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ABSTRACT

The flow of blood during deep heat muscle treatment is studied in this paper. We model
the blood vessel as a long tube of circular section whose radius varied slowly. Under the Boussinesq
approximation, we seek asymptotic series expansions for the velocity components, temperature
and pressure about a small parameter, e, characterizing the radius variation. The study reveals
mathematically why physicians recommend a hot bath for cuts and physiotherapists use ice packs
for bruises.
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1. Introduction

The principle question around which the study of physiological fluid dynamics

is centered concerns the range of validity of the assumptions of Newtonian nature

of blood in the large blood vesseis. In a previous analysis, Bestman [1] studied the

unsteady low Reynolds number flow in a heated tube of slowly varying section. In

that analysis the effect of forced and free convection heat transfer on flow in an

axisymmetric tube whose radius varied slowly in the axial direction was addressed.

The temperature of the body, that is the temperature in the interior, called the

core temperature is fairly well regulated, normally varying from the mean by not

more than l°c. Hence the walls of the blood vessels which travel deep inside the

body will not show much variation in temperature.

On the other hand, the surface temperature of the body rises and falls with the

temperature of the surroundings, within a certain limit. In such a case, the wall

temperature of the blood vessels which start from the core and travel to the surface

will exhibit variation with axial distance. Examples of such blood vessels abound but

one which readily comes to mind is the subclavian artery which branches from the

aorta and bifurcates further into the bracnial artery that subsequently travels to the

near surface of the body. In his study, Bestman [1] incorporated a heat source/sink

term to simulate abnormalities of body temperature regulation in a pathological

situation.

In this study we want to look at the behaviour of blood and blood vessels during

deep heat treatment in which thermal radiation ii prevalent. Here we assume blood

is a constant viscosity fluid and the differential approximation for the radiative heat

transfer for an optically thin medium. In a later study we hope to consider the case

of a variable viscosity fluid.



The problem is formulated in Section 2 and the leading approximations and

solutions are presented in Section 3. Higher approximations are obtained in Section

4. Quantitative results and discussions are given in Section 5.

2. Formulation

The flow of blood in blood vessels during deep heat muscle treatment is governed

by the equations of continuity, momentum and energy which can be written in

cylindrical polar coordinates (r\o,z') with velocity components (u\v',w')

We consider viscous ftow with heat source term q in a heated long tube of circular

section whose radius varies slowly as

r' = aos{ — ) (2 .1 )

s is an arbitrary function, and prime denotes dimensional quantities.

Assume Boussinesq approximation is valid, so that if p designates fluid den-

sity, and subscript oo denotes a reference density then the equation of state for a

Boussinesq fluid, Bestman [2] is

Poo - p = p^8(T - TJ) (2.2)

where /? is the coefficient of volume expansion. Let y. designate the fluid viscosity,

k the thermal conductivity and cp the specific heat at constant pressure.

Generally the radiative flux satisfies the differential equation, Cheng [3]

(2.3)V2gfi - 3a2q3
R = 0

where a is the absorption coefficient and a is Steffan Bolt2man constant. We only

consider the optically thin limit of equation (2.3)

since blood can be regarded as an optically thin medium (r>...l). Bestman [4]

showed that the optically thin limit of equation (2.3) in suitable non-dimensional

variables is

Hence the governing non-dimensional equations of continuity, momentum and energy

incorporating the radiative flux term can be written as
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subject to the boundary conditions

(Z.5a,b,c,d,e)

u = 0 = ti = w = 8 on r=s(z)

(2.6)



We have introduced the following non-dimensional quantities

« '

p =
16.

3afc
(2 .7)

subsequently r = (3Ra)i .^

f/oo is a typical axial velocity, R is Reynolds number of flow, Gr is the free

convection parameter (Grashof number), PT is Prandtl number /i is the kinematic

viscosity, g Is gravity, Ra is the radiation parameter, 9 is the temperature, and a0 is

a characteristic radius. Also

_ 3 d2 1 d Id2

V 2 = i- i

Combining (2.5 b, c) we get

9u i; 9v uu
9r r di> r

du, 1 d . du v du

,1 d ldu.
(2.8)

Equation (2.8) wilt be useful in subsequent analysis.

The mathematical statement of the problem simply put, is a solution of equations

(2.5 a, d, e) and (2.8) subject to (2.6).

3. Leading Approximations and Solutions

The problem formulated in the previous section is non-linear and coupled and

not readily amenable to closed form analytical treatment. We therefore adopt an

asymptotic analysis similar to that in Bestman [4] by expanding the velocity com-

ponents and temperature in the form

u = u(0> + eu*1' + , ..etc

while the pressure is expanded as

Substituting (3.1) into equations (2.5 a, d, e) and (2.8)

we find that for the leading approximation

rdr

(3.1a)

(3.16)

3p 1 d , <9u>
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dz T or Or

r dr 4

0 (3 .2a ,b ,c ,d)

The method of solution of (3.2) has been described elsewhere. See for instance

Ogulu [5]. The results are



(3 , .3a ,b ,c ,d)

where a is the real positive root of the quartic equation

(3.4)

obtained on imposition of the boundary condition on

(3.3). In our solutions, since Ra is small we have neglected terms containing

squares or products of Ra. Subscript w iudicate conditions at the wall. A(z) and

B(z) are arbitrary functions of z given by

l512/L 64
1 CA '

and

Also K is the constant prssure at the left ventricle of the heart in a healthy person.

4. Higher Approximations

The governing equations for the next approximation are
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The boundary conditions are

u<0 = .„<!) = 0. = tu<'> = 0

We seek a separable solution for 8 of the sort

$^ = e[i\r,z) + Q^(r,z)Cosfj> (4.3)

then substituting for u(0),UJ(0), and^B^K in (4.1 d) coupled with (4.3), we obtain

equations for 0* and, ©^ from which on rejection of unbounded functions we can

deduce that

e l" = R.pr{ ~ + s-)
a a

and

/(r) (4.4a, 6)

where H(z) and D(z) are arbitrary functions, In{ar) is

Bessel function of order n and a — 2RI a?. Kn . will be used to denote Bessel

function of the second kind subsequently. Also



and

a4 1

= 2RPrRaa2B(z},

and the constants H(z) and Dfz) are obtained on imposition

of the boundary condition 0 , = 0 on r ~ s(z). They are

H(z) =
1

and

I0(as)Xdz4a( a' dz ° 2 a

f(3)

The other functions and constants are as defined in Ogulu [5]

To obtain the axial velocity we write (4.1 b) as

1 + 1 av»
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We seek seperable solution for m'1' , of the sort

We put

Substitute (4.6) and (4.7) in (4.5) and after some algebra we obtain
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where E(z) is an arbitrary function given by

l
rt 8960 43008

(4.8a,

8960

and s, = t , and pi" = ^

We continue the solution of equation (4.1). We seek seperable solutions for

U W y ^ c n o V 0 , of the sort

?\r, z)Cos24>

Substituting (4.9 b, d) in (4.1 a) we obtain

from which we can deduce that

(4.9a, 6,

dz

»« + M*l) - Iris***] +
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The boundary condition on U{° gives

s, + ^p (2 , e
a . , + Us**]) = 0

which is reminiscent of Reynold's equation in lubrication theory. We integrate the

Reynold's equation to obtain

and

12

RK2s3sz

As observed in Bestman [1], to terms of order e, the free convection currents have

no effect on the pressure distribution.

We continue the solution of equation (4.1). Assume Gr » R then (4.1 c) becomes

(4.11)

We substitute (4.9) in (4.1 a) and (4.11) to obtain respectively

and

(4.12c, 6)
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We proceed to solve (4.12 a, b) simultaneously. The results are

.,,) T(*) a , piVa'r pi"
U\ ' = X{z) Y~r + c + i V««'
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and

*

(4.13a, b)

On application of the no-slip boundary condition we obtain the constants T(z) and

X(z)as

224 dz Q 29128 <k

17
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where p^ ' = ^

Next we substitute equation (4.9) in {4.1 a) and (4.11) to obtain

,
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and

(4.14a, 6)

where

After some algebra equation (4.14 b) becomes

-.* (4.15)

We now solve equations (4.14 a) and (4.15) simultaneously. The results are

Y(r,z)

and

where // = - \ ^

are now complete.

4
15'

V(r, z) = — * fC{r,z)dr. The higher approximate solutions

5. Discussion of results

We have formulated and solved approximately for the velocity components, pres-

sure and temperature for flow in a heated tube of slowly varying section. From the

viewpoint of deep heat muscle treatment, Physiotherapy, we are interested mainly in

the temperature distribution and the axial velocity profile because the axial velocity

component is resposible for convection of nutrients to various parts of the body.

12

The expansion for the temperature and velocity are given as

and

t is a small parameter, for simplicity, in this analysis we take t = 0.001. For the

ligher approximate solution for the temperature and velocity, we have

and

In the discussion of the velocity and temperature distributions and in figures 1 ,

2 and 3 the value of 4> is taken as zero. Other values of 4> show insignificant change in

the presentation. Without loss of generality we take 6 = #'°> only. For the velocity

we consider only the first two terms of the expansion.

We solve the quartic equation (3.4) for 'a' for different values of the radiation

parameter, Ra, to obtain the temperature distribution. For the axial velocity we

take typical values of the various parameters in the equations for UJ'0' and tu'1' for

blood. The constant pressure in the left ventricle of the heart , K , we take as -1,

Reynolds number for blood as 40 , Grashof number as 0.5 and Prandtl number as

25. These values are actually given in the literatures, see for instance, Bestman [2].

Numerical discussion shall be considered only for a locally dilating tube of the

form

s = ez

where z = 0 is taken as the inlet of the aorta.
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Figures 2 and 3 show the temperature distribution for three different values of

the radiation parameter at z = 1,2. There is symmetry along the axis of the tube,

that, is at r = 0. A close look at figures 2 and 3 suggests that the temperature

decreases away from the walls of the biood vessel. This is not surprising since in

addition to the heat source, extra heating results from friction between the blood

vessel and the blood. This arises as a result of the increased blood flow. This

increased blood flow is the reason why physicians use a hot water bottle in areas

of suspected thrombus formation because increased blood flow is associated with

increased supply of oxygen , nutrients and leucocytes which aid recovery. A wel!

oxygenated muscie heals a lot faster than a poorly oxygenated one. Leucocytes are

the body scavengers, they eat up bacteria and germs which is why a good supply of

them means a torn ligament will heal much more quickly for a patient undergoing

physiotherapy.

Heat is actually an stimulus and the human body will react to any external

stimulus. The external stimulus in this case is applied so that the body defense

mechanism is activated in a positive manner. Blood supply to the dis-eased part of

the body is increased during physiotherapy as shown in figure 1. Also from figure 1,

it is obvious that once flow is set further increase in the radiation parameter does

not result in increased blood velocity.

As we all know, platelets aid blood clotting so an increase in blood velocity means

more platelets would be available so that blood clots easily in cuts. If a boxer has

a cut in the ring or a footballer has a knock in the field of play, the fi st line of

treatment is the use of an ice pack. This is heat treatment except the heat in this

case is negative heat (cold). This brings about the constriction of the blood vessels

and the reduction of blood supply to the affected part, and ofcourse, of oedema.

Hours later after the onset of oedema the second line of treatment follows; this

time positive heat is applied to increase the blood supply to the affected area with

the resultant increase in oxygen and nutrient supply.
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Fig.l

FIGURE CAPTIONS

Velocity profiles for flow in a tube of slowly varying

radius - Rg - 0.1, 0.5; z - 1.

Fig.2 Temperature distribution for flow in a tube of slowly

varying radius Rg = 0.1, 0.2, 0.5; z - 1; 9w = 2.

Fig.3 Temperature distribution for flow in a tube of slowly

varying radius Ra *= 0.1, 0.2, 0.5; z = 2.
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