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ABSTRACT

We argue that in most realistic cases, the usual Witten-type bosonic superconductivity
of the cosmic string is automatically (independent of the existence of superconducting currents)
accompanied by the condensation of charged gauge vector bosons in the core giving rise to a
new vector type superconductivity. The value of the charged vector condensate is related with
the charged scalar expectation value, and vanishes only if the latter goes to zero. The mechanism
for the proposed vector superconductivity, differing fundamentally from those in the literature, is
delineated using the simplest realistic example of the two Higgs doublet standard model interacting
with the extra cosmic string. It is shown that for a wide range of parameters, for which the string
becoi.ies scalarly superconducting, W boson condensates (the sources of vector superconductivity)
are necessarily excited.
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It was pointed out by Witten [1] that cosmic strings in certain models can exhibit su-
perconductivity. It was recognized later that such objects can have very important cosmological
consequences [2]. Witten suggested two distinct mechanisms involving superconducting current
carriers. The carriers could be either the charged-fermion or the charged-scalar boson zero modes
trapped on the string. Although the normal boson superconductivity occurs when a certain charged
scalar field develops vacuum expectation value (VEV) in the vicinity of the cosmic string it could
as well happen if a charged vector field can be found with a nonzero expectation value in the core
of the defect. Such a possibility (without discussing specific models) was first proposed by Preskill
[3j, and a detailed study of the above phenomenon on a realistic example was done by Everett [4].

In the present paper we argue that in most realis tic extensions of tne standard m odel which
allow Witten-type bosonic superconducting cosmic strings, there is an automatic condensation of
the charged gauge vector bosons in the core imparting a new vector superconductivity to the string.
Condensation takes place for any value of the superconducting current. It will be shown below that
the magnitude of the charged vector condensate depends upon the charged scalar VEV, and vanishes
only if the litter goes to zero with the implication that in most cases the bosonic superconductivity
is not limited to the scalar variety. It should be emphasized that the above-mentioned mechanism
of vector superconductivity is, in principle, different from those discussed in ]3], [4] and is an
integral part of the mechanism that causes the gauge boson condensation on the vacuum defects.
This mechanism (without any reference to vector superconductivity) was recently proposed f5] to
demonstrate the possibility of GUT gauge boson condensation on the string. It was also shown in
(6| that similar processes can provide condensation of the gauge fields as in high temperature phase
transitions. We shall show later that, under certain well-defined conditions, such a mechanism is
automatically operative in the case of bosonic superconducting strings.

It is true that in the renormalizable spontaneously broken gauge theories, the J mass]2 of
the gauge boson field (in contrast with the scalar field) is always positive and cannot cause instabil-
ity. However, in such theories the e are also at least two possible pathways leading to electrically
charged gauge field condensation. The first is a consequence of the fact that the usual vacuum of
the standard electroweak theory becomes unstable in the presence of a large magnetic field (/,JI)
and stabilizaticn is achieved by the formation of the weak W and Z vector boson condensate [7].
This effect is due to the anomalous magnetic moment of the spin-] W-bosons which contributes
to the Lagrangian the term fikWfWk with no lower bound. In particular, the condensation (see
Ref.[8]) might take place in the magnetic field induced by the superconducting current (bosonic or
fermionic) of the cosmic string provided this field is large enough.

The second path is predicated on a basically different mechanism (to be developed in
this paper) in which the charged gauge boson condensation results because the electrically charged
gauge current, to which this vector boson couples linearly is nonzero in the lowest order [5], In
such a case the condensate is formed for any values of the parameters. We presently show that the
lowest order electrically charged nonabelian gauge currents exist (in general) in the vicinity of
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the usual bosonic superconducting cosmic strings causing instability in the corresponding gauge

bosons.

Consider a typ cal nonabelian gauge group G which, below some critical temperature,

undergoes the series of hierarchical symmetry breaking

H (1)

Let us also assume that the strings are formed in the first phase transition in which a scalar Higgs

component x acquires a VEV. This is, in general, possible if the manifold of equivalent vacua

(quotient space GjH) contains non-contractible loops; in other words, if the first homotopy group

7Tj(G/ff) is nontrivial. Each of these loops, parametrized by the angle 8 (0 < 8 < 2TT), can

be indentified with a certain abelian subgroup Q(6) C G with the corresponding generator K.

Then along a circle, parametrized by the same angle 6 and enclosing the string -it infinity, the

configuratior of x is given by

X(6) = (2)

where xW ' s a n arbitrarily fixed orientation of the order parameter (minimizing the potential

energy) preserved by the unbroken subgroup H. For x to be single valued, the condition

must be satisfied. Taking the string to lie along the z axis and using cylindrical coordinates (p, 6, z)

it is obvious thatx must vanish at the origin p = 0 , where 8 is undefined. Associated with the local

gauge invariance, there is the magnetic flux corresponding to the gauge field A (coupled to (he

generator K) with the pure gauge asymptotic form

A$ —> — as p •
ep

(4)

where e is a gauge coupling constant.

Imagine now that our string shows Witien-type bosonic superconductivity. This means

that a certain electrically charged scalar field <fsc acquires non-zero VEV in the core of the string.

Let 0C belong to an irreducible m-dimensional Higgs multiple! <J> = (4>\,.. •, ij>m) that is a vector

in the representation space Rm of the group G. Orientation of <J> in this space is given by the

unit vector C = yfifc,..., jj-jjj), where |j*[j = [f* |^-|21 r is the absolute value of the vector * .

Away from the string, the charged component (j>c must obviously vanish, and VEV must develop on

some other (electrically neutral) component <j>n of <t>. It is assumed that all Higgs scalar multiplets

participate somewhere in the chain of symmetry breaking (1) and thus have nonzero VEVs away

from the vortex. For simplicity, let us assume -hat both components <£c and <j>n carry no charge

uider the generator K and thus are ^-independent. Then their expectation values are some regular

functions of p with the boundary conditions:

^ 0 , 0 c ( o o ) = O and 0,( (5)

(^n( 0) depends upon the details of the theory) with the obvious implication that w p —> 0, together

with its absolute value ||<t> ||, the vector C> necessarily changes its orientation C in the representation

space. If ||<t>|| =f 0 for 0 < p < oo, continuity requires that the orientrtion vector C must

smoothly rotate as the core is approached. The key point of our mechanism is that such a change

of Higgs VEV orientation (in the representation space) generally corresponds to a local gauge

transformation, and necessarily creates nonzero expectation value of the respective gauge currents

in the lowest order. This is the case if there exists a generator r of group G transforming states 4>c

und 4>n '"to one another. (Obviously [T,Q] ^ 0 , where Q is the electric charge generator from the

Cartan subalgebra of G.) The generated current cannot be eliminated by exploiting gauge freedom

since it appears in an already fixed gauge. This phenomenon simply reflects that as p -~> 0 , different

Higgs scalars change their orientation by independent local gauge transformations under which the

theory is not invariant. A simple clarifying example (discussed below) is when <1> is a fundamental

representation of (e.g. a unitary or an orthogonal group) G. Any rotation U( p) which changes the

orientation of <J> in the fundamental representation space now belongs to G.

The very existence of r implies that as p —> 0 the orientation of <t> is changed by a

local T-rotation, and a corresponding nonzero gauge current will be induced in the string core. The

vector current will vanish only if we can also eliminate the nonzero VEV of the charged component

0C by the same gauge transformation; the assumed bosonic superconductivity of the string, then,

would be just a gauge artifact.

Within the context of the preceding discussion, the lowest order gauge current associated

with the generator T will be

dp dp

and whenever C^ J 0 , the charged gauge boson Ac which couples linearly to this current naturally

acquires a nonzero expectation value. Equivalently, the equation governing Ac,

diFij + m1Ac
j + 3j = 0 (7)

does not admit trivial solution for JP4Q. Notice that if the VEVs of both 0C and ij>n depend on p

alone, the only surviving component of Ac
} will be the radial c o m p o n e n t ^ which is also a function

of just p. The field tensor Fjj, then is identically zero, and (7) simply reduces to

^ = - ^ - (8)

where m2(p) = e2 [\tjjc\
2 + |0 n | 2] provided all other VEVs coupled to Ac are zero. Thus, in

addition to the usual charged scalar field 0C, the waves of charged vector boson Ac can also carry

superconducting current along the string.

Before working out the details of our mechanism i n some specified cosmic string model,

we summarize the basic thrusts of earlier vector superconductivity schemes and contrast them with



our work. The mechanism of Ref.[4] is based on the fact that in certain realistic cases (and partic-
ularly in Spin( 10) - t Z% ® SU(5) example [9]), the energetically stable string corresponds to a
choice of the generator K which does not commute with the electrical charge Q. Con sequently, the
excited gauge field A (coupled to K), is electrically charged and can provide the superconducting
current along the string. But the condition

[K,Q]iO '9)

means that Q depends on 8 implying that there exists no global electromagnetic (EM) transforma-
tion. The impossibility of the existence of stable states with nonzero winding number N along the
string then naturally follows. Let us examine this point in detail. The EM phase rotation (even with
the const int phase a) under which thecovariant gradient term |( 3s - teAe K)x\2 remains invariant

AB -» expUQa) ( -iQa) (10)

Since the inhomogeneous term in Eq.(lO) is singular at p = 0, a is forced to be zero at p = 0. On
generalizing a - a{z) to be a function of s, one finds that the topologically conserved winding
number W = (a(L) - a{ 0)) /2 7r for the string loop of length L must be zero at p = 0, and hence
it must be zero for all p, otherwise As must vanish at some p. Thus totally isolated string loops
cannot carry persistent currents; such strings exhibit superconductivity only when embedded in an
external EM field.

For further clarity, we advance the following qualitative argument. The general condition
for the existence of a topologically stable nontrivial winding number N (along the isolated string
loop) is that the vacuum of broken electromagnetism (in the core) must contain unshrinkable loops.
Otherwise, any winding configuration will be either unstable, or can be continuously deformed to
the trivial N = 0 by gauge transformations. For example, the above general condition is automat-
ically satisfied in Witten's toy model of the bosonic superconducting string, in which the vacuum
of the broken U( 1) electromagnetism has the topology of a circle. In contrast with this, in Ref.|4],
the electromagnetism is broken by the vector field A coupled to (he generator K (responsible for
the string). As a result, all symmetries including Q are restored at the origin, and the aforemen-
tioned general winding condition is not valid. It is obvious that one canno! construe: the winding
configuration at p = 0, and consequently it cannot be construcied for any other o =f 0 if the field
A does not vanish somewhere away from the origin.

For our scheme of charged gauge boson condensation, however, Eq.(9) is not relevant

[the charge Q can remain independent of 6 (at p = 0, Q is broken with K restored)] and the

vacuum state is invariant under global EM transformations

tj>c —* e "4>c i Ac —> e ' ^ a j 4 c (11)

This is not yet quite sufficient to ensure an isolated string loop with N j- 0. For topologically

nontrivial winding configurations to exist, the vacuum manifold of broken symmetries in the core

M(0) = \gYl < */of >'S ^ G \ must contain unshrinkable loops (7ri(M) ^ I ) . The

quantities < $>$ > (a = 1,...) are VEVs at p = 0 of all Higgs scalar multiplets that are vectors
in the representation spaces of Q. Since these VEVs are functions of p (and possibly of 6), M must
be a function of p, too. Thus, in general, the condition 7ri (M) f I might be valid for some p and
not for others. Let us assume that this condition is satisfied within some interval 0 < p < p,
Then one can imagine configurations with JV / 0 within this radius. Continuity demands JV ^ 0
for p > p], otherwise their respective fields must vanish. Such configuration will be associated
with the persistent superconducting currents if the respective unshrinkable path corresponds to an
abelian EM subgroup with the generator Q. Thus, in contrast with the scenarios of Refs.[3,4J, the
present mechanism for vector superconductivity implies the existence of persistent current carrying
tubes (with AT y 0) for totally isolated string loops.

We emphasize that our mechanism of vector superconductivity operates equally well for
local as well as for global strings (see below), while that of Ref.[4] is contingent upon local strings.

We now demonstrate the working of the proposed mechanism in the simplest possible re-
alistic model containing bosonic superconducting strings. The chosen model is the standard elec-
troweak SU{2) ® U( l)-theory with two Higgs doublets, and an additional U{ 1)-factor. We
assume that C7( 1) is broken by the VEV of SU{2) ® U{ 1)-singlet Higgs field x< 'he source of
the cosmic string. Interacting with x, a two doublet Higgs system under a certain choice of pa-
rameters can lead to superconductivity in the core (with completely broken SU( 2) ® U( 1)). It is
obvious that a system with only one doublet can never cause a superconducting state in the extra
vortex field, since the U{ 1 )BM factor remains unbroken for any choice of parameters. The required
additional U( l)-factoi can naturally arise, e.g. from the grand unification [4,5,10], from family
symmetry [11], or from some additional global symmetry of Peccei-Quinn-type [12J. For simplic-
ity, we shall assume that Higgs doublets a and <p are trivial under (7(1). In this situation the only
possible interaction of the doublets with % has the form (group indices are suppressed)

/. Ixl2 M 2 + h Ixl2 M2 + h lxP (12)

and it does not matter whether U( 1) symmetry is local or global. The vortex solution for the field
X has the Nielsen-Olesen form [13] [for simplicity, we discuss strings with topological charge = 1)

(13)

(14)

(15)

X =

where TJ( p) is a monotonic function with boundary conditions

T I ( 0 ) = 0 , IJ(OO)=M

where fi is the usual vacuum solution minimizing the self-interaction potential



The most general renormalizable SU{ 2) ® U{ 1) ® U( 1) invariant potential for scalars

p , CT and x ' s (group indices are suppressed);

Urn2 + fj\X\2

(16)

where m2, ra\, m2 (all negative) are the mass, and c,, /;, h, are the real dimensionless parameters.
In the above model, if fi > mw (mw ~ 100 GeV is a weak scale), one faces the naturalness
problem characteristic of any realistic theory with two oi more distinct mass scales. \( the U( 1)-
factoi is, for instance, a part of the grand unification symmetry, then there will be the usual gauge
hierarchy problem (e.g. see [14]). A special arrangement of parameters can, however, be always
found to satisfy 0 > m2 + /,(i2 ~ mjy.

Neglecting the small back reaction on the solution (13), let us investigate the possible
vacuum configurations of the two doublet systems provided by (he potential (16). By an appropriate
SU(2) ® U( 1) gauge transformation, the Higgs doublet can take the form,

<p=(Q,<p) (17)

where <p and a* are real and positive. If we use new variables: the modulus cr = Y " I "•" U2'
and the angle parameter v = [ei/(o2 + o\) ] (0 < v < 1] for CT, then u 4 1 signifies that
electromagnetism is spontaneously broken, and the charged component a\ develops VEV. Let us
see how this happens. The f-dependent part of the potential (16) (the last three terms) in the new
parametrization appears as

(18)Vv = \(m2 + far? + Clip2 + c2cr2)^cosw + {hmslw + A)pai/2 \ipa

with h < 0,h + \ > 0 and m2 + fin2 + C\<p2 + c2u
2 = K < 0 chosen for definiteness.

Minimization of (18) is now achieved forw = 0 . With w = 0, the standard minimization of (18)

with respect to v subject to the condition 0 < v < 1 gives v = 1 if and only if

> 1 (19)

is also satisfied. Thus, for the string to be bosonic superconducting, condition (19) must hold

everywhere except at the core of the vortex, and one can expect that the state with broken electricity

(y < 1) will become energetically desirable, and will provide superconductivity in the core. Let us

show that there actually exists a range of parameters for which ihe solution with v = 1 in the core

is unstable. We assume that, away from the string, both the doublets ip and <r have nonzero VEVs

and Eq.(19) is satisfied. The effective squares of the doublets' masses

M?(p) = (20)

are p-dependent through TJ( p) implying that the expectation values <p and a are nonconsiant func
tions of p. This result also follows directly from the Lagrange equation

(21)

which allows no nontrivial constant solutions, the trivial solution <p = 0 = a is forbidden by the
boundary conditions f(oo) / 0 , cr(oo) ^ 0.

Now, the choice f\,fi > 0 assures that <p and a are decreasing functions of p (since
0 > M}(p) decreases as p ~> 0). Thus as p —> 0 , p, a increase, and for some range of parameters,
condition (19) can be easily violated in a range 0 < p < pq. Can the violation of Eq.(19) trigger
the required change in v) The answer hinges on the stability of the v = 1 solution. The u dependent
part of the static transverse energy (in the chosen gauge)

E = 2 IT / p2dp (22)

has to be minimized by an appropriate choice ofa smooth regular function. Obviously^ = 1, which
minimizes the gradient energy, cannot be the right choice because it is not even an extremum for the
potential part. Under the assumed conditions, the potential energy is extremized (and minimized)
by a nontrivial function: v(p) = 1 for p > pj and v(p) = -^n^f for p < po- This solution
will allow one to choose a small variation Sv(p) from the constant background (u = 1) for which
the gain in potential energy overcomes the loss in kinetic energy assuring 8E < 0 for instability.
It follows that the true expectation value v{p) must be a nontrivial function of p with v < 1 in the
core. Thus for the above range of parameters, the doublets' VEV, that minimizes the static energy
in the presence of the extra cosmic string \ 0n the gauge (18)), takes the following form

(23)

(24)

where all nonzero components are regular functions of p with the boundary conditions:

o cri(oo)=0 and p(0),<Ti(0) i 0.

The symmetry U( 1 )EM ' S n o w broken in the core, and bosonic superconductivity results. The vac-

uum manifold of the broken electromagnetism (in the core) is topologically nontrivial (V[ (SU( 2) <g

U( 1)) =f I), and one can define a topologically conserved winding number for the string loop. The

respective winding configurations for the (string loop of length L) have the form

(25)



where a(L) - a(Q) =2TTW.

It can be readily seen that the scalar boson superconductivity (just derived) is automati-
cally accompanied by the weak W gauge field condensation in the vicinity of the string. It happens
because of the fact that as p —* 0, the doublets p, and a< continuously change their relative ori-
entation v(p) inducing a total breaking of the 517(2) ®£7(1) symmetry in the core (u( 0) < 1).
This change in orientation is equivalent to their relative local SU( 2)-transformations in the group
representation space, and thus necessarily creates the respective gauge currents which cannot be
eliminated by any gauge transformation; all gauge freedom has already been used up in fixing the
gauge (1 7). The induced current has the form

where § is the gauge coupling constant, and is obviously nonzero in some region of the core consis-
tent with the boundary condition (24), and the fact that the absolute value a is nonzero everywhere.
A linear coupling of the current to the W^ gauge boson provides the expected nonzero VEV (of
W^) in the lowest order. For some detail, let us consider an isolated string along the <r-axis which
carries no current (N = 0). The W-gauge field dependent part of the static energy density (in the
gauge (23)) is [Ft} =

£ = \
(27)

where other SU(2) <g>U(\) gauge fields are assumed to be zero since the currents, to which they
couple vanish. With Cfp i- 0, Eq.(27) is minimized by the function

WB= -- (28)

a result which can as well be derived from the Euler equation

d,Fi; + p2(p2 + a2) Wj + g2 \Wj( W*W) - W*{W,)2] + CT/ = 0 (29)

which does not admit trivia! solutions because of the source 3 ^ . Since this source has only a radial
component, and all VEVs are only p-dependent; the only nonzero component of the gauge field
will be Wp, With p dependence limited to Wp alone, all components of Fy, and the quartic coupling
terms in (27) vanish, and the algebraic solution Eq.(28) pertains. Because the charged gauge vector
field has acquired a nonzero VEV in the core, the Goldstone mode of the spontaneously broken
electromagnetism that carries a superconducting current along the string, consists of a superposition
of the charged scalar ai = |<xi |e™"c*'*), and the charged vector Wp = IW^I'^1-" phases;

(30)

In Eq.(30), the relative contribution of the vector and scalar phases to the superconducting Gold-
stone mode is clearly a function of p; at the origin {p - 0), where the scalar derivatives vanish,
W = 0, and a is in pure scalar phase. The density of the superconducting current flowing in
z-direction is given by

= e i-z U a i |

where AEM is the EM gauge potential and e is the coupling constant. This current persists for the
isolated loop if one winds the phases w, /3 by the charge rotation e'^(z ' along the string.

CONCLUSIONS

In this paper, we have shown that, for general realistic cases, the Goldstone mode that
carries superconducting current along the cosmic string is an admixture of the charged scalar, and
the gauge vector components. The only case in which our argument fails is when (due to some
reasons) the superconductivity generating Higgs field 0 behaves in such a way that as f. - » 0 ,
tj>n - vanishes before <j>c acquires VEV making the operator (6) identically zero. However, such a
situation pertains only for special choices of Higgs representation:, and of the parameters of the
theory [51; the bosonic superconductivity, in general, will have a vector component.
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