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ABSTRACT

It is proved that each of two well known fixed point iteration methods (the Mann and
Ishikawa iteration methods) converges strongly, without any compactness assumption on the do-
main of the map, to the unique fixed point of a quasi-contractive map in real Banach spaces with
property (t / ,a,nt +• l,»n). These Banach spaces include the Lr (or ip) spaces, p > 2. Our
theorems generalize important known results.
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L INTRODUCTION

Suppose K is a nonempty subset of a norraed linear space E, and T is a mapping of K

into itself. Then T is calleu quasi-contractive (see e.g. [23]) if there exists a constant k e [0,1)

such that

- Ty\\ < fcm>x{||i - - Tx\\, \\y - Ty\\, ||x -

V x, y G K. In [24], B.E. Rhoades showed that the contractive definition (1), apart from being an
obvious generalization of the well-known contraction mapping, is one of the most general contrac-
tive definitions for which Picard iterations give a unique fixed point. In [22], Rhoades examined
the following two fixed point iteration schemes:

(a) The Ishikawa Iteration Process (see e.g., [15], [22]) defined as follows: For if a convex subset

of a Banach space E, and T a mapping of K into itself, the sequence {a;B}^o m K K defined by

xa 6 K

- Qfn)xn Tyn

(2)

(3)

(4)

where {an}£o and {#.}£„ satisfy:

(i) 0 < «,, < fl, < 1; n > 0 ,

(Li) lim A, = 0; and

(iii) = oo;

and

(b) The Mann Iteration Process (see e.g., [18], [23]) which is defined as follows: with K and T as

in (a), the sequence {iti}^o *s defined by

X « . l = ( 1 - n > 0 ,

(5)

(6)

where

(i) 0 < <

(it) lim

(iii)

0;

c, = oo.
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In some applications condition (iii) is replaced by oo. The iteration schemes

(a) and (b) have been studied by various authors for approximating solutions of several nonlinear
operator equations (see e.g., [4-12], [15], [18], [20], [21], [22-24], [25]). Moreover, it is well
known that the two schemes may exhibit different behaviours for different classes of nonlinear
mappings (see e.g., [22], [23]).

In [22], Rhoades showed that most of the results of [23] for the Mann iteration process can
be extended to the Ishikawa's iteration process, hence providing a much larger class of contractive
fixed point iteration procedures. He further noted that the Mann iteration process can be used to
approximate fixed points of quasi-contractive mappings. He then posed the following question
which remained open for many years:

Question ([22], p.747): Can the Mann iteration process be replaced by that of Ishikawa for quasi-
contractive mapping of K into itself, where if is a compact convex subset of a Hilbert space!

This question was rr solved in the affirmative by the authoT [4] in a setting much more gen-
eral than Hilbert spaces. Specifically, in [4], the author proved that if if C Lv (or lp),
pE [2, oo), under appropriate conditions (see e.g., [4]), the Ishikawa iteration process converges
to the fixed point of a quasi-contractive mapping of K into itself; and in [8] the author extended
this result to Lp (or £p) spaces, p 6 (1,2]. Some authors (see e.g., [20], [21]) probably unaware of
these results of the author have recently answered the above question in the affirmative in Hilbert
spaces, proving in the process results which are special cases of the above results of the author.

More recently, liu Qihou [20] considered iterates of quasi-contractive mappings in Hilbert

spaces and proved the following theorem:

Theorem LQ ([20], p.3O2) Let T be a quasi-contractive mapping in a bounded closed convex
subset K of a Hilbert space and let aH,0n satisfy

(i) 0 < / 3 B < l ;

(ii) lim A, = 0;
n

(Hi) L J 1 < O B < 1 _ Jfc2.

Then, for each XQ G K, the sequence of Ishikawa iterates converges to the unique fixed point of T.

Remark 1 The sequence {z*}™0 obtained in Theorem LQ is, strictly speaking, not a sequence
of Ishikawa iterates. A sequence of Ishikawa iterates is one in which conditions (iH'») of (a)
above hold. Conditions (i) and (ii) of (a) clearly imply that <*„ —> 0 as n —» oo. But in Theorem
LQ, Pn —* 0 whereas a,, is bounded away from zero. Furthermore, the condition 0 < ft, < 1 in
Theorem LQ should obviously be 0 < A, < 1. Having made these minor observations, we remark
immediately that Theorem LQ is very interesting.

While the existence of fixed points for quasi -contractive maps has been proved in general
Banach spaces (see e.g., [13], [23]), iterative methods for approximating such fixed points have
largely been confined to Hilbert spaces (see e.g., [20], [21], [22], [23]). It is known that among all
Banach spaces, Hilbert spaces are the ones widi the best geometric structures (see e.g., [17], [29])
in the sense that certain geometric structures which characterize Hilbert spaces make the solution
of problems posed in such spaces relatively straightforward. Consequendy, to extend solutions of
such problems to general Banach spaces, the Banach spaces should be characterized by relations
similar to those that characterize Hilbert spaces. Several authors are now conducting worthwhile
research in this direction (see e.g., [1], [2], [3], [4-12], [14], [16], {19], [25], [26], [27-29]).

Recently, Jurgen Schu [25] studied Banach spaces with property (U, a, m + 1, m) (de-
fined below). These spaces include the Lp (or tp) spaces for p € [2 ,oo). Schu obtained an
inequality in this space which generalizes some known Lp inequalities and using his result he ex-
tended a recent result of the author [5] on the iterative approximation of fixed points of Lipschitz
strictly pseudo-contractive mappings from hv spaces, p > 2, to these more general Banach spaces.

It is our purpose in this paper to first prove that the theorem of Liu Qihou [20] remains
true in real Banach spaces with property (U, a, m + 1, m). Our results then extend the result of
Qihou [20] from Hilbert spaces to these real Banach spaces more general than Lr (or £p) spaces,
p £ [2, oo). Then we shall also prove that the Mann iteration process coverges strongly to the
unique fixed point of a quasi-contractive map in this general setting.

2. PRELIMINARIES

We begin with the following definitions: Following [25], let ( E, \ \ • | |) be a normed space;
p,a > 0:0,b,6 £ R + .

(i) ([26], [14]), (B, || • ||) is said to satisfy Hanner inequality with constant p iff

for all i , j e £ .

(ii) ([26]), (E, || • ||) has property (U, 6, a, 0) iff

for all i, y iniJ.

(iii) ([2]), ( E, 11 • j |) is an upper weak parallelogram space with constant b iff

forallx,jj £ E.



From [14], (Theorem 1), ip(and£p) spaces, p e [2,co) satisfy Hanner inequality with constant p,
and from [261, (Theorem 4), every normed space satisfying Hanner inequality for some p £ [ 2, oo)
also possesses property (F7, p - 1 , 2 , 1 ) . Hence LT {and £p) spaces, p > 2, are examples of Banach
spaces with property (U, S, a, fi).

In his study of iterative approximation of fixed points of strongly Upschitz pseudo-
contractive mappings, Schu [25] considered Banach spaces with property (U, a, m+1, m); a > 0,
m € N and proved the following lemma:

Lemma JS ([25], Lemma 1) Let (E, || • ||) be a normed space with property (17,a, m + 1, m);

for all x, y S E, and u e JE(X), where JE is the duality map from E to 2*". In [7] the author
proved the following lemma:

Lemma Let (E,\\ • ||) be a normed space with property (U,a,m+ l ,m); a € F + ; m € N .
Then

(8)

for all x, y e Band X 6 [0,1].

The above lemma was applied by the author [7] to prove that both the Mann and Ishikawa
iteration methods can be used to approximate fixed points of mappings belonging to class C (in the
terminology of [23]). In this paper, we shall again apply the above lemma in combination with
the method of Qihou [20] to prove that either the Mann iteration method or the Ishikawa iteration
method can be used to approximate fixed points of quasi-contractive mappings in real Banach
spaces with property (U, a, m + 1, m). Our results extend several known results from Hilben or
Lp (and £p) spaces, p > 2, to the more general Banach spaces considered here. Since the above
lemma is central to our work, we sketch its proof.

Proof of Lemma By inequality (7) we have:

\[\x + (1 - \)y - z\\m*] = \\y - z + X(

foralli.y 6 Eandu £ h(y- *)• Als«

Furthermore,

tiv - s i r 1 < \\y -

so that

(10)

Substitution of this inequality in (10) yields:

t\r-lu{x - y) < -m||i,- - 111/ - iim+l

Substitution of this inequality in (9) yields the desired result.

D

Remark 2 As has been observed, Lp (or lp) spaces are of type {U, p — 1,2,1). By setting
a = p — 1 and m = 1 in inequality (7) we obtain inequality (5) of [9] for Lp spaces, p £ [ 2, oo).

In the sequel we shall make use of the following result:

Lemma HQ ([20], p.302) Let { i n }£, satisfy the following inequality

where i n > 0, an > 0 and lim cB = 0,0 < u < 1. Then xn ~* 0 as n -+ oo.

3. MAIN RESULTS

For the remainder of this paper we shall set 5m - ^ j > 0; Jfc will denote the constant

appearing in the definition of quasi-contractive map. We prove the following theorems:

Theorem 1 Let ( i j , | | -1|) be a real Banach space with property ( f , a , m + I ,m); a g R + ;
m g N ; and let if be a nonempty closed convex and bounded subset of E; T : K —> K a quasi-
contractive mapping of K into itself such that Sm fc™+1 < 1. Suppose {aB}™0 and {/3n}™0 are
real sequences satisfying:

""T"



(i) 0<ft,<l, n>0;

(ii) lim A, = 0 ;

(iii) sfe<m-S.fc1-1)£a.

Then, the sequence {iB}j£o denned iteratively by

weir
x*n = (1 - an)xK + <*„ Tyn ,

fe = ( l - A ) * « + A r a : . , n > 0 ,

converges strongly to the unique fixed point of T.

Proof From [13] and the conclusion of Rhoades [24], T has a unique fixed point i* (say) in K.

Set y =• x" in (1) to obtain:

for each i G if. In particular,

\\TVn - x'\\ < *max{||». - a1|,||yB - 7V,,||} ,

so that for all non-negative integers n, the following inequalities hold:

nr». - x*ir+i < fc-^iim. - x i r 1 + ib. - r fe i r1 )

Using (8) and condition (ii), it follows that for n sufficiently large,

_ IJ — m^B)||a;B - x \\ + effl ft,||i i B — x || - A>11 — p n om j j j iB

< (i - mAJII*. - s i r 1 +«- A||rx, - x i r 1

and,

life - r»B||mtl -1|( l - A)*. + A rx, - ry.tr1

<(i -mAJII^-rfeir ' + j

A.
+ A.

Substituting (13) and (14) in (11) we obtain:

(11)

(12)

(13)

Substitution of (12) in this inequality yields:

6m)]\\xn-x'\\n*1

t l sm\\Txn -

Using the fact that Jfcm+1 &m < I and setting D = (1 + r '
sufficiently large n, to:

iC)ro+1, this reduces, for

1 (15)

We can now estimate |ji^-i — i*||m+1 using (15):

fna.)| |x. -

+ a. ,

where M = D 6m.

Condition (iii) implies

and,

so that for sufficiently large n, inequality (16) reduces to:

(16)

= /im (say)

, - fira * m + 1 > 0

Clearly, «„ A Af —* 0 as n —> oo and by setting t/B = | |i« — x*||m*', w = hm and an = aa ()„ M,

it follows from Lemma HQ that xn —» x* as n -* oo, completing the proof of Theorem 1.

n
Remark 3 Hilbert spaces are of type (U, 1,2,1) so that if we set m = 1, a = 1 in Theorem 1,
then Sm = 1 and condition fcm+1 6m < 1 becomes Jfc2 < 1. Moreover, conditions (i), (ii) and (iii)
reduce to exactly the same conditions of the theorem of Qihou [20], Thus, Theorem 1 extends the
theorem of [20] from Hilbert spaces to the more general Banch spaces considered here.

Theorem 2 Let (E,\\ • ||) be a real Banach space with property (U,a,m+ l ,m) ; a € R + ;
m € N , and let if be a nonempty closed convex and bounded subset of E; T : K —* K a quasi-
contractive mapping of K into itself such that 6m Jtm+' < 1. Suppose {Cn}™o is a real sequence
satisfying:

(i) 0 < C n < l , (ii) lim c» = 0, (iii) 7 ^ = 00.

8



Then the sequence {in}™0 defined iterativcly by

xoeK

1*1 = ( 1 - C n ) s B +

converges strongly to the unique fixed point of T.

n > 0

Proof The existence of a unique fixed point follows as in Theorem 1, Again let x* denote the
fixed point. Then,

- c™

Using inequality (12) this reduces to:

Condition (ii) implies for some Nc sufficiently large. No e N , C,(TTI - 5m km+1) < 1 and

1 - c™ Sm - Sm km+l > 0 so that

l ls- i - ^ | r + 1 < [ l - c B ( m - 6 m f c m + 1 ) ] | | x n - i * | r 1 .

Iteration of inequality (17) from n = No to N yields:

(17)

by condition (iii). Hence xn —> x* as n -» oo, completing the proof of Theorem 2.

•
Remark 4 Theorems 1 and 2 show that either the Mann iteration method or the Ishikawa iteration
method can be used to approximate the fixed point of a quasi-contractive map in real Banach spaces
with property (U, a, m + 1, m). However, the Mann iteration method may be preferred due to its
simplicity.
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