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Abstract 

We present a semiclassical theory of charged interacting anyone in a strong magnetic 

field. We derive the appropriate generalization of the WKB quantization conditions and 

determine the corresponding wave functions for non separable integrable anyonic systems. 

This theory is applied to a system of two interacting anyone, two interacting anyons in 

the presence of an impurity and three interacting anyons. We calculate the dependence of 

the semiclassical energy levels on the statistical parameter and find regions in which this 

dependence follows very different patterns. The semiclassical treatment allows to find the 

correlation between these patterns and the changes in the character of the classical motion 

of the system. We also test the accuracy of the mean field approximation for low and high 

energy states of the three anyon system. 

I. INTRODUCTION 

The theory of particles with fractional statistics - the anyons has relatively long his

tory1. It has recently attracted renewed attention due to the possible relevance for two 

exciting phenomena in quantum condensed matter physics - fractional quantum Hall ef

fec t 2 - 3 and certain types of superconductivity with high critical temperatures.3 - 4 Anyons 
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are particles in two space dimensions the wave functions of which are non single valued 
and obey the following rules. When the coordinates of the many anyon wave function 
are continuously changed along a closed contour the phase of the wave function increases 
by 2irn + 2irka where n is any integer, a is the parameter defining the statistics and k 

is the number of windings of one particle around another along the contour. In order to 
define k consistently signs should be assigned to windings according to the direction of 
the change of angle of the relative distance between the particles. The same rule applies 
also for contours in which the positions of two or more particles are interchanged. An 
exchange of particles should be counted as half a winding. One can perform a singular 
gauge transformation and transform the anyonic problem into a standard problem with 
bosons or fermions but interacting via a very long range gauge field of the Aharonov-Bohm 
type. 

Studies of anyone could be divided into several categories which include dynamics 
and statistics of few or many anyon systems taken to be ideal or interacting and with or 
without the inclusion of external fields. 1 - 1 3 In particular a semiclassical quantization of 
noninteracting anyons was considered in Ref. 14. Interacting many anyon problems were 
discussed in Refs. 5,6. The interaction there was a ^-function attraction and the analog 
of the Hartree equations was considered. Exact soliton solutions, both static and time 
dependent were discussed and quantized for a particular value of the interaction strength. 
Certain solutions in the presence of external harmonic forces and constant magnetic fields 
were also obtained. In the present work we concentrate on developing a seoiclassical 
theory of anyons which interact with each other via a realistic, e.g., Coulomb interaction 
in the presence of a strong magnetic field. 

Application of a strong magnetic field to a system of charged particles leads to a sharp 
separation of degrees of freedom into fast cyclotron rotations and slow motions of the 
guiding centers of the cyclotron orbits. For strong enough magnetic field the mixing of the 
levels of the rotations by the interparticle interaction becomes negligible and the dynamics 
is limited to the guiding centers motion. When in addition the average distance between 
the particles is much greater than the magnetic length / = (hc/eB)1/2 the dynamics 
becomes semiclassical. One can develop a complete analog of the WKB theory of this 
dynamics. It allows to determine the energy levels and the wave functions on the basis 
of the results of pure classical calculations involving solutions of corresponding Hamilton 
- Jacobi and continuity equations. In Ref. 15 we have discussed an example of the strong 
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field WKB quantization of three interacting particles with integer statistics. The peculiar 
feature of this quantization which makes it different from standard applications of the 
WKB techniques is related to the well known fact that the real space of the guiding center 
coordinates is also the phase space of the system. Due to this feature a chosen closed WKB 
quantization contour in the phase space is easily associated with a contour in the space of 
real coordinates. Crudely speaking it is the same contour but "smeared" over the width 
of the order of the radius of the quantized cyclotron motion. If the distances between the 
particles are much greater than this radius one can easily determine the pattern of the 
particle windings around each other as the quantization contour is traversed. Since the 
classical action for the contour represents the change of the phase of the semiclassical wave 
function along it one can straightforwardly impose the rules of the fractional statistics, 
count the windings and derive the generalized the WKB conditions for the quantization of 
anyons. 

We start in Section II by presenting a formal derivation of the anyonic WKB approxi
mation. We review the details of the WKB machinery in many dimensions - the invariant 
tori, the Maslov procedure, etc, and proceed to adopt them for the theory of particles with 
fractional statistics. We also review for completeness the basis of the strong field formalism 

- the projection on a single Landau level. We anticipate that in our approximation one 
will not be able to account for the so called Type I states found in exact studies of anyonic 
systems16. In Section III we present a simple demonstration of how our formalism works. 
We treat in detail the case of two interacting anyons in a strong magnetic field. For a 
harmonic interaction this problem was treated in Ref. 8. In appropriate limit we repro
duce their spectrum of eigenenergies of the Type II states and also present the spectrum 
for Coulomb interaction. In fact we are able to derive a general form of the semiclassical 
spectrum for two anyons with any interaction. We also derive the corresponding wave 
functions. 

In Section IV we address the problem of two interacting anyons in the presence of an 
attractive impurity. This problem is non separable but integrable. After the projection 
on a single Landau level it has the number of degrees of freedom equal to the number of 
integrals of motion - the total energy E and the angular momentum L2 relative to the 
impurity. We find that there are two different types of classical motion in the problem 
- one dominated by the impurity and another dominated by the interaction. They are 
divided by a separatrix. We calculate and plot the energy levels of the problem for a 
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range of E and Lz values and several values of the statistical parameter Q. They behave 

very differently as a function of a below and above the separatrix. We also briefly discuss 

the case when the impurity is repulsive. There the levels with different dependence on a 

occupy the same energy region. Our results are relevant for the recent work14 discussing 

the behavior of anyons in the presence of impurities. 

In Section V we treat another non separable but integrable problem - three anyons 

with Coulomb interaction in a strong magnetic field. The three anyon problem was recently 

addressed in Refs. 10 — 13. There special cases of harmonic interaction and harmonic 

external potential were considered in the absence of a magnetic field. As compared with 

Section IV the three anyon problem has one more degree of freedom and one more integral 

of motion, i.e. one of the c m . coordinates. Our presentation is short since we rely on 

our treatment in Ref. 15 of three charged particles with integer statistics. Again there 

is a Beparatrix dividing regions of different classical behavior. Also the quantum levels 

of anyons behave very differently in the two regions. This strong correlation between 

the dependence of the levels on the statistical parameter and the features of the classical 

trajectories is probably one of the most important qualitative advantages of our WKB 

treatment. 

The case of three anyons with statistics a = 1/3 is especially interesting as it corre

sponds to three quasiparticles of the 1/3 fractional quantum Hall state. In this case the 

total charge of the three anyons is one electron charge and they may describe the outcome 

of adding one electron to the system, e.g., by photo excitation. 

Finally in Section VI we treat the three anyon problem in the mean field approxima

tion, i.e. by replacing their statistical gauge interaction with the average magnetic field 

and treating the resulting problem of three interacting bosons. We compare our results 

with those obtained in Section V and conclude that the mean field approximation works 

very well for the energies of levels below the separatrix and is a poor approximation above 

it. 

II. SEMICLASSICAL QUANTIZATION OF A N Y O N S I N THE 
STRONG MAGNETIC FIELD LIMIT 

For interacting particles with integer statistics in a strong magnetic field one can 

neglect the mixing of the single particle states belonging to the different Landau levels. 
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This approximation is justified when the interaction between neighboring particles is much 
smaller than the energy difference huic = heB/mc between Landau levels and corresponds 
to taking the limit of strong magnetic field while keeping the average interparticle distance 
fixed. If moreover the magnetic length I = (Tic/cB)1/2 is much smaller than the relevant 
scales of the potentials acting on or between the particles one can use the semiclassical 
approximation to solve the problem. In this Section we discuss how these approximations 
can also be applied to particles with fractional statistics. 

The wave functions in, e.g., the first Landau level can be represented as 

*(x,y) = /iHx0)*x„(x,y)<ko (2-1) 

where 

foo(*.y) = « p I jj f - « o • y - 2<r - *o)2) I 

are the eigenfunctions of the guiding center operators xo,i = Xj — (c/e£)pv>,' — 
(l/B)/ly(xi,t/i), in the first Landau level in the gauge Ax = A, = 0, Ay = xB. Here 
the index t distinguishes between particles and x, y and xo denote vectors with compo
nents Xj, yt and xo,t respectively. None of what follows depends on the particular gauge 
choice. 

Statistical properties of $(x ,y) in (2.1) are controlled by the function 0(xo) in the 
integrand. Inserting (2.1) in the Schrodinger equation and neglecting in the strong field 
limit the coupling to higher Landau levels one finds (cf. below) that ^(xo) is a solution of 
the Schrodinger equation with the Hamiltonian of the system projected on the first Landau 
level. In the limit of I much smaller than the average inteiparticle distance one can solve 
this equation by the WKB expansion of the wave function in powers of I2 

,Hx0) = J > e x p [ £ s 0 ( x o ) + Ji(xo) + o(f2)] , (2.2) 

with 3o(xo) and si(xo) real functions17 which are solutions of the classical Hamilton-
Jacobi and continuity equations of the problem (cf. Rfif. 15). The sum in (2.2) extends 
over the contributions of all independent solutions taken with arbitrary coefficients A. 
For integrable systems the functions Jo(xo) and si(xo) are found by using the so called 
invariant tori of the problem.18-19 An iitegrable system with N degrees of freedom has 
N independent constants of motion. Invariant tori are N dimensional surfaces in the 
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phase space of the system which are obtained by fixing the values of these constants. 
Lei. y0 be the canonical momenta of the coordinates XQ . Quantum mechanically they are 
represented by the operators yo.t = Vi + {cf*B)pXti + (l/B)Ax(x{yyi) with the commutator 
[xo,it!/o,j] = *^&i,j showing clearly that /2 —• 0 is indeed a semiclassical limit. We denote 
by yo(xo) the values of y0 on a given torus of a system with the projected Hamiltonian. 
The function SQ in the WKB expansion (2.2) is given by the action integral on the torus 
(cf. Ref. 15) 

s0(x0) = J** yQ{*01) <W, (2-3) 

with a an arbitrary fixed vector and an arbitrary integration contour, yo(xo) i s m general 
a multi valued function of xo and so is the action (2.3). 

Invariant tori are useful also for solving the continuity equation for 3\(T) in (2.2) which 
determines the i^plitude of the wave function, cf. Ref. 18. The natural coordinates on 
the tori are the so called angle variables of the system which we denote q. A uniform dis
tribution of points in these coordinates will flow incompressibly and will have a stationary 
density. The amplitude square of the WKB wave function exp(2^) is equal to a constant 
times the projection det(dq/dxo) of this uniform distribution on the xo hyperplane. 

The sum in (2.2) is now understood to extend over all branches of y0 with SQ and 
s\ as described above. Such a WKB wave function can be constructed for any invariant 
torus and solves the Schrodinger equation for the value of the energy corresponding to this 
torus. For distinguishable particles the general requirement of single valuedeness of the 
solutions leads to the semiclassical quantization of the energy and the other N-l constants 
of motion 18~~19. We will show now how this quantization is generalized to particles with 
fractional statistics. 

We first determine the coefficients of the terms in the sum (2.2) over the different 
branches of a torus. This is done by the so called Maslov procedure20 in which one 
considers how different terms are joined at the branch points of y0(xo). This procedure is 
standard and we describe it briefly. Since the WKB approximation in the XQ representation 
is not valid near the branch points one works in their vicinity in the momentum, i.e. the y0 

representation and demands that the WKB solution in this representation is the Fourier 
transform of the WKB solution in the XQ representation V(xo)< As a result one finds that 
the absolute values of the coefficients of the terms are all equal but the relative phases 
are different. The relative phase between any two terms in equation (2.2) which belong to 
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neighboring branches of the torus is —JT/4 times the change of the signum, i.e. the number 

of positive eigenvalues minus the number of negative ones, of the matrix (3y0/dxo) across a 

point at which the branches corresponding to the two terms join, Applying this procedure 

while going along a contour that passes through all the branches of a torus one can establish 

the relative phases of all the terms. The results obtained in this way will be different for 

contours that are topologically noc equivalent i.e. can not be continuously deformed into 

each other on the toius. This effectively means that the wave function (2.2) will in general 

not be single valued. For distinguishable particles one insists on single valuedness. This 

leads to the usual semiclassical quantization conditions 

]2 J>Yo(xo)<*xo = 2*(v + ^) . (2.4) 

where u is an integer and a is the Maslov index of the contour. The Maslov index of 

a contour with simple branch points, i.e. such that only two branches join together at 

every point, is given by the total change of (l/2)Sgn(dyo/cfeo) a t ^ branch points along 

this contour.20 The conditions (2.4) should be imposed on all topologically independent 

closed contours on the torus. The resulting single valued 0(XQ) will produce a single valued 

*(x,y). 
For identical particles the statistics imposes additional restrictions on the change of 

phase of the wave function $(x, y) between exchange points i.e. points describing the same 

configuration but with the labels of the particles interchanged. For fractional statistics 

the demand of single valuedness of the wave function should be replaced by a demand of 

a definite phase change along closed contours and contours connecting exchange points. 

For a given statistical phase a the required change of phase along a contour should be 

2irn + ka where n is an integer and k is the number of windings of one particle around 

another on the path described by them in the x,y plane as the system traces a given 

contour, k carries a sign which should be chosen to be positive for windings in the positive 

direction. For a path between exchange points one exchange is considered half winding. 

These requirements for *(x, y) should now be transformed into conditions on the projected 

wave function ^(xo) which will determine the modified quantization conditions. 

The relation between *(x, y) and 0(xo) is found by inserting the WKB approximation 

(2.2) into (2.1) and evaluating the integral with the use of the saddle point approximation. 

This was described in detail in Ref. 15 and here we briefly repeat the main points. The 
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saddle point equations for real XQ are 

io = x , Vs0(xo) = yo(xo) = y 

for each term In 0 and correspondingly for each branch of the torus yo(x0). These equations 

have real solutions for points x,y such that y = yo(x) i.e. points on the image of the 

invariant torus in the space of x, y variables. Therefore the amplitude of the wave function 

^ is concentrated in the vicinity of these points and decays in a gaussian way away from 

the torus. The scale of the decay is the magnetic length /. The wave function for points 

on the torus is given by 

*(x,y) = [det ( j £ ) ] ' exp [ ^ 0 ( x ) -±x-y + i-r- i£<x(x)J . (2.5) 

Here CT(X) is the Maslov function which is constant on each branch of the torus and changes 

by the change of (l/2)Sgn(^yo/5xo ) across branch points. The total change of this function 

across a contour is the Maslov index of this contour. For this function as well as for SQ(X) we 

take the value corresponding to the branch with yo(x) = y. The real amplitude det^d, 31) 

and the angle 7 are both defined in Ref. 15. The total change of 7 along a contour that 

is either closed or connects two exchange points is zero and has no effect on the statistical 

properties of the wave function. 

Using the relation (2.5) the requirements of the statistics of $(x,y) can now be for

mulated in terms of the quantization conditions for the action of the projected problem 

^ / yo(*o) • dx0 = 2ff(i/ + ka + ^ ) . (2.6) 

Here k is the winding number of the contour of integration as defined above and v and a are 

as in (2.4). For noninteracting particles Eq.(2.6) reduces to the quantization conditions de

rived in Ref. 14. One needs to impose such quantization conditions for all independent con

tours on the torus that are either closed or connect two exchange points. For topologically 

equivalent contours both the action and the winding numbers are the same. For the ac

tion it follows from the standard considerations, namely because dyo,i/^oj — OyojfdxQj 

which is a result of the fact that yo,i(*o) 1S the derivative with respect to XQ i of the 

classical action of the trajectory passing through the point (x 0 ,y 0 ) . As to the winding 

number - imagine attempting to change the winding number by continuous ^formation 
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of the contour on the torus. For this one must cross a point where at least two particles 

coincide. However this point can not lie on the torus since it would have an infinite energy 

for Coulomb or any other interaction diverging at zero distance. 

There ore cases where the phase space contains several disconnected exchange tori. 

Two tori are exchange tori if the points on one torus are the exchange points of those 

on the other torus. In this case if the quantization conditions are satisfied by one of the 

exchange tori they will be automatically satisfied by all the other tori. For distinguishable 

particles this would lead to degeneracies in the WKB spectrum which are usually removed 

by tunneling between tori. For identical particles only one appropriately chosen linear 

combination of ion wave functions is allowed and therp is no degeneracy. 

The quantization conditions (2.6) assures that the wave function ^ has the correct 

phase relations for anyons as long as x and y stay on the invariant torus. For points close 

to the torus on the scale of the magnetic length / the change of phase relative to the torus 

can be shown to be single valued and therefore does not spoil the anyonic phase relations. 

No such statement can be made for points which are far away from the torus but the 

amplitude of the WKB wave function there is just a small gaussian tail and will therefore 

not coacern us. 

The entire semicLissical procedure above runs into difficulty when one considers invari

ant tori which contain configurations with distances between two or more particles small 

on the scale of /. In these cases small deviations of a ror.tour from the invariant torus 

may change the winding nnznberof the contour. We were not able tc- formulate consistent 

quantization conditions for such a situation. We believe that our WKB approximation can 

not be applied to such states. Moreover we note that the inter Landau level mixing by the 

infcerparticle Coulomb and statistical interaction should be significant in these states and 

the projection on the first Landau level may no longer be justified. These are apparently 

the reasons which explain our failure below to account semiclassically for the type I states 

of anyonic systems. As can be seen from the results of Ref. 8 these states indeed have 

particles which can come very close to each other. 

For completeness we describe now in some detail how the projection on the subspace 

of the first Landr.a level :,s done. One uses the operators of the guiding center coordinates 
x0,»» yo.i defined above. These conserve the Landau level number. Another set of canonical 

- 9 -



pairs of operators complementing xo,; and yo)t- is the set of velocity operators 

vx,i = \px,i + -Ax(xi,yi))/m 

vV,i = \Py,i + -Av(xi>yi)]/m • (2-7) 

The operators vXfi ± ivv,i change the Landau level number for particle i by ± 1 . The 

projection on a single Landau level is performed by expressing the Hamiltonian in terms 

of these operators and retaining only the parts which are diagonal in ohe Landau level 

index. The projection of the two particle Coulomb interaction on the first Landau level 

was found, e.g., in Ref. 15 

*(*o,yo) = 
i>j l l(*o,i - *oj)2 + (vo.i - VDj)2]2 

z [(a=o,i - xojr + (vo,i - yo,j)2}2 J 

The projection of a single particle potential resulting from a charged impurity on the 2D 

plane can be calculated in a similar manner (cf. below). The description of the particles 

by the guiding center coordinates has the effect of averaging out the fast cyclotron motion 

of the particles. For this reason the Hamiltonian (2.8) has the appearance of an effective 

potential energy of interaction between the guiding centers. It is expressed however in 

terms of the non commuting XQi,yoi leading to a non trivial dynamics. 

I I I . T W O A N Y O N S - A D E M O N S T R A T I O N 

Two anyons form the simplest system demonstrating fractional statistics. In Ref. 8 

the solutions in a magnetic field were considered for two non interacting anyons and two 

anyons with a harmonic interaction. As a simple demonstration of our method we discuss 

in this section a semi classical solution in a strong magnetic field for two anyons with an 

arbitrary interaction. 

The Hamiltonian of the relative motion of two interacting particles in a uniform mag

netic field is 

^ = - S K + 5 f e H 2 + " ( | r i ) ' <3-i} 

with r = rj — T<i. The Hamiltonian projected on the first Landau level is 

H = «([*(}+ »g]>)+iftwc, ;3.2) 
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with io = io,i _ I o , 2 and M = yo,i -yo,2 the relative guiding center coordinates, |xo.»o] = 
2i/ , and with v the projected interaction (cf. Ref. 15) 

The Hamiltonian (3.2) is a function of a harmonic oscillator Hamilton!an. The in

variant tori for this one dimensional problem are constant energy contours which for any 

projected interaction v are circles yo — ±(J22 — XQ)1^2 with arbitrary radius H. There 

are two branch points at x$ — ±J2. As one moves along a circle in the positive, i.e. antt 

clockwise direction, the sign of dyofdxo changes from positive to negative at both points 

and the Maslov index is therefore —2. Opposite points on a circle are excharge points. 

Applying (2.6) for a contour which is half a circle one finds the quantization condition 

- ^ / ^ . - ^ ( - n + f-I). (3.4) 

The semiclassical eigenenergies are therefore En = v{2l[2n - a + 1/2]1/2) + fiu>c/2 

which for the Coulomb interaction give 

For the harmonic interaction v = JmwJ|r |2 considered in Ref. 8 we find v = 

^mu/g (IQ +y$ + 2/2) and the quantized energy values are 

E„ = h^-{2n-a + l)+^hwc. (3.5) 

To first order in («o/wc) this is the result obtained in Ref. 8 for the eigenenergies of the 

Type II states. In the limit WQ/U>C « 1 the mixing of Landau levels by the interaction 

is small and the projection on the first Landau level is a good approximation. We do not 

reproduce any of the eigenstates of Type I. These are the states which even in the absence 

of the interaction contain admixtures of the higher Landau levels which do not vanish in 

the strong field limit. 

We now obtain the semiclassical w^ve functions of the relative guiding center motion 

of the two anyons. The action for the two branches of the torus is 

5Q(x0) = ±J'\& - *9)*dxl
0 = ± | * o ( * 2 - 4)? T \& arccos ( ^ ) = ±/ (*o) . (3-6) 
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The lower bound of the integral was taken at R for convenience. The WK3 wave function 

is 

V.(x0) = c o n S t ( l - ^ ) - T | e x p ^ - ^ / ( l 0 ) - i ^ + e x p ^ / ( z o ) + i ^ } . (3.7) 

The relative phase of the two terms in (3.7) was determined according to the Maslov 

procedure applied at the branch point xo = R i.e. according to the change of the sign of 

dyo/diQ when going from the negative to the positive branch of the torus at this point. As 

a result the change of the phase between the first and the second term in (3.7) at XQ —* R is 

7r/2. The relative phase of the terms at the second branch point XQ = —72 is f(—R)/l2+ir/2 

which according to the quantization condition (3.4) is —27r(2n — a 4-1/4). Had we applied 

the Maslov procedure at this branch point we would obtain the relative phase of just 

—-TT/2 in disagreement with the result above for non integer statistical parameter a. This 

is a manifestation of the non single valuedness of the wave function tp(xo). Lisisting on 

applying Maslov procedure at both branch points would result in discontinuity of one of 

the terms in (3.7) at some point inside the interval ( — R, R). Our way of writing V>(XQ) 

corresponds to placing this discontinuity at — R. This choice is convenient but of course any 

other arbitrary choice of the discontinuity point in either of the terms of (3.' ) is allowed. 

We now use the wave function I/>(XQ) and construct the wave function &(x, y) in the 

real space variables by evaluating the integral in the expression (2.1) for # using the saddle 

point approximation. The saddle point equation is 

I - I O T i{R2 - *o)* - iy = 0 , (3.8) 

with the upper and lower signs corresponding to the first and second term in (3.7). The 

solution is 

xo = *-d±±*U-±), (3.9) 

where r = (x2 + J/2)'/2 and d = r — R. This solves (3.8) for the upper (lower) sign when 

y is negative (positive) corresponding to a saddle point in the first (second) term in (3.7). 

Performing the saddle point integration (cf., Appendix) one gets the wave function for 

points near the torus 

*(*.») = C-^-eMi(a-^)$ + i^xy-^d1), (3.10) 
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with -IT < 9 < 7T the angle of point (x,y) with the positive x axis. The absolute value 
of "t reaches maximum at r — 2/(2n — a)1^2 to 1st order in i2/R2 which coincides with 
the maximum of the eigenfunctions of Ref. 8. To zeroth order this is true also for the 
corresponding widths. The angular behavior of the phase of * on the torus r — R is that 
of one branch of a multi valued function of Type II considered in Ref. 8. The second term 
in the phase of $ is just a gauge term resulting from our use of the Landau Gauge. The 
discontinuity of the phase on the negative x axis is the result of the fact that in the saddle 
point evaluation of the integral for x, y near the torus we used a saddle point in just one 
of the terms in (3.7). For small values of y the phase of the second term changes slowly 
at x$ = x and although there is no saddle point a more careful evaluation of the integral 
is necessary. This evaluation wili presumably smooth this discontinuity in the phase. To 
get a truly multi valued 4f one must use a multi valued form of ifi. 

IV. T W O I N T E R A C T I N G A N Y O N S IN A N E X T E R N A L POTENTIAL 

For a system of charges in two dimensions only half of the degrees of freedom survive in 
the limit of strong magnetic field. The two interacting anyons of the previous section led to 
a one dimensional integrable problem. We now consider an example of an integrable system 
with two degrees of freedom. This is a system of two interacting anyons in the presence 
of a central impurity potential placed in a strong magnetic field. The Hamiltonian of the 
system is 

H- * r + ' 2 

[(*0,1 - *0,2)2 + (OT,1 ~ OT.2)2]1 2 [(*0,1 - *0,2)2 + (i/0,1 - yo,2)2]' 

-ErrT^-jErrr^'4)- (41) 

.-=i,2 N),.- + vl,ii2 .=1,2 [<,• + vs,J» 
This is a projection on the first Landau level of a Hamiltonian of two particles of charge 
—e interacting via a Coulomb interaction and moving in a field of an impurity of charge 
Ze placed in the plane of the motion at x = y — 0, cf., Eq. (2.8). Here and in the rest 
of this paper we omit the constant energy of fiu>c/2 per particle. Most of the analysis 
below is applicable for any choice of the two body interaction and any attractive impurity 
potential. 

This system is integrable since it has two commuting integrals of motion, the Hamil-
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tonian (4.1) and the projected angular momentum 

Zi .=1,2 

This is the generator of rotations in the xo,yo plane and therefore commutes with H for 

any projected central potential. Its expectation value for a state is a measure of the size 

of the configuration described by this state. 

We now proceed to construct the invariant tori in the phase space of the problem. 

Classical trajectories in this space are easily visualized by considering them as a motion 

of two particles in the xo,yo plane. They belong to one of two types. The first type 

is with one of the particles close to the impurity and rotating around it while the other 

particle is farther away and moving under the combined potential of the impurity and 

the first particle. When it is much farther from the impurity than the first it will feel a 

net Coulomb force of a point charge (Z — l)e. For Z = 1 it will be almost localized by 

the magnetic field. An example of such a trajectory is given in Fig- la. The second type 

of trajectories is with the two particles close and circling each other while slowly moving 

around the impurity, cf. Fig. lb . Trajectories of the first type are characterized by the fact 

that there is one specific particle always closer to the impurity. The motion is dominated 

by the impurity potential and has resemblance to the non interacting system studied by 

Kivelson1*. In the second type of trajectories the identity of the particle closer to the 

impurity constantly alternates. The motion is dominated by the interaction between the 

particles. 

Classical trajectories in the four dimensional phase space of the system he on two 

dimensional tori characterized by the energy and the projected angular momentum. The 

trajectories are generally not periodic and one trajectory covers one torus. Trajectories of 

the first type are dominated by the attractive interaction with the impurity and for a given 

value of Lg have low energy values. Trajectories of the second type are dominated by the 

mutual repulsion of the particles and have high energy values. For every low energy torus 

(trajectory) one can obtain another torus (trajectory) with the same energy and Lt by 

interchanging the identity of the particles. Thus one should expect to find two degenerate 

families of low energy tori occupying two distinct regions of phase space. The tori in one 

region are the exchange images of the tori in the other. The high energy tori tire on the 

other hand not degenerate since the exchange image of a point on a high energy torus is a 
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point on the same torus. On the boundary between the low and high energy regions there 
exists a special trajectory which is periodic and describes rotation of the particles around 
the impurity at diametrically opposite positions. This trajectory forms a one dimensional 
torus. The energy of this trajectory for a given Lz is (1 - 4Z)e2/(2a) - (1 ~&Z)e2t2/(\6a3) 

witc a = 1(1 — i j ) 1 ' 2 the distance of the particles from the impurity. As will be seen below 
this is he energy of the separatrix between the high and low energy tori. 

In order to quantitatively describe the various tori families we introduce two convenient 
sets of orthogonal basis vectors. Writing vectors in the four dimensional phase space as 
{xQ,liZQ,2>yo,\->yo12) the first basis is simply 

Vi =(0 ,1 ,0 ,0) 

V2 = (0,0,0,1) 

V3 = (1,0,0,0) 

V4={0,0,1,0) . (4.2) 

We represent a general vector in the four dimensional space as 

R = pcosuVi + psmutV2 + aV$ + bV+ , (4.3) 

with 0 < ut < 2ir. In this representation Lx = ~(p2 + a2 + 62)/2/2 + 1. We now define 
an analogy of the so called Poincare sections as two dimensional surfaces denned by fixing 
Lx and u>. The points at which the invariant tori cross these surfaces form closed constant 
energy contours with the given Lx. Fixing the value of Lt determines the size of the two 
particle configurations while choosing w fixes the angle of their overall rotation. Examples 
of these contours found numerically for Lx = —10 and w = 0 are shown in Figure 3 with a 

and 6 of (4.3) chosen as coordinates. Here and for the rest of this section we consider the 
case of Z = 1. The center point with a = 6 = 0 is a point of infinitely low energy where 
particle no.l is located at the position of the impurity. The cuts through a family of low 
energy tori are located around this point. The second family of low energy tori is located 
near the perimeter of the plot. The perimeter itself has infinitely low energy tJid describes 
configurations where particle no.2 is located at the position of the impurity. At the right 
hand side of the plot are located cuts through the family of high energy tori. The point at 
the center of these tori has infinitely high energy corresponding to a configuration where 
the two particles are on the top of each olher. The three tori families meet at a saddle 
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point corresponding to the periodic trajectory described above. It is one of the points on 
the separatrix line. 

For calculations! purposes it is more convenient to use a different set of basis vectors 
for the description of the high energy tori 

Ui = (1 ,1 ,0 ,0 ) 

U2 = (0 ,0 ,1 ,1 ) 

EA, = ( - 1 , 1 , 0 , 0 ) 

Uk = ( 0 , 0 , - 1 , 1 ) . (4.4) 

We use a similar representation as before 

R = pcosuiUi +/»sinwt^2 + oU$ + bU^ , (4.5) 

withO <u> < 2T. N O W L , = — (p2 +a2 + b2)/l2 + 1. Again we define the analogy of Pomcare 
sections with fixed u and Lx. An example of the resulting constant energy contours in the 
a — b plane for u; = 0 and Lt = —10 is shown in Figure 3. The same features as in Figure. 
2 are easily identified also here. The high energy family of tori is now at the central part 
of the plot with the point of infinitely high energy at the center. The two low energy 
families are seen at the two sides. The center of each is a point of infinitely low energy. 
The perimeter of the plot now represents the periodic trajectory on the separatrix. 

When the value of UJ is changed the energy contours in both figures 2 and 3 simply 
rotate. Multiplying Lx + 1 by a factor g and a and 6 by g a leads a scaling of H in Eq.(4.1) 
where the parts of order zero and I2 are scaled by g~l and g~3 respectively. This scaling 
controls the dependence of the Poincare sections in Figs. 2,3 on the value of Lx. 

The energy contours at the center of both Fig. 2 and 3 are approximately circular. 
Setting a ~- £cos0 and 6 = £ sin^ in Eqs. (4.3) and (4.5) one can approximate the tori 
for small a2 + b2 by fixing the values of p and £ and letting u> and tf> change in the interval 
(0,2TT). These approximate expressions for the tori are useful for visualizing the tori as 
well as for calculating the Maslov index of various contours. 

On a two dimensional torus there are two independent closed contours and correspond
ingly two quantization conditions (2.6). One contour that can be easily found on both low 
and high energy tori is the contour describing a rigid rotation of the system around the 
origin- In both representations it is given by setting a = £sin(w + u!o),b = f cos(w + UQ) 
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in Eqa. (4.3) and (4.5) with p,£ and u0 fixed and with 0 < u> < 2ir. We denote this 
contour CI. Using the approximated expressions for the invariant tori we calculated the 
matrix dyt, Jdx0 j and found the Maslov index of the contour (cf., Section II) to be —4. 
Since each particle traces a circle of radius (x£ t + yjj ,)'' '2 while one follows the contour 
CI the action along this contour is 2ir(2(L, — 1). A rigid rotation includes one winding of 
a particle around another. Using (2.6) the quantization condition is therefore 

ii ydx = 2TT(£, - 1) = 2ir(ni - 1 + a) (4.6) 
CI 

with integer n\. It gives the expected non integer quantization of Lr for anyons. 
The second quantization condition determines the energies of the states. For this 

condition we chose the constant energy contours on the Poincare sections of Figs. 2,3 
which were found numerically. For calculational convenience we used the representation 
(4.3) below the separatrix, Fig. 2 and (4.5) above, Fig. 3. We denote the contours below 
the separatrix by (72. There are two degenerate families of these contours differing by the 
exchange of the particles. For identical particles it is sufficient to quantize only one family 
as explained in Section II. We chose the family which is located around the origin of Fig. 
2. The Maslov index of 'the contours C2 was found analytically to be equal —4 using the 
approximate tori as for the contour CI. When the system is moved along C2 contours 
particle no. 1 circles the impurity while particle no. 2 remains at a greater distance and 
at an angle w with the x axis. This motion does not result in any winding of one particle 
around another. The quantization condition for these contours is therefore 

1 
-pj y . d x = 27r (n 2 - l ) , (4.7) 

with integer ri2- The integral in (4.7) was calculated numerically. The condition (4.7) 
determined the quantization of the energy below the separatrix. 

Above the separatrix for each point with coordinates a and b in the parameterization 
(4.5) there is an exchange point at —a, —6. The closed contours at the center of Figure 2 
pass through such pairs of points. The quantization contours should therefore be taken as 
a half of these contours. We denote this type of contours D2. Their Maslov index is found 
to be equal —1 by the same procedure as for the CI contours. Since the exchange is half 
a winding the quantization condition is 

y.dx = 2*(n3-\-?r) , (4.8) 
D2 4 2 il. 
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with integer "3. Again the integral in (4.8) was calculated numerically and determined 
the energy eigenvalues above the separatrix. 

In Figs. 4 and 5 we plot the energies of the levels vs their angular momenta as found 
from Eqs. (4.6-8). In Fig. 4 we show the results for the levels with integer statistics, 
i.e. with a = 0 (bosons) or a = 1 (fermione). Below the separatrix, where the motion is 
dominated by the impurity with one particle circling close and the other far from it, the 
system has the same levels both for fermions and bosons. This is a consequence of (a) the 
existence of two degenerate families of tori below the separatrix (cf. Fig. 2) and (b) our 
neglect of tunneling between these tori. Had we dealt with distinguishable particles these 
levels would be degenerate. Accounting for the tunneling would lead to splitting of the 
degeneracies into pairs of symmetric lower and antisymmetric upper levels. Accordingly 
the energy levels of the bosons and fermions would not be the same. The effects of the 
tunneling are more important in the vicinity of the separatrix where the degenerate tori 
come close together in the phase space. We expect therefore the accuracy of our result 
to decrease as one approaches the separatrix both from below and from above. It is 
manifested, e.g., in discontinuous level behavior in this region. 

The relatively small change of the eigenenergies with increasing Lz is explained as 
follows. Far from the separatrix and below it the increase of the angular momentum can 
be achieved by moving the fax particle away from the impurity while hardly changing the 
motion of the closer particle. In this situation the contour C2 depends mainly on the 
motion of the close particle and remains approximately the same as Lz is increased while 
keeping the energy constant. 

Above the separatrix where the dynamics is dominated by the interaction between the 
particles which circle each other, the energy levels of bosons and fermions alternate. This 
is a consequence of the fact (cf., above) that the exchange of the particles leaves them on 
the same invariant torus. For high energies and large Lz the particles are hardly influenced 
by the impurity and their energies approach those of Sec. III. 

Fig. 5 presents an enlarged part of Fig. 4 with energy levels for fractional statistics 
added. Below the separatrix a continuous change of a causes a continuous change of the 
quantization condition (4.6) for Lz without changing the second quantization condition 
(4.7) which is independent of a. This explains the almost horizontal curve which the 
levels trace as a is changing between the values corresponding to the integer statistics. 
Every point on this curve corresponds to two values of a differing by 1 • As in the case of 
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the integer statistics this "degeneracy" is presumably removed by the tunneling between 
the degenerate tori. One should expect to find the horizontal curve split into two curves 
oscillating between fermion and boson values. 

The dependence on a is drastically different for the levels above the separatrix since 
both quantization conditions (4.6) and (4.8) depend now upon a. In accordance with the 
double "degeneracy" which we found below the separatrix one sees the doubling of the 
curves of continuous changes in a above it. This appears as a discontinuity in our results 
due to our crude treatment of the separatrix vicinity. 

We now comment briefly on the situation in which the charge of the impurity is of 
the same sign as of the anyons. All the interactions are now repulsive. There are still 
interaction dominated and impurity dominated trajectories but now they are in the same 
energy region. In Fig. 6 we show the constant energy contours for this case using the same 
parameterization and Poincare section as in Fig. 3. The lowest energy configuration for 
a given L, is with two anyons uniformly rotating on the diametrically opposite sides of 
the impurity forming with it a straight line. This configuration is at the perimeter of the 
plot. A trajectory with two anyons on the same side of the impurity forming with it a 
straight line is on the separatrix. Above the separatrix there are two different types of tori. 
The central family of tori is formed by trajectories dominated by the interaction with two 
particles circling each other far from the impurity. The second type consists of the two 
families of tori on the sides of the figure. They are formed by trajectories dominated by the 
impurity with one particle close to it and another far away. These two families are exchange 
images of each other. The energy levels arising from the quantization of the two types of 
tori will have a very different dependence on the statistical parameter similar respectively 
to the upper and lower energy regions of the system with the attractive impurity, Figs. 
4-5. However now these two different patterns of dependence are not separated but should 
appear in the same energy region. 

V. THREE INTERACTING A N Y O N S 

Here we study an integrable system of three interacting anyons in a strong magnetic 
field. For integer statistics the semiclassical quantization of this system was studied in 
detail in Ref. 15. In the strong field limit the system has three degrees of freedom and 
there are three commuting integrals of motion. These are the Hamilton!an, one of the 
center of mass coordinates of the guiding centers, and the projected angular momentum 
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Li around the center of mass. 

The classical mechanics of the system was described in Ref. 15. As in the two particle 

system of the previous section there are two distinct regimes in the phase space with a 

separatrix energy that is a function of Lt. In the low energy regime the particles are located 

at the vertices of a triangle which rotates around the center of mass while continuously 

deforming. In the high energy regime two of the particles are closer together and circle 

each other while the third particle is further apart. This configuration rotates as a whole 

around its center of mass. 

The structure of invariant tori in phase space is the same for all values of the center 

of mass coordinate of the guiding centers and quantization of this coordinate is trivial. We 

therefore concentrate on the retraining two quantization conditions. One of the quantiza

tion contours that is chosen describes a rigid rotation around the center of mass. For a 

system of three particles a full rotation results in three windings of one particle around an

other. Denoting this contour C l we have found in fief. 15 that the action integral around 

it was equal to 2T/2(J&» — 1). We have also found that the Maslov index of this contour 

was —4. The quantization condition for C l is therefore 

~ & y d x = 2 i r ( I r - l ) = 2 i r ( n i - l + 3a) (5.1) 
«* JC\ 

with integer *i\. It gives the expected fractional quantization of L2-

A second integration contour controls the quantization of the energy. Below the 

separatrix energy we take a contour which describes a cyclic exchange of the three particles. 

As explained in Ref. 15 it includes one third of a ri^id rotation around the center of mass 

i.e. a third of the contour C l together with a third of another closed contour C2 which is 

independent of C l . Motion along the contour C2 describes variations of the positions of the 

particles around vertices of an equilateral triangle without any windings of the particles. 

Its Maslov index is —2, cf., Ref. 15. The quantization condition for the combination of C l 

and C2 described above is therefore 

1+3*) . (5.2) 

\) • (5-3) 
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-pi <t j d i = 2ir(3n2 - Lz + 3a -



Note thai L: - 3a is an integer regardless of the statistics so that allowed values of the 

action integral in (5.3) are independent of a. Hence below the separatrix the parameter a 

effects only the allowed values of Lz. 

Above the separatrix the contour D2 for the quantization of the energy has been 

chosen in Ref. 15 such that it was independent of the contour C\ of the rigid rotation and 
described a full rotation of just two close particles around their common center of mass. Its 

Maslov index has been found to be —2. It is necessary to consider only half of this contour 

between exchange points of the two particles, i.e. with half a winding. The quantization 

condition for the energy above the separatrix is 

i / M ' - ' h = 2"("»-i + i»- (54) 

As for the two anyon system of Section IV one can find convenient basis seta to 

facilitate the calculations . We have constructed invariant tori numerically for fixed Lx 

and changed their energies until the conditions (5.3) or (5.4) were satisfied. In Figure 7 and 

8 we show our results in the plane of the energy and L3 for different values of the statistical 

parameter a. The pattern of motion of the levels as a function of a below the separatrix 

is explained by the independence on a of the allowed values of action in (5.3) and by the 

simple dependence of Lx on a. Above the separatrix the dependence of the energy levels 

on a is much stronger since a effects the allowed values of both Lz and the action integral 

in the quantization condition (5.4). Below the separatrix the same "degeneracy" exists as 

in the two anyon problem of Sect. IV. For every level with a given Lz there correspond 

two values of a which differ by unity. This "degeneracy" should presumably be removed 

by including tunneling between the degenerate tori which exist below the s>epaiatrix15. It 

should also smooth out the behavior of the levels as one passes from below to above the 

separatrix. 

The case of three interacting anyons may be very relevant for the fractional quantum 

Hall state with filling factor 1/3. In this case the charge of the quasiparticles is c/3 and 

a creation of any electron or hole in, e.g., optical process will result in a creation of three 

quasiparticles or quasiholes. In this case the statistics of the quasiparticles are a -= 1/3 

and the effective magnetic length is l* = y/$l. 
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VI. THE M E A N FIELD APPROXIMATION 

The effect of fractional statistics with statistical parameter a can be mimicked by 

considering the particles as bosons and attaching a flux tube of strength a$o with $o = 

hc/e to each particle. The constrains of the fractional statistics on the wave function are 

thereby replaced by a statistical gauge interaction between the particles. One may look 

for an approximate solution for this problem using the mean Held approach where the flux 

tubes are replaced by a uniform magnetic field E, such that B8A = Na$o with N the 

number of particles and A the area. The validity of this approa^a was examined for non 

interacting anyons7. Here we test the mean field approach for interacting anyons. 

For a system of three anyons with statistical parameter a and area A in a uniform 

magnetic field B the additional magnetic field due to the statistical flux is Ba = 3a$o/.A. 

In the mean field approximation we consider therefore a system of three bosons in a total 

magnetic field Bf = B + 3a$o/A. The corresponding magnetic length in this system will 

b e / / = / ( l + 3 a / / 2 - 4 ) - 1 / 2 . 

Let us now compare a semi classical solution for the anyon system with a corresponding 

semiclassical solution for a system of bosons in a magnetic field B'. We take as a measure 

of the size of the system the product |/ Lz\ which is equal to |/ L'z\ where L'z = Lx - •--

is angular momentum in units of l12. For Lt which obeys the quantization condition (5.1) 

the value of L'x is integer as should be for bosons. However the integration contours that 

fulfill the quantization condition (5.3) or (5.4) for anyons will in general not fulfill the 

corresponding condition for bosons. This is firstly because the magnetic length is different 

and secondly due to the explicit appearance of a in (5.4). • 

We test the mean field approach by comparing energies of states in an anyon system 

with a = 1/2 and in the corresponding boson system. For every anyon level the corre

sponding boson level is found by following the lines of continuous change of a in Figure 

8. The results of this comparison are summarized in Table 1. It can be seen that the 

mean field approximation produces good results for the levels below the separatrix. There 

the three particles are at approximately equal distances which is roughly equivalent to a 

constant density. Above the separatrix where the distances between particles are unequal 

the results of this approximation are much worse. 

- 22 -



A P P E N D I X A 

Here we perform a saddle point integration to get the wave function *(x,v) of Eq. 
(3.10). For y < 0 only the first t « m of 0(xo) in (3.7) has a saddle point. The integral for 
this term is 

*(*,») :=y'(l-i|)-ie9<*°>,ir(, (A.l) 

with 

9(*o) = - 2 ] ? / ( J o ) - »'J ~ J/2 ('*•» + 2^ ~ I o ) 2 ) ' 

We consider the limit d << R and calculate p(xo) at the saddle point to order d2. One 
can write xo at t.'ie s^rldle point as in = Rx/r — iyd/r + (x + ijr)d2/2r2. We have 
/ (Rx/r) = R2B/2 — xyR2/2r2. Expanding /(xo) around Rx/r to second order we get for 
the saddle point 

9(*0) = ~R2<>+^xy-±d2-il. (A.2) 

The second derivative of 9(10) is ( - 1 + ixo(R2 - x j ) ) - 1 / 2 ) /2! 2 . The contribution of the 
gaussian integral and the preexponential term in (A.l) is therefore (1 — XQ/R2)~* [( — 1 + 
ix0(R

2 - z 2 . ) - 1 / 2 ) ^ ; 2 ] - 1 / 2 evaluated at the saddle poiub. Using the saddle point equation 
(3.8) this becomes (2l2R/r)1/2 cxp(i$/2 + iV/4). Multiplying this expression by exp j(xo) 
with g(xo) given by (A.2) and usii. 4 the quantization condition (3.4) for Rone gets Vr(x,y) 

of Eq. (3.10) 

to: y > 0 only the second term of V*(?o) m (3-?) has a saddle point and the saddle 
point calculation may be carried out in a similar maimer to yield the same results. 
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Figure Captions 

F i g . 1 . Parts of typical trajectories of the guiditig centers of two negatively charged particles in 

the presence of a positive impurity with Z = 1 at the origin, (a) Trajectory below the separatrix, 

E = -O.Z7e2/l,Lx - - 1 9 . 4 2 . (b) Trajectory above the separatrix, E = - 0 . 0 1 e 2 / / , I z = 

67.00. 

F i g . 2 . Energy contours on the Poincare section in the phase space of a two particle system with 

charge Z = 1 impurity at the origin. The section is defined by angular momentum Lz = —10 

and u> = 0 in the parameterization (4.3). The parameters a and b in (4-3) are plotted on the axes 

of the figure. The two low energy families of tori are at the center and near the perimeter. They 

are separated by the separatrix (thick line) from the family of high energy tori. The contours 

numbered 1-7 correspond to the energies -2,-1,-0.6,-0.4,-0.1,0.5 and 2 respectively in units of ( e 2 / / ) . 

The separatrix energy is 0.4643 e2/l. Points on the perimeter have infinitely low energy. Lines 

number one and two do not appear near the perimeter due to lack of space. 

F i g . 3 . Energy contours on a section defined as in Fig. 2 but using the parameterization (4.5). 

The family of tori at the center has energies above the separatrix. The left and right families of 

tori have energies below the separatrix. The numbered contours and the separatrix (thick line) 

correspond to the same energies as in Fig. 2. 

F i g . 4 . Semi classical energy levels as a function of the angular momentum Lz for a system of 

two interacting particles with integer statistics in a presence of Z = 1 impurity. The solid line 

is the aeparatrix energy. Fermion levels above the separatrix are plotted using full squares and 

bosons levels by empty squares. Below the separatrix fermion and boson levels coincide and are 

marked by 'x ' signs. Some levels near the separatrix are not shown because of lack of space. 

F i g . 5 . Enlarged section of Figure 4 with energy levels for fractional statistics added. Above 

the separatrix levels for anyons with a = — 1 / 3 , - 2 / 3 , 1 / 2 are marked by empty triangles full 

triangles and diamonds respectively. A continuous change of a produces a change of the levels 

along the thin solid lines. Some levels near the separatrix and some of the lines describing a 

change of a are not shown because of lack of space. 

F i g . 6 . Energy contours as in Fig. 3 but for a repulsive impurity, Z = — 1 , a t the origin. The 

thick line is the separatrix with the energy 1.2546 e / / . The contours numbered 1-6 correspond 
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to energies 0.7692,0.85,0.95,1.1,1-5, and 2.5 respectively in units of ( « 2 / 0 * The plus signs denote 

configurations with infinitely high energy in which either the position of the two anyons coincide 

(the central peak) or one of them is on the impurity (the side peaks). 

F i g . 7 . Semiclassical energy levels for three interacting atiyons as a function of the angular 

momentum Lz for several values of the statistical parameter . Above the separatrix levels for 

a = 0 , 1 , - 1 / 3 , —2/3 are marked by empty squares, full squares, empty triangles and full triangles 

respectively. Levels for ot = — 1 / 2 , 1 / 2 are marked by the upper and lower lines of plus signs. 

Below the separatrix the levels which correspond to a = 0 and a = 1 are the same and are 

marked by 'x' signs. The lines connecting them describe the change of the levels as a result of 

continuous change of a. The lower and upper thick lines are the energies of the equilateral triangle 

and the separatrix respectively. Some levels near the separatrix are not shown because of lack of 

space. 

F i g . 8 . Enlarged section of Figure 7 with additional energy levels for fractional statistics. Above 

the separatrix levels for a = 1 /3 and 2 / 3 are marked by full and empty diamonds respectively. 

Below the separatrix the levels for a = — 1 / 2 , 1 / 2 coincide and are marked by plus signs. Some of 

the lines describing the levels for continuously changing values of a are shown above the separatrix. 

Some levels near the separatrix are not shown because of lack of space. 
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