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ABSTRACT

The Kadomtsev-Petviashvili equation is derived from the zero curvature condition as-
sociated with the gauge group SL(2,R) in 2 + 1 dimensions. A fermionic extension of the KP
equation is also obtained using the zero curvature condition of the super group OSf(2\\), which
reduces upon appropriate restriction to the Kupershmidt equation
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I. Introduction

The Kadomtsev-Petviashvili (KP) equation [1,21 is a 2 + 1 dimensional integrable

equation which has generated a lot of interest in the recent years [3,4]. The formulation

of the KP equation in terms of a scalar Lax operator is well studied in the literature [2,5].

It is well known that the KP equation has a bihamiltonian structure [6] like most other

integrable models and that this structure is very useful in proving the integrability of the

equation. It is also known that most of the integrabte models in 1 + 1 dimension can be

obtained from the KP equation through a suitable reduction procedure. For example, the

generalized KdV hierarchy can be obtained quite easily from the KP hierarchy through

dimensional reduction [2].

The classical integrable models in 1 + 1 dimension, in addition to having a scalar

Lax representation, can also be obtained from the zero curvature condition associated

with some appropriate gauge group [7,8,0]. For example, the KdV, the sKdV and the

Boussinesq equations are known to follow from the zero curvature condition associated

with the groups SL(2, R), OSp(2\l) and SL(Z, R) respectively [10,11]. The zero curvature

condition is really a matrix Lax equation [12] where the gauge field components serve as the

matrix Lax pair. However, in 1 + 1 dimension, this formulation leads to some interesting

connection between integrable models and ID gravity theories [13]. Although much is

known about the scalar Lax operator formalism of the KP equation, a zero curvature

formulation of the equation does not exist. In this letter we would like to address this

question. In particular, we show that the KP equation can be obtained from the zero

curvature condition associated with the SL{2,R) Lie algebra valued gauge fields in 2 + 1

dimensions with an appropriate gauge fixing. However, in this formulation we have not

been able to find the hierarchy associated with the KP equation. We believe that this can

be derived from the zero curvature condition associated with higher gauge groups. Our

analysis is also extended to the group OSp(2\l) to obtain a fermionic extension of the

KP equation. This is a nonsupersymmetric fermionic extension of the KP equation and

reduces to the Kupershmidt equation [14] upon appropriate restriction.

The paper is organized as follows. In Sec. II, we derive the KP equation from the
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zero curvature condition associated with the 51(2, R) group. Its fermionic extension based

on OSp(2\l) is considered in Sec. III. We also compare our equation with the supersym-

metric KP equation of Manin and Radul [15] and show how our equation reduces to the

Kupershmidt equation. Finally, our conclusions are presented in Sec. IV.

II. The KP equation and SL(2,R) group

The SL{2, R) Lie algebra consists of three generators fo, a = 1,2,3, which satisfy the

commutation relations

[ta,h] =fabtr (2.1)

The non-zero structure constants flh are given as

/23 = - hi - l

Ji2 = — hi — l

/31 = ~ hi ~ l

(2.2)

For our analysis, let us assume that A^(t,x,y) represent the (2 + 1) dimensional gauge

fields belonging to this algebra. The zero curvature condition associated with this field

can be written as

where y, v = 0,1,2 are the space-time indices and we note that

d „ 0 n d

(2.3)

(2.4)

For each vatuc of a, there are three independent components of the antisymmetric curvature

tensor F*v in (2 + 1) dimensions. Therefore, equation (2.3) is a set of nine equations which

can be explicitly written as

ft4+ ^ 1 - ^ ^ = 0
diA$ + 2A1

{lA
1
l-2AlA\ =0

a,A> + 2AU[-2AlA>=0

rU A1 4. A2 A3 A3 A2 — (1

A, j l 2 _ i _ O j i l j 2 <>j2 j l fi

^Aj + 2A3
aA\ - 2A\A% = 0

diA\ + A\A\ - A\A\ = 0

diA\ + 2A\Al - 2A>Al =0

chA] + 2A\A\-2A\Al =0

(?.5o)

(2.56)

(2.5c)

(2.6a)

(2.66)

(2.6c)

(2.7c)

(2.76)

(2.7c)

Fl
n =

The scaling dimensions of the various gauge field components can be obtained if we note

that the KP equation (with u(x, y,t) as the dynamical variable)

7 dfu =
4

-] dfu- 3udm)
4 /

(2.S)

fixes the scaling dimensions of ^ j , d\, 82 and u as 3, 1, 2 and 2 respectively. The scaling

dimensions of the gauge field components then follow from the zero curvature conditions

(2.5), (2.6) and (2.7) as (The scaling dimensions cannot be uniquely determined from Eqs.

(2.5)-(2.7) atone. We have also used [A*] = 0 in analogy with the KdV equation to obtain

the following relations.)

(2.9)

As in the case of the KdV equation, since the scaling dimension of Aj is zero, therefore it

is just a constant and we set it to be 1/2, namely,

Mo]

[Al]

[Al]

= 3

= 4

= 2

[A\]

[A2,]

[Al]

— 1

= 2

= 0

[A\]

[All

[AD

= 2

= 3

= 1



Then we can solve for AJ, A\, Al, Al using (2.5c), (2.7c), (2.5a) and (2.7a) respectively

(2.10)

(2.11)

(2.12)

(2.13)

Al=2 {-

A\ = 2 ( - d\A\ + 2A\dlA\ + 2A3
tdlA) -

In deriving the last two equations (2.12) and (2.13) we have used (2.10) and (2.11). Fur-

thermore, using (2.10)-(2.13), we can eliminate Aj, A\, Ajj and A% from Eqs. (2.5b),

(2.7b) and (2.6c) to obtain respectively

2Ald1A}-S(A\fdlAl-8AlA]d1A\+4A\dBA\ =0

- 4A\d\A\ + 2ft ft jlj - 4,dxA\A\ - 8ft A\dxA\

dx A3
0=0

(2.14)

(2.15)

(2.16)

It can be easily checked that these equations do not lead to any further constraints. There-

fore, we are left with oaly three equations (2.14)-(2.16) out of the set of nine equations in

(2.5)-(2.7).

Since the scaling dimension of A\ and A\ are one, we choose A\ — (\/3/2)A and

A2 = 2A, where A is a constant, dimensionful parameter usually known as the spectral

parameter. With this choice, (2.15) and (2.16) reduce to the constraint equations

(2.17)

and the time evolution of the system is obtained from Eq. (2.14) to be

SfeA? + 2d*A3
a - AA\dyA% - 2A3

a8iA\ - | A S S I Aj = 0 (2.18)

Differentiating Eq. (2.18) with respect to x and then using Eq. (2.17) we obtain

? + 20?A^ - 4A?ftAl - 2A&A1) = ^A% (2.19)

If we now choose Af = ~2u = -Al and redefine the space and time coordinates as

ft - ^

di —> 4iSb

d0 —> 2*j2da

we obtain from Eq. (2.19) the KP equation, namely

«-ia?u-3u0lU) = 5 aju

Note that if we set the spectral parameter X = 0, then Eq. (2.17) gives

(2.20)

(2.21)

^ u = 0 (2.22)

Namely, in this case, the dynamical variable becomes independent of the {/-coordinate and

Eq. (2.21) reduces to the KdV equation. In this formulation, therefore, choosing A = 0

corresponds to choosing the two reduction of the KP scalar Lax operator. We would like

to point out here that we have been unable to obtain the higher order equations of the

KP hierarchy from Eqs. (2.5)-(2.7) and we believe that it may be obtained from the zero

curvature condition associated with higher groups.

III. Zero curvature of OSp(2/l) and a fermionic KP equation

The super algebra OSp(2|l) is obtained through a grading of the S£(2, R) algebra.

This simply means that in addition to the three bosonic generators of the SL(2, R) we now



have two ferrnionic generators. Let us denote them as t] = (ta, ta); where a = 1,2,3 is

the bosonic index and a ~ 4,5 is the fermionic index. The generators satisfy the following

graded algebra:

[«..*«] = /?«* * (3.1)

wliere the non-zero structure constants are

f2 — f2 — f3 — ($ — f2 — f3 ~.Jn — / s i — Ji\ ~ ~Ji3 — J4i — Jss —

f}3 = -fk = fh = IL = A = -/?, = i

J25 — JS2 — Jit ~ ~J43 — J51 — ~ / l J —

The zero curvature condition in this case is given by

(3.2)

K* = d?Al - dvA1,, + f'Jh- A^' = 0

This gives a set of fifteen equations which can be written explicitly as follows.

(3.3)

= d0A\ -

Fo
4, = dvA\ -

F0
5, =

+ A\A\ - A\A\ + A\A\ + A \ A \ = 0 (3.4a)

+ 2A\A\ - 2A\A\ - 2A*0A* = 0 (3.46)

+ 2A\A\ - 2A\A\ + 2A%A\ = 0 (3.4c)

-f A^A* - A*aA\ + AlA\ - A%A\ = 0 (3Ad)

+ AlA\ - A\A\ + A>A\ - A'A* = 0 (3.4e)

F0'2 =

F o
3

2 =

F*2 =

= 80Al -

-I- A\A% -

+ 2AlAl

+ 1A\A\ - 2A\

A\A\ - 0 (3.5a)

\ = 0 (3.56)

\ = 0 (3.5c)

A\A\ - A%A\ = 0 (3.5rf)

- A*A\ +

7

- -40.4| = 0 (3.5e)

+ A\A\ - A\A\ + A*Al + A\A\ = 0 (3.6a)

+ 2A\A\ - 2A\A\ - 2A\A\ = 0 (3.66)

+ 2A\A\ - 2A\A\ + 2A\A\ = 0 (3.6c)

+ A\A\- A\A\ + A\A\ - A\A\ = 0 (3.6d)

+ A\A\ - A\A\ + A\A\ - A\A\ = 0 (3.6e)

Using arguments similar to our earlier discussion, we can obtain the scaling dimensions of

various gauge field components to be

Now we choose

[Aj] = [A\] = 2

[Al] = 3

(Ai] = 3

[Al] = 4

[A?]

[At]

[Al]

= 0
3
2
1
2

[A ]̂ = 1 [Aj] = 2

[A?l = 5 [Al] = ^

(3.7)

^ ! = - § . Al = A, A» = 0 (3.8)

This choice is consistent with the scaling dimensions of the gauge field components as given

in (3.7) and A is again a constant parameter with scaling dimension one. Using (3.S), we

can solve for Aj, Ag, Aj, A\, A\, A\ in terms of the other components from (3.4 c, a, e)

and (3.6 c, a, e) respectively as follows,

+ A\A%) (3.9)



and

A\ = -2{d\A\ - 2Xd,A\ + A\A\ + At A?) (3.10)

Using (3.9) and (3.10) we obtain four nontrivial equations from (3.4b), (3.4d) and (3.6b),

(3.6d) respectively as

- 2A%diA\ - 2&!A*Al - 6.4*01-4= + 8 A2 ft A* (3.11a)

= 20?Al - \ - 2X2A6
0 (3.11b)

? = -2d\A\ \A\ -

d2A
4

{ = 25? A\ - 3 ft A? At - 2A\d,A\ + A\A] - 2A2A\

(3.12a)

(3.126)

The equations (3.11) and (3.12) are, in fact, the same with the space-time index '0' replaced

by '2'. We also note that equations (3.5c) and (3.5e) upon using the constraints (3.9) and

(3.10) give

2Ab
0A\ = 0 (3.13a)

+ 2AldiA\ - 2A\dyA\ + AgdiA? - A\diA3
0 = 0 (3.136)

while the other equations in (3.5) do not lead to any new relation. We are, therefore, left

with six equations (3.11 a, b), (3.12 a, b) and (3.13 a, b) out of the fifteen equations we

started with. Let us further choose:

: = ' x A* = 16u
2\/3 ' (3.14)

where u(x,?/,*) and <(i(xty,t) are the bosonic and the fermionic dynamical variables re-

spectively. With this choice, equations (3.13a,b) reduce to

9

= ~^= x
v o

= J= X
(3.15)

Also, note that Eqs. (3.12) do not provide any new information and are consistent with

Eq. (3.15). With the above choice, equations (3.11) when differentiated with respect to x

give

02u d fdu 1 &>u du
dx2

and

If we now redefine a/5i -+ -2d/dt, d/dx -> 2d/dx, d/dy -> 2d/dy and <j>

obtain

3.1Ga)

then we

~3u^~^~<j>\ (3.17)
i oy* ox tot ox- ox 2ox J

We recognize Eq. (3.17) to be a fermionic extension of the KP equation which is not

supersymmetric. Since this system of equations is obtained from a zero curvature condition,

this fermionic extension of the KP equation is very likely to be integrable. Note that if

we set A = 0, then it follows from Eq. (3.15) that the dynamical variables u and 4> we

independent of the y-coordinF.te and in this case, the evolution equations in Eq. (3.17)

reduce to the sKdV equations of Kupershmidt [14].

Let us next compare our fermionic extension of the KP equation (3.16) with the super

KP equation of Manin and Radul [15]. The super Lax operator in the present context

[15,16] is given by

(3.18)

10
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with u0 = 1 and (D«i) + 2uj = 0. The super covariant derivative is defined as D =

dg + 9dx, 6 being an odd Grassmannian co-ordinate satisfying 82 = 0. Note that the Lax

operator (3.18) is odd and the grading of the superfield coefficients u* is |u;| = t (mod 2).

The formal inverse of D is given by D'1 = 6 + dod~l.

The super KP hierarchy can be obtained from the Lax equation for even time flows [16]

as

where I € Z+ and we identify t2 = x, *4 = y and f6 = (. In above B-u is defined as

« = (L2'h (3.20)

where ' + ' denotes the non-negative differential part of the pseudo differential operator L2t.

It is now straightforward to calculate J?4 and Be following [15] and they are given by

B4 = D* + 2VxD + 2V, (3.21a)

(3.216)

where we have defined

VA =

(3.22)

In the above, u^ is defined as (D'u). Also, note that the grading of the superfields V; is

|Vi| = i + l (mod 2). For / = 1, (3.19) yields the consistency condition i.e.

and for 1 — 2, 3 we write below the first few equations,

11

+

dVt

If we choose V\ = V(, — 0, then from (3.23c) we obtain that

d_ rdV, 1
dx i dt 4

3 d_
2 dx

(3.23a)

(3.236)

(3.23c)

(3.24)

In deriving (3.24), we have used (3.23a) and (3.23b) to eliminate Vs. Expanding the

superfield V3 as

where 4>(x, y) is a fermionic field and u(x,y) is a bosonic field, we obtain from (3.24), the

super KP equation of Manin and Radul to be

dt

(3.26a)

(3.266)

We note that if we set du/dy — d&jdy = 0, then equations (3.26) reduce to the sKdV

equation of Mathieu [17]. The bosonic equations in (3.16) and (3.26) are the same whereas

the fermionic equations are not. Aiso, the equations (3.26) are manifestly supersymmetric

as they are obtained from the Lax operator (3.17) in superspace. As is well known, the

sKdV equations of Kupershmidt [14] are not supersymmetric and so are the fermionic KP

equations in (3.16).

12



IV. Conclusion

We have derived here the KP equation from the zero curvature condition of the

SL(2, R) Lie algebra valued gauge fields in 2+1 dimensions with a particular gauge fixing.

We note that while a hierachial structure is contained in the equations (2.19) and (2.20)

we have not been able to derive the usual hierarchy associated with the KP equation. We

believe that the KP hierarchy can arise if we consider higher rank SL groups, which is

under investigation. We have extended our analysis to the case where the gauge group is

OSp{2\l). The zero curvature condition in this case yields a fermionic extension of the KP

equation which is not supersymmetrie. This equation is then contrasted with the super

KP equation of Manin and Radul, While the Manin-Radul equation is known to reduce

to the supersymmetric KdV equation in 1 + 1 dimension, we have shown that this new

fermionic extension of the KP equation reduces to the Kupershmidt equation. It remains

an interesting question to find a zero curvature formulation for the Manin-Radul equation.
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