2 and its antipodal S2 actually differ by the
contact involution relative to that pair of antipodal points; and thus, both are holomorphic
and horizontal.

I. THE MODULI SPACE

Henceforth, we shall let Pn denote CPn. We will also refer to the fibres of the twistor
fibration over S4 as "twistor lines". In [Lo], we described the moduli space, rid, of branched
minimal immersions of S2 into SA of area 4ird by the space of pairs of meromorphic
functions of bidegree (d,d) with the same ramification divisor. This is slightly inaccurate,
as what is described is actually the moduli space, Md, of holomorphic horizontal curves
of degree d in P3 (modulo the contact involution described in section 0.2.3)—we saw in
the previous section that there is a 2 : 1 correspondence between full branched minimal
immersions of S2 into S4 of area 4xd and holomorphic horizontal curves in P3 of degree d.
Let us recall some of the facts in that paper. The pair of meromorphic functions appears
because of the projection map of ¥3 - Li U L2 to L\ x I 2 — Pi x Pi, where L\, Li are a



pair of twsstor lines above a pair of antipodal points in S4. Letting P3 denote the blow up
of P3 along L\ and Li, we obtain a contact map

where the projectivized tangent bundle of Pi x P] is equipped with the canonical contact
structure. Let <Ti and a2 denote the exceptional divisors corresponding to the two twistor
lines under the blow up. TLe map $ is a branched 2-fold covering map, branched precisely
along cT] and Gi. This map is essentially the quotient map of P3 by the above mentioned
contact involution. Let S\ and 52 denote the 2 distinguished sections of PT(P] x P))
corresponding to lines tangent to the second and first factors of Pi x Pi respectively. They
are precisely the images of the 2 exceptional divisors under the map $. The ramification
condition on the pair of meromorphic functions is precisely the condition that the Gauss
lift to PT(P] x Pi) misses the 2 distinguished sections and, as a consequence, we have a
lifting of the curve (in the genus zero case) to Pj, and hence to a holomorphic horizontal
curve in P3 (which misses the 2 twistor lines). Furthermore, the ramification conditions
ensure that the bidegree-(d, (J)-curve in P| x Pi lifts to a degree d curve in Pj. At the
boundary of the moduli space the bidegree of the irreducible curve drops (for instance,
when the non-generic curve in P3 intersects the 2 twistor lines), thus we need to reexamine
in detail the computations for the degree of the lifted curve in P3. We would also like to
preserve the notion of "degree" among the spaces P3, P3 and PT(Pi x Pj) as well as the
bidegree in Pi x Pi. This will suggest what limits are allowable for holomorphic maps into
these spaces.

1. Degree computations. Recall the diagram:

p 3 <

'I
s4

P3 >

•1
Pi x P,

(1.1.1)

Let Ti denote the horizontal distribution in P3. The map <t is given by $(x) := TC,(HX),
which is a tangent line at #(1).

Let £1 and (.1 (resp. t\ and t2) denote the inverse images in P3 (resp. PT(Pi x Pi)}
of the first and second factors of Pi x Pj respectively under the map f : P3 —» P[ X Pj
(resp. 7T : PT(P, x Pi) -1 P, x Pj). Let S^ and S2 denote the 2 distinguished sections
of PT(Pi x Pi) corresponding to lines tangent to the second and first factors of Pi x Pi
respectively. Recall that homologically 4>,(ai) = 5 j , $,(02) = Si, an<I $«(^i) = 2<";,
i = 1,2.

The degree of a holomorphic curve 7 in P3 is given by its intersection number with a
generic hyperplane H. The intersection of H with 7 is a divisor 7 • H on 7 and hence
gives us a line bundle over 7 of degree equal to that intersection number. We would like
to have a notion of "degree" of this curve under the blow up map. It turns out that there
are several degrees which can be associated to curves in P3. We will discuss three of these

which are pertinent to this paper. Let 7 and 7 denote the proper transform and the total
inverse image of the curve under the blow up respectively. We may choose H to contain
either of the lines L\ or L2. Thus, cohomologically (as an element of H2(P;s;Z) or as a
divisor class in Rl(Vy,O*)) the inverse image of this hyperplane under the blow up (or
equivalently, the pull-back of the divisor class) is given by fi*H =(Ti+ii =02 + h- Hence,
01 - 01 = h - e 1. Furthermore, Si - 5, = $.(<7i - o2) = *,(«j - h) = 2(i'2 - ?\). Thus,
the Picard groups of P3 and PT(Pj x P,) are given by

and

Pic(PT(P,

We define the hyperplane degree of a curve C in P3 to be the degree of the line bundle
CS'H\C corresponding to the divisor C-fi'H. Observe that we have the following equalities
among the degrees of the various divisors:

(1.1.2) deg(7 • PR) = deg(/9.7 • if) = deg(7 • H) = deg(/?.7 • R) = • 0*H).

Thus if 7 C P3 has degree d, then the hyperplane degrees of both its proper transform 7
and its inverse image 7 are d. We will work this out explicitly in the following example.

1,1, An example. Let us examine the simple case of a holomorphic horizontal curve
7 in P3 which intersects one of the twistor lines, say L\, at just one point p. This is an
example of a point in the boundary of the moduli space Mi. We will use interchangeably
the terms "tangent cone" to 7 at p and "tangent line" to 7 at p.

Recall that the exceptional divisor <j\ can be identified with the projectivization of the
normal bundle v(L\) of L\ uiP3 . Observe that v{L\) = O(l)©O(l). This is just P 3 - { £ 2 } .
The two O(l) factors can be seen by choosing two points a\,ai £ £2, considering the two
projective planes A; = span{a,-, L\), i = 1,2 and noticing that A, — {a]} = OL,(1) - The
complex lines in the fibres of v{L{) are just the complex lines in P3 — {L2} joining L\ to
Lj, and these are generated by the lines in A; — {a,}, i = 1,2. This gives the trivialization
P(v(Li)) = L\ x Pi. Thus a point in <TI can be considered as a point x € L\ together
with a P] 3 x joining x to 1,2. Recall that the proper transform 7 of 7 is just the closure
in P3 of the inverse image of 7 away from the exceptional divisor a\, i.e. 0~l(-f — {/>})•
The intersection 7 n<7X c ¥(v(Li)) corresponds to the image in u(Lj) of the tangent cone
Tp-y C TpPj. Since 7 is horizontal and the horizontal plane at p is generated by the set of
Pi's joining p to L2, there exists a Pi tangent to 7 at p which intersects Li at some point
q. This P] = span{p, q] corresponds to the point of intersection 70*71. We will also denote
this point by (p, q). Recall that the inverse image of 7 is 7 = 7U.E,,, where Ep is the inverse
image of the point p e L\, Since Ef corresponds to the set of all Pi's joining p to L2 (and
is hence parametrized by L2), we will let pairs of points (p, x) where x € L2 denote the
corresponding points in Ep. To summarize, in order to obtain the proper transform, 7, we
add the point (p,q) € Ep to ^" ' (7 - {p}).
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We now compute deg,(j • d). Recall that (, is the inverse image in P3 of the first factor
of Pi x Pi under the projection map jr. Observe that

U rr2)) 2 11 - (I, {span,Ji, Ii}) D (P3 - (Ii U £2))

for some x € £2- Furthermore, fi D <ri = £i x {1} and f 1 n 172 = ^ 1 , where EL is the iP*i
in (72 corresponding to the set of all Pi's joining i t o t j . For genericity, we assume x ^ 5,
where g is as in the previous paragraph. We will refer to t] in the complement of the two
exceptional divisors as the planar part off). Observe that the planar part off] intersects
7 in d — 1 points, and by the choice of x, ^i does not contain the point (p, q). (Had we
chosen x = q, then the planar part of £1 intersects 7 in (f — 2 points, and 1̂ intersects
the exceptional divisors in the point (p,g) £ a}.) Thus, deg(7 -^i) = d — 1. Similarly, we
obtain deg(7 • f2) = d. Furthermore, by the choice of our curve, we have deg(-y • o\) — 1
and deg(7 • tn) = 0. We thus have

deg{7 • P*H) = deg(7 • (a, + f,)) = 1 + (d - 1) = d

= deg(7 • (CTJ + (2)) = 0 + d

as expected.
Recall that (j n<7i = L\ x {.T} C £ I X P , , and that Ef = {p} x Pj C I

have
deg(£p • *,) = deg{(£, x {*}) •({;>} x P,)) = 1,

Let Ct,J denote the line bundle corresponding to the exceptional divisor &\. Then,

(1.1.3) deg(£\, • <Ti) = deg{£ffl|£ ) = — 1,

,, We thus

showing that £ p does not contribute to the computations of the hyperplane degree. This
shows that for degree d curves in P3, both their proper transforms and their inverse images
in P3 have hypcrplane degree d also. For our purposes, it will turn out that we need the
inverse images rather than the proper transforms.

1.2. C\ and (2 degrees. We next consider the line bundles C\ and £2 associated to the
divisors 1̂ and 2̂ respectively. Given a curve C in P3, we define its ^,-degree (i — 1,2)
to be the degree of the line bundle C,\c or equivalently the degree of the divisor C • £,.
Let pi denote the ;-th factor projection of Pi x Pi, (i — 1,2), and let ij := p,- 0 i. Then
deg£i |c = degir^lc and deg£2 |c = dtg^ilc- Thus the curve T ( C ) in P I XPI has bidegree
(deg£2|c,deg£] |c). It is also referred to as being of class {deg,£i|cdeg£2|c}.

Recall that given a holomorphic curve in P3 — {L\ U L2) of degree d, we obtain a
curve of bidegree (rf, d) in Pi x Pj . Now, consider the curve 7 given in the example of
subsection 1.1.1. Its proper transform 7 has £]-dcgree d - 1 and 6-degree d. On the other
hand, its inverse image 7 has both its £\ and (2 degrees equal to d. Consequently, x(-f)
has bidegree (d, d — 1) whereas #(7) has bidegree (d, d). For this algebraic reason, we will
consider inverse images rather than proper transforms of curves under the blow up of Pj
along the two twistor lines.

11

l.S. Inierpretation of the degrees. Let F = ( / i , /s) : Pi -* P] x Pi be a hotomorphic
map and let 5 denote the curve F(Pi). Denote by F the canonical Gauss lift of F to
PT{P, x Pj) and let 5 = / '(Pi). Recall that S is a contact curve in PT(P,__x Pi). Let
T denote its total inverse image $"'{<?) in P3. The contact involution r on Pj gives the
equality F = 7Ur(7) for some lift 7 of S. Then C = 0(T) is a conjugate pair of holomorphic
horizontal curves in P3. We have:

(1.1.4)
deg C = deg(tf • f},(T)) = de&(0mH - T) = deg((<Ti

= deg(*.(<r, +£r) • S) = deg((5, + 2t[) • S)

' (§)))

Observe that

(1.1.5)
deg(52 • S) = # of times the curve S is tangent to the first factor

= # of ramification points of fi which are not "cancelled out"

by corresponding ramification points in /]

and

(H.6)
' S) ~ # of times the curve S intersects a generator of the second factor

If / i and /2 are of degree d with the same ramification divisor, then deg(S2 • 5) = 0 and
we obtain deg(C) = 2d, and thus deg{7) = d. We will examine in greater detail later the
case when the degree of either of the two maps drops, while having (formally) the same
ramification divisor.

2. Meromorphic functions and Stiefel manifolds. Since the moduli space is de-
scribed by pairs of meromorphic functions with the same ramification divisor, let us re-
examine in detail various facts about meromorphic functions. We will approach this in a
manner suitable for generalizing to meromorphic functions on compact riemann surfaces
of higher genus.

Let Mi denote the space of meromorphic functions of degree d on Pi and let / 6 Mi.
Then / can be considered a holomorphic map of Pi to Pj of degree d where the target
Pi has two distinguished points—0 and oo. Then (/)0 := /~'(0) is an effective divisor of
degree d. In fact, for any x G Pi, f~l{x) is an effective divisor linearly equivalent to (/)a-
Hence we can associate to the map / (via (/)o ~ /^ ' f^)) a line bundle Lf of degree d.

12



Since line bundles on Pi are classified by their degrees, L; = O(d). (This is of course not
true in the higher genus case.) We thus have:

f'(O(\))^O(d) 0(1)

Pi > Pi .

Ther"! are holomorphic sections SQ, S\ of 0(1), unique up to scalars, which vanish at 0 and
oo respectively. Observe that So, Si are linearly independent and hence {.so,si} is a basis
for rf°(Pi, 0(1)) = C2. Pulling back, we obtain linearly independent holomorphic sections
/*.so and f's, of O(d) which vanish along (f)a and (/)<„ = /~ ' (°°) respectively. Since
a meromorphic function is defined up to a scalar by its zeroes and poles, we can scale so
and Si appropriately so that

I - f*s° — £°
; ~ f's, ~' <n'

Now, {cro,<Ti} is a 2-frame in the vector space /T°(PI ,0 (<J) ) = Crf+1. Since / = ffo/Vi =
coajcoi for any c e C", we have an equivalence relation on 2-frames: {ffo,<Ti} ~ {CCTO,C<7I}
for c £ C*. Thus meromorphic functions correspond to "projectivized 2-frames" in the
vector space H°(P1,O(</)). Note that <7o and <Ti have no zeroes in common because if

0 = <ro(z) = s<,{f(x))

then J(J) would be a common zero of SQ and s\ which is impossible since 0 ^ oo. Thus
the 2-pIane

s p a n f ^ , ^ } S/'(#<>{?,,O(l))) C H0(FuO{d))

has no base-points, and we obtain the identification

(1.2.1) Md^FV(2,H0(Px,O(d)))~H

of the space of meromorphic functions of degree d, with the complement in the "projec-
tivized Stiefel manifold" of 2-frames in H"(^i,O(d)) of the resultant locus 11 of 2-frames
whose associated 2-planes contain base-points.

There is a transitive GL(2,C)-action on H"(¥uO(l)) given by {so,Si} >-> {«s0 +
Psuls0 +isy] for A = ( " * ) 6 GL(2,C). Since span {cr0, <n } =* /*(ff0{Pi,0(l))),
we obtain an induced transitive GL(2,C)-action on span{<7a,<7i} given by {cra,ffi} i-»
{aero + /Jo-],7<70 + 6o\]. This just corresponds to a change of coordinates on the target
manifold:

Pi > Pi —^— Pi.
A holomorphic map / : P l -+ P] (where the target Pi does not possess distinguished
points 0 and oo) can thus be considered a meromorphic function modulo PGL(2,C). Since
V(2 ,C + 1 ) -» G{2,C4+1) is a principal GL(2,C)-bundle, we obtain the identification

(1.2.2) -H

jpGL(2,C)

where, by abuse of notation, we let It denote the subvariety of 2-planes containing base-
points. {An element of G{2,H°(P1,O(d))) is referred to in the literature as a gl

d.) Later
on, we will compactify the principal PGL(2,C)-bundle

(1.2.3)

Remark. In the case where S is a compact riemann surface of genus 5, a meromorphic
function modulo PGL(2,C) is a map / : S -> Pi, and associated to it is a base-point-free
2-plane /*(# o (Pi ,0( l ) ) ) C H°(S,L/), where £ / is the degree d line bundle defined as
above. Since different meromorphic functions of degree d may give rise to different degree d
line bundles, we must consider all line bundles of degree d on E. Let Jd denote the Jacobian
variety of equivalence classes of degree d line bundles over E {also denoted Pic (£)). For
each j € J*, consider PJfG{S,Lj) where Lj denotes the line bundle corresponding to j .
For d sufficiently large (say d > 2g - 2), we thus obtain a projective bundle V -+ Jd,
with fibre isomorphtc to P^_s. Projectivizing the 2-dimensional subspaces of /f°(S,Lj),
we obtain a projective grassmann bundle Gr —• J , The space of meromorphic functions
(modulo PGL(2,C)) of degree d on E is then just the complement of the elements in the
fibres of this bundle which contain base-points.

Let us now consider what happens when the 2-planes contain base-points, i.e. when
"zeroes" coalesce with "poles". Let W — span{<To,o-i) C J?Q(E,i) for some line bundle L
of degree d and some independent sections cr0 and <J\. Suppose that {;r.;}f=1 is the set of
base-points of W. Then locally around each xt: iTd(z) = z^'a^z), <TI(J) = z^'tr^z), where
/i, is the smallest integer such that <TO and <7] do not 1>oth vanish at x,. Let B — Yi^ixi
denote the base locus. Then degfl = J^^i =: fi. Thus,

= deg(<70) ~ i' = d~ ^ =

13

and so *o,^i G ff°(E, L ® O(-B)). The map / : S - . Pj defined by x i-+ loa(x),di(x)\ is
a holomorphic map of degree d — ft. Observe that do and <j\ belong to a different vector
space than that of cr0 and tj\. Nevertheless, every 2-plane in H°{T,,L) corresponds to a
holomorphic map of degree at most d. We will return to this degenerate case in the next
section when we study the behavior of the ramification divisor as a g\ acquires base points.

3. Ramification divisors and Wronskians. We first make some remarks in the case
of a general riemann surface before we specialize to the case of genus ?^ro.

Consider a holomorphic map of degree d, f : S —* Pi from a compact riemann surface
of genus g to Pi. Then df € Hom(T£,/*TPi), i.e. a section of A'E ® f"TVu where Kz
is the canonical bundle on 2 of degree 2g - 2. Let Lj := /*C(1) denote the pull-back of
the hyperplane bundle. Then / T P , = fO{2) = (.PO(l))2 = I). Since Lf has degree d,
df is a holomorphic section of the line bundle K-r. ® £/ and the ramification divisor of the
map / is just the effective divisor (df) of degree 2d + 2g — 2. (The ramification points of
/ are just the points where the differential of / vanishes.) We will sometimes denote this

14
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divisor by Ramf/). Note that Ram(/) does not depend on the choice of coordinates on Pi-
It is well defined on the equivalence class of meromorphic functions modulo PGL(2,C).
Suppose g is another holomorphic map with the same ramification divisor. Then the line
bundles associated to their ramification divisors are the same, i.e.

= [(dg)\ =

hence L2, = and consequently

for some line bundle f with (2 = 1. Note that there are only 22* such line bundles f.
Of course in the genus zero case, things simplify: Kf, = O{—2), Lf = Ls = O{d)

and df € T(KFl ® LJ) = T(O(-2) ® 0(2d)) = V(O(2d - 2)). In fact, we can be quite
explicit. Holomorphic sections of O(d) can be identified with polynomials of degree at
most d. Furthermore, a polynomial P(z) — ddzd + ad-\zd~l + •••-)- a\z + ag can be
identified with its coefficient vector P = {a<i,ad-i, • • • , «i,ao) G Cd+1. (Hence the iden-
tification H°(FuO(d)) = CJ+1.) With these identifications, we will write G2,d+i for
G(2, H°(Pi, O(d))). We will examine what happens to g^'s as they approach the resul-
tant locus. In particular, we will analyze the behavior of their corresponding ramification
divisors.

Henceforth, we will make the above identifications. We will frequently obscure the
difference between a polynomial and its coefficient vector, treating them interchangeably.
For instance, when we write P' we mean either the derivative P'(i) of the polynomial
P(z), or its coefficient vector. Divisors of holomorphic sections correspond to zeroes of
polynomials. Since scaling a polynomial does not change its zeroes, we have another
identification Pfd S Fd of the rf-fold symmetric product of P, with Pj = PfC*"1"1). We will
adopt the convention that brackets indicate projectivization.

One of the key ingredients in the moduli space is the ramification map. Let us first
understand how it originates and how it extends to degenerate cases. A meromorphic
function of degree d is just a rational function ip{z) — P{z)jQ(z) where P and Q are
polynomials with no common zeroes such that max{deg(P(j)), deg(Q(i))} = d. Then the
derivative

Q(z)Pl(z)-P(z)Q'(z)
(di \\i

gives us the Id — 2 ramification points of tp (as described above). In fact, we claim that
the Wronskian

(1.3.1) := XJ(Q(z),P(z)) = Q(z)P'(z) - P(z)Q'{z)

gives us all the ramification points. In general, deg{2Utf) = 2d — 2 and so Wv gives all
the ramification points. If deg(3DVJ) = k < 2d - 2, then oo is a ramification point of order
2d — 2 — k. (This can be seen by changing coordinates on the domain-Pi to £ = 1/z,
differentiating and evaluating at £ = 0.) As noted earlier, the ramification points are left
invariant by the PGL(2,C)-action. Thus, the ramification map

(1.3.2) 30 :
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is given by V = [P A Q) <-* \QP' - PQ'] for any choice of basis {P, Q} of V.

Note. The above ramification map is defined on the entire grassmannian G24+1—not just
on the base-point-free part.

Remark). In order to understand the behavior of the ramification map for the degenerate
cases, it is helpful to adopt some formal notation.

(i) Suppose tp is a meromorphic function of degree d such that its Wronskian 2Tt̂
is a polynomial of degree k < Id - 2. Then we can define its formal Wronsk'an
of degree 2<t - 2 by Wv := (z - oofd-2-kl$iv. For example, if ip(z) = zd, then
OT^^-ooZ-V-1.

(ii) Suppose f = P(z)/Q{z) such that max{deg(P(*)),deg(<2(2))} < d, i.e. <p is in
the resultant locus. Hence <f> corresponds to a meromorphic function of degree less
than or equal to d - 1. Let us consider the case when the degree is d - 1. In
this case {assuming that 00 is not a ramification point of v3), dcg(3U^) = Id — 4.
By convention, we will say that 00 is a formal ramification point of order 2 —
{Id - 2) - (2rf - 4). A formal way of including <f> into the space of meromorphic
functions of degree d is by writing it as

(1.3.3)
U-oo)P(z)

This is a nice way of writing the degenerate function because it suggests that ip
arises from a degeneration of a meromorphic function of degree d:

¥><,(•(*) =
(z-t)P(z)
(z-t')Q(z)

in the limit where the zero t and the pole t' coalesce simultaneously at co, i.e.

litn ipt v = v5-

Observe that in this case, by formally differentiating (1.3.3) we have

2 3 ^ = (z - <x,f(QP' - PQ') = (z- oo) 2 2U^ = <BV,

i.e. the Wronskian of the formal extension tp is just the formal Wronskian of ip.
Note that points in P2d-2 corresponding to polynomials of degree less than 1d — 1
can arise from Wronskians of both legitimate meromorphic functions of degree d
as well as degenerate meromorphic functions with a formal zero at oo and a formal
pole at oo.

(iii) The above suggests other forms of degenerate meromorphic functions of degree d.
For example, we have the formal function
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whose formal Wronskian is 2 % = (z - a)2Wv, where tp[z) = P{z)jQ(z). The for-

mal function 5 comes from the degeneration of a function wt ti(z) — , , „ , ,

(z-t')Q[z)
in the limit where the zero i and the pole t' coalesce simultaneously at a. So there
exists points in P21I-2 which correspond to polynomials of degree 2d — 2 with a zero
of order 2 at some point a and which arise from the Wronskian of functions in the

zd

resultant locus. For example, the degenerate function <p(z) = ^ has Wronskian

2UV = z2i~2, and thus we have a formal ramification point of order 2d - 2 at 0!

For clarity, we can rewrite the function as f(z) —
(z —
— z

J_ [ . This suggests that

every time a zero and a pole coalesce to order k at some point a, we obtain a
formal ramification point at a of order 2k, (Of course, the order of ramification at
a could be higher—arising from possible ramification at a of the reduced function
obtained by "cancellation".) This is easily verified by formal differentiation,

(iv) Suppose degP(^) = k and degQ(z) = 1, then as a 2-frame in H°(FuO(d)), tp is
expressed in homogeneous coordinates by

v(Co,Ci) = {Co'P(Ci/(o),Co<?(G/Co)} = Ko~*^(Co,Ci),Co'l§(Co,Ci)}

for some polynomials P and Q. Hence, in inhomogeneous coordinates, we have
the formal expression

(1.3.3')
(z-<*>)'-*P(z)

The formal Wronskian is then obtained by formally differentiating (1.3.3'). Alter-
natively, suppose 2D^(z) = Q(z)P'(z) - P{z)Q'(z) is a polynomial of degree m,
then since it corresponds to an element of /f°(Pi, O{2d — 2)), we can express it in
homogeneous coordinates as

which when expanded, has a ^d

we have formally
factor. Thus in inhomogeneous coordinates,

- P{z)Q'(z)).

Lemma 1.3.4. Consider a meromorphic function of degree d of the form ip, v(z) =
(z - t)P(z)
1 *fi7v~\' ' ^ *'• Let $ = P(z)/Q(z)- Then in the limit as t, t' simultaneously
[z —t )Q(z)
coalesce at a point a g P , , 2DV=[ (t converges to (z — a)2W$.
Note. In view of the previous remarks, we allow f, (' and a to be 00 in the above lemma.
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Proof. By differentiating, we obtain

OT^,, = (z - t')Q[(z - t)P' + F\-{z- t)P[(z - t')Q' + Q]

We obtain the desired result by taking limits. Observe that in taking limits, we can always
choose a path in Pj which avoids the zeroes of P and Q. In doing so, we have a continuous
deformation in Mi, the space of meromorphic functions of degree d, with a discontinuity
at the moment of coalescence. D

Recall (cf. [Lo] and also [Go]) that the ramification map 211 : Gi,d+\ —> P:M-2 is a
branched covering map of degree p = (2c( — 2)\/d\(d — 1)!. This means that a generic
ramification divisor has p preimage points. We would like to know under what conditions
preimage points belong to the resultant locus 1Z. £ GI . J+ I , and hence correspond to de-
generate raeromorphic functions of degree d. We will let TV :— 183(11) denote the image of
the resultant locus in P2d_;.

Proposition 1.3.5. Suppose p £ Pjd-2 is a divisor consisting of 2d — 1 distinct points.
Then none of the elements in tS!~1(p) belong to the resultant locus.

Proof. By Remarks (ii) and (iii) above and Lemma 1.3.4, sny representative of a point in the
resultant locus can be written formally as (« — a)P(z)/(z — a)Q(z) for some a G Pi = CUoo,
whose Wronskian has a root of order at least two at a. This completes the proof since
the ramification divisor of a formal meromorphic function is completely determined by the
Wronskian. D

Proposition 1.3.6. Let p = £] a,x, € p2^_2 be a divisor such thai a.j > d — 1 fox1 some j .
Then the entire preimage 2B~'(p) iies in (he resultant Jocus.

Proof. If <p $ It, then ip : Pi —> iPi is a branched covering map of degree d. A ramification
point x 6 Pi of order k means that (k + 1) sheets meet at the point x. Since tp is of degree
d, there cannot be more than d sheets meeting at any given point, implying that the order
of ramification at any point is less than or equal to d — 1. G

The above propositions dealt with extreme cases. We now consider what happens when
a ramification divisor contains a point of multiplicity two. Let q = 2a + 5 € f*2d-2 be a
divisor where q € ^2d-i is a divisor consisting cf 2d—4 distinct points. By Proposition 1.3.5,
all the points of W~l(q) in Gt,i correspond to legitimate meromorphic functions of degree
d-\. Lettp(z) = A(* ) /B(z )beoneof them. T h e n ^ ( z ) = (z-a)A(z)/(z-a)B(z) ism the
resultant locus and has ramification divisor q. This shows that in the inverse image of ant/
divisor containing a point of multiplicity two, there exist points belonging to the resultant
locus. Of course there are examples of legitimate meromorphic functions of degree d with
ramification points of order two. For example, the function f(z) = (z — a)3 fz of degree
3 has Wronskian 2H/ = (z - a)2z(z + 2a). On the other hand, the degenerate function
pO) = (* - a)z2/(z - a)(z + a) also has Wronskian 2H, = (z - afz{z + 2a) = Wf. This
example shows that it is not necessarily true that the entire fibre above such a divisor
belongs to the resultant locus. We thus have:
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is a ramification divisor with a} > 2 forProposition 1.3.7. If p = ^ a , i , € P
some j , then p € 71', the image of the resultant locus in Pjd-s- If 9 € Pj j - j — 7t', then it
consists ofii — % distinct points, and hence all elements in 2U-1(g) correspond to legitimate
meromorphic functions of degree d.

4. The compactification of the moduli space. Given a map it : X -+ Y, recall that
the fibre product X x , X is just the restriction to the diagonal of the product bundle
7T : X x X —» Y x Y. The quotient of the space of generic holomorphic horizontal curves
in P3 of degree d by the action of PGL(2,C) x PGL(2,C) is described in [Lo] by the fibre
product (G2,j+i — 71) XJD (G2,j+i — TVj- The obvious compactification of this space is the
fibre product G-zd+i X5H d.d+i- If we do not take the quotient, we see that the space of
generic holoniorphic horizontal curves of genus zero and degree d in P3 is the fibre product:

(PV2irf+l -n)xw(FV2,d+1-Tl),

(where PV^^+j denotes the projectivized Stiefei manifold of 2-frames in C*+I. See sec-
tion 1.2). One may conclude (erroneously!) that the compactification of the space is
obliimod by including the resultant locus. However, PV(2,d + 1) is not compact. This
is because p : PF2,j+i -* G2td+i is a PGL(2,C)-bundle and PGL(2,C) is not compact,
Note that topologically, PGL(2,C) is just the complement in Pj of the determinant locus
D = \\z<),z\,Z2^^] I 2023 — ziz? = 0}. The determinant locus is thus a 2-quadric biholo-
morphic to Pi x IP,. Let H :- PGL(2,C) denote the compactification of PGL(2,C). It is
the projectivization of non-zero 2 x 2 complex matrices, and can thus be identified with
P3. Observe that H is not a group, but nevertheless it has the structure of an associative
Hopf space. We can thus consider the principal ff-bundle (more precisely, a principal
J/quasifibration, cf. [DL]):

p : P^ /2,ii+i —» C?2,if+i.

Alternatively, since PGL(2, C) acts on P3 (which we have identified with H), p is just the
IP3-bundle associated with the principal PGL(2,C)-bundle over Gi,d+\-

Observe that an clement ([a, b\, [X,ft]) 6 Pi x P | corresponds to an element ( AJ 'J ) in
the boundary of H. Thus for W — span{P, Q) C G2,<(+], the elements in the boundary of

l are given by

for all ([a, 6], [A, Pi x

Each of these boundary elements corresponds to the collapse of a 2-frame in W to a
degenerate 2-frame. Note that the formal Wronskian of an element / in the boundary
of p~J(W) is the zero polynomial, Nevertheless, since / G i>~l{W), we can define the
ramification map

by

W(p(f)).
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The natural compactification of the moduli space of holomorphic horizontal curves of genus
zero and degree d in P3 is thus given by the fibre product

(1.4.1) PF
2i (J+1 =:Md-

In order to understand the structure of M4, it is necessary to understand the structure
of the space ¥V2,d+i- Recall that the projectivized Stiefei manifold of 2-frames in Ccf+1

is the set {[v,w] £ P(C<'+' x C ^ 1 - {0}) | » A m / 0}, We can consider its natural
compactification, which we may refer to as the "projectivized generalized Stiefei manifold"
of 2-frames in Cd+1 •

- {0})},

which is nothing but P2J+1. Observe that this is not the same space as PV2,d+i =
P^.d+i XPGL(2,C) H which is a Pj-bundle ever Gi,d+\- This is because there is no unique
2-plane associated to a degenerate projectivized 2-frame to G2,d+i • This suggests a blow-up
of PGVj.j+t. Let V denote the set of degenerate projectivized 2-frames in Cd+>. Then

V = {[Xv, H I [« = P{C i+1), [A, p] a p,} a Prf x p , .

We now show that W2,d+i is in fact the the blow-up of PGVj>rf+i ^ P2rf+i along T>. Recall
that

(1.4.2)

There is a map ip '•

x P G L ( 2, a H

']'[c d\)

given by

I [u, w],\ , I i-t [av + cw, bv + dw

(this is independent of the choice of representatives). Any element in PGVji((+i — T> can be
uniquely expressed as an element of the right side of equation (1.4.2). On the other hand,
we can associate to an element x = [AU,//TJ] € T> its inverse image under 4<;

l[z = l[[v,w}, [w]ef(Wv), where Tn©C-t)=C+1|/pGL(2,C).

Letting [v\ and [A,/J] vary in Pj and Pi respectively, we obtain

]) [v,w] e PGL(2,C) c PV2,d+1.
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Observe that V = 4>~l(V) and that V is a divisor in PV2ij+i. Furthermore the map
V —» V sending f [v,u>], [„ J] ) to [Ai>,/*tj] is nothing other than the map 0 restricted to

Z>, and this is just a Pj_i-bundle over P. This shows that tj> : PV2,d+i —* Pu+i is indeed
the blow-up of PGVJ.J+I 5 P2tj+i along the (<f + 1 )-dimensional subvariety V, and is thus
a projective variety of dimension Id + 1. (Note that a projective bundle over a projective
variety is projective and since PV2,d-n is a P3-bundle over G?:d+i, it is projective. Thus
projectivity of PV^.d+i is already known, but blowing up P2J+1 gives us another way of
looking at the variety.) Recall that the product of two projective varieties is projective,
and a subvariety of a projective variety is projective. Since dime PGL(2, C) = 3, we obtain:

Proposition 1.4.3. The moduli space Mi is a projective variety of dimension 2d + 4,

5. Monodromy, connectedness and irreducibility. Recall that the monodromy
group is the image of the fundamental group of the base in the symmetric group, ©P(F),
of the fibre. Recall also that 2U : G2,d+i - SR —> P2J-2 - 93 is a covering map with fibre F
consisting of p — (2d — 2)l/dl(d — 1)! points, where the ramification and branching loci of
2U are denoted by W and 23 respectively.

Monodromy Theorem. The monodromy of 20 : Gj.d+i - !H -> P2J-2 - 53 is the Ml
symmetric group ©,,(.F).

This theorem was proved by Eisenbud and Harris (cf. [EH]) in their study of limit linear
series. It was invoked by Verdier (cf. [V2]) to prove:

Irreducibility Theorem. The space Md has two irreducibJe components when d > 3.

The Irreducibility Theorem can be used to give another proof of the theorem on the
connectedness of the moduli space (cf. [Lo]):

Connectedness Theorem. The. space Mi is connected when d > 3.

Since Verdier did not provide a complete proof of the irreducibility theorem (in fact, he
stated the theorem for the uncompactified moduli space), we shall furnish one here. We
first introduce some notation to prove two lemmas on topology.

Let (Y, yo) be a connected manifold with base point J/Q and let p : (Z, ZQ) —> [Y,yo) be a
finite covering (where Z is a manifold which is not necessarily connected). Let F := p~'(yo)
denote the fibre above the base point, and let G denote the monodromy group. Finally let
Y denote the universal cover of Y.

Remark 1.5.1. Recall that there is a right action of *i(Y,yo) on Y. The fibre F can be
identified with the left coset space 7T](Y,yo)/p,{Tri(Z,to)), and the monodromy action of
TI(K, y0) on the fibre is the same as the action of ^i(Yyy0) on the left coset space. We
thus have an action of trl(Y,yo) on the product space Y x F, and taking the quotient of
the product space by this action we obtain the identification

rj V' v V
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Lemma 1.5.2. Let (Y, jjo) be a connected manifold with base point y0. Suppose n{Y,y<i)
acts on some finite set F. Consider the fibre space p : Z = Y ^m{Y,v<>) F —> V". If Ti(V, </O)

acts transitively on F, then Z is connected.

Proof. Suppose that Z is not connected. Then it has at least 2 connected components.
Let E/i and U2 be two of them. Let Ft and F2 denote the intersection of p~l(yo) with U\
and Ui respectively. Let x\ € F\ and X2 £ -fj. Note that p is a covering map. Since any
based loop in Y lifts to a curve in a connected component of Z, there is no element of
""lf^yo) sending Xi to x2- This contradicts transitivity. •

Lemma I.5.3- Let p : [Z, ZQ) —> (F, j/0) be a finite covering and let F := p~'(yo). Suppose
the monodromy G acts doubly transitively on the fibre F, then the fibre product Z xy Z
has two connected components.

Proof. Observe that via the diagonal action of G on F x F, we can identify the fibre
product Z xy Z with the fibre space Y xo(Fy- F). Furthermore, the diagonal action of G
on F x F preserves the diagonal A(f xp) and its complement CA(pxf), For simplicity, we
will let S\ and St denote the diagonal and its complement respectively. Double transitivity
of the action of G on F is nothing other than transitivity of the diagonal action on both
Si and Sj. The lemma follows since

= K X G ( S I I 1 S 2 )

and by Lemma 1.5.2, (Y XG Si) is connected for i = 1,2. •

We next prove some lemmas on algebraic curves in algebraic varieties. In particular, we
will prove some "covering curve" lemmas which we will use in proving the Irreducibility
Theorem. The covering curve lemmas will also be useful in obtaining algebraic deforma-
tions in the moduli space.

Lemma 1.5,4. Let V be an irreducible algebraic variety and let W be a proper subvariety.
Then for any point p € W, there is an irreducibie algebraic curve 7 in I7 which intersects
W only at p. Furthermore if p is a smooth point of V, then 7 can be chosen to be smooth
at p.

Proof. Pick a general point q dV — W. Then there is an irreducible algebraic curve C in
V which contains p and q and which intersects W at only a finite number of points, say
{xj,,.., xn]. The curve C can be chosen to be smooth at q since q is a general point, and
furthermore if p is a smooth point of V, C can be chosen to be smooth at p. {See [Wl].)

= { p } U ( C - { i i , . . . , i n } ) . •

Remark 1.5.4'. In fact, the curve 7 above can be chosen to be smooth by deleting the set
of singular points in C.
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Lemma 1.5.5. Let V be an irreducible proper subvariety ofGi^+i and let W := W{V)
denote its image in IP2J-2- Let p 6 W. Then there exists a smooth a^eoraic curve
7 C P2J-2 emanating from p such that 7 n W = {p}. Furthermore, if q 6 V n W~l{p),
then there is an algebraic curve 7 emanating from q which covers 7.

Proof. Observe that 20 : G2:d+i —> P2J-2 is proper and finite and hence W is an irreducible,
proper subvariety of P2J-2' Since f2d-2 is smooth, by Lemma 1.5.4 and Remark 1.5.4'
there is a smooth algebraic curve C C P2J-2 emanating from p such that C f\W — {p}. If
7 : C —y Y2d-i denotes the inclusion map, we have the curve required in the first part of
the lemma.

Now consider

j
3n

where G is the fibre product

C x-iu-, GiM, = 7*(G2i<i+,) = W(C)
= {(x,w)eCx G2,d+1 I w(w) = 7(1)},

and TTJ is the first factor projection map. By [H, 9.3a, p. 266] 20 is flat (it is also proper).
Thus 7T] is flat by [H, Proposition 9.2b, p. 254] and proper by [H, Corollary 4.8c, p. 102J,
and hence each irreducible component of G maps onto C (cf. [H, Corollary 9.6, p. 257]).
Take an irreducible component T through (p, q) <E G. If necessary, normalize F to obtain
a smooth algebraic curve C (we let C — V if V is smooth). We thus have the commutative
diagram:

C y G2,j+\

C up
* *id-i,

where y(C) is the desired curve emanating from q which covers 7. •

Lemma 1.5.6, Let p g 93 C P2rf~2 and let q = (qi,qi) 6 W~'(p) c <?2,«j+i x<mG2,d+i-
Then there exists an algebraic curve 7 C G2.d+i x<m G2ld+i emanating from q such that
7 - {?} C G2,d+i *w Gi%i+i - 23J-]{«8).

Proof. Lemma 1.5.5 gives us a smooth curve 7 : C —» P2J-2 emanating from p with
7 D 53 = {p}. It also furnishes us with the curves 7, ; C{ —y G2,d+\ emanating from 9,-,
i = 1,2, which covers 7. Let /, : Ci —* C, i = 1, 2, denote the projection maps. Observe
that the fibre product C\ xc C2 is just the restriction to the diagonal D in the product
space C[ x C2, i.e.

C, x c C2 > Ci x C2

Z) C x C.
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Since C is smooth, the product C x C is smooth and hence the diagonal D C C x C
is described by one algebraic equation (which is locally x = y). Consequently, the fibre
product C1 Y-cC-i (which is C\ x Ci restricted to the diagonal) is described by one algebraic
equation (which is locally f\ = f2). This implies that every component of the fibre product
has codimension 1, i.e. every component has dimension 1, implying that (51, qt) is not an
isolated point. Note that the curves C, were chosen such that C; — {g<} are mapped onto
C — {p}, for i = 1,2, and thus the inverse image of p in the fibre product C\ y-cC2 contains
only the point {(qi,q2)}. Let 5 be an irreducible component of C\ Xc Cj containing the
point (91,92). Prom the commutative diagram:

1 3D

we see that 7 restricted to 5 C C\ X-c C2 is the desired curve emanating from (q\,q2). •

Remark 1.5.61. Ifqi = q2, consider the diagonal curve 7 = (71,71) : C\ ~> G2IJ+I x<wG2,d-\-i
defined by sending c 6 C to the point (71(^,7!^)) which obviously lies in the fibre product
G2,d+i XJD (?2,if+i- The cxirve 7 emanates from the diagonal point (?i,<?i) and covers 7.

Proposition 1.5.7. Tile fibre product G2:d+i xjnft.j+i has two irreducible components
when d > 3.

Proof. First, observe that if the monodromy acts as the full symmetric group on the
fibre, then it acts doubly transitively. By the Monodromy Theorem and Lemma 1.5.3,
the fibre product (GJ^-H - SH) Xmr (Gj^+i — !R) has two connected components, say Vj
and V->, corresponding to the diagonal and the complement of the diagonal respectively.
It follows from Lemma 1.5.6 that the Zariski closure of (G2,d+j — 9t) XJB (Gj.rf+i — 9t) is
G2,d+i XJB G2,d+i- Note that for smooth algebraic varieties, irreducibility is equivalent to
connectivity. Sir.ce (G2,<M-i — 9t) Xjn (G2:d+\ ~ W) is smooth, Vj and Vj are irreducible.
Recall that the Zariski closure of an irreducible set is irreducible. Thus, Vi and Vz are
irreducible. Since V\ ^ F2, in order to show that G^rf+i Xja G2:d+i has two irreducible
components, it suffices to prove that G2}d+i XJO G2,d+i = Vi U V%. It is clear from
Lemmas 1.5.5 and 1.5.6 that V\ U V2 C G2,<<+1 xro G2id+i- We now need to show that
G2,d+i % C M W CV1UF2.

Suppose x lies in the diagonal, i.e. x = (<?,?) £ <?2,<f+i x G2,j+i- By Lemma 1.5.6
and Remark 1.5.6', there is a diagonal algebraic curve 7 emanating from x such that
7 - {1} C (C?2,«i+i - M) X3D (Ga,d+i - !H). This shows that xeV\.

Now suppose x = {?t,?s) € Gi.rf+i x2062,^+1 is in the complement of the diagonal. By
Lemma 1.5.6, there is an algebraic curve 7 in G2,d+i x«ar C?2,<i+i emanating from 1 such
that 7 — {J-} C (G2,d+i ~- 1 ) XOT (G2,d+i - K). Note that 7 intersects the diagonal in a
finite number of points. Let <r denote the curve obtained from 7 by removing those points.
Then u — {1} is a nondiagonal curve in V2, thus showing that x g Vj.

We have shown that G2,,i+i XauGj^+i C VriUVr2 and thus Gj:d+i x<mG2,d+i = V1UV2.
Hence, G;,,(+i XJB G^.J+I has two irreducible components. D
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Remark 1.5.7'. Observe that when d = 1, the Wronskian is not defined, and that <?2,5 is
just a point. The fibre product is thus simply the product of two points, which is a point,
and hence irreducible. The moduli space is fbe total space of a P3 xPj-bundle over the fibre
product, and we thus obtain Mi = P3 x P3, which is a connected, irreducible projective
variety of dimension 6. When d = 2, the map 2U : G2,s -+ P2 is a biholomorphism (cf. [Lo,
Proposition 2.4]). As a consequence, we have G2,3 X-wG2,i — G2,3, which is connected and
irreducible. Since Mi is a P3 x P3-bundle over the fibre product, we obtain the fact that
Mi is a connected, irreducible projective variety of dimensional 8.

Proposition 1.5.8. The fibre product G2,i+i is connected.

Proof. Suppose x = (q, q) is a diagonal element in the fibre product Gj,d-n xjoG2,d-i-i where
q € M. By the Localization Lemma (cf. [Gu, pp. 99-105]), there is an open neighborhood
U of q such that U D W](z) - {q} where z := 2D(q) and 20 : U -> 2B([7) is an analytic
branched covering map of branching order 0(5). Since q is a ramification point of 20, i.e.
the Jacobian determinant of W vanishes at q, W cannot be locally injective by the converse
of the inverse function theorem. Thus o(q) > 2 and so for any point p € %8(U) — 93, there
are o(q) points in 3D"](p) n U.

Now let ( i n ( C G2,d+i — 9t denote a sequence which converges to q. Then if we let
zn := 2U(in), we have a sequence {::„} C P2if-2 — 25 which converges to z. Observe that
Z := {?}U{in} is a compact set and thus by properness, %B~i(Z) is compact. Note that the
2n's are general points since they lie in the complement of the branch locus. Consequently,
there are at least two points in 3D"'(zn) fl V for each n. We thus have a sequence {yn}
such that yn ^ xn and %8(yn) = zn. By compactness, there is a subsequence {ynt) which
converges to q (since zn —t z and U C\%8~l(z) — {?}). Then {{^m, J/n4)} is a sequence in
the complement of the digonal in G2,d+i XjoG2,d-t-i which converges to the diagonal point
x = (q,q). This shows that x lies in the topological closure of Vi. Recall that Zariski open
subsets are open in the usual topology. Thus, the closure of an open subset in the usual
topology is contained in the closure of that subset in the Zariski topology. Conversely,
an irreducible Zariski open subset is dense in the usual topology (see [W2, p. 165]). This
shows that for irreducible Zariski open subsets, the Zariski closure coincides with the usual
closure. Hence, x lies in the Zariski closure of V2 and thus

(1.5.9)

Since

x = (q,q)eVi(lV2 f o r g e d .

= V] U Vj, we have connectedness. •

Remark 1.5.10. Observe that since a point x = (q,q) where q € !H belongs to the Zariski
closure of the complement of the diagonal, there is a nondiagonal algebraic curve 7 ema-
nating from x with the property that 7 - {1} C (G2,<i+i - K) XjufG^j+i — 9t).

Proof of the Irre.ducibMty and Connectedness Theorems. Recall that if A and B are projec-
tive varieties with B irreducible, and TT : A —* B is a surjective morphism with irreducible
fibres of the same dimension, then A is irreducible. (See [S, Theorem 8, p. 61].) Observe
that x : Md —> G^.j+i Xgu G2J+1 has (P3 x Pj)-fibres and hence by Proposition 1.5.7
Md has two irreducible components. Moreover, since G^j+i Xjn G2,d+\ is connected by
Proposition 1.5.8, connectedness of Md follows. D
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Remark 1.5.11. By Remark 1.5.10, there exists a nondiagonal algebraic curve 7 in the
fibre product G2,<i-H xffl G2,i+i emanating from a point x = (<j,q) where q £ 51, with the
property that 7 - {x} C (G,']li+i - % ) x ^ [G2,d+i - W). Let i denote a point in Md which
projects to x. Since Mi is the total space of a (P3 x Pa)-bundle over Gj,d+i Xjn G24+1, the
curve 7 can always be lifted (not necessarily uniquely) to an algebraic curve a emanating
from x such tha t f f -{ i}cA1r f -W, where we let M d - ^ denote the bundle over the set
(G2,d+i - t ) XSB (Gv+i - W)- This gives us an algebraic deformation of a linearly full
branched superminimal immersion of S2 into S4 to a totally geodesic one. This may prove
useful in the study of "extra eigenfunctions" for minimal surfaces in S4. (See [E], [EK].)

Putting together Proposition 1.4.3, the Monodromy, Irreducibility and Connectedness
Theorems and Remark 1.5.7' we obtain the following main theorem:

Main Theorem. The compactifjcation of the moduli space of holomorphic horizontal
curves of degree d and genus zero is the fibre product Md = P^2,d+i Xjj, PV^d+i where
PV2,rf+i is the total space of the Pj-buncfie associated to the principal PGL(2,C)-bundie
over the grassmannian of 2-pJanes in C d + \ and where 2H : PV^.d+i —» P2J-2 is the
ramification map, Furthermore, Md is a connected projective variety of dimension 2d + 4,
which:

(i) is irreducible when d = 1,2, and
(ii) has two irreducible components when d > 3.

When d>3, let M% and Mj denote the two irreducible components corresponding to the
closure of the diagonal and the closure of its complement respectively. The compact ification
of the moduli space Hd of harmonic maps of S2 into S4 of degree d is then

(a) "rid = Md when d = 1,2, and
(b) Hd = Md U M\ U M~d when d>3.

In particular, for d>3, "Hd has three irreducible components.

Proof. We only need to explain the last part. When d > 3, the images of the projection
of elements of M°d into S4 are totally geodesic 2-spheres. The projection of elements of
Md into S4 correspond to the correctly oriented harmonic maps mentioned in section 0.
Each element in M J then corresponds to a correctly oriented harmonic map followed by
the antipodal map on S4. When d = 1 or 2, holomorphic, horizontal curves of degree d are
not linearly full; and hence project down to totally geodesic 2-spheres in S4. Conversely,
from [Ba] every harmonic of S2 into S* of degree 1 or 2 is totally geodesic, and hence
from section 0 it has a non-full holomorphic horizontal lift to P3 of the same degree. This
explains the isomorphism in part (a) of the theorem. D

II. THE BOUNDARY

In this section, we give an interpretation of the boundary of Md- Recall that the
space Md is a space of pairs of meromorphic functions of degree at most d with the same
ramification divisor. We will discuss how the elements of the boundary of the moduli space
can be represented as limit curves. We will discuss several examples which will help us in
determining the correspondence between elements of the boundary of Md and limit curves
in Pi x Pi, PT(Pi x Pi), P3 and P3.
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1. Algebraic deformations. We now use the covering curve lemmas of section 1.5 to
produce nice algebraic deformations of legitimate meromorphic functions into degenerate
ones. Recall that 1Z C G2,rf+i and TV : = 20(71) denote the resultant locus arid its image
in P2d-j respectively. Let us restate some lemmas and propositions from section 1.5 in a
manner relevant to the discussion on degenerations of functions. These lemmas will be
useful in the study of bubbling phenomena in the boundary of the moduli space.

Lemma 11,1.1. Let p £ TV. Then there exists a smooth algebraic curve 7 C f2d-2
emanating from p such that 7 ( l R ' = {p). Furthermore, if q g 71 (11B~1(p), then there is
an algebraic curve 7 in Gi,d+i emanating from q which covers 7.

Proof. This follows immediately from Lemma 1.5.5 since 71 is an irreducible hypcrsurface
in (?2,((+i (see [Lo]). D

The above lemma gives us a nice algebraic deformation of meromorphic functions (up
to PGL(2,C)). Note that we can always lift the curve 7 to a curve emanating from a
degenerate function in PV^.i+i, which is the total space of a Pj-bundle over Ga.d+i- The
following proposition gives us a nice algebraic deformation in the moduli space.

Proposition II.1.2. Let p € TV C P2j_2 and let q 6 20~'(p) C G-i,d+i XsaJ Gz.rf+i • Then
there exists an algebraic curve 7 C G .̂d+i x<m G?,d+i emanating from q with the property
that 7 - {q} C G2,d+i XOT G2A+l - 2D-'(K'),

Proof. This follows from Lemma II.1.1 and the proof of Lemma 1.5.6. D

Corollary II.1.3. Let p € ft' C Pjd-2 and let q e OT~'(p), where W3 : Md -> P2d-2
denotes the composition Won. Then there exists an algebraic curve <7 C Md emanating
from q such that a - {q} C Md - W~l(7l').

Proof. Recall that JT : Md —* G .̂̂ +i X511 Gij+i describes a bundle with (P3 x P3}-fibrcs.
Proposition II.1.2 furnishes us with the appropriate algebraic curve 7 C G'2,d+i *wG2,d+i
emanating from q = ?r(q). The curve 7 can always be lifted (not necessarily uniquely) to
an algebraic curve a emanating from q such that a - {q} C Md — 2B"1 (ft'), as desired. •

Note that W~l{K') corresponds to the set of points F = {FUF2) e Md such that either
F] or F-2 belongs to the resultant locus 71 C PV^.d+i-

2. An example. First, let us review some facts concerning the manner in which we
obtained the pair of meromorphic functions. We started with a pair of twistor lines £, and
£2 in P3 above a pair of antipodal points in S*. There are projection maps p\ : P3 — £2 —>
£1 and P2 '• P3 — L\ —» £2. Thus, given any holomorphic curve C in Pj - £1 U £2, we
obtain a pair of meromorphic functions (fa,fa) := (pilciPzIc). Now, thepj-fibre above a
point p G £j is just (span(p,£2) — £2)- The fibre of the projection map to Lj x £2 of a
point (p,q) is the intersection of the two planes span(p, L2)Ospasi(q,Li) which is just the
line Lfiq — span{p,(/). (Strictly speaking, we have to remove the points p and q from £^,f-
Since it is cumbersome to keep repeating the fact that one has to remove these points,
I will leave it as implicitly understood in this paragraph.) Furthermore, the fibre of the
projection map to L\ x £2 through a point x € P3 — £1 U £2 is span(x, L\) 0 span(i, £2).
We wiil refer to the piojective line in Pj which is tangent to C at x, as the "tangent-Pi at
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x". (Note that such a Pj is unique.) Observe that a point x 6 Cdpj '(p) is a ramification
point of /1 if the tangent-Pi to C at x lies in (span(p,£2) — £2). Thus, a point x £ C is
a ramification point of both f\ and fi if the tangent^ at 1 is the fibre of the projection
of 1 to £1 x £2. Recall that if C is horizontal, then the ramification points of /1 are the
same as those of fi, and hence the tangent-Pi's at those points are fibres of the projection
map to P i x P i 2 i , x £2.

Example II.2.1. Recall from subsection 1.1.1 the example of a holomorphic horizontal
curve 7 of degree d which intersects L\ at a point p and which does not intersect £2. We
may assume that 7 is nonsingular and linearly full. This is an element in the boundary of
the moduli space. Observe that in this case, the function /1 is well-defined and deg(/i) = d.
However, fj is not well-defined. Now, horizontally of 7 implies that the tangent-Pj to 7
at p intersects £2 at some point which we called q. Since the tangent-Pi lies in span(p, £2),
we see that p is a ramification point of fi. (Strictly speaking, if p = y(a), then a is the
ramification point of /1 = pi 07. We wi!l abuse notation and refer to p as the ramification
point.) To define f2, we must consider the proper transform 7 in P^. At the end of
subsection 1.1.2, it was shown that the proper transform 7 in Pj has f]-degree el — 1
and ^2-degree rf, whereas its inverse image 7 has both its l\ and (2 degrees equal to d.
Consequently, the corresponding curves v(y) and 7f(7) in Pi x IP] have bidegrees {d,d— 1)
and (d, d) respectively. The map fa is defined as the second factor projection map of the
image of the proper transform ^(7} C Pi x Pi, and hence deg fa = d - 1. Now, 7 = 7 U Ep,
where Ep is the inverse image of the point p e £1 under the blow-up map. In other
words, 7 has two irreducible components--7 and Ep. The algebraic "bubble" Ev passes
through the marked point p € 7. We would like to examine the properties of such marked
points. We have already discovered that p is a ramification point of / j . Observe that any
ramification point q of /1 distinct fromp is a ramification point of /a. Since deg fa — d— 1,
fa has only Id — 4 ramification points, and thus p is a ramification point of /, of order two.
Generically, p is not a ramification point of fa. Let us recapitulate what we have obtained
from the curve 7. The total preimage of the curve under the blow-up has 2 components.
The image of the proper transform in P] x P , , call it C\, has bidegree [d,d - 1) and the
image of the algebraic "bubble" Ep in Pi x Pi, call it C2, has bidegree (0,1). Furthermore,
C\ and C2 intersect at a marked point which corresponds to a ramification point of order
2 of /1 but not of fa, and in fact, C2 is a Pi which is tangent to Ci at the marked point.
Because of this marked point, fa can be considered as a degenerate meromorphic function
of degree d, with a zero and a pole coalescing at the marked point.

In the above example, the curve 7 intersects the twistor line h\ at just one point p. This
curve can thus be obtained by deforming a holomorphic horizontal curve, v C P3 — £1 U £2,
of degree d. Such a curve projects to a curve in P] x Pi of bidegree (d, d) with the
ramification conditions mentioned before. Let us now try to reconstruct the curve 7 by
deforming an appropriate curve of bidegree (d,d) in P] x ? ] , We can make use of the
marked point p = fa(a) in order to consider the degenerate meromorphic function of
degree d, fa := (z — a)fal{z — a) in PV^.d+i- (I will abuse notation and refer to both
the points fa(a) € Pi and ~/(a) e f3 as p.) Now let / = (fufi). Observe that f2 has
a ramification point of order 2 at a (as does j \ ) , and that / belongs to the boundary of
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the moduli space M&. By Corollary II.1.3, there is an algebraic curve a C Md emanating
from / such that v - {/} C Mi - 2S~'(7J'). This means that there is a family of
curves <T,(P] ) = (<TII((PI),(TJ,I(IPI)) in Pi x Pi, irreducible and of bidegree (d,d) for ( / 0,
with <Tii and Oi.t having the same ramification divisor, and with a^ = f. In the limit
as ( approaches 0, o2%t approaches f?, i.e. a zero and a pole of <7j>( coalesce at a as t
approaches 0- Now, the curve (/,(Pi), /2(Pi)) has bidegree (d,d-l). However, for reasons
to be discussed in subsection 4, the limit curve must be of type (<f, tf), thus suggesting
that the limit curve must contain a (0, l)-component. If we are considering just curves
in Pi x Fj of type (d,d) then in the limit, the (0,1 )-component could pass through any
point. However, we are not considering curves in Pj x P j , but rather maps of Ti into
Pi x Pj. When maps degenerate, they acquire distinguished marked points. This suggests
that the extra irreducible components must pass through these marked points. We will
show in subsection 3 that this is indeed the case. In our case, the (0, l)-component passes
through the marked point p. Let us examine the consequences. Let C\ and C2 denote the
{d,d— l)-component and the (0, l)-component respectively. Observe that C\ and C2 are
tangent at p and thus there is a common tangent line p, to both C\ and C-j at p. Hence the
Gauss lifts C\ and Ci intersect at p, and are contact curves with respect to the canonical
contact structure on PT(P] x P,), (Here, we are assuming the conjecture that the Gauss
lift of the limit curve is tlie Gauss lift of each component, provided that the components
are tangential at a point. Of course, we have to define the notion of a Gauss lift for limit
maps.) Observe that Ci lies in the section Si of lines tangent to the second factor. On
the other hand, the curve Cj intersects Si only at the point p. (See Figure 1.) Now the
inverse image of Ci in Pa is just the line EF in the exceptional divisor cf] {where p denotes
the image of the point p under the projection map of the blow up).

Let us check the computations for the hyperplane degrees of $~!{C]) and 0>~l(Ci). By
Equation 1.1.3, deg($~'(Ci)- 0*H) = dtg(E,,0*H} = 0. Using Equations 1.1.4-1.1.6 and
the fact that a is a ramification point of order 2 of /i which is not "cancelled out" by a
corresponding ramification point of f2, we obtain

deg{*-'(C,) • = deg(S, • <?,) + 2deg(<*1 - 6,)

Since * : P3 -> PT(Pi x P]) is a contact map, the total inverse image of the curve Ci is
just the pair of contact curves 7 and r(-j) where r is the contact involution on P3 denned
in section 0.2.3. Thus, deg7 = deg7-(7) = d by the degree computations above. Hence
7 = 7 U Ep and projecting this down to P3, we recover the curve 7 of degree d. Thus the
algebraic bubble we obtained from the boundary element / turns out to be a "fictitious
bubble" in P3 (and hence in S*). We shall see that there are algebraic bubbles arising
from boundary elements of the moduli space which result in legitimate bubbles in Pi and
S4.

3. Limit graphs, limit maps and marked points. In Example II.2.1, we alluded to
the importance of marked points. Let us now examine how they arise from a different
viewpoint. Consider the simple case of a holomorphic map / : Pj -* P; of degree d. In
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FIGURE 1.

studying how maps degenerate, it is quite illuminating to consider their corresponding
graphs. The graph of / is a smooth 1-dimensional subvariety of Pi x Pi of bidegree (\,d).
Note however that there are 1-dimensional subvarieties of Pj x Pi of bidegree (l,d) which
are not graphs. As an example, we have V := C U C" c Pi x Pi where C is a graph
of bidegree (l,d — 1) and C" is an irreducible 1-dimensional subvariety of bidegrep (0 1)
Graphs of holomorphic maps of degree d can thus be viewed as elements of an appropriate
Hilbert scheme containing 1-dimensional subvarieties of P] x Pj of bidegree (1, d). We will
not specify what this Hilbert scheme is in this subsection, but we will discuss examples of
elements which belong to the closure of graphs in this scheme. In particular, degenerate
maps should correspond to elements in the boundary of the closure of graphs in this Hilbert
scheme. Such an element will be referred to as a limit graph. Observe that for reasons to be
given in the next subsection (when we discuss Hilbert schemes), the limit graph (which may
consist of several irreducible components) must have total bidegree (1, d), and is connected.
We define the limit map to be the second factor projection map of the limit graph. In the
above example, the curves C and C must intersect at some point p. A marked point is a
point where a graph degenerates and "splits off" an irreducible component which makes
it a non-graph. Let %\ and ir2 denote the projection maps of Pi x Pi onto the first and
second factors respectively. Since C is a graph, we can define a merornorphic function of
degree d- 1 by <j> := ir^c- Observe that Ti(C') = a for some point a 6 Pi, thus giving us
the marked point p := (a, <f>{a)) which permits the inclusion of the meromorphic function
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^ of degree d - I as the degenerate function f(z) := (2 — a)<j>(z)j(z — a) € PV2,i(+i- (See
Figure 2.) We will next show that V is indeed a limit graph.

FIGURE 2, A limit graph consisting of a graph C of bidegree (1, d — 1)
and an irreducible curve C" of bidegrec (0,1).

Consider a family of meromorphic functions, ft(z) = Pt(z)/QAz), of degree d for t ^ 0,
where fo(z) = (z -a)Pa(z)/(z - a)Qn(z) and where a(z) := Pa{z)IQn(z) is a meromorphic
function of degree d — 1. (Such a family exists by Lemma II.1.1.) We thus obtain a family
of graphs

17, :={(*,/,(*))} C Pi xPi

of bidegree (l,rf). We want to know what the limit graph is. Let y = fi(z) = Pi(z)/Qt(z),
i.e. yQt(z) — Pt{z) — 0. This can be expressed in homogeneous coordinates (z — Zi/zo,

— 0,(II.3.1)

where Pt and Qt are homogeneous polynomials of degree d in 20,2!. Consider the polyno-
mial

Observe that <j> is homogeneous of degree 1 and d in yo,y\ and zQ,Zi respectively. The
graph r ft can then be described by the equation

Taking the limit of (II.3.3) as ( approaches 0, we have

where a — ai/ao.
Observe that 4>r> has two irreducible factors. The first factor, aozi ~aiz0 , is homogeneous

of degree 0 and 1 in i/oij/i and ?oizi respectively. This gives us an irreducible curve C of
bidegree (0,1). The second factor, yiQo(zo,Zj) — yoPo{zo,Z\), is homogeneous of degree 1

and d — I'm yo,yi and zo, z\ respectively, thus giving us a graph C" of bidegree (1, d — 1).
In inhomogeneous coordinates, (II.3.4) is just

The curves C and C are described by the equations z — a and y = Pt}(z)/Qo(z) — o{z)
respectively. Observe that by (11.3.4), we allow a to take the value "00". Note further that
the (0, l)-curve passes through the marked point p = (a,o{a)).

More generally, we can consider the degenerate function
. . . (z-b:)(z-b2)---(z-bk)PB(z)

where a(z) = Po(z)/Qo(z) is a meromorphic function of degree d ~ k. (Again, we allow
the possibility of bi taking the value "oo". We also allow the possibility that bi = b} for
i / j . ) By Lemma II.1.1, there is a family of meromorphic functions, ft[z) = Pt(z)/Q,(z),
of degree d for t / 0, where /o is as above. Consider the corresponding family of graphs.
The above argument then yieids the limit

(II.3.6) - h) • • • (= - bk)(yQ0(z) - i>o<»).

Each irreducible factor z - i>,, i = 1, . . . , k, gives us an irreducible curve C, of bidegree
(0,1) which passes through the marked point p; = (5;,o(b;)). The other irreducible factor
gives us the equation y — a(z) = P0(Z)/QQ(Z) and hence the graph C of bidegree (1, d— k),
(See Figure 3.)

c,

a, a3

FIGURE 3. A limit graph consisting of a graph C of bidegree (1, d — k)
and irreducible curves C, of bidegree (0,1), i = 1 , . . . , k.

Conversely, given a limit graph T = C u C 1 U - - U C i as above, we obtain the cor-
responding degenerate meromorphic function by projecting the graph component C onto
the second factor. The k marked points of the function are obtained by the first factor
projection of the (0, l)-curves, C , i = 1 , . . . , k. Note that the limit map (mentioned at the
beginning of this subsection) is obtained by sending a point x 6 C U C] U • • • U Ct to the
point Tj(x).

We have thus proved;
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Proposition II.3.7. Let ft(z) = Pt{z)jQt{z)
degree d for t / 0. Suppose that

be a family of meromorphic functions of

(*-< -a2)--(z -

where a(z) = P<i{z)IQa(z) is a meromorphic function of degree d — k. Consider the
corresponding family of graphs Tf, = {(*,/t{z))} in Pi x P j . Then the limit graph Th

consists of k irreducible curves C, of bidegree (0,1) which passes through the marked point
Pi — (dj, a(<J;))t i = 1 , . . . , k, and a graph C of bidegree (l,d - k). Conversely, any such
limit graph arises from a famiJy of meromorphic functions as above.

Remark. In the above proposition, we allow the possibility that a,- = a.j for i ^ j as well as
the possibility of m taking the value "oo". For example, if a, is counted with multiplicity
r (i.e. if a zero and a pole coalesce to order r at o,), then the (0, l)-component through
the point pi — (a,,Q(n;)) is counted with multiplicity r.

Example II.3.8. Before we move on, we would like to mention an example of a limit
graph consisting of n graph C of bidegree (1,0) and a curve C" of bidegree (0,1) counted
with multiplicity d. Here, the meromorphic function <j> '•— ^i\c has degree 0, and is thus
of the form <j>(z) = c for some constant c. The marked point is then p — (a,c) for some a,
and it is counted with multiplicity d. The limit map corresponds to the very degenerate
function f(z) = c(z - a)dj{: — a)d, which is a degenerate projectivized 2-frame in the
boundary of PV2 j + 1 .

4. A short digression on the Hilbert scheme in P3. Let Hd,3,r denote the Hilbert
scheme of curves of degree d and arithmetic genus g in P r , given by the Hilbert polynomial
p(n) = nd - g + 1. We will let H'd g r denote the open subset of the Hilbert scheme HigT

corresponding to smooth curves. We say that a curve X € #d,j, r is smoothable if there
exists an irreducible flat family of curves Xt in P r whose general member X, is smooth
and whose special member Xo is X, in other words, X lies in the closure of H'd g r.

Recall that the Segre map embeds Pi X Pi as a smooth quadric hypersurface Q in Pa.
A smooth curve of bidegree (m,n) in Pi x Pi is then an element of H'd g 3 where d = m + n
and g = (m - \){n - 1) (cf. [CS, p. 418]). Note in particular that a smooth curve of
bidegree {1, d) is an element of H'd+l 0 3.

Remark II.4-1. Lemma II. 1.1 gives us algebraic curves 7, such that each point in 7 — {0}
corresponds to a meromorphic function of degree d, and thus to a graph in Pi x PL of
bidegree (l,d). The punctured curve 7 — {0} thus parametrizes a flat family of curves in
Fa. By [H, Prop. 9.8, p. 258], this flat family extends across the puncture. Observe that by
normalization, we can always take 7 to be smooth. Recall from [H, 1.7c, p. 367) that any
two divisors in an algebraic family (i.e. a flat family) of divisors on Pi x Pi parametrized
by a smooth curve are numerically equivalent, and hence their bidegrees are the same. In
particular, this implies that the limit graph constructed above has bidegree (l,d).

Remark II.4-2. By the Principle of Connectedness [H, 11.4, p. 281] a limit curve arising
from a flat family of irreducible curves, parametrized by an irreducible curve, is connected,
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In particular, the limit graphs arising from the propositions in subsection 1 are connected
(but not necessarily irreducible).

We have the following useful proposition by Hartshorne and Hirschowitz [HH, Proposi-
tion 5.4]:

Proposition II.4.3. Let C be a smooth curve of bidegree (m,n) in a smooth quaciric
surface Q. Let D be a line meeting C quasi-transversajly (i.e. with distinct taugeut
vectors) in one point p. Let X = C U D,

a) If m < 3 or n < 3, then X is smoothable.
b) If m,n > 4, then X is not smoothable.

Observe that the results of subsection 3 do not contradict the above proposition since
m = 1 in the case of graphs. It would be interesting to know if a similar proposition
holds for curves in subvarieties of Pn , in particular for the curves described in the next
subsection.

Suppose V C Pn is a subvariety such that Pic V = Z*. Let £>],..., D* denote the
generators of PicK, and let C be a curve in V of it-degree (m | , . . . ,m[ ) where m, —
degDi|c, for i = l,...,k. Observe that to each hyperplane H in Pn, we have a divisor
H n V - Y, ciiD, in V. Thus, the degree of the curve in Pn is given by deg C = # C • H =
J^a.m,. This means that the i-degree of the curve in V determines the degree of the
curve in Pn . Thus, if Ct is a family of smooth curves of genus q and it-degree (tnt,..., tn^)
in V, then it is a flat family in Pn . Thus, it makes sense to talk about the Hilbert scheme
of curves in the subvariety V of given t-degree and genus.

Conjecture II.4.4' Let Ct be a family of curves parametrized by an irreducible curve.
Suppose that Ct has the same fc-degree (mi, . . . ,mi) in V for t ^ 0. Then the limit curve
Co has t-degree (mi , . . . , mi) in V.

5. Limit maps into Pi x P t . We now consider holomorphic maps of Pi into Pi x Pi.
Let / : Pi —> P] x P] be a holomorphic map of bidegree (m,n). Its graph is a smooth
irreducible 1-dimensional subvariety of P] x (Pi x Pi) of tridegree (l ,m,n). Let 5i,m,n
denote the subset of graphs in an appropriate Hilbert scheme containing 1-dimensional
subvarieties in Pi x (P t x Pi) of tridegree (l ,m,n), (Observe that Pi x Pi x Pi can be
embedded in P7.) Let 7T; denote the projection map of Pi x (Pi x Pi) onto the ith-factor,
i — 1,2, 3. Note that, given a graph T £ <?i,m,ni w e c a n recover the pair of meromorphic
functions of bidegree (m,n) by (/ i , / j) = {ir2|,-,7rj|r). By Remark 11,4.2, the limit graph
is connected (but may consist of several irreducible components), and by Conjecture II.4.4
(which we will not assume in this subsection), it must have total tridegree (l,m, n). In
what follows, we will avoid using this conjecture.

Example II.5.1. Consider a degenerate function fn(z) = (z - a)P0(z)/(z - a)Qo(z) of
formal degree m such that a(z) :— Po{z)/Qi>{z) is a meromorphic function of degree
m — 1, and a meromorphic function go(z) — RQ{Z)/SQ(Z) of degree n. By Lemma 1.5.4,
there exists a family of holomorphic maps of P] into P] x Pi, Ft(z) = {ft(z),gt(z)) =
(Pt(z)/Qt(z),Rt(z)/St(z)), of bidegree (m,n) for t + 0, with F^z) = (/„(*),<*,(*)). We
obtain a corresponding family of graphs,

IV, •- xP , )
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of tridegree {l,m,n). Let us determine what the limit graph is. As before, we can set
x = ft(z) = Pt(:)/Q,(z) and y = gi(z) = Rt(z)!St(z). In homogeneous coordinates, we
obtain

= 0,

= 0,

where .P,,<5, € i/°(Pi,C(m)) and fl,,S, e /f0(P,,O(n)). The above pair of equations
describes the graph FF ( . For ease of notation, we will refer to Pj x Pi as a "plane".
Thus, (11.5.2a) and (11.5.2b) describe the projection of the graph to the (ij)-plane and the
(j/z)-plane respectively. Note that in contrast with the case of curves in P3, it is rather
difficult to keep track of the degrees in Pi x (Pi x Pi) by looking at pairs of homogeneous
equations—one cannot simply "multiply" the degrees of the various irreducible polynomi-
als. In our case, we can keep track of the various degrees because we are dealing with
graphs of type (l ,m, n). We do this by projecting to the (xs)-plane and (yz)-plane via
equations (II.5.2a) and (11.5.2b). We may infer what the limit graph is by studying the
limit of the projected graphs in these two planes. But we have to be extremely careful in
making inferences or interpretations. With this in mind, let us take the limit of the pair
of equations above as t approaches 0. We obtain:

1=0 ,

1 = 0.

From (II.5.3) and the discussion in subsection 3, we see that a is a marked point in the
(iz)-plane but not in the (yz)-pl.ine. Furthermore, in the (xz)-plane, we obtain a graph
x — P0(z)/Qa(z) = «(z) of bidegree ( l ,m — 1) together with a curve z = a through
the point (a,n(a)) of bidegree (0,1). In the (y^)-plane, we just obtain the graph y —
RB(z)/So(z) = <ia(z) of bidegree (l ,n). The pair of equations {x = a(z), y = ga(z)} gives
us a graph C in Pi x (Pi x P[) of tridegree (l,?n - l,n). The pair of equations {z = a,
V = go(z)} gives us a curve C through the point (a,a(a),po(a)) in Pi x (P] x Pi) of
tridegree (0,1,0). The limit graph is thus C u C".

Remark 11.5.1,. If we consider G,(z) = (gt(z),ft{z)) where /< and gt are as in the above
example, and replace o by b, then the same argument implies that the limit graph is
D U D\ where D is the graph of tridegree (l ,n,m — 1) given by the pair of equations
{T = go(z),y = o(z)} and D' is the curve through the point (b,gB(b),a(b)) of tridegree
(0,0,1).

We can thus assign bimuiliplicitits to marked points, corresponding to the order of
degeneration of the two meromorphic functions at the marked point. In the above cases,
the points a and b are marked points of bimultiplicity (1,0) and (0,1) respectively.

Example II.5.5. More generally, we can consider the pair of degenerate functions

— ai)[z — a2l • • -(z — at)la(z) {z — bi]{z — oj) • • • (z — bi)na(z
a,)(z - a2) • • • {z -ak)Qo(z)' (z •

35

( * )

where a(z) = Pa(z)/Qo(z) and 0(z) = R<,(Z)/SQ(Z) are meromorphic functions of degree
m — k and n — l respectively. As before, we will allow the possibility that a* = aj or b, = bj.
The value "00" can also be assumed by the a< 's or bj :s. In this example however, we will as-
sume that a< ^ bj for any i,j. In particular, the points a; (i = 1, . . . , k) and bj (j = 1,.-.,')
are marked points of bimultiplicity (1,0) and (0,1) respectively. By Lemma 1.5.4, there
exists a family of holomorphic maps, Ft(z) = (/i(«),tfi(z)) = (Pt(z)fQt(z), Rt(z)/St(z),
of bidegree (m,n) for * ^ 0, with F0(z) = (/o(z),9o(-?))- Consider the corresponding fam-
ily, I>, := {(z,ft(z),g,(z))} C Pi x (Pi x P,), of graphs in 9i,m,n of tridegree ( l ,m,n)
for t =£ 0. Using Proposition II.3.7, Example II.5.1 and RemarL II.5.4, we see that the
limit graph is V := C U C\ U • • • U Ct U D> U • • • U Di where C is a graph of tridegree
(l ,m — k,n — 1), C, (i = l,...,fc) are irreducible curves of tridegree (0,1,0) and Dj
(j = 1,...,/) are irreducible curves of tridegree (0,0,1). Conversely, given such a limit
graph V, we can recover the functions a(z) :— ^2\c and (i{z) = TTilc, the marked points
a; := W\{Ci) (i — 1 , . . . , k) and b, := v\(Dj) (j' = 1, . . . ,fc), and hence the degenerate pair
{fa(z),go(z)). Let Tl? := (*2,Tr3) : P] x (P1 x Pi) -> Pi x Pi denote the "second" factor
projection map. The limit map

Fnm : V = C U Ci U • - • U Ck U Di U • • • U Dt -t Pi x Pi

of the family Ft is defined by Flim(x) = U2{x). The image Film(F) in Pi x Pi is a curve
7 := p U cry U • - • U Ck U T[ U • - • U Tj, where p is a curve of bidegree (m — k,n — I), Oj
(i = l,...,k) are curves of bidegree (1,0) and r, (j = 1,,..,/) are cisrves of bidegree
(0,1). The marked points in Pi x Pi are the points p, := (ai,cv(a,)) (i = l,...,fc) and
qj := (bj,l3(bj)) (j = 1,...,/). Furthermore, the curves <r,- and T, pass through the points
pi and 5;- respectively.

In the above example, we considered pairs of degenerate meromorphic functions where
the marked points of the first function do not coincide with the marked points of the
second. We would like to consider next an example where the two degenerate functions
have a marked point in common, i.e. a marked point of bimultiplicity (1,1).

Before we do that, let us look at a similar situation in P3, which may shed some light in
the P] x (Pi x Pi) case. Consider a family of smooth curves of degree mu in P3 given by

4>t{x, y,z,w) = 0

il>t(x,y,z,w) = 0

where for t ^ 0, <t>, and ̂ 1 are irreducible homogeneous polynomials of degree m and n
respectively, and where fa = (z - x)a, rj>B = (z - x)ji with a and /J being irreducible
homogeneously polynomials of degree m — 1 and n — l respectively. The pair of equations
{a = 0, fi — 0} yields an irreducible curve C, of degree (m - l)(n - 1). We also have 2
irreducible curves Ci of degree (m - 1) and C? of degree (n - 1), arising from the pairs
of equations {a = 0, z = x] and {ft = 0, z = x\ respectively. The total degree of these
three curves is rnn — 1, which means that if the family of curves is flat, then the limit curve
must possess another irreducible curve of degree 1. However, we only have one more pair
of equations, the "degenerate pair" {z = x, z = x}, and this only gives us a 2-plane. The
extra component, say C3 must lie in this 2-p!ane. A priori, we do not know what C3 is—it
depends on the deformation, i.e. on the family of curves given by $, and V>e We shall keep
this in mind when we consider the following example.
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Example 11,5.6. Consider the pair of degenerate functions

where a(z) = Po(«)/Qo(z) and j9(^) = Ro(z)/So(z) F-re meromorphic functions of degree
m — 1 and n — 1 respectively. Observe that the point a is a marked point of bsmul-
tiplicity (1,1). By Corollary 1.5.4, there exists a family of holomorphic maps, Ft{z) —
(ft{z),gt(z)) = {P,(z)/Qt(z),Rt(z)/Si(z), of bidegree (m,n) for t # 0, with Fo(*) =
(/o(*),ffo(2))- Then I>, : = {(*,/,(*), jtOO)} C Pi x (P, x P,) is a family of graphs in
6i,m,n of tridegree (l ,m,n) for * ^ 0. Taking the limit of the graphs correspond to taking
the limit of (II.5.2), and we obtain

1=0

1 = 0.

Let us examine the projections of the limit graph to the (iz)-plane and the (yz)-plane.
Equation (II.5.7a) together with Proposition II.3.7 teil us that in the (li)-plane there
is a graph component of bidegree (l ,m — 1) given by x = a(z), and a (0, l)-component
passing through the point (a,a(a)) given by the equation z = a. Similarly, using (II.5.7b)
and Proposition II.3.7 in the (ys)-p!ane, the graph component of bidegree (l,n — 1) and
the (0,l)-component passing through the point (a,/3(o)) are given by y = 0{z) and z — a
respectively. Thus, the limit graph contains a graph component of tridegree (1, m— 1, n— 1)
given by the pair of equations x = a(z) and y = 0(z). The other component(s) passing
through the point (a,a(a),j3{a}) is a (0,1, l)-ciirve. Observe that this (0,1, l)-curve could
be composed of two components: a (0,1,0)-curve and a (0,0, l)-curve. At this juncture,
we do not know which (0,1, l)-curve it is. A priori, we could have any (0,1, l)-curve
which passes through the point (a, a(a),/3(a)). The precise curve may depend on the
deformation, i.e. it may depend on the choice of the family F). This is analogous to the
P3 case mentioned above. Note that there is a P2's worth of (1, l)-curves through a point
i f P i x P], (This can be seen as follows. Consider Pi x Pj as a 2-quadric Q in Pj. A
(l,l)-curve in P] x Pi corresponds to a hyperplane section of Q. The assertion follows
from the fact that there is a Pj's worth of 2-planes through any point x £ Q.) Thus, there
is a P2's worth of (0,1, l)-curves through the point (a,a(a),0(a)).

Example II.5.8. Consider the pair of degenerate meromorphic functions of the form
Fa(z) = (Mz),go(z)) := ((z - a)2c{z)/(z - af,{z - a)20(z)/(z - a)2) of formal bidegree
(m,rc), where (<\,/J) is a pair of legitimate meromorphic functions of bidegree (m — 2,n — 2).
The marked point p := (a,a{a),(3(a)) has bimultiplicity (2,2). Using Corollary 1.5.4 and
the above arguments we obtain a family of graphs such that the limit graph contains a graph
component C of tridegree (1, m — 2, n — 2) given by the equations {x = a(z),y = @{z)~\-
Furthermore, attached to the marked point p = (a,a(a), 0(a)) is a curve C of tridegree
(0,2,2). This curve may not be unique, and it may depend on the family of curves Ft with
limit Fo above. A priori, the following are allowed for the curve C":

(i) an irreducible, reduced curve of tridegroe (0,2,2),
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(ii) an irreducible curve of tridegree (0,1,1) counted with multiplicity two,
(iii) 3 irreducible, reduced curves of tridegrees (0,1,1), (0,1,0) and (0,0,1),
(iv) 2 irreducible curves of tridegrees (0,1,0) and (0,0,1), each counted with multi-

plicity two.

In general, the higher the bimultiplicity of a marked point, the greater the number of
possibilities there are for the corresponding limit graph. Of course, there may be results
similar to that of Proposition II.4.3 which may restrict the number of possibilities for the
limit curve. So far we have discussed holomorphic maps from Pj to Pi x Pi of bidegree
(m,rc). We discovered that marked points with high bimultiplicities are more interesting
because, a priori, they give rise to more possibilities for the limit graphs. A high bi-
multiplicity of a marked point corresponds to the coalescence of zeroes and poles of both.
meromorphic functions to the same point simultaneously.

Remark II.5.9. Observe that in the above examples we actually avoided using Conjec-
ture IL4.4. We inferred that the tridegrees are preserved by projecting the limit curve to
various Pi x Pj factors, and using the fact that bidegrees are preserved for flat families of
curves in P| X P|. However, in the case of marked points with high bimultiplicities, we do
not know precisely what the limit curve is, other than the fact that it is connected, but
with several irreducible components (i.e. bubbles). Note that whenever we mention an
irreducible curve of bidegree (m,n) counted with multiplicity k, we include the possibility
that there are k different irreducible curves, each of bimultiplicity (m,n).

Remark II. 5.10. Let us consider the special case of pairs of meromorphic functions with
the same ramification divisor. By Corollary II. 1.3, there are algebraic curves in the moduli
space Mi emanating from any point x in the inverse image of the resultant locus TV.
Moreover, the curve minus the point i lies in the complement of the inverse image of
the resultant locus. In particular, there are elements in the moduli space which contain
marked points of high bimultiplicity (but which obviously cannot exceed [d, d)). Using the
above arguments on such curves, we can obtain algebraic bubbles of high multiplicity (not
exceeding d). However, we have obtained bubbles only in the space Pi xP ) . What we
would like are bubbles in PT(P! x Pj), P3, P3 and S*.

6. Gauss lifts of limit maps. In the last subsection we discussed the relation between
pairs of degenerate meromorphic functions and the corresponding limit graphs. What we
realty want, however, is the relation between the pairs of degenerate meromorphic functions
and the corresponding limit curves in P3. In particular, if we have a flat family of graphs
in Pi x (Pi x Pi), we obtain a corresponding family of curves in P3, and we want that
family to be flat, i.e. the curves in that family must have the same degree in P3. We have
to determine which flat families of graphs in Pi x (Pi x Pi) give rise to flat families of
curves in P3. This flatness condition places a restriction on the number of possible limit
graphs. We need to keep track of the curves in the four spaces: Pi x Pi, PT(Pi x Pi), P3
and Pj.

First, note that the Gauss lift of a holomorphic map F from Pj to Pi x Pi is a map F
from Pi to PT(Pj x Pj). We want to extend the notion of a Gauss lift to a limit map. Recall
that the natural setting to discuss limits of maps is the space of graphs which is a subset
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of an appropriate Hilbert scheme, and to take the closure of these graphs in this scheme.
Thus, let us consider the graphs of the Gauss lifts of holornorphic maps of Pj to Ft x Pi,
i.e. to a Gauss lift F we consider the Gauss-lift-graph Tp in P] x PT(Pi x Pi), locally
given by (z,F{z)). Observe that the projection map of P] x PT(P] x P,) to Pi x (Pi x P,)
sends the Gauss-lift-graph Vp onto the graph IV.

Recall that a limit graph arises from a limit of a family of graphs of maps, and that a
limit map is just the second factor projection of a limit graph. Associated to this family of
graphs of maps is the family of Gauss-lift-graphs. It is natural to define the Gauss lift of a
limit map to be the second factor projection of the limit of the Gauss-lift-graphs. Observe
that the limit Gauss lift may not be a lift (just as a limit graph may not be a graph),
and that the limit Gauss-lift-graph must cover the limit graph in the sense that the limit
Gauss-lift-graph in Pi x PT(P] x Pi) projects down onto the limit graph in Pj x {Pi x Pi).
We would like to have a better understanding of the limit Gauss lift.

RecaJl that the Picard group of PT{Pi x F{) is Z{t\ ,('2,SUS2} / (Si - S2 = 2{t'2 - t\))
where (\ and C2 are the inverse images in PT(P] x Pi) of the first and second factors of
Pi x Pi respectively under the map IT : PT(P) x jr°j) —> Pi x Pj, and Si and Si are the 2
distinguished sections of PT(Pi x P|) corresponding to lines tangent to the second and first
factors of Pi x P] respectively. There are thus three degrees for curves in PT(P] x Pi). (See
the remarks following Proposition II.4.3.) Observe that P! x PT(Pi x Pi) is a projective
variety, with Picard group isomorphic to Z4; so if Conjecture II.4.4 is true then the 4
degrees have to be preserved in flat families. It turns out that we do not need to use
this conjecture for the families of curves produced by Corollary II.1.3. First let us recall
the three degrees for curves in PT(Pi x P ^ . As in section 1.1.2 we have the line bundles
C\ and £; associated to the divisors t\ and C2 respectively, and we define the fj-degree
of a curve C C Pr(Pi x Pi) to be deg£; | c (i = 1,2). Consider the line bundle C'K
associated to the divisor K := S\ + 2t\ ~ 5? + 21'2. We define the hyperplane degree of
the curve C to be deg£'fc-|c. Note that from Equation 1.1.4, the hyperplane degree of the
curve C in PT(Pi X Pi) is just the hyperplane degree of the curve $~'(C) in P3, i.e. the
degree of the curve ^ . ( ^ ' ( C ) ) in P3. We will let d\, dj and CLK respectively denote the

i'2t (\ and hyperplane degrees of the curve in PT(P] x Pi). Hence, we can associate to a
Gauss-lift-graph in Pi x PT(Pj x Pi) its quadridegree (1, rfj, dz, df(), where "1" corresponds
to the degree of the first factor projection map of the Gauss-lift-graph, and the tatter three
degrees correspond to the above mentioned degrees of the image of the Gauss-lift-graph in
PT(Pi x Pi) under the second factor projection map.

Suppose C( is a flat family of graphs of tridegree (1, m, n) associated to a family of maps
of Pi into Pi xP] of bidegree (m, n). Consider the associated family, Pr, of Gauss-lift-graphs
in Pi x PT(P] x Pi). Then we have d\ = m and dj = n for each t. To compute the
hyperplane degree dx, we use (1.1.4), and this equation makes use of information related
to the derivatives of the pair of meromorphic functions. We see that the hyperplane degree,
and hence the quadridegree (1, di,<i2,djc), need not be constant in the family P(. On the
other hand, Corollary II.1.3 furnishes us with a family of Gauss-lift-graphs parametrized
by a punctured curve such that dx;, or more strongly, the quadridegree (l,d,d,2d), is
constant for all * / 0. This is thus a flat family. By the Principle of Connectedness (see
Remark II.4.2), the limit Gauss-lift-graph, Po, is connected. If Conjecture II.4.4 is true,
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To must have quadridegree (l,d, d, 2d). At this juncture, we have no idea what this limit
Gauss-lift-graph looks like. We would like the limit Gauss lift to be a contact curve in
PT(Pi x Pj) with respect to the canonical contact structure. Observe that the Gauss
lift of an irreducible curve is a contact curve. In particular, the Gauss lifts of the various
irreducible components of the limit map into Pi x P] are contact curves. Since the Gauss lift
is local in nature, the limit Gauss-lift-graph contains the union of the graphs of the Gauss
lifts of the various irreducible components of the limit map into P] x Pj . Unfortunately this
union might be composed of several connected components. This union is connected if the
irreducible components are tangent to each other at the marked points. This connectedness
problem may be solved by having an appropriate "blow-up" at the marked points. This
means that the limit Gauss-lift-graph may contain "non-lift, non-graph" components of
quadridegree (0,0,0,1). (Such a component projects to a curve in PT(Pj x Pj) of tridegree
(0,0,1), which is a "blow-up" of a point in the sense that it corresponds to the set of all
tangent lines through a point in P] x Pi. In other words, such a component is just a fibre
in the projectivized tangent bundle of Pi X P). Note that fibres of PT(P] x P]) are contact
curves (cf. [Lo, section I.I]).)

Let us now resolve the quadridegree problem. Corollary II. 1.3 furnishes us with a family
(parametrized by an algebraic curve) of holomorphic maps F, = (ft,gt) '• Pi —* Pi x Pi
of bidegree (d,d) for t ^ 0, and such that / ( and gt have the same ramification divisor.
This gives us a flat family of graphs I>, in Pi x (P, x P , ) of tridegree (l,d,d). We
discovered in subsection 5 that the limit graph Pp0 consists of a graph component of type
(1, m, n), and nongraph components of type (0, a, b) such that the total tridegree is {1, d, d).
(See Remark II.5.9). Using the ramification condition, wi- see that the punctured curve
parametrizes afamily of Gauss lifts F, : t\ —* PT(Pi xPi) of tridegree (d,d,2d), and hence
aflat family of Gauss-lift-graphs P^ in P] x FT(P| x Pi) of quadridegree (l,d,d,2d). By
[H, Proposition 9.8, p. 258], these two flat families extend across the puncture. Note that
the family P^ is actually a lift of the family Tpt for t / 0. Observe further that the first
three degrees of the quadridegree of P^ is just the tridegree of Pp,. From subsection 5 we
see that PFD has tridegree (1, d, d). Since P^ is a flat family such that the first three degrees
of the quadridegree are preserved under limits, it follows that the hyperplane degree—and
hence the quadridegree—is preserved.

Let us take another look at the examples given in subsection 5 and compute the hyper-
plane degrees of the limit Gauss lifts. In these examples we will assume that the the pair
(fa,go) lies in the moduli space M4, and that the parametrizing curve for the flat families
come from Corollary II.1.3 instead of Lemma 1.5.4. (Otherwise, the family of Gauss lifts
wouldn't be flat.) We will let 7 and 7 denote the projected images of Vf0 and P^ in
Pi x P] and PT(P] x Pi) respectively. Then the hyperplane degree of 7 is given by the
number of intersection points of 7 with the divisor K = Sj + 2£\ ~ 5j + 2t'2, Recall that
deg(^i • 7) is just the degree of the second factor projection map of 7 C Pi x Pi, and
deg(Si - 7) is just the number of points where the curve 7 is tangent to the second factor.
(The latter degree assumes that there is no component lying in Si. If a component lies
in S] then it corresponds to the Gauss lift of a (0, l)-curve, and by (1.1,3) its intersection
number with S\ is — 1.)

Example II.6.1. In Example II.5.5 7 is composed of an irreducible curve p of bidegree
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(d - k, d - 1), k curves of bidegree (1,0), and / curves of bidegree (0,1). Furthermore, by
the ramification condition (marked points are ramification points, see Lemma 1.3.4), the
(l,0)-curves and the {0, l)-curves are tangent to p at the marked points, and the curve p
is not tangent to either factor at any other point. Thus, the union of the Gauss lifts of
these components is connected. We will use tildes to denote the Gauss lifts of the various
components. We will let E and F denote the Gauss lifts of a (0, l)-component and a
(l,0)-component respectively Thus, using the computations done in section 1.1 we have

deg(7C • p) = deg(Si

deg(A- • E) = deg(S,

deg(A' - F) = ,

E) + 2 deg(f, • £) = -1 + 2(1) = 1,

F) + 2 deg(f', • F) = 0 + 2(0) = 0,

and so the hyperplane degree of the union of the Gauss lifts of the components of the limit
map is (2d — 1) + 1(1) + fc(0) — 2d. Since the hyperplane degree of the family of curves
is 2d, we see that the limit Gauss lift is indeed just the union of the Gauss lifts of the
components of the limit map.

Example 11.6,2. In Example II.5.6 the limit curve consists of an irreducible curve C of
bidegree (d — l,d— 1), and a curve C" of bidegree (1,1). C and C" intersect at a marked
point, say p. Let us examine the following three possibilities for C".

Case t. Suppose C is composed of a {I,0)-compo7ieni, C\, and a (0, l)-component,
Ci. Observe that C; and C2 lie in S2 and S] respectively, and that C does not intersect
S2 or Si because of the ramification condition. Thus, C U C\ U Ci is not connected. We
have:

deg(A' • C) = 2deg(f', • C) = 2(d - 1),

deg( K • C,) = 2 deg(«', • C,) = 2 and

deg(A' • Ct) = deg(Si C2) + 2deg(f, • C2) = - 1 + 2(0) = - 1 .

The hyperplane degree of the union of these three curves is then equal to 2d — 1. To
preserve the hyperplane degree we need another component, C3, of hyperplane degree 1.
To preserve the other two degrees C3 must have tridegree (0,0,1), i.e. it must be a fibre
of PT(!Pi x P!). Furthermore, the limit Gauss lift must be connected, and hence C3 is the
fibre above the marked point p £ Pi x P | ,

Case 2. Suppose C is irreducible and is tangent to C at the marked point. Then, CUC
is connected. Observe that C" is nowhere tangent to either factor. The same is true for
C by the ramification condition. Thus, deg(C • S\) — deg(C' • Si) = 0. Htnce, we obtain
deg(A' • (?) = 2deg{^i • C) = 2(d - 1) and deg(A' - C') = 2deg(^ • C') = 2. Since the
hyperplane degree is preserved, we see that the limit Gauss lift is just C U C'.

Cate S. Suppose C is irreducible, but is not tangent io C at the marked point. Then,
C u C is not connected. By Case 2 the hyperplane degree of the union of these two curves
is 2d. This means that we cannot add any more components to make the limit connected.
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Hence this case cannot arise from our flat family of curves. Note that this result is of the
type of that in Proposition II.4.3.

Remark II.6. S. Observe that there is a pencil (i.e. a Pi's worth) of (1, l)-curvcs which are
tangent to C at p. As remarked earlier, (1, l)-curves are nothing but hyperplane sections
of a quadric Qi in P3. Consider the Pi C P3 which is tangent to C C Q2 at p. There is
a pencil of hyperplanes which contain this P[. Note thai among these hyperplanes is the
tangent plane to the quadric at p, and this intersects the quadric in 2 lines—the (1,0)-curve
and the (0, l)-curve through p. This is a degenerate "tangent" (1, l)-curve to C at p.

Example 11.6.4. In Example II.5.8 the limit curve consists of an irreducible curve C of
bidegree (d — 2, d — 2) and a curve C" of bidegree (2,2). C and C intersect at a marked
point, say p. First, note that

deg(A' • C) = deg(5, • C) + 2deg(f, • C) = 0 + 2{d - 1) = U - 4 and

Note that the sum of the above two degrees is 2d. Let us examine the following four cases.

Case (i). Suppose C is an irreducible, reduced (2,2)-curtie. Observe that C cannot
be tangent to either factor, otherwise C will intersect S|, thereby making the hyperplane
degree greater than 2d, which is not possible. But this imposes ramification conditions on
the first and second factor projection maps of C. Two meromorphic functions of degree
two with the same ramification divisor differ by an element of PGL(2,C). This implies
that C" is in fact not reduced, but is rather a {1, l)-curve counted with multiplicity two.

Case (iij. Suppose C is an irreducible (1, l)-curve counted with multiplicity two. Note
that C" is not tangent to either factor and hence its Gaussjift does not intersect Si.
Furthermore, C" must be tangent to C at p in order that C Ki C' be connected. Again, for
degree reasons, we cannot add any more components, and the limit Gauss lift is C U C".

Case (Hi). Suppose C consists of S. irreducible, reduced curves of bidegrees (1,1), (1,0)
and (0,1). As in Case (ii) the Gauss lift of the (l,l)-curve does not intersect Si- Also,
the Gauss lift of the (l,0)-curve lies in Ŝ  and thus does not intersect Si. The Gauss lift
of the (0, l)-curve on the other hand lies in Si, and by the computation in Example II.6.2
its intersection number with Si is —1. In order to preserve the hyperplane degree as well
as connectedness, the limit Gauss lift 7 must thus contain in addition the fibre above p.
Thus, 7 consists of C, the fibre above the marked point p, and the Gauss lifts of the three
irreducible components of C

Case (iv). Suppose C consists of 2 irreducible curves of bidegrees (1,0) and (0,1),
each counted with multiplicity two. As remarked in Case (iii) above, the Gauss lifts of
the (l,0)-curve and the (0, l)-curve lie in S2 and Si respectively. Since the (0, l)-curve is
counted with multiplicity two, we have deg(Si • C') = 2( - l ) = - 2 . The limit Gauss lift
thus consists of C; the fibre above the marked point p, counted with multiplicity two; and
the Gauss lifts of the (l,0)-curve and the (0, l)-curve, each counted with multiplicity two.
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Remark II. 6.5. In Case (ii) of Example II.6.4 we allow the possibility that C" consists of
two different (1, l)-curves, say C\ and Ci, each of which is tangent to C at p. Observe
that the Hmit Gauss lift C U C\ U Cj is connected. In Case (iv), on the other hand, there
is a unique (l,0)-curve and a unique (0, l)-curve through the marked point p.

7. Flat families of curves in P3 and P3. Recall that given a pair of degree d mero-
morphic functions with the same ramification divisor, we obtain a curve in PT(Pj x Pi)
of tridegree (d,d,2d), which avoids the two sections Si and Sj. There is a lifting of this
curve to P3 of tridegree (d, d, d), where the third component is the hyperplane degree of
the curve as defined in section I.I. This curve projects to a curve in P3 of degree d. Corol-
lary II.1.3 furnishes us with a family of such curves in PT(P] x P t) parametrized by a
punctured curve. We can lift this to a family of curves in P3 which in turn projects to a
family in P3. Observe that these are flat families and thus the limit curves in P3 and P3
have tridegree {d,d,d) and degree d respectively. The limit curve in P3 contain algebraic
bubbles corresponding to those in FT(Pi x Pi). Observe that a component of a limit
cuive in PT(Pi x Pi) which has intersection number —1 with Si (or Sj) corresponds to a
component of a limit curve in Pj with intersection number —1 with the exceptional divisor
ff\ (or cr2), which thus projects to a point in i i (or £j) under the blow-up map. These are
the "fictitious bubbles" in P3. The bubbles of the limit curve in Example II.6.1 are thus
fictitious bubbles in Pj.

In Case 1 of Example II.6.2 we have two fictitious bubbles and one real bubble. The
real bubble in P3 is a Pi which intersects Lt at pi and Li at p; where p = (P11P2) is the
marked point of the curve in Pi x Pi. In Case 2 the real bubble is a horizontal Pi through
the marked point of the curve in Pj, and this does not intersect the two skew lines £1
and Lj. In Remark II.6.3 we observed that there is a pencil of (1, l)-curves in Pi x P]
which are tangent to the curve C at the marked point. This corresponds to the pencil of
horizontal lines through the marked point of the corresponding curve in P3 (one of which
is the line joining pi to pi). In both cases we obtain real bubbles.

Example II.6.4 gives us more interesting bubbles. In Case (ii) the real bubble corre-
sponds to a horizontal Pt through the marked point of the curve in P3, counted with
multiplicity two. Observe that in this case, if the limit curve in Pj x P] consists of two
(1, l)-curves which are tangent to the {d — 2, d — 2)-component at p (see Remark II.6.5),
then correspondingly in P3 we have two horizontal Pi bubbles emanating from the marked
point. In Case (iv) this horizontal Pi bubble passes through the two skew lines. It is the
unique P] through the marked point which intersects the two skew lines, and it is counted
with multiplicity two. In Case (iii) we have a horizontal Pi which passes through the two
skew lines, and another horizontal Pi which does not intersect the two skew lines.

Example II.7.1. Let us modify Example II.5.8 so that {a, 0) has bidegree (d - 3, d - 3),
and the marked point p = (a(a), 3(a)) has bimultiplicity (3,3), i.e. three zeroes and poles
coalesce simultaneously at a for both degenerate functions /o and go. Here the limit curve
consists of an irreducible component C of bidegree (d — 3, d — 3) and a component C" of
bidegree (3,3). If C is irreducible and reduced, then in order to preserve connectedness
and the hyperplane degree of its Gauss lift, it must be tangent to C at the marked point p,
and it must be nowhere tangent to either factor. The corresponding limit curve in P3 thus
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consists of irreducible components of degrees d — 3 and 3. These components are linearly
full. Since ramification conditions are imposed on the curve C", it is not known whether
this case can actually occur. The other possibilities for C are:

(a) an irreducible curve of bidegree (1,1) counted with multiplicity three,
(b) an irreducible curve of bidegree (1,1) counted with multiplicity two, plus irre-

ducible curves of bidegree (1,0) and (0,1),
(c) irreducible curves of bidegree (1,0) and (0,1), each counted with multiplicity two.

plus an irreducible curve of bidegree (1,1), and
(d) irreducible curves of bidegree (1,0) and (0,1), each counted with multiplicity three.

Observe that as in Example II.6.4, the limit curve cannot contain a reduced curve of bide-
gree (2,2). Using the arguments of the previous examples, we see that the corresponding
limit curve in P3 consists of a horizontal curve of degree d — 3 plus a horizontal Pi-bubble
counted with multiplicity three (for all four cases above). Observe again that a curve
counted with multiplicity k includes the possibility that it consists of k distinct curves.

Remark II.7.2. In all the above cases, whenever we have an algebraic bubble in P3 we
have a corresponding bubble in S*. This means that if the limit curve consists of a full
horizontal curve of degree d - k and a horizontal P]-bubble of degree 1, counted with
multiplicity t , then the corresponding limit minimal surface in S4 consists of a liucsr!;1

full component of area 4n(d — k) plus a totally geodesic component of area 4ir, counted
with multiplicity k. (The term "multiplicity fc" includes the possibility of there being k
totally geodesic S^'s emanating from the marked point.) At this juncture it is conceivable
that there are more complicated bubbles (for instance, a linearly full one of area 12;r).
However, it may transpire that the only bubbles that can occur are the totally geodesic
ones counted with multiplicity.
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