
INI5 DOCUMENT u/i$^ * H - - * 2 • >*3. 

WIS-92/13-PH Feb. 

S y m m e t r y Breaking and Localization in Quantum Chaotic Systems 

by 

R. Bliimel 

Department of Physics and Astronomy 

University of Delaware, Newark, Delaware 19716, USA 

and 

U. Smilansky 

Department of Nuclear Physics 

The Weizmann Institute, 76100 Rehovot, Israel 

Abstract 

We consider systems which display dynamical localization, and study the effect of 

breaking an antiunitary symmetry (related to time reversal symmetry) on the iocaiization 

length. Using semi-classical arguments substantiated by numerical results for the quantum 

kicked rotor, we establish that the localization length increases by a factor two when the 

symmetry breaking interaction is sufficiently strong. The transition is not abrupt and 

we give an approximate expression for the transition function. The semi-classical theory 

provides also the critical strength of the symmetry breaking interaction which is necessary 

to achieve the full factor two increase of the localization length. 
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I. Introduction 

In this series of lectures we shall deal exclusively with two-dimensional billiards. 

We shall motivate this choice in the following lines. While doing so, a few concepts and 

ideas will be introduced. 

A billiard consists of a point mass confined to move freely in a connected and 

bounded domain, whose boundary £ is a continuous curve. The dynamics is defined 

by the way the particle scatters from the boundary. We shall assume elastic, specular 

reflections. That is, denote by Oj(ejr) the velocity of the particle, before (after) its colli

sion with the wall, and by n and t the normal (pointing outside) and the tangent at the 

point of impact, then 
V{t = VIt , 

(J.l) 
t)jt» = -VfU . 

This definition illustrates the main difference between smooth mechanical systems 

and the billiards. Typically, the Hamiltonian or Lagrangian function is sufficient to 

define the dynamics in a unique way. In billiards this is impossible since the infinitely 

strong forces must be replaced by reflection conditions which imply that the dynamical 

variables (here, normal velocity) suffer a discontinuity at the walLj. In spite of this differ

ence, the classical trajectories can be derived from a least-action principle which will be 

explained in the next chapter where we shall discuss the classical billiard in more detail. 

The resulting equations of motion will not be expressed as differential equations, but 

rather as a discrete mapping which specifies the conditions (angle of incidence and point 

on the boundary) at the "present" collision with the boundary in terms of the conditions 

at the previous collision. Such mappings are somewhat easier to handle, but retain all 

the important features and intrinsic complexities of their continuous counterparts. 

The treatment of billiards has another attractive feature, namely, that the classical 

dynamics depends on the energy in a trivial way. The magnitude of the velocity serves 

only to rescale the time between collisions with the boundaries. In the quantum treat

ment, this translates to the fact that the energy is always scaled by fi2 in such a way 

that the quantum theory depends only on the wave number it. 

Because of the special way by which the billiards are defined, one has to be care-
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ful in adopting concepts and theorems which are formulated for smooth Hamiltonian 

systems. The famous KAM theory, for example, should be reformulated when applied 

to billiards. Due to the enormous progress achieved by Sinai and his co-workers, most 

of this work was already done with mathematical precision and rigor. As a matter of 

fact, at present, billiards belong to the class of mechanical systems whose dynamics is 

best understood, and therefore they are an excellent paradigm for the understanding 

and discussion of chaotic Hamiltonian systems in general. A review of the theory of 

chaotic classical billiards will be presented in the next chapter. It is intended to give 

an overview of the classical theory in a way of introduction to the quantum treatment. 

The interested reader is referred to the recent book edited by Sinai'' where the most 

important original articles are given in English translation. 

Most of the present series of lectures will be devoted to quantum billiards. The 

Schrodinger equation reduces to the Helmholtz equation in two dimensions, and the 

reflection rules (1.1) are replaced by the boundary conditions (Dirichlet) that the wave 

function vanishes on the boundary. In this form the Schrodinger equation is nothing but 

a wave equation in the plane, and our discussion of its eigenvalues and eigenfunctions 

pertains to any wave problem! Thus, our results applies to quantum mechanics, (matter 

waves) as well as to electromagnetic, acoustic or surface waves. In other words, we are 

discussing here "wave-chaos" rather than "quantum chaos". To complete this generaliza

tion we should replace the classical trajectories mentioned above by rays, and remember 

that (1.1) is nothing but the law of specular reflection in geometrical optics. 

It is interesting and important to note that among the experimental systems which 

were designed to study quantum chaos, a substantial fraction are of the billiard type, 

involving electromagnetic cavities 2-3,4) or shallow water basins 5'. Recently it became 

clear that ballistic electrons in GaAs junctions of certain shapes are excellent manifesta

tions of quantum billiards 6i *. Thus, to those of us who look for the 'relevance' of their 

intellectual preoccupation with such toy systems, billiards supply a substantial source of 

justification (and support). 

The main objective of this course is to discuss the billiard problem in the short 
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wavelength (semi-classical) regime. This is the intermediate regime, where many fea

tures of classical mechanics (ray optic;,) are relevant to the quantum (wave) properties 

of the billiard, and hence it is the right regime for the search of the finger-prints of clas

sical chaos in the quantum description. However, since we shall always assume a small 

but nonvanishing wave length (h), there will be limits to the amount of information one 

could draw from classical mechanics. The role of the theory of quantum chaos is to dis

cuss not only the relevance of classical chaos in the quantum description, but also to de

lineate clearly the limits where the classical information becomes irrelevant. This dual 

aspect of the semi-classical approach will be illustrated in the following lectures. 

The general layout of this series will be as follows. The classical billiard dynam

ics will be described in chapter II. In the third chapter we shall introduce a somewhat 

unconventional quantization procedure, which will be the basis of the subsequent semi-

classical theory. It will be shown that there are two distinct semi-classical steps in ob

taining the final version of the semi-classical theory. The first step will provide the ba

sic form of a secular function, whose zeroes are the eigen-energies of the billiard. It is 

obtained from the exact quantum condition by a truncation which is justified semi-

classically. However, the dynamical information which is used to construct the secular 

equation is still fully quantum. For this reason the resulting secular equation will be 

called semi-quantal. 

Chapter IV will be devoted to the derivation of a semi-classical secular equation. 

That is, we shall give an algorithm to construct a function, whose zeroes are the approx

imate eigenvalues of the billiard and which uses classical input exclusively. In Chapter V 

we shall derive a semi-classical expression for the spectral density, 

<*(£) = £ S(E-En), (1.2) 
n 

or rather its integral, the number function N(E) which counts the number of eigen-

energies up to a given energy E 

E 

N(E) = fdE'diE1) = £ S„(En - E) (1.3) 

o 
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We shall also have to discuss the energy averaged spectral quantities (d{E)) and {N(E)) 

and obtain semi-classical expressions in terms of the geometric parameters of the billiard 

(Weyl's formula). The final form for the semi-classical spectral density will be expressed 

in terms of contributions from periodic orbits of the classical billiard, and will be shown 

to be equivalent to the well known expression derived by GutzwiUer, and which serves as 

one of the foundations of quantum chaos. We shall close this chapter with a few remarks 

about the difficulties which are intrinsic to the Gutzwiller trace formula which will mo

tivate a-posteriori the search for the alternative approach which was explained in the 

preceding chapters. 

In chapter VI we shall discuss some applications, and in particular, derive semi-

classical support to the empirically known relation between random matrix theory and 

the spectra of quantum chaotic systems, (see Professor Bohigas' notes). Finally we shall 

try to connect the approach developed in the present talk to the lectures by Prange and 

Chirikov, discussing a billiard which is composed of a linear array of cavities where near

est neighbours are connected by narrow channels. Many aspects of localization which are 

manifested in the quantum kicked rotor or quasi one-dimensional disordered systems can 

be studied in terms of such billiard models. 

The semi-classical quantization of billiards was investigated in the past using a va

riety of techniques and approaches. One of the most profound and pioneering efforts in 

this field is due to Bali an and Bloch8-11^. Their approach is different from the one pre

sented here. It is a highly recommended set of articles, fraught with original ideas and 

with penetrating insight. The present appproach was originally developed by the author 

and Eyal Doron12 ' , as a natural extension of their work on chaotic scattering. It was in

spired by a recent theory developed by Bogomolny 1 ' . Bogomolny's articles are highly 

recommended to the reader who is interested in going deeper into this subject. 

Due to space limitation no mention will be made here of "scars" in eigenfunctions 

of chaotic billiards. The reader is referred to a review by Heller14) and papers cited 

therein. Nor will there be any attempt to discuss billiards on surfaces with negative cur

vature. This is a subject where the investigation of chaotic dynamics and their implica-
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tions to the corresponding wave properties goes back to the classical works of Hadamard 

almost a hundred years ago. A review of this subject was recently written by Balazs and 

Voros l 5 ' . Gutzwiller's book16' also has a chapter on this important topic. 

II. Classical Billiards 

The classical trajectories in the billiard are composed of straight segments (chords) 

which reflect from the boundary according to the reflection rule (1.1). To describe the 

trajectory, one needs two parameters per segment, so that a trajectory is defined by 

a list of parameter pairs. A convenient parameterization is obtained by specifying the 

point of impact by the arc length s along the boundary. The other parameter is the pro

jection of a unit vector along the chord on the tangent to the boundary at the point 

of impact pt. The equations of motion are written now as a mapping which expresses 

(s,j";,.+i as a function of (s,pt)n. Phase space corresponds to a truncated cylinder (s 

is a periodic variable whose period is the circumference of the billiard, and ]pt\ < 1). 

This parameterization has the advantage that it can be used for billiards with arbitrary 

shape, (one should exclude points where the billiard has corners so that the tangent 

vector is not well defined). Moreover, the mapping is area preserving when expressed 

in terms of these coordinates. A pedagogical discussion of this coordinate system, with 

very nice illustrations, can be found in reference 17. 

In these lectures we shall use a different set of variables to describe the billiard dy

namics. It has the advantage of being the natural phase space in applications which will 

be described later. Its main disadvantage is that it can be used for convex (actually non-

concave) billiards only. Choose an arbitrary point inside the billiard as the origin and an 

arbitrary reference direction. Then, any straight segment of a trajectory is completely 

specified in terms of two parameters - its distance from the origin b and the direction of 

the velocity vector relative to the reference direction 8. (see Fig. 1 ) The distance 6 is 

the impact parameter which is proportional to the angular momentum / relative to the 

origin. The explicit form of the mapping is given in Appendix A, where it is also shown 

that / and 8 are canonically conjugate variables and that the mapping is area preserving. 

Phase space in the {1,8) representation is defined in the following way. For any 
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Fig. 1. A convex billiard and the parametrization of trajectories. 

given direction 9 construct the two tangents to i-he boundary E in the 9 direction. Their 

impact parameters l-(9) and l+(9) define the range of I values of chords in the 9 direc

tion which the billiard can accommodate. The domain of the mapping is the section of 

the (I,9) cylinder which is bounded for every 9 by 

1.(9) < ; < / + ( « ) . (ii.i) 

This ribbon-shaped phase space is topoiogically Mentical to the domain of the mapping 

in the (sypt) representation. 

We shall now discuss the various classes of dynamics one can observe in convex bil

liards. The only smooth billiards which are completely integrable are those with elhptic 

boundaries. The simplest one is the circular billiard. Choosing the origin as the center, 

one finds that the classical mapping reads, 

/ n + l = / n 0n+l=9n+*>(ln) </J-2) 
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where u(l) = w — 2arcsin(l) and we assume that the radius is of unit length. The clas

sical orbits are periodic If ui(/o) is a rational multiple of ir. Each periodic orbit is deter

mined by the arbitrary initial angle So. The set of periodic orbits is therefore dense on 

the line / = /(j. If W(IQ) is irrationally related to w, the classical orbit is not periodic, and 

it covers the line I = IQ ergodically. If one draws the chords corresponding to these two 

classes of trajectories, one Snds that periodic orbits are polygons bounded by the circu

lar billiard. Nonperiodic trajectories cover a circular strip which occupies all the points 

with a distance r > lo from the center. The circle r = lo is a caustic- the line which 

separates the allowed and the forbidden regions. 

For an elliptic billiard, the integral of the motion F is the product of the angular 

momentP. with respect to the two foci of the ellipse. Taking the origin at the center of 

gravity of the ellipse, and the reference direction along the major axis, we find that 

F = P-d2sin*B, (JJ.3) 

where d is half the distance between the foci and we scale the magnitude of the velocity 

vector to be 1. Trajectories are confined to the curves (II.3). Of particular interest are 

the periodic orbits of period two, which correspond to reflections along the major axes of 

the ellipse. The trajectory which bounces along the major axis ( F = 0,1 = 0,8 = 0, it) is 

unstable (sum of radii of curvatures is smaller than the diameter). The trajectory along 

the semi-major axis (F = S , l = 0,6 = ir/2,3ir/2) is stable. The invariant curves (I?-3) 

depend on the value of F. For F > 0 these curves never cross the line / = 0. If F < 

0 the invariant curves are closed, crossing th<! / axis twice. As F tends to its minimal 

value — d2, the curves shrink to z. pair of points corresponding to the stable period-two 

orbit discussed above. The line with F = 0 is a separatrix distinguishing between the 

two kinds of trajectories. The two branches of the separatrix are the stable and unstable 

manifolds of the unstable period two orbit along the major axis. 

An initial value (/o,<?o) determines the value of F and the motion can be considered 

to be a mapping of the closed curve F(I,S) = F(lo,9o) on itself. One can introduce a 

new variable £ which is monotonic in the arc length along the invarirnt curve. One can 

normalize £ such that the circumference of the invariant curve is unity. In this variable, 
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the dynamics on the invariant curve is simply ( —. ( + JJ, where j; is the rotation num

ber. If r; is rational, we have periodic motion, and the set of periodic orbits cover the 

invariant curve. For irrational rj the invariant curve is covered ergodically by a single 

trajectory. 

We are now in a position to study what happens if the elliptic billiard is deformed. 

The dynamics is no longer integrable, since there exists no global invariant function 

which replaces F(t, 8). One expects that the loss of integrability manifests itself by the 

onset of chaotic motion. In the sequel we shall quote some of the results known for con

vex billiards in two dimensions. This theory addresses the same problems which the 

KAM theory does in the case of systems with smooth Hamiltonians. 

Lazutkin 13' obtained the following remarkable result. Consider a convex billiard 

whose boundary is sufficiently smooth. (The exact requirement is that the radius of cur

vature of the boundary is bounded from above and below by positive constants, and as 

a function of tb<; arc length, it has 553 continuous derivatives). Then, there exists a pa

rameter a > 0 and a set of irrationals E(a) with a positive Lebesgue measure, such that 

to every r] € B(a) corresponds an invariant curve of the billiard mapping, with a rota

tion number rj. The set E(a) is denned as the set of irrationals n < a which satisfy, for 

any integers n > 0, m 

M - m\ > A\m\n-2S . (IIA) 

It can be shown that p(U(a)) > a — Car2'5 where A > ) and C are constants. Lazutkin 

makes the important remark that "... the family of invariant curves is discontinuous: 

neighborhoods of rational 17 are excluded. This limitation is associated not with the 

method of proof but with the nature of the problem." 

What Lazutkin's theorem says is that a smooth deformation of the elliptic billiard 

preserves the invariant curves with sufficiently irrational rotation numbers, and chaotic 

motion replaces the degenerate periodic orbits (rational rotation numbers). The im

portant element in this theorv is that it also indicates what are the crucial ingredients 

which should be maintained so that the deformed billiard preserves some of its invariant 

curvev it should remain convex, the deformation should be smooth, and should also be 
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devoid of too flat segments. We shall now study billiards which do not conform to the 

above conditions, and quote some results on the conditions which are sufficient to turn 

the billiards chaotic. 

Bunimovitch 19~J0> studied a general class of (not only convex) billiards which 

are composed of straight segments and arcs of circles. (Polygon billiards are excluded, 

but billiards composed exclusively of arc segments are acceptable). Bunimovitch found 

the conditions under which the mapping describing the dynamics in these billiards are 

Bernoulli and hence K-systems: 

i. Take any arc and draw the part of the trajectories which connect it to any other arc. 

and which can do so directly or by reflections from straight sections only. Denote by Ca 

the length of the chord which is the intersection of the trajectory with the circle whose 

arc is the starting point of the trajectory. Denote by d^ the total length of the trajec

tory. Then, for Bunimovitch's theorem to hold, it is necessary that the set of trajectories 

which satisfy the strict inequality da > Ca has positive measure. In physical terms this 

means that the focusing elements in the billiard are so far apart from each other, that a 

parallel beam of trajectories which focuses at a point has sufficient distance to diverge to 

a size larger than its original size before it reflects again. 

ii. Consider the set of trajectories A" which scatter between straight segments of the 

billiard m times with m > na. The second condition is that the measure of the sets A% 

decrease faster than 1/n for some positive a > 1. This condition can be understood as 

requiring that trajectories which are trapped between straight segments during n reflec

tions are sufficiently rare. 

The Bunimovitch stadium is the most famous example of chaotic billiards which 

satisfy the requirements above. One can think of other more exotic examples. 

From the above considerations it is clear that the crucial element which leads to un

stable and chaotic behavior is defocusing. In convex billiards one can achieve this by suf

ficient separation of the focussing elements. If one removes the restriction that the bil

liard is convex, and one allows concave elements, they produce the necessary dispersion 

of near-bye trajectories resulting in chaotic behavior. Sinai 21J was the first to consider 
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such systems, and he proved that bilUards with dispersing components are chaotic in the 

sense that the discrete dynamical mapping is a K system. 

This short classification of billiards cannot be complete without some remarks on 

other classes of billiards. Rectangular billiards are integrable and so are various other 

polygons with rational angles, which tesselate the plane under reflections at the bound

aries. The equilateral triangle is an example of an integrable billiard. Other billiards 

such as e.g. a 3x2 square of which a 1 x 1 corner square is removed, is not integrable, 

in spite of the fact that due to symmetry, the magnitude of the vertical aiid horizontal 

components of the momentum are constants of the motion. Richens and Berry 2 2 ' name 

such systems "pseudointegrable", and show that they are not integrable in the sense that 

one cannot find an action -angle representation for the dynamics. The reason for this 

phenomenon Ues in the fact that phase space does not have the topology of a torus. The 

motion in pseudointegrable systems has a chaotic property which is due to splitting of 

beams at some vertices rather than because of exponential instability. A detailed dis

cussion of such bilUards can be found in ref.22. Richens and Berry conjecture also that 

polygon bilUards with angles which are irrational multiples of T are ergodic. 

III. Quantization-' The Semi-Quantal Secular Equation 

We shall now enter the realm of quantum (wave) dynamics, where our main con

cern will be to find the spectrum of the wave analogue of the classical billiard. In other 

words, we look for the spectrum of the Helmholtz equation with Dirichlet conditions on 

the billiard boundary. We shall use a rather unconventional approach to thi3 problem 

by expressing the secular function (the function whose zeroes are the eigen-energies) in 

terms of a related scattering problem1 ). The advantages of this method will become 

clear when we introduce the semi-classical approximation. Our main purpose is to show 

that this approach leads to new and interesting results as well as to the well known 

semi-classical theory which stems from the Gutzwiller semi-classical trace formula. We 

shall start by treating in detail the quantization of convex billiards. Concave billiards 

can be quantized in the same spirit, and this will be done later. 
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III.a Quantization of convex billiards. 

We use a polar representation of phas* space in terms of the coordinates ir,4>) and 

the conjugate momenta (krJ) (note that classical actions are expressed in units of h). 

A general scattering wave function which vanishes on the billiard boundary takes the 

asymptotic form 

*">(r) = ft
l-\r) + ^ ^ , m ^ m + ) ( r ) (III.l) 

m 

for r outside the smallest circle which covers the entire billiard. Here / } ( r ) are incom

ing and outgoing cylindrical waves with angular momentum f: 

j f V ) = [Ji(kr) ± iiV,(*r)jexp(i^) 

Jl(x) and Ni(x) are the Bessel and Neumann functions, and 5 is the scattering matrix. 

The origin of the polar coordinates is conveniently chosen at the center of the smallest 

covering circle. For convex billiards it is inside the boundary S. 4" ' ' ( r ) as defined above 

describes the wave function only within the domain of convergence of the series (III.l), 

which is confined to the exterior of the the smallest covering circle. Th"" divergence of 

(III.l) is due to the presence of the Neumann functions which diverg". as r -+ 0. If we 

could find a linear combination of the functions $( ' ) (r) such that the coefficients of all 

the Neumann functions would vanish, then the resulting function will be represented by 

a series which converges in the entire plane. By construction it is a regular solution of 

the Schrodinger equation also inside the billiard and it satisfies the boundary conditions 

on £ . In other words, it would yield an eigen-function of the billiard. Such a linear com

bination of the *C ' ( r ) can be found only if 

Z(E) = det {I-S(E)) = 0, (.111.2) 

which is the desired secular equation for the "inside" quantized billiard. 

The matrix 5 is of infinite dimension. The fact that the billiard does not extend to 

infinity implies that we can find two angular momentum bounds, £+ > £ _ , such that 

for any / which is sufficiently far from the interval ( £ _ , £ + ) , and for any m, we have 

Si.m « Km (III.3) 
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This means that the value of the determinant (III.2) is always vanishingly small, and 

the secular equation above is not very useful in its present form. A way to discard the 

contribution from the physically uninteresting range is naturally suggested in the semi-

classical domain. There, the approximate form (III.3) becomes progressively more exact. 

Thus we can truncate $ to the domain 

L-<l,m<L+ (HI-*) 

and replace (III.2) by a semi-quantal secular equation 

Zaq(E) = det (7 - S(E)) = 0 (III.5) 

where 5 is a matrix of dimension A = L+ — £_ which is obtained by restricting 5 to the 

range (III.4), and which is semi-classically unitary, due to (III.3). 

The secular function Z,q(E) is the basic building block for the theory which follows 

here, and therefore we should reflect or: it for a while. The approximation which leads 

to (III.5) is semi-classical in nature, since we neglected the contributions of spherical 

waves which are represented classically by rays which do not hit the billiard. The ra

dial wave functions of these waves fade exponentially fast in the region occupied by the 

billiard. Hence we call them evanescent waves. As the energy increases, the dimension 

A increases, since A = [kD\ where D is a typical diameter of the billiard. However, A 

grows in a discontinuous fashion, and special care must be taken at "threshold" energies 

where the jumps in A actually occur and the secular function is discontinuous. We shall 

show below that in spite of the fact that threshold energies occur throughout the entire 

energy axis, energy intervals betiveen successive thresholds contain increasingly larger 

number of eigen-values, so that the problematics due to thresholds decrease in relative 

importance as the energy becomes higher (or, equivalently, in the semi-classical limit). 

Some numerical evidence which justifies the applicability of (III.5) will be discussed at 

a later stage. We should emphasize that so far, the input which enters into ths secular 

equation is strictly quantum. This is why we refer to (III.5) as the semi-quantal secular 

fu^ctio-i. In the next chapter we shall use the semi-classical expression for the S-matrix, 

and obtain the desired form of the semi-classical secular equation. The truncation of 
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(III.2) and the assumption that the restriction of 5 to the range (III.4) is unitary, can 

only be justified semi-classically. 

As an illustration of the secular function defined above, let us consider the circular 

billiard. The S matrix is diagonal in the angular-momentum representation with eigen

values 

exp («,(*)) = ~{Ji(kR) - iNi{kR)/{J[(kR) + iNt{kR) {HIS) 

where R is the circle radius. To satisfy the secular equation, one of the eigen-phases 

&t{k) should be an integer multiple of 2TT, which can only happen when Ji(kR) = 0. 

This is the exact quantization condition of the circular billiard. In the present case 

L± = ±kR, and it is known from the theory of the .Bessel functions that the smallest 

positive zero of J{(x) is larger than /. In other words, the eigen-values with wave num

bers less than k, are due to the vanishing of J[(kR) with |/| < kR, which shows that the 

semi-classical truncation which leads to (III.5) is exact in the present case. 

Ill.b Quantization of billiards with arbitrary shapes. 

We shall now show that a semi-quantal secular equation of the type (III.3) applies for 

the quantization of billiards of arbitrary shapes. To facilitate the discussion we shall re

strict ourselves to billiards which satisfy the following requirements: 

i. The billiard has to accommodate at least one chord T which is normal to the two 

tangents at its two ends (see Fig. 2). T divides the billiard into two parts which 

we refer to in the following as the "left" (L for short) and "right" (R) parts, 

ii. The tangents at the end points of T do not intersect L in their continuation to

wards i?, and do not intersect R in their continuation towards L. 

If there exist more than one chord with this property, one can chose any chord for 

the purpose of the discussion and proof. There exists, however, an optimal chord, and 

the guide-lines for its choice will be explained. 

We now turn the "inside" billiard problem into two independent scattering systems. 

The L system is constructed by considering the opened billiard defined by the bound

ary of L (to be denoted by E/,) and the two parallel tangents which go towards R. The 

two tangents form a channel which matches smoothly to E^. Imposing specular reflec-
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Fig. 2. Auxiliary construction for quantizing a billiard. 

tion conditions classically, or Dirichlet boundary conditions for the wwe problem, the 

L system is completely specified. The R system is defined in exactly the same manner. 

Note that the R (L) part of the billiard is completely discarded when we consider the L 

(iZ) scattering system. To each of the two systems we attach a coordinate system where 

the chord T coincides with the y-axis. The positive x-axis coincides with the lower chan

nel wali for the L system. The negative z-axis for the R system coincides with the lower 

wall of its channel. 

A scattering solution for the L (R) system must vanish on the boundary S i ( £ « ) , 

and asymptotically, for large values of x ( - 1 ) , 

*LI,Jl,<*, V) - £ y/tiZJW) k . / ^ ' " + S{
n
LiR)e±ik'x] MV) (IH.7) 

The scattering solutions describe a wave propagating down (up) the positive (negative) 

axes in the mode n. After scattering ifom the L {R) boundary, the A modes which are 

energetically allowed to propagate in the channel are scattered with amplitudes given by 

the corresponding scattering matrix S (S ). The number of propagating modes A is 

- 15 -



the integer [Dk/ir]. D is the length of the chord V and it is the wave number. The func

tions 4>((y) are a complete set of transverse mode functions with eigen-energies (lir/D)2. 

The corresponding longitudinal wave numbers are fy, for I < / < A. 

At this point we would like to use the scattering functions (III.7) to construct an 

eigen-funct ion of the original billiard, namely, a function which vanishes on the entire 

boundary £ = £/; 4- T.R. A possible candidate will be a function which is deiined piece-

wise as a linear combination of the $lf inside the L region (x < 0) and a linear combi

nation of the 'iff inside the R region (0 < x). Such a function will automatically satisfy 

the boundary conditions on E. The requirement that the function and its normal deriva

tive are continuous at T, provides the quantization condition. 

The main approximation which we are now about to introduce, consists of taking 

the form (111.7) as a proper representation of the exact wave functions not only in the 

limit |i[ -* oo but also in the vicinity of I\ That is, we neglect the contribution of the 

evanescent modes to the scattering wave functions at the interface. Such an approxi

mation is justified since classically, evanescent modes correspond to propagation with 

imaginary momenta. In the semi-classical approximation these trajectories give contri

butions which are exponentially small (of order exp(—1/fi)), and are therefore discarded. 

This approximation is expected to be at its worst at threshold k values, namely, when 

the longitudinal wavenumber is very small, so that an evanescent wave takes a large 

distance to decay. The reason for our particular choice of the chord T is now becom

ing clear. In this way the matching of the channels to the L and R billiards is smooth, 

and under such conditions, the role played by evanescent modes is minimized. We could 

make the same construction but with channels which are not smoothly matched. Then, 

the evanescent modes play a significant role at the interface, which may limit the appli

cability of the semi-classical approximation. 

For smooth matching at x = 0 we must require that there exist coefficients aj ' , 

I = 1 , . . . , A, which solve the linear equations 

A A 

J2 a^kn/k-t)l/2 [Snj + S£j] = £ «*(*„/**)1/2 [<W + S*j] (III*) 

- 16 -



and 

ik, -£ o i ( * n / i , ) , / 2 [-*„,/ + S*,] = ik, £ °S(kn/k,)l» [*„,, - S*,] , ( / / J .9) 

resulting in the quantization condition 

Z.q(E) = det (JLSJ)=0 (III.W) 

Simple algebra brings the secular function to its final form 

Z.q(E) = det ( / - SlSR) = det ( / - S) ( I J / . l l ) 

where S = SL SR is a unitary matrix of dimension A. Thus, we have shown that a semi-

quantal secular equation can be written in the form (III.5) also for the quantization of 

billiards with more general shapes. 

As we have done previously, we shall show that the semi-quantal secular equation 

applies exactly in a simple integrable case. Consider the quantization of a rectangular 

billiard with the four corners at (0,0), (a, 0), (a , 1), (0,1). We shall write the secular 

equation in two ways. We shall first chose the line T as the side of unit length along the 

y-axis. We construct the channels by extending the two sides which are perpendicular 

to it. The 5 matrices are of dimension A'1 ' = [i/ir]. It is easy to see that for Dirichlet 

boundary conditions, 

S„,m = -«n,mexp ^ i a (it2 - (nir)2) * \ (111.12a) 

and 

£ ? m = -<n,m (III.12b) 

Hence the effective S matrix is given by 

S„.m = i„ ,mexp (2ia (i-2 - (nir)2) 2 ) (/ / / .12c) 

The quantization condition can be readily shown to give the known spectrum 

. 1 
In.m = ir (n 2 + (m/af) ' ( / / / .13) 
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Fig. 3. Quantizing a Sinai Billiard with an auxiliary channel. 

We now choose for the section T the side of length a along the z axis. One can repeat 

the calculation for this choice and find the same spectrum as was previously derived. 

All the numerical studies which will be used to illustrate the semi-classical theory 

were performed on a model system which we shall describe now. It is the Sinai billiard, 

of which we treat only a symmetry irreducible eighth, (see Fig 3). To quantize this bil

liard we attach a wave guide and take the section T as the interface between the channel 

and the billiard. It is easy to see that in this case S f i = —/ and SL is the scattering 

matrix of the entire cavity. The smooth connection between the billiard and the channel 

makes this system a particularly convenient model for our purpose. 

The first problem which we would like to illustrate with this system is the applica

bility of the semi-quantal secular function. In Fig. 4a we compare the exact spectrum 

of the Sinai billiard in a certain energy interval with the zeroes of the semi-quantal sec

ular equation. We plot the difference between the exact and approximate energies nor

malized to the mean level spacing. As an abscissa we use the (imaginary) momentum 

in the lowest evanescent mode. The figure shows clearly that the error is rather small 

and decreases exponentially as one gets further away from the threshold. This behaviour 

can be explained in the following way. The exact secular equation can be obtained from 

scattering solutions 4»i''*' when one does not ignore, but rather incorporates the con

tribution of the evanescent modes in deriving secular equation. The secular equation has 
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the form (III.2), but now, the matrix S is not unitary. Assume for simplicity that only 

the lowest evanescent mode is retained. Then, the last raw and column of 5 correspond 

to the coupling of the propagating modes to the first evanescent mode. It can be shown 

by standard perturbation theory, that to lowest order in the added matrix elements, the 

first A eigen-values of 5 are unimodular, and that the shift in the zeroes of the secular 

equation (measured in units of the mean level spacing) is of order |5„ A+I |2- (The index 

n stands for a typical propagating mode number). Thus, as long as the energy is suffi

ciently far from thresholds, the error in the semi-quanta] eigen-energies is exponentially 

small (Fig. 4b). 

The restrictions posed on the choice of the section T are not essential and they were 

necessary only to enable the most transparent presentation. One can chose V rather ar

bitrarily, and the formalism could be followed through with some more effort. For prac

tical purposes, it helps if the channels join smoothly to the cavity (adiabatic matching) 

and if the sets of trapped orbits in each side is minimal. 

III.c Properties of the Semi Quantal Secular Equation. 

We shall end this chapter by deriving some general properties of the semi quantal secu

lar equations. We shall prepare the ground for the semi-classical theory, by casting the 

secular equation in different forms which will turn out to be convenient later on. 

The secular equation (III.5) is a complex valued function. It will be convenient to 

write it as a real amplitude times a phase factor, 

Z,q(E) = exp Ue(E)) 2* n s i n ^ • i"1-1*) 

Where 
A 

0(E) = £0 t (E) - AT . (IJ7.15) 
( = 1 

Here, the eigen-phases of the 5 matrix are denoted by &i(E) for / = 1 , . . . , A. Q(E) 

is the phase of det(—S(E)). This quantity will play a major part in our discussion. It 

should be pointed out that A is itself a function of E, but unless otherwise specified, we 

shall consider energy intervals between neighboring thresholds, where it is a constant. 

- 19 -
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Fig. 4 (a) The deviations in the positions of the zeroes of Z,9(k) from the true eigen
values. A = 1 (squares) A = 2 (crosses) and A = 3 (circles). The deviations 
are measured in units of the mean level spacing. 
(b) A comparison between the deviations for A = 3 (full circles) and the re
sults of perturbation theory which includes coupling to the evanescent modes. 

As is dear from (HI. 14), an eigen-value is encountered whenever any of the eigen-

phases $/( E) is an integer multiple of 2JT. Thus, the spectral density (1.2) can be written 
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l=\ 

where TJ(E) = jg and Sp(x) is the 2jr-periodic delta function. Using the Fourier 

series for 6p(x) we get 

1 A 1 oo A 

" / = ! n = W = l 

If the quantities 0/ and T/ are smooth functions of the energy, one can interpret the first 

term on the right-hand side of (III.17) as a smooth part d{E) of the level dentity, 

J(£) = 5rEr'(£>- (///.17a) 
" / = 1 

It is important to remember that the T[(E) and their sum are not guaranteed to be 

smooth functions of the energy. This is why we use the notation d (or N) and thus dis

tinguish them from the energy averaged quantities < d > and < N > which were intro

duced previously. However, we shall show in the next chapter that in the limit of small 

fi, |d— < d > | — > 0 a s n - * 0 . Thvs, in the semi classical limit we could approximate 

the energy averaged quantities by their counterparts wliich are defined via (III.17a). An 

important insight is obtained by realizing that d{E) as defined above is simply related to 

the Wigner delay time23 ' T(E) = Tr(T(£)) where 

T(E) = ^-S^S" (III.IS) 

and the prime stands for differentiation with respect to E. In other words, 

1 A \ 

This result is very important since it shows the connection between three quantities- the 

mean level density inside the billiard, the mean delay time and the excess spectral den

sity in the scattering problem (relative to the free space density), which is due to the 

presence of the scatterer. 



Eq{UM9) can also be written as 

HE) = ±&{E) (III.W) 

as long as E does not coincide with a threshold where A changes by ± 1 . Wc can obtain 

the corresponding counting function N(E) by integrating both sides of (III.20) over an 

interval [E\ ,£2] which does not contain a threshold value. 

N(E2) -N(EX) = - ; ( e ( £ f c ) - 6 ( £ i ) ) 

It turns out, however, that the piece-wise constant term — AJT which appears in the defi

nition of @(E) allows us to rewrite the above equation in the form 

N(E) = -Q(E) (III. 21) 

This relation is of crucial importance and will be used and discussed repeatedly. A semi-

classical argument will be used in the next chapter to derive Weyl's expression > for 

N(E) based on equations (III. 19-21). 

It is convenient to consider the secular function at a given energy as the char

acteristic polynomial of the matrix 5, det(A/ — S), evaluated at A = 1. Thus, the 

secular equation is the sum of the coefficients ft, I = 0 , 1 , . . . , A of the polynomial 

det(A/ - S) = £(A=o //A' with / A = 1, / A _ i = T r ( - S ) /o = d e t ( - S ) . In general, / , 

is the homogeneous symmetric polynomial of degree A — / which can be constructed from 

the A eigenvalue of S. The unitarity of 5 implies an important symmetry among the / j , 

namely 

exp -<5X>(i") / , = ( - l ) A e x p 
A 

I 
1=1 

4l>(£) «-» 

Using (III. 15) and (111.21) we get 

exp [-i*N(E)] h = exp [i*N(E)] ft-

(JJJ.22) 

(177.23) 

We shall show below that this set of equations plays the role of the "functional equa

tions'' which appear in the dynamical (," function approach25^. 



Utilizing relation (111.23) one may now write for the secular function 

I A 

cet(/-S) = det(AJ-S) =T"/ l = 
!*=> .to 

(//J.24) 
= exp[»VJV(E)]Se I exp[-ixN(E)] £ ( 1 + <(A,/o))/l i exp[-i>#(£)] £ ( 1 + <(A,/o))/l I • 

Here Jo = j(A + 1) for odd A. If A is even, Jo = ^A + 1. e(A,/o) = 1 except when 

A is even and ( = .'o, in which case e(A, IQ) = 0- T̂ --? advantage of writing the secular 

function ia the form (111.24) is that it is entirely due to the unitarity of S. Thus, the 

removal of the contributions of terms with / < /o in (III.24) is not only a practical saving 

of numerical effort, but also an expression of a basic property of the system. 

The fi coefficients can be expressed in terms of Tr(5") with n = 1 , . . . , A. This 

follows from the Newton identities 

TV (5*) + / A _ ,Tr (•>*-') + . . . + / A _ t + 1 T r (S) + * / A _ t = 0 , (111.25) 

v.hich are valid for 1 < k <_ A *. This is a set of A linear equations for the / ] , in tri

angular form, with Tr^S") as coefficients. These equations can be solved using a simple 

iterative algorithm. The result takes the form 

A - / = J ^ ^ , T ) ( T r ( 5 P ' ) ) " . . .(Tr(5P»))r- , (111.26) 

where p and r are vectors of non-negative integers, pi < P2 . . . , and the sum is on all 

vectors which satisfy 

£ > i r i = p . r = / . [II 1.27) 

* To prove (III.25), one has to compare two expressions for the logarithmic derivative of 

the characteristic polynomial: the first uses the explicit form p(x) = £ j = 0 fix , the other 

is the formal infinite series for log det(Ix — S). Since 5 satisfies its characteristic equation, 

TvSx+k = - £,A
=-0' f,Sk+l, the infinite series can be resumed. The details of the proof are 

left as an exercise. 
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The coefficient <rfr , is a combinatorial factor, resulting from the triangular nature of 

(III.25). As an illustration, we quote the results for the first few /;: 

/ A _ , = -Tr ( S ) ; ( / / / .28a) 

/ A - 2 = \ ((Tr 2(S)) - Tr (5 2 ) ) ; (/ / / .286) 

/ A - 3 = -I (Tr 3 (S) + 2Tr (S3) - 3Tr (5)Tr (S 2 ) ) . ( / / / .22c) 

In the next chapter we shall make use of the semi-classical approximation to express 

Tr(S") in terms of classical quantities. This will yield the desired semi- classical quanti

zation since it is an algorithm which gives quantum energies based on classical informa

tion. 

IV. The Semi-Classical Secular Function 

In the present chapter we shall introduce the second semi-classical step which will 

convert the semi-quanta, secular function to a proper semi-classical expression. This will 

be achieved by deriving a semi-classical approximation for the 5 matrix and in particu

lar for Tr(Sn) since the latter are the building blocks of the secular equation (III.5). 

We shall start by describing the classical theory of scattering for the two systems we 

used for the quantization of the billiard. We shall show that the intimate relationship 

between the motion inside the boundary and outside it, which we used for the quantiza

tion, exists also in the classical domain. Our semi-classical theory wiil capitalize on this 

duality. 

Let us consider first the scattering from a convex billiard. A scattering trajectory 

outside the billiard can be parameterized in terms of the parameters (0, /) which were 

used in Chapter (II) to parametrize the segments of trajectories inside the billiard. A 

single scattering event generates a correspondence between the parameters which spec

ify the incoming ray (9,1) and those which specify the outgoing ray (ff J'). The domain 

of this correspondence can be defined in terms of the functions l±{8) which were intro- * 

duced in Chapter (II). For any given 9 there exist two limiting values of the angular mo

mentum, /_(#) and l+(0), such that no reflection occurs for scattering trajectories which 

aim at the billiard at an angle 8 with J < (-(9) or / > l+(8). Thus, the stripe a appears 
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also as the domain where the billiard affects the scattering. For ($, I) values outside a, 

there will be no deflection, and the trajectories continue as straight lines. The extreme 

of a along the angular momentum axis give the semi-classical values of L± discussed in 

Chapter (III). 

Fig. 5. The "inside-outside" duality of classical trajectories. 

A further link between the "inside" and the "outside" dynamics is established by 

noting that any external reflection {6,1) —> (& ,1') corresponds to an internal trajectory 

which impinges on the billiard at the same point with opposite incoming and outgoing 

directions and the same values of the angular momenta but for a change of sign (see Fig 

5.). 

To make the "inside-outside" analogy complete we have to go one step further. A 

scattering trajectory is a one-shot event: A trajectory appears from infinity, hits the bil

liard and escapes back to infinity. A bounded trajectory reflects from the boundary in-

- to -
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finitely many times, and can be described in terms of a mapping. We shall now show, 

that there exists a natural way to introduce a mechanism which allows scattering trajec

tories to be re-injected after being scattered. This will turn the correspondence defined 

above into a scattering mapping, mediated by scattering trajectories. As a matter of 

fact, such mappings occur for any scattering system and form an important tool in the 

study of classical scattering. One usually refers to them as "Poincare Scattering Map

pings" (PSM). A general definition of the PSM, its ration d'etre and its relation to the 

semi- classical S matrix can be found in references 26, 27 and articles cited therein. 

The PSM in the present case is constructed in the following way. A point (0, /) € a 

corresponds to a straight line trajectory which is incident on the billiard at an angle 8 

and angular momentum / (see Fig. 5). The trajectory scatters into the direction & with 

an angular momentum I'. The re-injection is effected by considering (ff, I') as defining 

an incoming trajectory. It moves on the same line as the previous outgoing trajectory, 

but it impinges on the scatterer on a diametrically opposite point. The generating func

tion which induces the mapping is given in terms of the reduced action 

* = - ( /rdk r + J<t>dl\ , (/V.l) 

which is (but for an overall sign) exactly the same as the generating function which con

trols the dynamics inside the billiard (see (A.6)). Note also that this quantity can be 

interpreted as a WKB phase shift incurred in the incoming and outgoing branches of the 

trajectory. The fact that the mapping can be derived from a generating function guaran

tees its area preserving character. 

Consider now the second method, in which we used auxiliary wave guides to quan

tize the billiard. Consider the 'left' scattering system first. The motion in the wave 

guide is integrable, since the absolute value of the transverse momentum py is conserved. 

As a matter of fact, one can express the transverse motion in the wave guide in terms of 

action-angle variables 

y ->D-v (IV.2) 
<p = ^en(^) + —n^eH(-kyyl 
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(One can easily see that the quantal analogue of / is the mode number n introduced pre

viously in the quantum version (III.7)). A trajectory in the wave-guide corresponds to a 

fixed value of / and a phase angle which changes periodically. As a matter of fact, tra

jectories with a given / fill a torus. To specify a particular trajectory one may use the 

value of the phase when the trajectory crosses a transverse reference line. Consider now 

a scattering trajectory with a given / value, and which crosses the reference line having 

a phase angle 4>- It scatters in the billiard and emerges finally with action I and phase 

$. Thus, the scattering to the left defines a correspondence (!,<!>) —* (/, ^). One can 

turn this correspondence into a PSM by introducing the appropriate re-injection mech

anism: specular reflection of the trajectory at the reference line. Thus, a mapping Ti is 

defined. A similar mapping can be defined for scattering in the right component of the 

original cavity. It is natural to choose the line T as the common reference line for both 

the left and the right sections. If we now glue again the two parts to form the original 

billiard, we can interpret the mapping obtained by the product TRTI in the following 

way- Take a trajectory which scatters first to the left, and crossing T, from left to right, 

it defines the correspondence (/, 4>) —* (J, 4>)- The trajectory continues into the right 

part and emerges back through T with action angle values (/', <j>'). Thus, the product 

system defines a proper Poincare section through T (I,<t>) —» (/', ij!) which is area pre

serving since it is mediated by classical trajectories. The above definition introduces a 

're-injection' mechanism by construction. We shall see below that this Poincare map is 

the classical analogue of the unitary operator S = SRSI-

The semi-classical approximation is now introduced by the following argument: An 

S matrix is a unitary transformation which acts on the space of state vectors which can 

describe all the possible initial or final conditions of the scattering process. The PSM is 

the classical analogue of the S matrix, being an area preserving mapping of the section 

of phase space which defines the initial and final states of the scattering system. The 

semi-classical approximation of the 5 matrix makes use of the trajectories which mediate 

the PSM, and of the generating function (action) which is associated with the classical 
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mapping. It reads 2 6 ' 

S„m S J2 A^Xexpiii^l + <£"«), IIV.3) 
a 

where n,(m) stand for the initial (final) quantum numbers which axe the quantized val

ues of the action variables which define the initial (final) states of the classical scatter

ing system. The action $ is the reduced action, (measure in units of fi). The absolute 

square of the amplitudes Aa give the classical contribution of the trajectory a to the to

tal transition probability. va is the Maslov index and it includes also the pbssa factor 

which is multiplied by (-1) for every collision with the boundary (for Dirichlet boundary 

conditions). The summation extends over all the classical scattering trajectories which 

satisfy the boundary conditions which define the transition. 

We have shown, however, that for the two classes of problems which we discuss 

here, the classical scattering map can be identified with a mapping which describes the 

motion inside the billiard. Hence, from now on, we may forget the scattering origin of 

S in the secular equation. All we need is its semi-classical version (IV.3) which can be 

thought of as a semi-classical representation of a classical mapping which describes the 

dynamics inside the billiard. Matrix multiplication is performed by first expressing the 

summation over the intermediate indices as a sum of integrals by using the Poisson iden

tity. Then, each integral is performed by the saddle-point approximation. The trace op

eration is also performed in the same way, and standard techniques (see e.g. ref. 16 or 

28) enables us to write the semi-classical expression for ^(S71) in t--ms of periodic or

bits of the classical mappings which corresponds to the unitary operator S. We have 

shown above that these mapping are nothing but the ones describing the dynamics in

side the billiards. 

Tr(Sn)« Y. C«,/x,exp(ipa$a) (IVA) 

HaPa=I* 

The summation is over all primitive periodic orbits a of period ija which, if repeated 

pa times, will perform a period of length n. The action $ a is assumed to include the 

Maslov index as well as the phase factor, which is due to the reflections from the billiard 
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boundary. The amplitudes Ca,Pa are given by 

£»,„„ = , Va L , (/V.5) 

V\dct(I - M£')\ 

where Ma is the matrix of the tangent mapping (the Jacobian) calculated for the primi

tive periodic orbit a. 

Substituting the semi-classical expression (IV.2) in (III.26) we get 

Nip) 

A-«-£C)II 
p,r j=\ m1aPa=Pj 

where N(p) is the number of primitive orbits (number of positive pi) in the composite 

orbit (p, r ) . This complicated sum can be viewed as a sum over objects which Berry and 

Keating25* called "pseudo orbits" and which we prefer to name composite orbits: For 

each composite period / one considers all groups of primitive periodic orbits with periods 

T)a and repetitions pQ such that 

i = £ w < /v'v> 
3 

The non negative integers ry and the corresponding pj = ijapa identify the partition 

labels (p, r ) . The composite action is obtained by summing the actions of the periodic 

orbits together with their multiplicities, and the composite amplitude is obtained by tak

ing the product of the amplitudes (•:. Juding also the combinatorial factor 4>\1 r*)- Thus, 

expression (IV.6) for the coefficients f\-i can be written as a sum over composite orbits 

/A_, = £ci"exp(i*i')) , OV&) 
3 

where the index * labels the composite orbits. 

The semi-classical expressions for / ; and f\-i do not manifestly obey the symme

try relation (III.23) — they are constructed from composite trajectories of different 

length and the corresponding semi-classical series (IV.8) are not guaranteed to satisfy 

the proper symmetries. These observations emphasize the basic and most severe limi

tations of the semi-classical approximation — it does not preserve the structural con

straints which are due to a basic conservation law- namely - that the 5 matrix must be 
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unitary for real energies. However, the secular function, in the form of (III.24) , already 

assumes unitarity. Inserting (IV.8) into (III.24) therefore creates a semi-classical expres

sion for the secular function, which automatically incorporates the unitarity of S(E). 

We get, 

det(7 - S) = exp [i*N(E)) 2*e | exp[-i ir#(£)] JT / A _ , 

exp[-i7r^(£)] Y, 5^ C»''exP (»*•'') 
/=o « 

This is the desired semi-classical expression for the secular function. (Note that we have 

written (IV.9) for the case that A is odd to facilitate the notation). This semi-classical 

secular function has the following properties: 

It is constructed from composite orbits with period less than A/2. This limits the peri

ods of the original periodic orbits by the same bound. Notice that so far the period is 

counted by the number of iterations of the PSM and not by the physical length of the 

period. We return to this point in the following paragraphs. 

The /; are expressed as cumulants in terms of the various powers of Tr(S"). Bogo-

molny 13' has shown that because of the shadowing property of periodic orbits 2 9 ' there 

are effective cancellations between various terms in the semi-classical expression, and 

most of the contributions come from a subset of the possible composite orbits. 

The structure of (IV.9) is similar to that of the Riemann-Siegel lookalike secular 

equation derived by Keating 3 ' by a completely different method. 

For convex billiards the mean physical length of the periodic orbits is proportional 

to the number of reflections from the boundary (the period of the map). We reach the 

important conclusion that for convex billiards the secular equation is expressed in terms 

of a finite number of periodic orbits whose physical length is bounded. We can estimate 

the bound on the period in the following way. The dimension of the 5 matrix is A = 

Dk, where D is the largest diameter in the billiard. Periodic orbits which scatter ^A 

times from the wall will travel a trajectory of mean length A = jA (c) = i/D (c) k as jAfc, 

where A is the area of the billiard and (c) is the length of a mean chord in the billiard. 
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The time it takes to traverse such orbits is (t) = X/v. Using Weyl's formula for the mean 

level spacing in the billiard we get (t) ss £h (d(E)), which is the Heisenberg time (the 

time needed to resolve two levels which are separated by the mean level spacing). This 

is similar to the time bound for periodic orbits in Keating's Riemann Siegel lnokalike 

secular equation. 

The situation is much more complex when one wants to apply the same ideas in the 

general case. Now, there may appear periodic orbits which are localized in space and 

never intersect the section I\ If, in particular the scattering into the L or the R parts 

of the billiard is chaotic, there is no relation between the number of times the particle is 

reflected from the boundary and the value of A. A fixed point, for example, gets contri

butions from infinitely many orbits, which reflect an arbitrary number of times from Zi 

and £/j before it hits V. The sums on periodic orbits (IV.O) extend over an infinity of 

orbits, and their convergence is not a-priori guaranteed. Thus, the expression (IV.9) pre

serves the formal structure imposed by unitarity, but might be meaningless as a numer

ical representation of the secular function. We shall show now that the difficulty which 

arises because of the presence of arbitrary long trajectories can be removed. Also here, 

a proper Riemann-Siegel lootaiike secular function can be written in terms of periodic 

orbits, whose physical length is bounded by the same bound as was given for the case of 

convex billiards. 

Following the ideas proposed by Keating30), we regard the semiclassical approxima

tion (IV.9) to the /( as formal expressions and impose on them the symmetry (III.23). 

We get 

exp ( -**# (* ) ) £ c i ° e x p (•*<"(*)) 

= e X p ( . ^ ( f c ) ) 5 : ( c ^ - " ) ' e x p ( - ^ - " ( t ) ) , ( / V 1 0 ) 

s' 

where for convenience we use the wave number k instead of the energy label. We choose 

a mean value k and expand the classical actions as well as N{k) about it. At this point 

we make the explicit assumption that N(k) js smooth and approximately coincides with 

(N{k)). In other words, we assume that we are already in the semi-classical domain. 

The k derivative of N(k) will be denoted by Xav and it is A times the average physi-
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cal length of a trajectory between successive passages through the Poincare section at 

T. The it derivative of the reduced actions Qa' give Ai ' — the composite length of the 

composite periodic orbit. We choose an interval of the size a which is large on the scale 

of the mean level spacing, but smaller than the distance between successive thresholds 

(this is easily achieved for large k). We proceed now with formal manipilations and 

multiply both sides of (IV.10) by txperimcnt(ikx) (;v>*h an as yet arbitrary i ) and in

tegrate term by term both sides of (TV.10) over the interval of size a about k. Using the 

linearized form of the phase factors in (IV. 10), and assuming that the amplitudes C, 

vary slowly with ib, we get 

exp ( - « * # ( £ ) ) £ Ci0exp ( i * i 0 ( i ) ) &a (A<" + X- A„„/2) = 

* (IV11) 
= « p ( w t f ( * ) ) £ ( C ^ - " ) * exp (- .*<?-'>(*)) S. ( - A ? - ' > + x + A„„/2) 

a' 

where ia(x) is a smoothed 6 function with a width a. We can use the Weyl formula (see 

(V.15) to write an explicit expression for Xav 

Aa„ = 2xk—kdN''iE) = Avr(k) (JV.12) 
m dE 

where v is the velocity. The last equation is now integrated with respect to x over the 

interval [-co, 0]. We also approximate the smoothed j-functions by their sharp counter

parts (thij approximation is discussed and justified by Keating22)). We get 

exp (-txtf(fc)) £ C f e x p ^ f i - ) ^ 

A<">iA0. 

= exp ( , > * ( * , ) £ ( < # - » ) ' exp ( - . < # - ' > ( £ ) ) 
, ( A - I ) < 1 , 

(IV.13) 

Note that the summation on the l.h.s. of the above expression is over composite orbits 

with length larger than |-Aa„, whereas the summation on the r.h.s. is over composite 

orbits of length smaller than j A„„. 

Starting again from (IV.9) but now multiplying by experiment—ikx), integrating 
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over k and x as before, v/e get 

exp (-»*#(£)) £ C*0«tp (i*i''(*)) = 

= exp(,W(*)) £ ( C ^ - " ) * e x P ( - < ^ - ' ) ( i ) ) ( / V - W ) 

*(,?-°>iA.. 

We have thus obtained the important result that the imposition of the unitarity of the 

5 matrix on the semiclassical approximation result in the relations (IV.13,14) which en

able us to express the contribution from all the long orbits to /A_J, in terms of the con

tribution from the short orbits to /', and vice vena. The dividing line between "long" 

and "short" orbits is given in terms of jA„„. We can now partition expression (IV.8) for 

fx-i into its short orbits and long orbits contributions. For the long orbit sum we can 

use (IV.13) and write an expression for / A - / which is based exclusively on short (com

posite) orbits: 

/ A - / = Y, Ci',exp(«*i',(t))+ 
A<"<lA0„ 

+ «p(M,i»(i)) £ (ci,A-'))-«p(-»w-'»(i)) (/V15) 

This expression is now to be substituted in (111.24) and it provides the desired expres

sion for the secular equation which is based on periodic orbits of a finite period, and of 

a finite physical length. The resulting expression is now completely equivalent to the 

Riemmn-Siegel lookalike secular equation derived by Keating. It has a structural advan

tage in keeping the contributions from groups of composite trajectories with the same 

composite period I in the form of a cumutant. This might be exploited by using the 

techniques developed by Cvitanovic and Eckhardt2,30'. 

As a last point, we would like to give an alternative interpretation of the bound ^A 

on the periodic orbits which contribute to the secular equation. We have shown that 

this limit does not restrict the physical length of the orbits when chaotic scattering pre

vails. However, it imposes an interesting bound on the average length of the contribut

ing orbits. Suppose the length of the segment dividing the billiard is taken to be D, and 
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suppose also for the sake of simplicity that the division is into two more or less equiv

alent pieces. The average of the physical length of a trajectory between two consecu

tive passes through the segment is, by simDle geometrical considerations, approximately 

(t) » Dv/xA, where v is the velocity and A is the area of the L (or R) half of the bil

liard. The dimension of the 5 matrix can be approximated by 

A * ^ * ^ (7V.16) 

Inserting the expression for (t) into (IV.16) we get 

1A {«)«!* « * ) ) . (iv.li) 

where the average level density is {</(£)) = mA/2i:t? by virtue of Weyl's relation. 

This again is reminiscent of Heating's time bound, only this time applied to the average 

length of the trajectories used. 

The moral of the story is that to quantize semi-classically a billiard of any shape, 

one needs trajectories whose period are not longer than the Heisenberg time h (d(E)), 

which is the time needed to resolve a typical spacing between successive levels. The dis

cussion above also helps us in making the optimal choice of the section T: It should be 

the section for which the quantities d and N give the best approximation to the properly 

energy averaged quantities (d) and {N}. This will typically happen if the segments T,i R 

cannot trap trajectories for a long t'rne. This has a good chance to occur, if the interface 

r is large so that escaping through it is most probable. 

V. Spectral Densities 

There are two complementary attitudes one can take in trying to interpret a spec

trum. One can examine each level individually, and for this purpose the secular func

tion is the appropriate tool, since by finding its zeroes, one obtains the spectrum level by 

level. The other approach is of more statistical nature. Here one considers average prop

erties such as the mean density, correlations of spectral fluctuations etc. This approach 

will be taken in the present and the following chapters. Clearly, the secular equation is 

the basis for any further development since it stores the complete spectral information. 
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The semi-classical theory of the spectral functions which will be derived here, will 

start from the semi-quanta] expression (HI.5), or rather from the more explicit form 

(III.14). The latter relation is rewritten as 

2A J J s in ?M1 = exp(-i0(£))det(/ - S(E)) (V.l) 
1=1 

The function on the left-hand side is manifestly real on the real energy axis. Using a 

well known identity, we derive the semi-quantal spectral density in the form 

dsq(E)=--tf^'osn-v1
 (K2) 

= 3(E) - - lira 3 m - 4 logdet(7 - S(E + ie)) 

This expression is the starting point for the d'lcussion of the two issues which we would 

like to clarify in the present chapter, namely, the semi-classics1, expression for the av

eraged spectral functions, and the relation of the present approach to the well known 

Gutzwiller theory for the spectral density. 

V.a The averaged spectral density. 

In the previous chapter we have shown that 3(E) is proportional to the Wigner time 

delay. If one decomposes the 5 matrix into its pole (resonances) contributions, one can 

see that the Wigner delay time is a superposition of normalized Lorentzians, positioned 

at the resonance energies, and having a width which is equal to the distance of the pole 

from the real axis. Another term in the Wigner time may be due to a smooth overall 

phase of the S matrix. Both contributions, however, add up to a continuous function on 

the real energy axis. Hence, the main difference between dsq(E) and 3(E) is that the 

former is a sum of 6 spikes, whereas the latter is a series of Lorentzians superimposed on 

a smooth backgror.siu. 

We shall show now that the two densities daq(E) and 3(E) have a common smooth 

average (d(E)). This is proven by evaluating (V.2) at a distance e from the real E axis. 

d(E + ie) and d(E + it) are the Lorentzian-weighted averages of their respective values 

on the real E axis. However, the 5 matrix decays exponentially to zero as e —• +co, and 

(V.2) implies that (d s , ( £ ) ) - {3(E)) -> 0. 
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As a matter of fact, d(E) approaches its smooth asymptote rather quickly. Con

sider the "«>rst" case when 5 describes chaotic scattering, and therefore is dominated 

by resonances. However, the resonance width is linear in h whereas their separation is 

quadratic in A 2 8 ' . Hence in the semi-classical limit, the resonances overlap. Moreover, 

the dimension of S increases as ft-1. Therefore, the averaging involved in taking the 

trace of (III.18) is getting more effective. These two effect combine to smooth out the 

fluctuations in the time delay in the semi-classical domain. A comparison between the 

two densities and the associated counting functions, is shown in Fig. 6. 

Further insight into the relationship between the two densities discussed above is 

obtained by coming back to the rectangular billiard which was introduced in chapter 

III. We have shown there that the semi-quantal secular equation, det(/ — 5) = 0 is an 

exact quantization condition, and is independent of the choice of the auxiliary section F. 

Taking F as the section of unit length along the y axis, we get for the smooth counting 

function, 

&»[k) = £ a ({k/,f -rf- iA<« (V.6a) 
1=1 

We now choose for the section F the side of length a along the x axis. Now, 

^0)(*) - E £ (<oi/*)2 - , 2 ) * - \AW (™6) 
It is clear that the two functions are different. A closer inspection shows that the leading 

terms in the two expressions are the same, 

Jv-Wffc) as #<»>(*) a s f c 2 ^ (V.7) 

Note that a is the area of the rectangle. This is just an example of the Weyl theorem 

which will be discussed shortly for billiards of arbitrary shapes. 

One can write down the exact spectral counting function for the rectangular billiard 
31) 

A<" j . 

JV(fc) = [ a £ ( ( * / T ) 2 - / 2 ) 2 ] (V.8) 
/= l 
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Fig. 6. (a) The counting function JV(Jt) (smooth line) and the exact counting function 
N(k) for A = 1.(4) The corresponding density d(k) and its average < d{k) > 
(dashed line). (c,d) same as (a,b) but for A = 6. 

where square brackets stand for the integer part. Thus, 

A 1" 

(V.9) 
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Here (&} is the fractional part of & = a((fc/ir)2 — f 2 ) i . The fractional part is a func

tion which oscillates periodically about its mean value 5. Hence, the sum represents 

a function with a vanishing mean. A similar result can be obtained for the difference 

Jtf(a'(i) — N(k). Thus, the smooth counting functions and the spectral counting func

tions share a common mean. 

We can use now the relation (10.19) to derive the Weyl relation which was illus

trated above for the rectangular billiard. The classical interpretation of r(E) is that it 

measures the mean delay that a particle suffers due to the presence of the scattering 

potential. Consider first the case of a convex billiard. Here, the incoming trajectory 

terminates not at the centrifugal barrier as it would do in free space, but rather at the 

point of impact on the billiard. The same is true for the outgoing part of the trajec

tory. Hence the time delay (in absolute value) is the sum of the sections excluded from 

the trajectory (see Fig. 5 ) divided by the velocity. The mean value of the time delay is 

therefore the same as the mean chord length (c) divided by the velocity. A simple sta

tistical argument shows that for planar billiards (c) = ^ , where A is the area of the 

billiard and L its perimeter. We also recall that in this case A = \Dk] and D is the mean 

diameter so that L = lrD. Substituting in (III.19) we get 

where m is the mass of the particle. The above relation is the Weyl mean level density 

formula, which is the first term in an asymptotic series for the level density expressed in 

terms of the geometric properties of the billiard32'. It gives a partial answer to Kac's fa

mous question33': " can one hear the shape of the drum ?" in that it provides the area 

of the drum, in terms of it's mean spectral density. 

If we consider billiards of arbitrary shapes, one has to remember that in this case 

5 is a product of the left and the right scattering matrices. One can easily see from 

(III. IS) that the delay time is nothing but the sum of the delay times in each of the 

parts of the billiard. Suppose that the particle is in the left side of the billiard. Per unit 

time, it has the probability T*TJ: ' ° P^ 5 ' n t 0 t n e right side. ( D is the size of the section 

T. L is the total perimeter of the left billi. jd (including T) and as before (c) is the aver-
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age chord length in the billiard. The inverse of this quantity gives the mean delay time, 

and if one substitutes this in (III. 19) together with the contribution for the delay from 

the right side, one reproduces the Weyl expression (V.8) for the case of billiards with ar

bitrary shapes. 

V.b The Gutzwiller Trace Formulae for the Spectral Density 

We shall now show that the semi-classical expression for the density of states daq(E) 

(V.l) is semi-classically equivalent to Gutzwiller's original expression. This is achieved 

by expanding 

0 0 1 
l o g d e t ( / - S(E)) = Trlog(/ - S(E)) = - £ - T r ( S ( £ ) n ) . (V.10) 

n = l 

In (IV.4-5) we have already given an explicit semi-classical form for TrS" in terms of 

periodic orbits of the Poincare Scattering Map (PSM). We have shown that the "inside-

outside" connection allows the identification of periodic orbits of the PSM with the pe

riodic orbits in the billiard. We can also take advantage of the fact that the period of a 

periodic orbit is given as Ta = '•$?•• Substituting in (V.10) we finally get 

d,c(E)-d(E) = ±Zm[iY Y ." . (V.ll) 

where the inner sum is over primitive periodic orbits a as explained in chapter (TV). 

Let us consider first the case of a convex billiard. The sum over periodic orbits in 

(V. l l ) r* over the entire set of periodic orbits in the billiard, and therefore (V. l l ) is 

identical with Gutzwiller's expression, especially if we identify d(E) with {d(E)). 

The situation is slightly more complex when we deal with billiards with arbitrary 

shapes. Here, the periodic orbits which appear in (V. l l ) are the periodic orbits of the 

Poincare map which is based on the section I". If V intersects all the periodic orbits of 

the complete billiard (no periodic orbits are trapped in either T,i or Eft), then we are 

in the same situation as discussed previously for the case of convex billiards. If this is 

not the case, we may use a result which is due to Balian and Bloch11', (see also ref. 34), 

which shows that the trapped periodic orbits contribute to the density d(E). This is the 

part of d[E) which is due to the resonances in the 5 matrix. The set of periodic orbits 
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in the entire billiard is the union of two distinct sets: the periodic orbits which intersect 

T, and those which do not intersect T. The later contribute to the first term on the l.h.s. 

of (V. l l ) , and the former contribute to the second term. Hence, even for the present 

case, (V. l l ) is equivalent to the Gutzwiller sum if we allow to reorder the oum by sep

arating the contributions of the trapped trajectories froni those of the untrapped ones. 

One should comment at this point that the set of trapped orbits maj be nontrivial (frac

tal) when the scattering problem is chaotic. This is the case in the example of the Sinai 

billiard we described above. Reordering series with uncertain convergence properties is 

a dubious matter. Therefore, one should consider this only when the Gutzwiller series is 

taken as a formal expression, and not as a series which defines a function. 

The result (V. l l ) offers an a-posteriori justification of the quantization method 

which we pursued by showing that the semi-classical spectral density is equivalent to the 

Gutzwiller sum. As such, it also shares all its problematics and deficiencies. 

The infinite sum in (V. l l ) can be reduced by first writing 

y/\det(I-Ma)\ = exp(7Q/2) - e x p ( - 7 a / 2 ) 

Where ya is the stability exponent of the orbit a. The sum over n in (V. l l ) is unre

stricted, and therefore the pa and r. sums can be combined to a single sum over all the 

possible repetitions of primitive orbits, 

4(£)-rf(£) = -9m i V V ^ . (V.12) 

Expanding the resulting denominator in a geometrical series we get 

dK(E)-d(E) = ^m(iYlJtf2Taetir*°-r-<°'i-hr->°A . (V.13) 
V a r=U=0 / 

At this point the r summation can be performed, yielding 

1 / „ ~ j „ e ( ' * . - 7 . / 2 - * 7 . ) \ 

\ a /fc=o / 

= Z*m1Zl°gZdyn(E) 

(V.M) 

di. 
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Where the dynamical ;" function Z^n{E) is defined as 

ziyn(E)=n n (i - «(i*--<*+i/2>^>). (KM) 

Comparing (V.14) with our starting point (V.l) we find that the function 

Z{E) = expH'mEVZ^E) (V.16) 

is an alternative expression for the semi-classical secular equation. We shall investigate 

Z{E) more closely, and compare it to the other form which was derived in the preceding 

chapter. 

The first issue is the domain of convergence of the infinite product (V.1S). Con

sider first the product with k = 0. A product f lnLlU + °n) converges in the abso

lute sense if and only if the sum Yl^Li °n converges absolutely. In the present case, we 

can check the convergence of the a-sum by grouping together all the contributions from 

trajectories with periods in a small interval T < Ta < T + AT. For chaotic billiard, 

the number of such trajectories proliferates as exp(/i!r), where h is the topological en

tropy. The stability exponents are also proportional to T, 7 a oc \Ta and A is the Lya-

punov exponent. But, n as A, and the sum with k = 0 will not converge absolutely on 

the real E axis : The factor exp(—TA/2) is not sufficient to counter balance the num

ber exp(TA) of contributing trajectories! The sum will converge if we restrict the energy 

to the domain 9m(£?) > Zi/2, because $ a ss TaE. By the same token, the sums with 

k > 0 converge absolutely on the real energy axis and pose no problem. The dynamical 

^-function as defined above corresponds to an analytic function only if the "entropy bar

rier" 9 m ( £ ) > h/2 is not violated. In order to be able to reach the real E-axis where 

the eigen-energies are, one should find ways to analytically continue (V.15) beyond the 

entropy barrier. 

This intrinsic difficulty with the dynamical C-function motivated the vigorous re

search into the problems of semi-classical quantization of chaotic systems. In the present 

lectures we presented an approach which circumvented this difficulty altogether. We 

shall briefly review the other approaches which are based on the study of the analytical 

properties of (V.15) in the concluding remarks. 
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It is possible to reduce the Z(E) function further into a sum over composite orbits 

by using the Euler identity 3 5' , 

Z(E) = exp(-tirJV(£7)) J ] ^exp(iSc) (V. 17) 
e 

were composite orbits with unrestricted length. This observation can be presented as an 

apparent paradox. Starting with the same semi-quantal secular equation, we came up 

with two conflicting conclusions. The semi-classical secular equation derived in chapter 

IV uses a finite number of periodic orbits. The dynamical (-function derived above uses 

all the periodic orbits, resulting in severe convergence problems. The reason for the con

tradicting results comes from the fact that the semi-classical approximation was intro

duced at different points. In the derivation of the secular equation (IV.9) we made use 

of all the constraints which were due to the unitarity of 5 and its finite dimension. Only 

then we introduced the semi-classical approximation to Tr5". In the second approach 

we wrote down the infinite series (V.10) which is not an absolutely convergent series, 

and approximated its terms by the semi-classical expressions for TrS". No wonder that 

meddling with the terms of a conditionally convergent series results in a divergent series! 

One could cure this by making use of an important fact. For any matrix 5 with a finite 

dimension A one can express TrS" with n > A in terms of TrS* with k = 1 , . . . , A. If 

this is implemented in (V.10) and the semi-classical approximation is introduced at this 

point, the above paradox is resolved. 

One should also observe that if Z(E) were extended analytically to the real axis, 

then (V.14) shows that it is a real function. In other words, 

exp(-i^(E)Zdyn[E)) = eXp(+i«N(E))Z'dvn(E) . (V.18) 

This is the famous functional equation which dynamical zeta functions obey. 

VI. Spectral Correlations 

In the present chapter we shall emphasize an important feature of the present for

malism. It enables us to introduce an interesting relationship between the distribution of 
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the eigen-phases of the 5 matrix on the unit circle, and the distribution of the energies 

obtained as solutions of the semiclassical secular equation det( J — S{E)) = 0. 

As was already shown in chapter III (see (111.16)), a zero of the secular equation oc

curs whenever any of the eigen-phases of the S matrix, 9i{E), equals an integer multiple 

of 2ir. Hence, the spectral density d(E) can be expressed as 

A 

<*(£) = £«(£ -£ f ) = £7,^(tf,(£)) (V/.l) 
i / = 1 

where rj = &t{E), and the prime denotes differentiation with respect to E. Let us con

sider the spectral density in an interval of size A about a mean energy Eg. A is taken 

to be large on the scale of the mean level separation, which is given by Weyl's formula to 

be 2irfi2/(mA), where A is the area enclosed by the billiard. Then, for t = {E — Ea) < A, 

A 

d(e)«£ij^(«,(£0) + «l)- (W-2) 

( = 1 

If we were able +o show that the fluctuations in the distribution of the rj about their 

mean value, r , are small, we could replace all the TJ in (VI.2) by r . Denning 8 = 2ir — er 

we would get 
A 

d(<0« r £/>„(«,(£•)-«), {VI.3) 
/=i 

which would have established the correspondence between the energy spectral density 

(the l.h.s of (VI.3)) and the eigen-phase spectral density (the r.h.s. of (VI.3)). The first 

part of the present chapter will be devoted to show that one can indeed substitute the r; 

by their mean value when one studies chaotic billiards. This will be done in two steps. 

In the first one we shall show that the eigen-phases of the 5 matrix at a constant energy 

distribute on the unit circle according to the predictions of random matrix theory for the 

ensemble of unitary and symmetric matrices (the COE). Further considerations will then 

be used to show that the distribution of the r/ about their mean gets narrow as fi —• 0, 

which justify the assumption underlying (VI.3). It is known from Dyson's theory that 

the COE and the GOE statistics are intimately related. The validity of (VI.3) allows 

us to use this relation and to conclude that the COE distribution of the eigen-phases 
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imply the GOE distribution of the energy levels in the billiard! In other words, one can 

deduce the billiard spectral correlations from the study of the corresponding eigen-phase 

spectrum of the 5 matrix. 

Vl.a S Matrix Spectral Correlations. 

This subsection is a detour, whose purpose is to show that for chaotic billiards, the 

two-point correlation functions in the S matrix spectrum reproduce (at least asymp

totically) the predictions of the theory of random matrices for the COE. We provide a 

semi-classical proof which is based on Berry's pioneering observation 3 6 ' and its further 

ramifications 37\ 

The S matrix spectral density is written as above, 

«*.(«) « ! > ( • - « l ) - £ f ; «-'"flTrS" {VIA) 
/=1 n=-oo 

The two point correlations will be discussed in terms of the pair distribution function 

Ri{ti) and the cluster function i'i(r) which are denned in the following way. 

H2(ij) = (" d,(u + i}/2)d,(w - n/2)dy - A*p(n) (V/.5) 
Jo 

It gives the number of pairs of eigen-phases which are rj apart, excluding the contribu

tion of self-correlations to the point rj = 0. The pair distfibution function can be rewrit

ten in the form 

RlM = 27 ( ( A " l) + 2 £ h{n) C O s ( n ,' )) {VL6) 

where the Fourier coefficients 62(n) are given by 

h(n) = i |TrS" | 2 - 1 . (VJ.7) 

The two-point cluster function J2(r) is obtained from the above by measuring the eigen-

phase difference 17 in terms of the mean spacing ^f. Thus, 

Y2(r) = j I 1 - 2 ] T *2(n)cos f n | r j J . (1//.8) 
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Till now, the spectral functions were defined for a single 5 matrix. To get smooth 

expressions for these functions, we must introduce some averaging mechanism. In the 

present context, we define the ensemble of matrices S(Ej) where the energies £j are 

taken from an interval where A(E) is a constant, and the difference between the Ei'a 

exceeds fir, which is the energy correlation length (see ref. 7). The number of matrices 

in such an ensemble grows as ft - Prom now on, the spectral functions defined above 

are considered as the ensemble averaged quantities, even if this will not be explicitly in

dicated. The functions defined above contain all the statistical information on two-point 

correlations. The more familiar S s and A3 statistics are obtained from them by further 

integrations. 

Agfcin, the object of our discussion is TrS". This time, however, we should study 

the ensemble average of its absolute square. In the limit n > A, (|TrS"|2) -• A. This 

can be understood by writing the explicit expression 

|TrS"|2 = A + / £ e'(»'-».')"\ (V/.9) 

The second term on the right averages to zero when n > A if there are no systematic 

degeneracies among the flj. It follows that &3(n) approaches zero in this limit, which is a 

rather satisfactory result, since we already know from our previous discussion that this 

domain does not incorporate any physical information which cannot be deduced from 

the complementary domain n < A. 

When n < A we' may use the semi-classical expression for TrS" which was de

rived in chapter IV. When we substitute (IV.4) in (VI.7) we have to be careful to note 

that because of intrinsic symmetries of the dynamics, there may exist classical orbits 

which are physically distinct, but whose contributions to the expression (IV.4) add co

herently to the sum. Consider e.g. a mapping of a problem with time reversal symme

try. To any periodic orbit x(j), j = 1...U there exists a corresponding time reversed 

orbit Tx(j), j = 1...,n, where x denotes the phase space coordinates, and T stands 

for the time reversal operator. The two trajectories have the same action and the same 
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prefactor C. We now write 

*»<"> * X U £ 'Cae'*°|2 ) - 1 , (V/.10) 

where the sum is over primitive periodic orbits of period n, g stands for the degeneracy 

due to symmetry, and the prime next to the £ symbol indicates that only one orbits is 

included per g symmetry conjugated orbits. In the case of time reversal symmetry g = 2. 

Eq. (VI. 10) is rewritten as 

*»> * x ( (£ ' 'c«i2)+(£', ̂ >ii*"-*"))) -l <™»> 
For small enough values of n the second term (the 'nondiagonal contribution1 ) is ex

pected to vanish upon averaging. This is not an exact result, but it can be made plausi

ble by the following argument: In chaotic systems action differences approach each other 

and get arbitrarily small for long periodic orbits due to the exponential proliferation of 

the orbits on the one hand, and the fact that actions are proportional to n on the mean, 

on the other hand. However, when n is not large, action differences are still much larger 

than h so that upon averaging the nondiagonal term vanishes. 

The diagonal contribution can be written as 

*X('B)2(5'|det(/-Ma)|/-

1 
(V/.12) 

In writing the last line in (VI.12) we ignored the contributions from orbits which are 

composed of repetitions of primitive orbits. It is well known that for hyperbolic map

pings of the kind we consider here, this can be justified for sufficiently large n. The sum 

over the periodic orbits can be given an interesting classical interpretation, which was 

first used in this context by Hannay and Ozorio de Almeida38' and was generalized in 

refa 37,39,40. Consider the classical mapping, which can be formally written as 

x„ = F(x„-1) = --=Fn(x0) (V/.13) 
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If, instead of following the evolution of phase-space points, we want to study the evolu

tion of phase-space distributions, we can introduce the evolution operator V^x',x\n) 

such that any initial phase space distribution p(x;0) evolves into 

p(x'; n) = / V(x', x; n)p(x; 0)dx , (VI.U) 

Ja 

where $1 is the phase space area. It is easy t~ check that the classical evolution operator 

is the unitary (Frobeniua Perron*1') operator 

£/(*',*;n) = S(x' - ^ ( x ) ) . (V/.15) 

We would like to introduce an important concept, which is the classical probability 

density to perform periodic motion with period n, which will be denoted by Pef(n). It is 

clear from the definition of the Frobenius Perron operator that 

Pc,(n) = i / n [ r ( x , x ; „ ^ = l T r ^ , x ; n ) = I n 9 X : ' ^ ( 7 - ^ ) 1 <VI-W> 

The sum is over p'riodic orbits of period n. It is obtained by straight forward integra

tion, and remembering that the matrix M is the linearization of F" or, in other words, 

the Jacobian of the transformation *o ~* *n- Notice also that in (VI. 16) we have a 

factor g which takes account of the contributions from the n periodic points on the or

bit, and from the g symmetry conjugated orbits. Contributions from repetitions of short 

primitive orbits were ingnored. 

We can now substitute (VI.16) into (VI.12) and get 

*2(n) * 2"<7Pd(n) - 1 , (VJ.17) 

which is one of the most fundamental results in the present chapter. It shows that the 

semi-classical expression for the two-point correlation function depends on the classi

cal probability for period motion, and the only remnant of quantum interference is con

tained in the factor ng which is due to the fact that quantum mechanically, one adds 

amplitudes and then takes the absolute square, whereas classically one adds probabili

ties! 
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Let us come back now to the calculation of the cluster function for an 5 matrix 

whose corresponding classical mapping is chaotic. Since time reversal is conserved, and 

there were no other symmetries, we have g = 2. We notice now that if n is larger than 

the inverse Lyapunov exponent, the billiard dynamics is ergodic, which means that phase 

space is uniformly covered by trajectories, and the probability density to reach any do

main in phase space is just ft-1. In particular, this is also the probability to perform 

periodic motion, so that (VI.17) reduces to 

This relation is not valid for all n values. In particular, if n is shorter than the mixing 

time rim which is proportional to the inverse Lyapunov exponent, one still notices the 

particular (and sparse) distribution of periodic points, and hence one cannot use the er

godic estimate for pci(n). Rather, the complete expression in terms of periodic orbits 

should be substituted. The special role of this time scale was first discussed by Berry 3 6 ' 

and it sets an upper limit on the scale of r for which one can expect universal behaviour 

of the cluster funrtion. The other limit of validity of (VI. 18) was discussed above where 

it was shown that 62(1) —> 0 for n > A. The asymptotic behaviour of 62(1) in the two 

domains n < A and n > A coincides with the corresponding expression from random 

matrix theory for the COE. This completes the semi-classical proof that the two-point 

correlation functions for 5 matrices corresponding to chaotic billiards follow the COE 

statistics. It should be stressed that this relationship (or its variant for continuous time 

flows38') is the only theoretical evidence one has so far concerning the connection be

tween chaotic dynamics and spectral fluctuations. All the other evidence, which is very 

impressive and convincing, comes from numerical solutions of specific models. 

Vl.b Energy Spectral Corelations. 

We shall show now that the result discussed above implies that the energy spectrum 

of the billiard which is computed by solving the semi classical secular equation, must 

follow the GOE statistics. To this end we shall have to show that for systems which are 

governed by a chaotic mapping, the distribution of the T; is p iked about their mean, 

and the distribution becomes more narrow as A increases. We now proceed to show why 
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such behaviour is indeed plausible. 

It was shown in ref. 7) that the correlation length of the elements of the 5 matrix, 

with respect to change of energy, is approximately given by the inverse mean time delay: 

T ^ M - B ) ) - 1 * ^ * ^ ) ) - 1 • (V/.19) 

The correlation length is therefore, in the semiclassical limit, much larger than the mean 

level spacing. The correlation length of T(E) will be similar, since it is composed of 

Lorentzians whose mean width is 7. We now make the assumption that the correlation 

length of the individual TJ is also of order 7. This is reasonable, since r(£) is the average 

of the r), and a different result would entail strong correlations between them. 

Consider the matrix S = exp(—iyE)S(E). This is in effect the original S matrix, 

normalized so that its average time delay vanishes. Since COE matrices exhibit eigen-

phase repulsion, levels do not cross, and so (TJ) must also vanish. We now make two ap

proximations: 

(i) The two matrices S\ = S(E) and 52 = S(E + 7) are statistically independent. 

(ii) The 7} are constant over the range (E, E + 7). 

We arrange the eigen-phases t, of 5i,j in ascending order over the interval 

[0,2*). Since (TJ) = 0, and since levels cannot cross, we can astume that the nth eigen-

phaae of Si evolved into the nth eigen-phaw of Sj. According to assumption (ii) the f) 

must therefore be 

««a_zi- . ( , (»> _iji>) {T|). (V/.20) 

The question of the variance of 77 has been transformed into the question of the variance 

of 

Hence Var(<5#) = 2Var((?f -1^-) which is just the fluctuation of 8/ about its mean. It was 

recently shown by B. Dietz42' that one can derive an analytic expression for the COE 

prediction for the variance of the 68 distribution. For large A 

Var(«) « ^ . (V/.21) 
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Fig. 7. Var(Tj) as a function of A for the Sinai billiard. The smooth line is the pre
diction of random matrix theory. 

This behaviour was reproduced numerically for the Sinai billiard problem which we have 

introduced previously. (Fig. 7). 

We can thus conclude, that the COE nature of the S justifies the use of (VI.3) and 

therefore, the spectral distribution of the eigen-energiej is given by the GOE distribu

tion. The last statement is based on an argument of Dyson 43) which shows that the m 

point correlations for the COE and GOE statistics an identical as long as m/A is kept 

small. This completes the semi-classical proof that the spectral (two-point) statistics for 

a quantized chaotic billiard in the limit A -» 0 is described by the random matrix theory 

for the GOE. 

(VI.c) Composite Billiards. 

So far we have tacetly assumed that the billiard under consideration is "com

pact", or, in other words, cannot be decomposed in a natural way into sub systems. In 

the present section we shall introduce the concept of composite or extended billiards. 

Consider a cluster of chaotic billiards which are inter connected by narrow links. For

mally, the entire system is a billiard, and the motion of a point particle in it is certainly 

chaotic. It differs however from the cases we discussed previously since now, ergodic cov-
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erage of phase-space by a typical trajectory follows a new pattern: The particle will per

form a random walk between the various domains, and the corresponding diffusive evo

lution introduces a new time scale. This should be contrasted with the dynamics of a 

simple chaotic billiard: Once the time exceeds the inverse Lyapunov exponent, ergodic 

coverage is achieved and it becomes more uniform on a scale which gets finer exponen

tially fast. 

Fig. 8. Composite billiards, (a) disordered, (b) periodic. 

We shall deal here with one class of composite billiards, namely, the linear chain: 

Take a chain of N convex chaotic billiards, which are linked by channels so that each 

member is connected only to its nearest left and right members. (See Fig 8). Assume 

also that the constituent billiards are chosen randomly and denote their mean length by 

a. We can define the Poincare section T for this case by taking a line along the long axis 

of the chain. The PSM is defined in the two-dimensional phase space where y is mea

sured along T and it ranges from 0 to L = Na. The conjugate momentum (the momen

tum in the direction tangent to T at the point of incidence) is limited by |fcy| < k. Due 

to the chaoticity of the motion, the momentum kv will equilibrate immediately, while 
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random walk will characterize the motion along the y axis. As long as the trajectory 

does not hit the ends of the chain, {(yn - yo)2) = Dn. Here D is the diffusion constant, 

and the averaging is taken over an ensemble of trajectories, n counts the number of ap

plications of the map. 

We would like to quantize a chain billiard, and in particular to calculate its spectral 

two points correlation function. We can use (VI. 17) to calculate bi(n). Here, A = Lk/x, 

Si = 2kL, g = 1 and we have to evaluate Pd(n). The classical motion is diffusive along 

the y axis. Hence, we can evaluate Pci(n) by solving the one dimensional diffusion equa

tion in the finite interval [0, £]. The boundary conditions impose the condition of total 

reflection from the boundaries. A simple calculation gives, 

Note that pct(n) is the probability '„<.. perform periodic motion in SI. Hence the factor 

1/2* in front of the sum above. 

The parameter np = I?jD determines the behaviour of the solution with time. 

For n < nj) the system does not have time to feel the effect of its finite size, and the 

evolution is diffusive. For n > nr) the system reaches quickly the equilibrium value 1/L. 

Thus, 
-—r if n < no 

(2UCn)* (V7.23) 
!)b ifn>nD . 

If r>£> < 1, pci(n) re l/(2fc£), for all times. In other words, there exists a critical length 

scale, L for which diffusive effects are not noticeable. We shall start our discussion 

by considering the cases with much larger L values. 

Substituting (VI.23) in (VI.17) we get 

* 2 ( " ) * ( f ) * ( f § ) * - l - {VIM) 

Our billiard belongs to a class of quantum problems which usually go under the name 

quasi one-dimensional disordered systems. (See lecture notes by Prange and Wei-

denmuller.) These systems are dominated by Anderson localization, and the localization 

length { is known to have the following properties: 
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i. The localization length is proportional to the classical diffusion constant44-, { as 

kD. 

ii. The localization length determines the critical time n* » | j beyond which the 

semi-classical approximation which leads to (VI.24) ceases to be valid37'. 

This information leads us to limit the applicability of (VI.24) to the range n < n*. 

In localizing systems, it is natural to partition the eigen-states according to their center 

of localizati"- Roughly speaking, there are £ states belonging to each group. They will 

all be strongly coupled by a local perturbation, to which the rest of the eigen-functions 

will hardly respond. This picture justifies the idea that the spectrum is built of inde

pendent sub-groups of k£ states, each will be statistically independent from the others. 

Hence, the 62(1) in such problems vanishes for n > k£ and not only after n > A as 

is the case for noncomposite billiards. We thus propose the following expression for the 

two-point form factor 

Mr. )* ( ( £ ) = ( & ) ' - 1 * " < " * : (VIM) 
10 if n > n* . 

We substitute the above into (VI.S) and approximate the summation by an integration 

over the variable v = 2irn/A. This is the continuum limit which is commonly used in the 

theory of random matrices. Its existence is always assumed, and h justifies the universal 

applicability of random matrix theory, once energies (or phases) are scaled by their mean 

spacings. We get, 

*2(r) = 27 f (1 - ii)cos(2T7ri)(fc , (VI.26) 

where 7 = ^ « ^-'. In the limit L —» 00, 7 —• 0 and r^(r) vanishes over its en

tire range. This means that the spectrum of the long chain billiard tends to a Poisso-

nian spectrum at least as far as two-points correlations are concerned! It can be shown 

that in the limit of short chains L « (, the spectrum retrieves its GOE statistics. This 

is done by using the explicit form of pci(n). It is left as an exercise to the reader. This 

result is very interesting since it teaches us an important lesson: Classically chaotic bil

liards do not necessarily display a GOE spectrum when they are quantized. As we have 

shown above, the GOE-chaos connection is only true if the coverage of the billiard by 
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classical trajectories occurs quickly, and does not involve any classical time scale which, 

for a fixed value of ft, may become comparable to the quantum time scale. This phe

nomenon was first observed and explained in the study of the spectrum of the evolu

tion operator for the kicked rotor3''. The chain billiard and the kicked rotor systems 

are seemingly unrelated. However they have one common feature-their phase space is 

an elongated cylinder, along which the evolution is diffusive. This is the only ingredient 

which determines the two-point correlation function of the spectrum. 

To illustrate the ideas presented above, we show in Fig. 9 a comparison between a 

numerically computed form factor and the semi-classical expression (VI.25). The model 

which was solved is a chain of corner billiards, each one is a quarter of a Sinai billiard, 

and they are connected via channels whose lengths are taken at random **'. The agree

ment between the semi-classical theory and the numerical simulation is almost too good 

to be true... 

The last point that needs clarification is the following: suppose that our chain is 

composed of identical billiards, (Fig 8b) so the entire structure is periodic in the limit 

L —* oo. The diffusion along the y-axis continues to dominate the classical dynamics. As 

for the quantum spectrum, we know that due to Bloch's theorem, the spectrum becomes 

a continuous band spectrum. For every finite L the spectrum shows the clustering of 

levels into subgroups which are the progenitors of the bands. This affects the spectral 

correlation in a nontrivial way, which can be also explained semi-classically: Due to the 

local translational symmetry of the billiard, a periodic orbit of period n < L2/D can 

be periodically placed along the chain. The resulting orbits are all degenerate as far as 

their actions and amplitudes are concerned. They are physically different, since they are 

positioned at different sites. The degeneracy of these orbits is of order g = N as A. 

Hence, the Yz(r) will be singular in the limit of long chains, reflecting the tendency of 

eigen-energies to cluster in bands. 

Considerations of the type brought above can be extended to other composite bil

liards. Consider, e.g., two billiards which communicate through a narrow hole. The 

spectrum will not be of the GOE type if the time constant for leakage through the hole 
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is large. The calculation of the corresponding two point correlation function is left as an 

exercise, (see also ref.39). 

VII. Conclusions 

In this series of lectures we have shown that chaotic billiards can be quantized semi-

classically, and expressions were given for the mean level density, the secular function 

and some spectral two-points correlation functions. It was shown that quantum mechan

ics does not depend on the infinitely intricate structures which appear on the classical 

level. Rather, the value of ft sets a criterion according to which one can discard irrele

vant classical details. We have shown that when the problem of semi-classical quanti

zation is properly posed, the long classical trajectories either do not appear, or can be 

made to disappear by imposing certain unitarity conditions on the semi-classical expres

sions. 

Semi-classical quantization of chaotic dynamics attracted much attention recently, 

and the progress is very fast. In the present lectures we presented one approach to the 

problem. The following lines will attempt at giving a short summary of some of the 

other approaches. Due to space limitations it will not be possible to do justice to any 

of them. 

As was mentioned above, the approach developed by E. Bogomolny 13' is rather 

similar in spirit to the one developed here. Bogomolny was the first to realize the advan

tages of writing the secular equation in the form det(/ - T(E)) and T is a finite unitary 

matrix. His method of deriving X is different from the one used here, and it is strictly 

semi-classical, and appropriate to systems which are similar to the convex billiards which 

we discussed. Bogomolny made much progress in elaborating on the cummulant proper

ties of the expansion (III.26) and used it in some numerical examples. 

Most other approaches start from the semi-classical dynamical £-function (V.15). > 

We have shown in chapter V that the product (V.15) or the analogous composite orbits 

sum (V.17) cannot converge in the absolute sense for complex energies with 3m£ > E/, 

where E^ — hjl is the "entropy" barrier. The Hamburg group 45' studied the conver

gence properties of the semi-classical ( function for £/, > 3m£ > 0 for a few cases 
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where a large dictionary of classical trajectories was compiled. They arranged the terms 

of (V.17J in ascending order according to their composite length Lc which is related to 

the composite actions by 5C = kLc. The half-plane of absolute convergence is bounded 

by fy,, where 

kh = l i m s u p ^ - l log V |Xn | . (V/ / .1 ) 

The half plane of convergence is bounded by kc which is defined by 

*c = Umsup^^, i - log | V An | . (VIIS) 

Their numerical results confirmed the relation k/, = A/2. The surprise came from then-

evaluation of kc which, in spite of its erratic behaviour, stays well bellow 0 (Fig.10). 

This means that the series converges conditionally for 9 m ( £ ) = 0, and the series can be 

used to compute the secular function, even without resummation & li Riemann-Slegel. 

The Riemann-Siegel approximation for the Riemann (-function inspircu Berry and 

Keating in their attempts to quantize chaotic systems 2 5 ' . Their research culminated in 

discovering a new approximation to the Riemann Q function which is superior in some 

ways to the Riemann-Siegel theory 4 6 ' . They showed that the same approach can be 

used to find an approximant to the semi-classical dynamical (. One of the stages of the 

research was the introduction of the technique which was used in chapter (IV) in the 

present notes. 

An important attempt to reduce the dynamical (-function was initiated by Cvi-

tanovic and Eckhardt29'. Their cumulant expansion works very well for uniform hyper

bolic systems with rather special properties. They used this approach to calculate poles 

of the scattering matrix for scattering from three reflecting discs. Other applications 

of Riemann Siegel "lookalike" secular equations were recently applied to some practical 

problems, and proved superior to other approximate methods in practical problems47'. 

Finally, we would like to list some open problems. 

The applicability of the semi-classical approximations for chaotic systems is not en

tirely understood-we do not really know how to estimate the error and how to relate 

it to parameters which characterize the classical chaos. One suspects that a possible 
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Fig. 10. An evaluation of the series (VII.1,2) as a function of n = Lc for the hyperbola 
billiard, a) Abscissa of absolute convergence, b) Abscissa of conditional con
vergence for the secular function for states which are symmetric with respect 
to reflection about the hyperbola axis, c) and d) the same for anti-symmetric 
states (ref (45)). 

culprit is the proliferation of unstable orbits as time increases. This conjecture has not 

been confirmed in any way. In particular, the suspected deterioration of the approxi

mation for long times is not fully understood. A related problem is the justification of 

ignoring the "non diagonal" terms in the semi-classk-al expressions of the type (VI.11). 

It is believed that the non-diagonal terms take over from the diagonal part and describe 

the transition between the semi-classical domain and the strictly quantum domain. How 

this is done is not understood. In the last chapter we mentioned Anderson localization 

in chaotic elongated billiards. A semi-classical theory for this phenomenon is yet com

pletely unknown. 
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Appendix A 

The boundary of the convex billiard is conveniently described in terms of the dis

tance p(a) of the point on the boundary in the direction a. Denote; by l r and la the 

unit vectors along the radius vector and the perpendicular, respectively. 

1T = tcosot +jsina 

l a = —* sina + jcosa 

and define the angle i/> by the relation: 

(Al) 

where the prime denotes differentiation with respect to a. 

The radius of curvature R(a) is given by 

*a) (1 -fit) 

The tangent and normal to the boundary at a are 

t = sin(0 — a) • i + cos(̂ > — a)j 

n = cos(i/> — ar) • » — sin(0 — a)j 

Unrig the reflection conditions (1.1) one can easily get the relation 

ffi + ef = T + 2(a-^(a)). (AA) 
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(-4.5) 

The incoming and outgoing angular momenta are: 

£i = r xfe, | z = p sin(0; - a) 

If = T x kf\z = p sin(fy — a) 

The generating function for the mapping [l{9i) -»(2f8f) is 

S(«i9f) = p [| cos(0; - a)\ + | cos^/ - a)|] 

if («< - a) < ir/2 then (9f -a)> ir/2 so that 

S(0;,0/) = p[cos(0,- - a) - cos(0/ - a)] (4.6) 

One can easily check that 

f ' " a£- *' ~ at,' ( 7} 

which proves that the (1,9) variables are canon;.-ally conjugate and that the mapping is 

area preserving. The last fact can be checked directly by calculating the Jacobian of the 

transfory tation __ „, 
98f 01f 

,-(%%) 
-\%%) 

To evaluate the entries in J, one can take the derivatives of (A.4) and (A.5), extract 

da and get 
dti = Ad»i + Bd9f , 

dlf = -Dti + Cd9{ + DdSf , 

with 

A = * p cos(> + 0i - a) + pcoe(Si - a) , 

B = - ^ ^ c o s ( 0 + tf,-a) , 
(A.9) 

C = paa(9{ -or) , 

D = pcas(8f -a) . 

After some algebra one finds 

J = HCB~-DAD1-B) ( A W > 
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so that 

detj = £ - ^ = l . (AM) 
a 

The stability is determined by TrJ 

\ cos(t/>+ 9;)co8V/ 

Consider now the simplest periodic orbit, namely, one which reflects from two points 

on the boundary whose normals are on the same line. Choose the origin on this Bne and 

the t vector along it. Hence, for the first reflection, 6^=0, or<l)=0, and ty=x. For the 

other reflection, 0J2) = x, a<2> = *, (f'p = 0. One can show that 

J = JiJt = 

_4_(-n+Rl/2 1 W - « + H»/2 1 A 
RiRi \ A-nRi -n + R/2J \ &-tnR* -n+R*l*) 

[(« + nf - (ft + Ri)(n + «)] • 
and 

This periodic orbit is unstable if TrJ > 2 or (pi + pi) > (Rl + R2)- This means that 

the chord length between the two reflection points exceeds the sum of the radii of cur

vature - a condition which is reminiscent of Bunimovich's condition Ca > da, which we 

discussed in Chapter II. 
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