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ABSTRACT

In this paper we present three examples where the quantum tunneling process may be
viewed as a motion in the Euclidean time. That is, the tunneling object (particle/field/universe) may
be viewed to move in a spacetime with Euclidean signature (++++) metric (Riemannian metric) in
the classically forbidden region. However, we emphasize the fact that in all the three examples
the quantity that has direct physical meaning is the tunneling probability through the classically
forbidden region, i.e. through the potential barrier.
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1 Introduction

The use of Euclidean methods to make calculations in quantum theory is
by now a well established technique; for example, in calculating tunneling

probabilities at the semiclaBeical level or the use of instantons in gauge theo-

ries. Another very important atea where one uses imaginary time is to make

calculations at finite temperature [1], where the inverse of the temperature is

identified as the Euclidean time. In curved spacetime, the Euclidean .nethods

were used to derive Hawking temperature of the black hole and the Gibbons-

Hawking tempreture of a de Sitter spacetime with event Horizon [6].

However, there is one particular case where the use of Euclidean methods

is particularly interesting and at the same time very tricky; this is in quantum

cosmology (QC). The reason why it is interesting is the fact that there is

the possibility of the non-equivalence between the results obtained using the

Euclidean methods and the Lorentzian methods. The reason why it could

be very tricky is the fact that in QC one no longer his any background

spacetime metric in order to do a well defined Wick rotation. Rather, one

has to sum over all possible spacetime metrics with the possibility of getting

divergent results due to the non-positive definiteness of the Euclidean action.

Several proposals were suggested to get around this problem. Recently, for

example Halliwell and Hartle [2] suggested that in certain special cases it is

possible to obtain finite results by deforming the contour of integration in

the complex plane rather than integrating along the real axis. This amounts

to making the functional integral over complex metrics instead of purely real

lorentzian or purely real Euclidean metrics. Certainly, this is an interesting

result, but it works only in very specific examples [2].

Here we will discuss the problem from a completely different perspective.

The problem we are considering here is the relation between quantum tun-

neling and the use of Euclidean-signature spacetime metric (positive-definite

metric) [3]. We also establish analogy between the use of Euclidean methods
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Figure 1: the shape of the potential V(X)

in quantum cosmology and quantum theory in general [5].

First, we will discuss the use of Euclidean time to evaluate the tunnel-
ing probability in normal non-relativistic quantum mechanics. The example
I will discuss is exactly solvable at the semiclassical level. Moreover it is
formally analogous to the use of instantons in gauge field theory.

The problem is to calculate the tunneling probability between the two
minima of a double well potential at jiero total energy,

V(X) = \(X* - cr2)2. (1)

The energy conservation condition is

\mX2 + V(X) = 0. (2)

At the classical level the only classically allowed solutions are X — + tr and X

The semiclassical tunneling probability between these two configurations may

be evaluated by allowing the time t to become imaginary (( —• - t r ) , then,

in the 'real' Euclidean time r the constraint becomes:

The exact "instanton" solution is

X(T) = <rtanh(aT)

3

(4)

where a = y ^er. This solution represents a "slow" motion in the Euclidean
time which connects the two classically allowed configurations X{T = -co) =
— <T,X(T = +oo) = +ff. Now, in order to evaluate the tunneling probability
at zero energy, one may calculate the action along this Euclidean solution:

(5)

using the energy condition satisfied by the solution one gets:

1 = 2 f+°" V{X)dr.

Furthermore, from the energy condition one also gets dr

Therefore, the standard result is obtained;

I = 2L^dX.

The integral is easy to evaluate since V is a complete square, and the
result is

. 8 mX ,
I = is1

3V 2
therefore the tunneling probability is:

(8)

(9)

2 Quantum field on curved spacetime

Now consider the same problem studied above '.n a Friedmann background
with metric;

dS2 = -N2di* + a2(t)dn2,7 (10)



Figure 2: the Euclidean background epacetime corresponding to the cosmo-
logical metric 10 is a wormhole background. It is an asymptotically flat
spacetime. Therefore the equation of motion ol the scalar field is asymptot-
ically the same as the flat case. The total energy of the scalar field is well
denned and conserved on the two asymptotically flat regions and therefore
it may be chosen to be zero there, just as in the previous example.

where a2(t) = a2, - at2, and dil^ is the metric on unit 3-sphere. This is

a cosmological background that in the real Lorentzian time t it starts at a

singularity at to = — y ^ expands to maximum radius au at t = 0, and then

recollapses to a singularity at tm = \J^. The equation of motion of the

scalar field on this background is

«P»> ad<j> dV n—- + 3 -— H = 0,
dt2 adt d<t> (11)

where we have chosen N=l.

The Euclidean metric corresponding to the above background is (see Fig.

2 ) 1

dS2 = dr1 + a\r)dUl, (12)

where O?(T) - af, + a r ! .

'it is clear that the analytic continuation that we used is ( —* — IT, however this
ii equivalent to the analytic continuation obtained by allowing the lapse function N lo
become imaginary. It is difficult to see this directly from the form of the metric however
one must temember that the scale factor depends implicitly on N since it is a solution of
Einstein equation with a given choice of N. ( I thank A. Carlini for pointing this to me).

The equation of motion of a homogeneous scalar field <f> with the same
previous double well potential on this spacetime is

AH ad$ dV _

dr2 a. dr d<p
(13)

with V{4>) = X{4t2 - (T2)2 and \ = ^f^7? which reduces to zero in the two

asymptotically fiat regions, giving the flat spacetmT- equation of motion.

Clearly the asymptotic solutions are:

as r —t — oo (14)

4>(T) = +(Ttank(ar) as r —> +oo (15)

where a is given as in formula (4). One can estimate the action of this
solution

= 2(lf2) f I {^r
(17)

Formula (17) is obtained by using the fact that both the kinetic and potential

terniB approaches zero rapidly in the two asymptotically flat regions, therefore

the dominant contribution comes from the interval - - < r < - (a is defined

in the last section), in this interval the scale factor is almost constant.

Again the quantity that has a meaning is the tunneling probability which
is given by formula (9).

Another way to write the equation of motion is in the form of energy
conservation:

dr dr
(18)



This is equivalent to

( (19)

which is equivalent to the Euclidean version of the equation of motion.

We now consider another background spacetime, i.e. the de Sitter space-

time hyperboloid with metric as in (10) and a(t) = H~'cosk(Ht). This

spacetime has a Euclidean section of half of a four-sphere. Therefore, the

metric is as (12) but the scale factor is that of a 4-sphere of radius H~', that

is a{r) = H-'sin(Hr).

It is not possible to obtain an exact solution in the general case, however,
for the case of when one can neglect the second derivative of <j> compared to
the other two terms (slow rolling condition) one can obtain exact solution
for

3-0 = 0. (20)

The solution (as written in terms of the scale factor) is:

4>2(a) = <r2

where w = ^§r- This solution takes <j> from the value <j> ••

<j> = 0 as the scale factor varies from a = 0 to Ha = 1.

(21)

—-7; to the value

Another special case in which it is possible to obtain a solution is when
V(4>) may be considered approximately constant. In this case there is a
complicated exact solution which is singular at a = 0. However, the only
regular solution is a constant on all the 4-sphere. That is tj> = C for 0 <
Ha< 1

f V i a

Figure 3: the potential barrier in the case of the de Sitter minisuperspace
model V(a) = a2 - H2a4, where H2 = j , and A is measured in units ot$~'

3 Quantum cosmology

In this section I consider the simplest possible minisuperspace model in which
the geometry is quantised; this is the de Sitter minisuperspace model with
Euclidean metric of the form

ds2 = p2(N2dr2 + a2(r)dQl). (22)

where ff1 ~ j ^ r - The Wheeler- De Witt equation has the following form
[4]:

= 0, (23)

here we have made a particular choice of the factor ordering and we neglect
the technical fact that one ought to write the W-D equation in terms of an in-
finite range parameter ( a: a = exp(a);0 < a < 00 —> -00 < a < +00) that
obeys the standard canonical commutation relation. The classical Lorentzian
H&miltonian constraint is obtained by choosing an imaginary lapse function
N.

(oo)1 + V'(o) = 0 (24)



where the dot refers to the derivative with respect to the Lorentzian time t.

The solution of Eq.(24) has a solution of:

a(t) = H-'coah{Ht) Ha > 1; (25)

this is the de Sitter hyperboloid 4-geometry i.e the 4-mettic in the classically

allowed region is

ds2 = -dt1 + H-2coth(Ht)<ml. (26)

Clearly, the only classically allowed solution in the region Ha < 1 that

satisfies the Hamiltonian constraint is a = constant^ 0. However, if one

now looks at the problem in the metr": (22), i.e. in the Euclidean time, the

Hamiltonian constraint becomes

{aaf - V(a) = 0, (27)

where the dot now refers to the Euclidean time r. This equation has the
solution,

a(r) = tf-J«n(ffr). (28)

Therefore, the geometry is described by the metric,

dS2 = dr2 + H-2sin2{HT)dUl, (29)

with 0 < Ha < 1, which is half of a 4-sphere that connects the two classi-
cally allowed configurations a=0 and Ha=l. Now, in order to evaluate the
tunneling probability between these two configurations, one has to evaluate
the Euclidean action along this Euclidean history,

r/2/f
(30)

(31)

Lorentzian

Euclidean

Figure 4: the Euclidean 4-geometry that interpolates between the classically
allowed configurations Ha = 0 and Ha=l, and solves the Euclidean Hamilto-
nian constraint in the classically forbidden region matched to the lorentzian
4-geometry that solves the Lorentzian Hamiltonian constraint in the classi-
cally allowed region Ha > 1

Therefore, the tunneling probability P(Ha = 0 —» Ha = 1) is,

Pf^To = 0 -» Ha = 1) = exp( (32)

An important remark is now in order. It is clear that one is free to choose

the value of the cosmological constant to be arbitrarly small in this model,

therefore the width and the height of the potential barrier to be arbitrarly

large, but the tunneling probability becomes vanishingly small if (H2 <<

nip). This does not mean that the motion through the potential barrier is

becoming classical. Rather it is like the probability of finding the electron of

the hydrogen atom one meter away from the nucleus being non-zero.

4 Tunneling interpretation of change in sig-
nature in relativity

Consider now the general case of a Lorentzian metric that is written in its

(3+1) form:

10
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= -(N2 - NiN')dt2 + 2N,dXldt (33)

the usual definition of the second fundamental form corresponding to this
metric is given by:

(34)

where £>; stands for the covariant derivative with respect to the spatial met-

ric h(j. If the change in signature may be viewed as either N or t becoming

complex, and if one uses the same definition of K,, in the Euclidean region as

it is in the physical Lorentzian region (this is equivalent to choosing the sam.:

time variable in both regions, say the proper time df = Ndt), then it is clear

that a change in signature necessarily implies that the proper time becomes

complex and therefore the the second fundamental form becomes complex.

What is the meaning of the second fundamental form becoming complex?

The most clear way to understand this is just the quantum cosmology in-

terpretation, that is by analogy with normal quantum mechanics where one

interprets regions of negative kinetic energy or imaginary mommentum (in

the configuration space of the particle) as classically forbidden regions and

so the only way to penetrate such regions is by quantum tunneling. Here

too one may interpret regions where the second fundamental form becomes

imaginary, or the gravitational kinetic energy becomes negative, as classi-

cally forbidden regions. The only possible problem with this interpretation

is the non-positive definiteness of the Euclidean action for a positive definite

4-metric which we have mentioned in the introduction (2,4,5, 6]. This how-

ever leads to different points of view about how to calculate the quantum

state describing such a tunneling process, but not about the quantum nature

of the process involved in the evolution in the classically forbidden region (2,

4,5].
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5 Conclusion

In all the examples considered above, the 4-metric has the form

- N2dt2 + a2(t)dill, (35)

with N real in the classically allowed region and imaginary under the barrier,
that is the (particle/ the field/the three-geometry) may be viewed to pene-
trate the barrier in the imaginary time. Or, alternatively, the signature of
the spacetime metric viewed by the tunneling object is Euclidean (+ + + + ).
However, in all three examples discussed above the object can move in the
classically forbidden region only via a quantum tunneling process, i.e. the
physical quantity is the tunneling probability calculated in each case. There-
fore, if the universe started with zero radius (which is a classically allowed
configuration) it can penetrate the barrier only quantum mechanically, i.e.,
only through a tunneling process. This tunneling process may be, alterna-
t:vely, visualized as a motion taking place in the imaginary time.

Finally, I would like to make a comment on the case of quantum cos-
mology. It is well-known that there are some examples of complex metrics
that admit a real Lorentzian and a real Euclidean section. For example,
the Lorentzian Friedmann background of Sec.2 has the wormhole spacetime
as a Euclidean section, and in the last Section the de Sitter hyperboloid
has the 4-sphere as Euclidean section. In all these examples the metric of
the Lorentzian section obeys the Lorentzian Einstein equations with suitable
matter source, while the metric of the Euclidean section obeys the Euclidean
Einstein equation i.e., Einstein equations with imaginary lapse function N.
The crucial point that we have made is to propose a physical process that
connects these two sections of the spacetime metric. This physical process
is just the quantum tunneling. Therefore, in Section 3, if the universe starts
at zero radius in the Euclidean region it can evolve to the lorentzian region,
the region Ha > 1, by quantum tunneling.

12



ACKNOWLEDGMENTS

My interest in this problem comes about due to discussions with
Professor G.F.R. Ellis about the change in signature of the spacetime
metric. I am grateful to Professor Abdus Salam, the International
Atonic Energy Agency, UNESCO ind the International Centre for
Theoreti :al Physics, Trieste, for support. I thank Professor
D.W. Sciama and the International School for Advanced Studies,
Trieste, far hospitality. I also thank G. Esposito for useful
comments.

References

[1]- R. P. Feynman and A. R. Hibbs, Quantum mechanics and path inte-

gral, New york, Macgraw-HM (1965).

[2]- J.J HaUiwell and J.B Hartle, ITP Preprint NSF-ITP-89, (1989).

[3j- G. F. R. Ellis, Covariant change in signature in classical relativity,

SISSA preprint, (1991).

[4]- A. Vilenkin, Phys. Rev. D27, 2848 (1983) and Phys. Rev. D 33,

3560 (1986).

15]- J.B. Hurtle and S.W. Hawking, Phys. Rev. D28, 2960(1983).

[6]- S. W. Hawking, in General Relitivity an Einstein centenary survey
edited by S. W. Hawking and W. Israel (1979); See also G. Gibbons in the
same refernce. And S. W. Hawking, in Relativity, Groups and Topology II,
proceedings of " les Houches summer school", Les Houches, 1983, Eds. R.
Stora and B.S. De Witt ( North- Holland, Amsterdam, (1984)

13




