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Abstract 

We present a semiclassical theory of charged interacting anyons in a strong magnetic 

field. We apply this theory to a number of few anyon systems including two interacting 

anyons in the presence of an impurity and three interacting anyona. We discuss the de

pendence of their energy levels on the statistical parameter and find regions in which this 

dependence follows very different patterns. The semiclassical arguments allow to correlate 

these patterns with the change in the character of the classical motion of the system. 

The theory of particles with fractional statistics, the anyons, has recently attracted 

renewed attention due to their relevance for the fractional quantum Hall effect and high 

Tc superconductivity 1 . Anyons are particles in two space dimensions the wave functions 

of which are non single valued and obey the following rules. When the coordinates of 

the many anyon wave function are continuously changed along a closed contour the phase 

of the wave function increases by 2irn + 2-jrka where n is an integer, a is the parameter 

defining the statistics and k is the number of windings along the contour of one particle 

around another. In order to define k consistently signs should be assigned to windings 

according to the direction of the change of angle of the relative distance between the 
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particles. The same rule applies also for contours in which the positions of two or more 
particles are interchanged. An exchange of particles should be counted as half a winding. 
One can perform a singular gauge transformation and transform the anyonic problem into 
a standard problem with bosons or fermions but interacting via a very long range gauge 
field of the Aharonov-Bohm type. Numerous studies of anyonic systems appeared in the 
literature.1-11. In particular a semiclassical quantization of noninteracting anyons was 
considered in Ref.12. In this letter we develop a semiclassical theory of interacting anyons 
in a strong magnetic field and give some results of the application of this theory to few 
anyon systems with realistic interactions. A longer version of this work will be published 
elsewhere 13. 

In a magnetic field one can neglect the mixing of the single particle states belonging to 
the different Landau levels provided the average interaction between neighboring particles 
is much smaller than the energy difference fiwc = tteB/mc between Landau levels. If 
moreover the magnetic length / = (Rc/eJB)1/2 is much smaller than the relevant distance 
scales one can use the semiclassical approximation to solve the problem. In Ref. 14 this 
approximation was shown to be highly accurate in application to interacting particles with 
integer statistics. The wave functions in e.g. the first Landau level can be represented as 

*(x,y) = y<K*oWi„(*,y)dx0 (i) 

where 

4x 0 (x , , ) = exp [(-ixo • J - i ( x - xo) 2 ) / / 2 ] 

are the eigenfunctions of the guiding center operators io,i = x; — (c/e£)j>y,- — 

(\/D)Ay(xi,yi) in the first Landau level in the gauge Ax = Az = 0,AV = xB. Here 

the index t distinguishes between particles and x, y and xo denote vectors with compo

nents i j , y, and io,i respectively. None of what follows depends on the particular gauge 

choice. 

Statistical properties of *(x,y) in (1) are controlled by the function tp(xa) in the inte

grand. In the strong field limit V'(xo) ' s an eigenfunction of the Hamiltonian of the system 

projected on the first Landau level14. This Hamiltonian is a function of the operators of 

the guiding center coordinates xo,. and yo,i = yt + (c/eB)pxj + (1 /B)AI(XJ, ] / , - ) . Their 

commutator is [io,i, Wo,;) = iP&ij-. so that for / much smaller than the average interparticle 

- 2 -



distance one can solve the Schrodinger equation by the WKB expansion in powers of /2 

with ^o(xo) and si(xo) which are respectively solutions of the classical Hamilton-Jacobi 

and continuity equations of the problem 1 4 . The sum in (2) extends over the contributions 

of all independent solutions taken with arbitrary constant coefficients A. For integrable 

systems the functions so(xo) and si(xo) axe found by using the so called invariant tori of 

the problem 1 5 - 1 6 . An integrable system with N degrees of freedom has N independent 

constants of motion. Invariant tori in the phase space are N dimensional surfaces with 

fixed values of these constants. For a chosen torus the function so in the WKB expansion 

(2) is simply the action integral14 

M*o) = J °yo(*o')-<**', (3) 

with a an arbitrary fixed vector and VQ(XO) denoting the values of YQ on the torus. yo(xo) 

is in general a multi valued function of Xo and so is the action (3). The amplitude square 

of the WKB wave function exp(2a'1) is equal to a constant times det(dq/dxo) where ft 

are the so called angle variables of the system. The sum in (2) is over all branches of 

yo(xo) and the coefficients A are vatermined by the Maslov procedure17 . Their absolute 

values turn out to be all equal but the relative phases are different. For any two terms in 

equation (2) which belong to neighboring branches of the torus the relative phase is — T / 4 

times the change of the number of positive minus the number of negative eigenvalues of 

the matrix (dyo/dxo) across a point at which the branches corresponding to the two terms 

join. Applying this procedure while going along a contour that passes through all the 

branches of a torus one can establish the relative phases of all the terms. The results 

obtained in this way will be different for contours that are topologically non equivalent 

i.e. can not be continuously deformed into each other on the torus. This means that the 

wave function (2) will in general not be single valued. Using (2) in (1) and evaluating the 

integral by the saddle point method one can formulate 1 3 the requirements of the anyon 

statistics of $(x, y) in terms of the quantization conditions for the action of the projected 

problem 

^J y o ( * o ) < f c o - ^ = 2 i r ( i , + *a) . (4) 



Here k is the winding number for the guiding centers of the contour of integration as 

defined above, v is integer and <r is the Maslov index of a contour. One needs to impose 

such quantization conditions for all independent contours on the torus that are either 

closed or connect two exchange points. The intuitive meaning of (4) is simple. The l.h.B. 

is the change of the WKB phase along a contour. This change must be equal to the r.h.s. 

by the rules of the fractional statistics. For noninteracting particles Eq.(4) reduces to the 

quantization conditions derived in Ref. 12. 

Our semiclassical procedure runs into difficulty when applied to invariant tori which 

contain configurations with distances between two or more particles small on the scale of i. 

In these cases small deviations of a contour from the invariant torus may change the winding 

number of the contour. We were not able to formulate consistent semiclassical quantization 

conditions for such a situation. We believe that our WKB approximation can not be applied 

to such states. Moreover the inter Landau level mixing by the interparticle Coulomb and 

statistical interaction should be significant in these states. These are apparently the reasons 

for our failure below to account for the type I states5 of anyonic systems. 

We now apply our theory to a number of integrable problems. In Ref. 5 the solutions 

in a magnetic field were considered for two anyons with a harmonic interaction. As a Bimple 

demonstration we begin by obtaining a semiclassical solution for this system in a strong 

magnetic fie: i with an arbitrary interaction. The Hamiltonian of the relative motion is 

ff'=-S[v'+2feAH2+,;(lrl)' (5) 

with r = rj — P2- After projection on the first Landau level it becomes 

R = *(\4 + yl)}i)+\fcc. (6) 

where *o = zo.l — XQQ and yo = VO.l — M>,2 and v is the projected interaction14, v = 

v + P ((l/r)(dv/dr) + dPv/dr2) / 2 + o(J4). The Hamiltonian (6) is afunction of a harmonic 
oscillator Hamiltonian but there is a need to account for the fractional statistics. This is 
easily done in the WKB approximation. The invariant tori are constant energy contours 
which for any projected interaction v are circles 5/0 = ±(Jfc2 — *o)1/ f2 with arbitrary R 

and two branch points at xo = ±Jc. As one moves along a circle in the positive, i.e. anti 
clockwise direction the sign of dyo/dzg changes from positive to negative at both points 
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and the Maslov index is therefore —2. Applying (4) for a contour which is half a circle, 

i.e. between the exchange points, one finds 

5?i!-yM<fc0 = - g . - 2 » ( - n + | - l ) . (7) 

The semiclassical eigenenergies are therefore En ~ v{2l\2n — a -f 1/2]1/2) + Tiwc/2 which 

for the Coulomb interaction give 

For the harmonic interaction t; = £mu;J|r|2 we find v = ^mw2, {x% + VQ + 2f2) and the 

quantized energy values are En = (fiu>J/uc)(2n — a + 1) + fiu>c/2. To first order in (u/o/u/c) 

this is the result obtained in Ref. 5 for the eigenenergies of the Type II states. The 

semiclassical wave function can also be found 1 3 . It is 

*(x ,y) = ^ = ^ exp[i(a-2n)e + i~xy - - ^ d \ (8) 

with —7T < 0 < 7r the polar angle of point (x,y) and r = (a:2 4- y 2 ) 1 ' 2 , rf = r — /2. We 

do not reproduce any of the eigenstates of Type I. These are the states which even in the 

absence of the interaction contain admixtures of the higher Landau levels which do not 

vanish in the strong field limit. 

For a system of charged particles in two dimensions only half of the degrees of freedom 

survive in the limit of strong magnetic field. The two interacting anyons above led to a 

one dimensional integrable problem. We now consider an example of an integrable system 

with two degrees of freedom. This is a system of two interacting anyons in the presence of 

a central impurity potential placed in a strong magnetic field. The Hamiltonian is 

B- 1 r + ' 2 

[(*0,1 ~ *0,2>2 + (ifl),l - M>,2)2]* 2 [(*0,1 - *0,2)2 + (MM - J/0,2)2]* 

•=1.2 [ < i + »0,il' i=1.2 1*0,, + »0,i]' 

This is a projection on the first Landau level14 of a Hamiltonian of two interacting particles 

of charge — e in the presence of an impurity of charge Ze placed in the plane of the motion 
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at x = y = 0. This system has two commuting integrals of motion, the Hamiltonian (9) 

and the projected angular momentum Lt = - (1 /2 / 2 ) S i=l ,2( x 0, i + J ' f l l i ) + 1 and is therefore 

integrable. Classical trajectories belong to one of two types divided by a separatrix . The 

first type is with one of the particles close to the impurity and rotating around it while the 

other particle is farther away and moving under the combined potential of the impurity 

and the first particle. The motion is dominated by the impurity. The second type of the 

trajectories is with two particles close and circling each other while slowly moving around 

the impurity. It is dominated by the particle interaction. Trajectories of both types are 

in general not periodic and each covers an entire torus in the phase space of the system. 

One finds13 that there are two independent quantization conditions (4) on a torus which 

correspond to the quantization of L2 and the energy E. In Fig. 1 we plot the resulting 

values of E vs their angular momenta. The pattern of the classical motion below the 

separatrix is such that a continuous change of a causes a continuous change of Lz but 

a doey not enter explicitly in the quantization condition for E. The levels trace almost 

horizontal curves as a is changing between the integer statistics values 0 and 1 or -1 and 0. 

This regime is close to the results of the discussion in Ref.12 although there are significant 

modifications. Every point on the level curves corresponds to two values of or differing 

by 1. This "degeneracy" is a consequence of the existence below the separatrix of two 

degenerate families of tori corresponding to the exchange of particles and of our neglect of 

tunneling between these tori. With the tunneling which is caused by the partiHe interaction 

one should expect the horizontal curve to split into two curves oscillating between higher 

fermion and lower boson values. The effects of the tunneling are more important in the 

vicinity of the separatrix where the degenerate tori come close together in the phase space. 

No degenerate tori exist above the separatrix. There the dependence on a is drastically 

different. Both quantization conditions depend now on a and the curves of the continuous 

changes of a drop steeply with increasing Lg. There are approximately two such curves 

above the separatrix for every one below it in correspondence with the double "degeneracy" 

mentioned earlier. The accuracy of our results should decrease as one approaches the 

separatrix both from below and from above. It is manifested e.g. in discontinuous level 

behavior in this region indicating that a more sophisticated semiclassical treatment of the 

"top of the barrier" type is needed here. 

We now turn to a study of an integrable system of three interacting anyons in a 

strong magnetic field. Three anyons were studied in Refs. 8 - 1 1 . For integer statistics 
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the semiclassical quantization of this system was described in Ref.14. In the strong Held 

limit the system has three degrees of freedom and there are three commuting integrals of 

motion, the Hamilton]an, one of the center of mass coordinates of the guiding centers, and 

the projected angular momentum Ls around the center of mass. The classical motion of 

the system again falls into two regimes divided by a separatrix14. In the low energy regime 

the particles are located at the vertices of a triangle which rotates around the center of 

mass while continuously deforming. For every Lz the lowest energy configuration is an 

equilateral triangle with the si2e determined by Lx- In the high energy regime two of the 

particles circle each other while the third is further apart with the whole configuration 

rotating around the center of mass. We applied the quantization condition (4) to the 

invariant tori of the problem and show in Fig. 2 the resulting semiclassical levels of the 

system . The motion of the levels as a function of a below and above the separatrix does 

not change as drastically as in Fig. 1 although one can still observe a stronger dependence 

above. Below the separatrix the same "degeneracy" and for the same reasons exists as 

in the lower part of Fig.l. For every level with a given Lx there correspond two values 

of ct which differ by unity. There are two degenerate tori corresponding to two distinct 

particle arrangements at the vertices of the triangle. Tunneling between the tori should 

remove the level degeneracy and also smooth out the discontinuous behavior of the levels 

as one passes from below to above the separatrix. The situation above the separatrix is 

more complicated than in Fig.l since there are three degenerate tori there14 . The expected 

degeneracy and its removal will be addressed in Ref.13. The strong correlation observed 

in the examples above between the dependence of the levels on a and the character of the 

classical motion is an important advantage of our WKB treatment. 
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Figure Captions 

Fig. 1 Semi classical energy levels as a function of the angular momentum Lx of a syntem of 

two interacting negatively charged anyons in a strong magnetic field in the presence of a positive 

impurity with Z=l. The solid Une is the sep&ratrix energy. Above it the levels for the statistical 

parameter a = 0 ,1 , —1/3, —2/3,1/2 are marked by empty squares, full squares, empty triangles, 

full triangles and diamonds respectively. Below the separatrix the levels for a = 0 and ±1 coincide 

and are denoted by the x sign. A continuous change of a produces a change of levels along the 

thin solid iines. Some levels near the separatrix and in the lower energy region are not plotted 

and not all the thin lines are shown due to the lack of space. 

Fig. 2 Same as in Fig. 1 for a system of three interacting anyons in a strong magnetic field. The 

lower and upper thick lines are the energies of the equilateral triangle and the separatrix. The 

levels above the separatrix for oc — 0 ,1 , —1/3, —2/3 are denoted as in Fig.l, for Or = —1/2,1/2 

are denoted by plus signs and for a = 1/3,2/3 by full and empty diamonds respectively, Below 

the separatrix the coinciding levels for a = 0 and 1 and for a = —1/2 and 1/2 are denoted by x 

and plus signs respectively. The thin lines passing through the signs are obtained by continuously 

changing or. Some of such lines are also shown above the separatrix. Some levels near the 

separatrix and in the high energy region are not plotted because of lack of space. 
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