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Abstract
The scheme for unified description of integrable relativistic massive

systems provides an inverse scattering formalism that covers universally
all (1 + 1)- dimensional systems of this kind. In this work we con-
struct the JV-soli'on solution (over an arbitrary background) for some
generic system which is associated with the sl{2, C) case of the scheme
and whose reductions include the complex sine-Gordon equation, the
massive Thirring model and other equations, both in the Euclidean and
Minkowski spaces. Thus the JV-soliton solutions for all these systems
emerge in a unified form differing only in the type of constraints im-
posed on their parameters. In an earlier paper the case of the zero
background was considered while here we concentrate on the case of the
non-vanishing constant background i.e., on the N-kink solutions.
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1. Introduction

In recent years a considerable amount of interest hag been paid to models of the
(1 + l)-dimensional Lorentz-invariant field theory possessing non-trivial integrability
properties; a large number of integrable relativistic systems has been identified to
date. On one hand, these systems serve as a nice laboratory for more realistic (3+1)-
dimensional theories and on the other one, the two-dimensional scalar and spinor
equations are interesting in their own right, in connection e.g. with the condensed
matter applications. Since the suitable version of the Inverse Scattering method
depends essentially on the structure of the associated linear system, each equation
in these series was given, as a rule, an independent treatment. However, it would be
highly desirable to have some unifying formalism which could allow one to analyse all
the models within the common framework. This sort of a formalism would be helpful
in revealing hidden relations between systems tlmt look unrelated superficially, and
realizing the origin of distinctions in the dynamics (of, e.g., soli Ions, particle-like
singularities etc.) described by different relativistic equations. Lastly, it would
provide a basis for the classification of integrable models of the field theory.

The first step towards the unification was done presumably by Pohlmeyer [l]
whose classification scheme covers such important classes of models as n-fields with
values on spheres of arbitrary dimension. (He also revealed a natural connection be-
tween n-fields and unconstrained massive models, including the sine-Gordon model
and its generalizations.) Another successful attempt to consider relativistic systems
from the unified viewpoint belongs to Budagov and Takhtajan [2]. These authors
have constructed an integrable generalization of the sine-Gordon model known as
the "(/ — V" system.

An important advance was connected with the work of Zakharov and Mikhailov
[3] which, in its turn, was based on the general Zakharov and Shabat's approach
to the construction of integrable systems [4j. They have shown that each Lorentz-
invariant integrable system can be represented as the compatibility condition for a
pair of matrix linear equations depending rationally on a complex parameter A. An
important concept of gauge equivalence has also been introduced there, revealing the
hidden correspondences between systems that were previously considered unrelated
and allowing to group them into gauge-equivalent classes.

The authors of ref.[3] have limited themselves to the simplest case of the single
pole A-dependence of the linear problem matrices. In this case either the afore-
mentioned U — V systems emerge or the chiral fields (= free fields with values in
homogeneous spaces.) It is fitting to note here that the density of the Hamiltonian
of the chiral fields does not depend on coordinates and vanishes after the constant
part subtraction. As it can be easily verified, this property is an attribute of all
conformal-invariant (massless) systems in (1 + l)-dimensions. It is nothing but a
consequence of the special form of the energy - momentum conservation law which
looks like dji/dt) = 0, d)ijd( = 0 (where n and £ are the light-cone variables) and
so ji and j 3 are arbitrary functions of £ and IJ, respectively. In the case of an in-
tegrable system we can, following Pohlmeyer [1] (see also [3] [5] [6|) set ji(() = Ci,

ji(i) = C-i and, breaking thereby the conformal invariance, reduce the system to the
gauge-equivalent massive model, which does not suffer from the zero Hamiltonian
drawback.1 However, in this case another problem is met. Namely, it becomes non-
trivial to demonstrate that the equations of motion follow from some least action
principle, and this is a serious drawback from the field-theoretic viewpoint. In the
same way, it remains unclear whether the U ~ V systems can be derived from a
Lagrangian [2].

Another branch of generalizations was initiated by Mikhailov's work [7] who
has found an integrable two-dimensional generalization of the classical periodic
Toda chains. The problem of enumeration and classification of all possible (1 -j-1)-
dimensional relativistic generalizations of the Toda chains was solved by Mikhailov,
Olshanetski and Pe-elomov [8] and Fordy and Gibbons [9]. In these papers the
classification of nonlinear systems was reduced to the classification of the simple Lie
algebras. Leznov and Saveliev obtained the solution of the analogo-is problem in
the case of the finite unclosed (non-periodic) chains [10].

Spinor models were also immersed into the Inverse Scattering formalism. Here
we refer to to the paper of Zakharov and Mikhailov [II] where the gauge equivalence
has been established between the chiral fields and the massless spinor systems (such
as the Gross - Neveu, Vaks - Larkin - Nambu - Jona-Lasinio etc.) The integrability
of several very important particular models in this series was discovered earlier by
Neveu and Papanicolaou [6].

The present paper is concerned with the massive case. In this case the classi-
fication scheme was proposed by one of the authors [12]; we will refer to it as the
Unified Integrable Lorentz Fields (UNILOF) description scheme. This scheme cov-
ers all massive two-dimensional relativistic integrable systems known up until now,
and allows to construct several new ones [12] [14]. The key point of the UNILOF
scheme is the choice of the particular, triangular gauge which retains the initial
V *~* £ symmetry of the linear problem and provides the unified description of both
scalar and spinor models. In addition to the unification, this choice results in that
all the emerging nonlinear equations are manifestly Lagrangian.

In nonlinear field theories, an especial role is played by particle-like solutions.
Accordingly, Zakharov-Shabat's scheme of finding and classifying integrable systems
was accompanied by the corresponding dressing procedure i.e., the method of ob-
taining multisoliton solutions which is most adequate within this approach. In a
similar way, we developed a natural dressing procedure for the UNILOF scheme [13]
[14]. In those refs. we confined ourselves to the /V-soliton solutions propagating over
the zero background; the solitons' dynamics was found to be trivial. In the present
paper we construct multisoliton solutions over an arbitrary background.

Given some integrable equation, it seems natural to expect that the character of
solitons' interaction does not depend on whether the background is zero or say, flat
non-zero and is determined solely by the equation itself (i.e., by the type of dispersion
and nonlinearity.) Surprisingly, our results refute this intuitively appealing idea. We
show that, turning to the case of the non-zero backgrounds, the dynamics of solitons

2In [3] this procedure is misleadingly referred to as the solution of constraints.



becomes non-trivial. Namely, in contrast to the soli tons with the vanishing boundary
conditions, the soli tons travelling over e.g. flat non-zero background may interact
inelastically.

As in ref.[14], we restrict ourselves to the sl(2,C) case of the UNILOF scheme
here, and this fact makes the occurrence of the non-trivial dynamics even more un-
expected. Indeed, the corresponding nonlinear system seems to be the first example
of integrable equation associated with rank — 1 algebra, whose solitons interact
inelastically3. Another restriction is that we exclude the so-called degenerate case
[14] when some of the linear problem matrices become singular. This case pertains
to the two-dimensional Toda lattices that have been examined earlier [7], [8], [9].

The outline of the paper is as follows. In the next section we introduce the
generic system of 4 first-order equations for 4 complex fields, which is the most
general integrable system associated with the linear problem in question. (Hereafter
this generic system will be referred to as the Q = 5/(2, C) system, or merely Q-
system.) In Sec.3 the multisoliton solution for the (J-system is derived. This solution
corresponds to an arbitrary background and is explicit up to the defining of the seed
^-function, i.e., the solution of the linear problem pertaining to the background
solution of the (/-system. In several physically important cases the seed ^-function
can be found in a closed form thereby providing entirely explicit JV-soliton solutions.
Here we perform this computation for the constant non-zero background which is our
main objective, and for the exponential background (Sec. 4, 5). (The solution over
the exponential background appears to be helpful in isolating the N-kink solution
of the complex sine-Gordon equation, see part II of this work [16].)

Specifying the transformation properties of the fields entering in the (/-system
with respect to the Lorentz transformations produces two models of the relativistic
field theory. The first one is a model of 2 spinor fields while the second one comprises
2 complex scalar fields. Reducing the number of fields by imposing symmetry con-
straints, we are led to simpler systems which include, in particular, such important
examples as the massive Thirring model and the complex sine-Gordon equation.
Solutions of these reduced systems can be isolated from those of the ^-system by
imposing suitable constraints on solitons' parameters. The problem of finding these
constraints is called "the reduction problem"; this will be treated in the subsequent
paper [16].

2. The ^-system
As we have already mentioned, we restrict ourselves here to the simplest case of
the UNILOF scheme, defined by the choice of the sI(2,C} algebra and the linear
dependence on A (spectral parameter) and A"1. That is, the linear problem is

t* , = (At/, + U0)<S,
(2.1)

3This result has been announced briefly in [15].

where (/, V and * are 2 x 2 matrix-valued functions of if and £, and without loss
of generality Ui, Vj,l/0, Vo can be considered to be tracelesa [14]. The light cone
variables TJ and £ are defined in the standard way:

, - ^ . e = ^ . (2-2)
The integrability conditions of (2.1) are

idfU0 - idnV0 + [Uj, Vj] + [Ua, Va] = 0 (2.3)
id*Vi + [Vi, Uo] = 0 (2.4)

idiU1 + [U2,Vo]=Q, (2.5)

which are 3 equations for 4 matrix-valued unknowns. The corresponding ambiguity
is a manifestation of the well-known gauge-invariance of (2.1). More precisely, the
set (2.1) is covariant [4] [3] under the gauge transformation

* = 9 * , (2.6)

where g = g{n,(\ *) e 51(2, C). The central idea of the UNILOF scheme consists
in fixing the triangular gauge: (̂ 2)21 = (Vi)u = 0. Assuming then C/j and V2 to be
non-singular and excluding thereby what we call the degenerate case4, eqs.(2.4) and
(2.5) imply (U0)n = (Vo)n - 0. Finally, rescaling the coordinates and fields [14],
the linear problem matrices can be cast to the following ultimate form:

/
0 -1/2

- ( F / 2

F/2

-1/2 J ' "° - V ° -G/2 J ' (2'?)

Here 91,2,3,4 and F,G are complex fields; the reason for the chosen notation will
become obvious below.

Now the integrability conditions (2.3-2.5) can be written componentwise as

(2.8)

+ 9i -

-Gqi = 0

= 0

= 0
= 0

This system possesses a "residual" gauge invariance :

(2.9)
(2.10)
(2.11)
(2.12)

(2.13)
4The degenerate case (zero diagonal in U? and Vj) corresponds to the two-dimensional Toda

lattices that have been analysed earlier [7] - [10].



which may be used to identify F and G. Namely, eqs.(2.8-2.12) imply

(* "t~ 9ifa)f = {G + 93^4)̂ ,

whence

F 4- ̂ 1̂ 2 = 7r̂ , G + <jaq4 — n^ (2.14)

for some 1(7, £). Recovering TT from here, we can perform the transformation (2.13)

with 6 = JT so as to accomplish5

The equations (2.8-2.11), (2.15) provide the generic integrable system associated
with the sl(2,C) case of the UNILOF scheme; we call it "^-system". For the later
convenience, we rewrite it in a self-contained way:

93(1 = 0,

= 0.

f ~ 0, iq^ - q,
iqsn + ?i(l + 929a) = 0, iqi7l -9S(1 + ?i<7i) = 0. (2.16)

The (7-system is manifestly Lagrangian, with the Lagrangian density being

+ 9i929394 + (c.c). (2.17)

Several important models of relativistic field theory are contained in (2.16) as its
reductions. In Part II of this work [16] we will isolate iV-soliton solutions of these
models from the generic iV-soliton solution of the <7-system.

3. The Dressing Procedure

Formally, the tj-system itself looks like a special case of some more general system
whose associated linear problem (2.1) involves full matrices (ft, V2, Uo, K> (though
in actual fat it is gauge-equivalent to this latter system). It is just the solution of
the latter system that the inverse scattering technique provides, and we have yet to
extract the solution for the p-system from it. In order to facilitate this extraction,
we shall represent the linear problem (2.1-2.5) as the Z? reduction of the generic
quadratic bundle.

Namely, substituting A5 for A in (2.1) [this clearly does not influence the integra-
bility conditions (2.3)] and making the gauge transformation (2.6) with the matrix
g = diag{\1!2, A~1/2}, the linear system (2.1) is converted to the following one [14]:

(3.1)
(3.2)

5More generally, we could identify F = -oiijifo, G - -"2?39* where wlpj are any two constants
satisfying u\ + w2 = 1. However, the nonlinear systems emerging in this way are in general non-
lagrangian [14] and so we do not discuss them here. Soliton solutions for these systems can
be obtained in exactly the same way as those for the system (2.16) but the resulting formulas
(noninteger or even irrational powers of rational functions of exponentials) are too cumbersome
even in the zero background case [14].

= (X2A3

Here

1/2
0 (3.3)

(3.4)

Ao=h (3.5)

To construct the soliton solutions we adopt the idea of the dressing method [4],
[3]. Suppose we are given some background solution 7, (f?.f)i —tHi (lif) ofeqs.(2,8-
2.11), (2.15). Denote the corresponding matrices (3.4), (3.5) through Al°\ B\°\
Aj, , and Bg , and let *(Q) stand for the pertaining solution of the linear problem
(3.1,3.2). The ip-function corresponding to the new solution qi,...,qf describing N
solitons propagating over the given background q° , ...9J0 , is obtained then as

* = X*(0) (3-6)

where "the dressing matrix" x is meromorphic in A, together with its inverse.
Since the matrices of potentials in (3.1-3,2) satisfy

= A{\), v3B(-\)<?3 = B(\), (3.7)

the combination o^i^—A)c3 solves the same eqs.(3.1-3.2) as 4(A) does, so that
normalizing *(A) properly we can (in the case of physically important backgrounds,
at least) arrange that

o-3*(-A)(j3 = *(A). (3.8)

Indeed, for most of the physically meaningful backgrounds the seed ^-function, I'(o)
may be found explicitly. Furthermore, as we have checked for zero, flat, exponential
and some other backgrounds, *(0) can be chosen so as to satisfy (3.8). Now if
we are interested in solutions g; asymptotically approaching q\ : </; —* qf , the
corresponding ^-function should satisfy * —• "i^H where H = H(X) is some non-
singular coordinate-independent matrix. Thus $ = tyH'1 will verify eq.(3.8). This
symmetry appears to be crucial for the isolation of solutions of the 6-system.

Choosing ty(0) and * to satisfy (3.8) we have

whence

= x(A)

xW =
N

f = r A - " ' h x + v > '

(3.9)

(3.10)

(3.11)



and

£ x * " •

Here it = Xu=0O is usually called the normalization matrix. Actually R may be
looked upon as a matrix of some gauge transformation, so that the dressing proce-
dure consists of the dressing with the "intermediate" dressing matrix x followed by
the gauge transformation with the matrix R. With respect to this transformation,
the "potentials" A and B transform as

= Aa-\-iRvR~\ Ai=RAlR~l,
= B$ H- IR^R B = RBR (3.13)

Taking (3.9) at the point A = oo, we have that <r3Rffz = R and so R is necessarily
diagonal. Furthermore, it may be inferred from (3.1-3.2) by Liouville's formula that
det $ is (77,£)-independent so that we can normalize ty (or ^(o)) in such a way that
detR=l. Hence,

0

Using this in (3.13) we obtain, componentwise:

= G + 2irir~1.

(3.14)

(3.15)
(3.16)

(Here <ji,?,3,i and F,G are elements of the matrices AQ, Bo, Ait B^ whose structure
is the same as in eqs.(3.4-3.5).] Comparing to (2.]3) we see that R is nothing but
the aforementioned "residual" gauge transformation. Accordingly, we can, without
loss of generality, "dress" the background with the help of the intermediate dressing
matrix x only. However, the result will be a solution of the non-gauged system (2.8-
2.12) so that to obtain a solution of the gauged system (2.16) we have yet to find
the gauge transformation (2.13) (that is, the matrix R) accomplishing the condition
(2.15).

We shall be concerned with the generic situation of j / ; / ±/ik. In this case the
identity XX'1 — 1 requires that

F'x'Hvi) = xMQ' = 0, (3.17)

i = \,...,N. It is convenient to represent the degenerate matrices P' and Q> as

P'=£'®f, £?'' = a"'®37', (3.18)

where x' and s' are two-component vector-columns,

while i1 and y' denote two-component vector-rows: t* = {t\,t\), y' = (j/j,J/J). The
direct products in (3.18) should be understood in the standard way, e.g.

" . i i i TMI /

(note that no summation is assumed ove' i). Components of the above AN two-
component vectors can be re-arranged to form eight ./V-component vector-columns
\XA>,\ VA >, I SA > a n d \tA>, A = 1,2. For example ,

Also it is useful to introduce the transposed vector-rows < XA |, < VA \, < sA \ and
< tA |, e.g. < i , |= {x\,xl,...,x?). Nuw feeding (3.18) into (3.17) yields

rt_ 1 ^ 1 ^ n I ^ I

2 < j/i [ a} = - < (, |, 2 < 1/2 | ax = ~ < :

where Oj and a3 are N x N matrices with elements

" i

(3.19)

(3.20)

Eqs.(3.19) imply

>= 2 a

1 (3.21)

In terms of x eq.(3.11), the linear problem (3.1-3.2) takes the form

"1 = -4o + Aii + FA* (3.22)

Bo + A-'A, + A"2B5. (3.23)

requiring that residues of the l.h.s. at A = /i;Representing x 'x" 1 M -
vanish, we obtain

Comparing this to (3.1) we get a particular solution:

(3.24)

(3.25)

• ~ T "



where n" = I j I is an arbitrary constant vector-column. Following [17], it may

be proved that this is, in fact, the general solution. In the same way,

f = m'^M, (3.26)

where m; = (m',,rr»j) is an arbitrary constant vector-row.
Next, let us express the "potentials™ A and B in terms of x- Expanding the

l.h.s. of (3.22,3.23) in the Laurent series at A = oo, we can express e.g. Ax and BB:

A, = 4 0 ) + lim
A—too

Bo =

while the simplest expressions for Bj and Ao arise by expanding at A = 0:

(3.27)

(3.28)

(3.29)

Ao^A^ + iix.r1)^- (3.30)

In addition, we record here two identities that will appear useful below. First,
evaluate the trace of the square of eq.(3.22):

tr {(A^Y - (x-'x.f + 2M(0'x-'x,} = trA*. (3.31)

Expanding (3.31) at A = oo, we find, as a coefficient at A2:

tr{(Af]Y + 2A2A
[^} = tv{A\ + 2AtAa),

or, componentwise,

~fW = F + 2qi

In a similar way we obtain the second identity:

-G ( o ) + 2ipip~1 = 6

where p(rj,£) is the element of the matrix Xu_0
:

= const
0

(3.32)

(3.33)

(3.34)

[The fact that XK=0 ' s diagonal, is a mere consequence of eq.(3.9), and that it has

the structure (3.34) follows from that detx does not depend on ij and £.]
Now we have to specify the gauge transformation (3.13) to ensure the condition

(2.15). In principle, this can be accomplished by recovering x(7,£) from (2.14) but
then the ultimate solutions would include exponentials of quadratures. Fortunately,

10

in the pure solitonic case that we deal with here, eq.(2.14) appears to be unnecessary,
for the matrix R can be found in a more direct way, and in a closed form6. Indeed,
from (3.15) and (2.15) it ensues that

F = -gift - 2ir«r-\ G = ~q3qt - 2 i V \

while eliminating q"iqi and q^qt by virtue of eqs.(3.32, 3.33), we have

- F)/2 = 2tr,r"1, (G<°> - G)/2 = 2irir~
l + ip(p-

On the other hand, eqs.(3.30) and (3.28) read, componentwise:

(F - F<0>)/2 = ip ,p- \ G-G<°' = 0.

Comparing to (3.36) produces the logarithmic derivatives of r:

2 r , r ^ = - p , p - \ 2r{ r- ' = -p^

whence, up to an unessential constant,

r2 = p - ' .

The quantity p is computed in the Appendix; by (A4) we have then

r7{ri,() = det a, fd

So, writing componentwise (3.27) and (3.29),

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

and using (3.15), (3.21) and (3.40), we arrive finally at the closed expressions for
the JV-soliton solutions of the ^-system (2.16):

9, = (deta,/deto2)(flS0'- < h \ aa" 1 >), (3.41)

(3-42)

(3.43)

(3.44)

6The key point here is clearly to use the trace identities (3.32,3.33) and this idea traces hack
to the work of David et.al. on the Thirring model [18]. This is not the unique way, however;
we could alternatively utilize a completely different approach that was used in the case of the
zero background [14]. In this latter approach the necessary identities arise from the comparison
of two sets of expressions for F and G, obtained by expanding eqs,(3.22,3.23) at A = 0 and oo,
respectively.

11



The latter two expressions can be symmetrized by means of the identities

N

det <n < t3t/ 1 o j 1 | Sift-1 >= J I ( « w ) det o, < t2v~7 | a^1 | *i >»
;=i

JV

(The proof of these is similar to the proof of eq.(A4) of the Appendix, and is given
in [14].) By virtue of (3.45,3.46) eqs.(3.43, 3.44) take the form

q3 = ' 1 >), (3.47)

(3.48)

[We remind here that the notation < tli> ' | isunderstood as (ijfj ',iji/j" l,...,rf vN )].
Solution (3.41-3.42), (3,47-3.48) has the drawback of that in order to visualize it

(for example, to plot the profile by means of the computer), one has to invert the
N x N matrices a-i and a2. However, this problem can be circumvented. Invoking
eq.(A3) of the Appendix, the solutions acquire the form

(0( det 63

where

\s,

(0) det hA

> <
1\

[We remind that e.g. X [ denotes the matrix whose (ij)-th element isg )
i"ltJi/J"

1]. The representation (3.49-3.50) is valid only for non-zero backgrounds,

9 j 0 > zf 0. In the case of the zero background, the determinant representation also
exists [14], but involves matrices of the dimension [N + 1) x (JV + 1).

4. The seed ^-function: exponential background
The JV-soliton solutions (3.49) are closed up to the computing of the seed ^-function
(i.e., the function $(oj corresponding to the background solution) which defines the
coordinate dependence of 3 and t [see eqs.(3.25), (3.26)]. In several instances *(0)
can be found explicitly. Physically, the most interesting situatiou corresponds to the
flat backgrounds, 9-°' = const. In the preceding paper [14] the zero background case
was discussed, q° = 0, and here our goal is the flat non-zero background. However,
in view of certain difficulties with isolating solutions for some of the reductions in

12

this case, we choose to solve a more general problem. Namely, we shall obtain *(0)
corresponding to the exponential background which contains the flat background as
a limiting case.

The said exponential solution is

where

(4.1)

(4.2)

and Ci, ...,&, a, @ are constants. Feeding (4.1, 4.2) into (2.16) and assuming
a, /? ^ 0, we have

a = Ci/C3 + CXC2,

0 = C4/C, + C3C<,
(4.3)
(4.4)
(4.5)

The flat background corresponds to a = 0 = 0. In this case eqs.(4.3-4.5) simplify to

C,C4 = C2C3 = - 1 . (4.6)

It is advantageous to treat the solution (4.1) as a gauge-transformed constant
solution. Indeed, letting

*<„> = exp(z<T3/2)*m (4.7)

where as before *t(0) stands for the background ^-function [i.e., the solution of the
linear problem (3.1, 3.2) pertaining to the background potentials (4.1)], tf (0) satisfies
the linear system with constant coefficients:

(4-8)

(4.9)

(4.10)

(4.11)

Note that this is the same linear problem as the one for the flat background,
^5°' = Ci,...,q'^ = C4; the only distinction is that in the latter case we would have
4°» = - j d C f f , , e<0) = - iC 3 CV3 instead of (4.11).

The solution of (4.8,4.9),

(4.12)

where A2 = Bi = ^ 3 ,

= ezp[-

13
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is unique up to multiplying by an arbitrary (~r, £)-independent nonsingular matrix M
on the right. Choosing this matrix properly, *(0) can be rewritten in the following
convenient form:

vhere

(4.13)

(4.14)
(4.15)

o = [{A + O3/O1J + 4U3C-4A J ' , (4.16)

and in eqs, (4.15, 4.16) we should choose only those branches of the square root
that satisfy

ab = C3C,-1 A2 + CiC-'JT3 + 4C,C< + 2.

In eq.(4.14) the matrix M is given by

where we have introduced the notation

o + A* + Ct/C3J(X) =
2A

(4.17)

(4.18)

(4.19)

(Actually the class of suitable matrices is somewhat larger, but the choice (4.18) is
quite sufficient for our purposes).

The proof of that $(0) eq.(4.12) coincides with eq.(4.13) if M is taken as in
eq.(4.18), is trivial provided we use the representation

exp(i
r

f (4.20)

where fn are complex quantities, <7n (n = 1,2,3) are the standard Pauli matrices,
and / = (/» + f\ + flyl\ Using (4.20), we can rewrite exp {~i{A^ + ^
eq.(4.12), as

cos / • 1 +
(sin/ / A 2

-2C,A
(4.21)

with / as in (4.14) and a as in (4.15). Multiplying this expression by M eq.(4.18)
on the right, it is straightforward to verify that it is equal to Mexp(icr3/). Q.E.D.

For the latter convenience, we write out *(Oj in a self-contained way:

*,„, = e '^J l /e '* 3 ' . (4.22)

Here z is given by (4.2), / by (4.14), and A/ by (4.18), [It is elementary to check
that this *(0) satisfies the condition (3.8).] The formula (4.22) provides us with
explicit expressions for s' and (', eqs.(3.25, 3.26). Consequently, eqs.(3.41- 3.44),
(3.47-3.48), and (3.49) become closed, explicit N-soliton solutions.
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5. Simplified iV-soliton formulas: the case of the
flat background

In the case of the flat background, qf1 = Ci, the JV-soliton formulas simplify con-
siderably. In this case the constants Cf obey C\CA = CiC$ = - 1 , z eq.(4.2) ia equal
to zero, and the seed ^-function simplifies to

*,„, = Meifn,

with

and

1 ( 1 -C3X\

/(A) = - {(A2 + C,C,), - (A"2 + C3C4)(} .

(5.1)

(5.2)

(5.3)

Let us turn to the jV-soliton solutions (3.49). Using *S(0) eq.(5.1) in the expres-
sions for s' and (', the A -̂soliton formulas acquire the following simplified form:

— C;
det bi

= C3
det ki

(5.4)?1 — ^ 1 T ~ , fi — U J J - , V3 — VJ3 , „ — i j ,

detaj detfl] detai detaj
where the matrices o1,os,61,...,64 have the "shortened", three-term structure:

with r,j = ttj — /i2 and

M-'M\ (5.6)

p, = 1 - C-CfVJ. ?j = 1 - C3CtAtj. In eqs.(5.5-5.6) /(A) is given by (5.3) while
VitHi,n\,n\,m\,m'2 denote arbitrary complex constants. In the subsequent paper

15



[16] we shall find the restrictions on these constants so as to assure that the solutions
(5.4) verify the reductions of the ^-system.
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A Appendix: the Closed Expression for
Here we compute the matrix (3.34),

Let us begin with listing several useful identities. First of all, from eqs.(3.17) it
follows that

or, in the matrix form,

a2,

Another important identity is

det(a+ \u >< v\) =deta+ < v\A\u >,

(A2)

(A3)

where a is a non-singular N x N matrix; A is its augmented matrix, A = det a • a"1;
< u| and |u > are JV-dimensional row- and column-vector, respectively: < u| =
(u\ . . . ,vN) , and

|u>=

Consider now (xn)| iD0:

N

vf'itt = i -2 < v-i

Using (3.18), this can be rewritten as 1 - 2 < f~1ti|aj"1|ai > . Now let us invoke
eq.(A3):

(Xu)|A=0 = (deta.J-^deta!- < t^^Ai^ >) = (deta^"1 det(fll - h X

Finally, making use of (A2), tins transforms to

det( | / i>a3<i/"

In the same way,

so that comparing to (Al) we arrive finally at

p(7),0 = deta

17

^ d e t a '

detaj

(A4)
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