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ABSTRACT

A dynamical model of interacting strings with fixed total energy and finite energy density
is studied. Results previously obtained for the case when the kinetic energy is small are extended
by means of a fully relativistic analysis. The non-linear dynamical equations of the model are
solved numerically and the equilibrium configurations for the case of both fundamental strings
and the flux tube model of hadrons are investigated as a function of the energy density. Our re-
sults strongly suggest the formation of a resonance dominated phase for sufficiently large energy
densities. The model is applied to the study of the evolution of hadronic matter produced in ion
collision experiments, where the formation of a Tesonance dominated phase is noted immediately
after the collision. Our results indicate that this non-equilibrium state decays rapidly and relaxes
to equilibrium very soon after the collision, with a typical time scale of T ~ 1/m* ~ 5 x 10-14 a.
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1 Introduction

In this paper we continue the investigation started in refs. [1, 2| and refs. [3, 4] in
which the behaviour of a gas of interacting strings at finite densities was studied.
In this work a description of the state of the gas is given by a set of numbers
representing the number of strings within a certain 'bin', that is the number of
strings which have in common certain attributes (in the present case energy and
mass in a certain range). The number of strings is not kept constant but is
allowed to evolve with time, so that thermodynamical equilibrium is not an a
priori assumption, and configurations away from it can be easily studied. The
model consists of a series of non linear equations relating the first time derivative
of the number of strings in a particular bin with the number of strings in the other
bins. This gives a system of uon linear ordinary differential equations which can
be integrated numerically. A configuration of equilibrium will be one such that
all time derivatives vanish.

Such models (which go under the name of nucleation models) were intro-
duced a long time ago (for references see [5] and references therein) to study the
behaviour of gas and vapour in a mixed gas-liquid phase; there the quantity of
interest is the number of droplets with a certain radius. In our case the system of
equations is constructed considering that strings can merge or split, thus giving
rise to strings in other bins. The interaction we consider in the present paper
is the customary three point interaction of string theory. That is, a string is al-
lowed to split into two smaller strings, or two strings ate allowed to merge into
one larger string. The first process is linear in the number of strings of the bin
involved, while the second is quadratic, being proportional to the product of the
two numbers of strings. Higher interactions (which are taken into account as two-
step processes) are in principle possible but practically vmfeasible due to technical
(computer memory) limitations.

The crucial characteristic of hadron and fundamental strings one takes into
account is the exponentially growing density of states. This is known to create
an upper limiting temperature in the canonical ensemble [6], which has been in-
terpreted ai the signal of a phase transition [7]. The microcanonical ensemble
method has been used as well [8, 9, 10] to study systems of strings; one of the
interesting results obtained, using this method (in which the number of strings is
held fixed), is that the most favored configuration of N strings is the one where
there is one highly excited string, which carries most of the energy of the sys-
tem, and the other ~'{N - 1) strings are at the lowest mass level. In ref. [llj a
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model (the 'heretic' string model) was proposed where strings are considered to
be macroscopic interacting cbjects, with definite lengths and an interaction prob-
ability proportional to their length. There too it is found (with microcanonical
techniques) that there are two phases, one dominated by long and one dominated

by short strings.

In rets. [1, 2] the idea of treating a gas of strings with nucleation methods
was first introduced for a gas of closed fundamental strings, with the assumption
that most of the energy was in the form of rest mass rather than kinetic energy
(an assumption motivated by the large phase space of the mass degeneracy due
to the exponential growth of the density of states). One of the results of the
investigation is the presence of two phases, one (called the 'gas' phase) in which
the number of strings is very large and all the strings are in the ground state (or
the first few excited ones). For a density larger than a critical density (of order
one in Planckian units) a sharp transition to a 'liquid' phase occurs. Now there
are only a few strings with high mass. One shorto ming of these papers was the
fact that the strings were considered to have most of their energy in the form of
rest mass, an assumption justified by the size of the mass phase space, but that
one would nevertheless like to verify.

In this paper we consider a gas of strings with different masses and energies,
and discuss the behaviour of the number of strings with a particular mass and
energy at equilibrium as a function of the energy density. Thus we treat the
kinetic motion of the strings explicitly. One of the motivations for this extension
is to check the previous results inrefs. [1, 2] and justify the approximations made
there. Besides clarifying the nature of the transition to the high density regime,
one of the merits of including the kinetic motion of the strings in the treatment
is the possibility, in principle, of discussing the thermodynamics! implications of
the results.

In section 2 we construct the nonlinear equations representing the model. In
section 3 we discuss the configurations of equilibrium for the case of fundamental
closed and open strings in various dimensions. There we confirm the presence of
two phases, one with almost all of the energy in a few strings, the other with the
energy mostly in low mass strings. In section 4 we apply these ideas to a model
'freely inspired' by hadron physics, that is we fix the parameters of the model to
mimic the spectrum, lifetimes, cross sections and branching ratios given by the
string model applied to the flux tube model [12, 13, 14, 15, 16, 17]. In this same
section we discuss the equilibrium configurations for such strings/hadrons. In
section 5, we propose a practical application of our model to study the evolution

of hadronic matter expected in ion collision experiments.

As is clear from the arrangement of this paper, our main interest lies in investi-
gating the properties of the non-linear dynamical system which will be introduced
in section 2. The following sections are applications of the model to some inter-
esting physical systems, namely fundamental strings and hadronic matter. Our
results for the case of fundamental strings are rather clear because of the small
number of free parameters in string theory. Our approach gives a dynamical de-
scription of the system without relying on the thermodynamical approach. In the
application to the study of high-density hadronic matter, as is always the case, the
situation is more complicated and we have several parameters which we have to fit
using experimental data. In several parts, we have to introduce approximations
and assumptions, in order to simplify the analysis. However, our approach still
provides information which ordinary methods cannot provide, for example finite
energy and volume effects.

2 The Nucleation Model

In this section we introduce the model of the behaviour of a gas of strings at
finite densities. This model is the analog of nucleation theory [5], that is the
study of the behaviour of a supersaturated gas. The analogy here is between the
various levels of excitation of the strings and the droplets of various sizes. We will
therefore consider a gas of interacting strings, the interaction being the decay of
one string into two strings, or the recombination of two strings to merge into one,
more massive, string. This model is an enriched version of the one discussed in
refs. [1, 2], the enrichment being the treatment of both mass and kinetic energy.

Consider a system with total energy EIM, with the energy range between the
ground state and £tot divided into bins of equal size A. We will then consider
JVfii.Mj (or, w ith a simplified notation, JV,j) to be the number of strings with energy
Ej and mass M,, with M\ being the mass of the ground state. We will ignore in
this context the possible presence of tachyons for some values of the number of
dimensions, as they would create unphysical instabilities. We will have to ignore
as well the complications due to the fact that there may be fermion states.

The quantities of interest for us are the distributions JV as functions of the
density and time; in particular, we are interested in the configurations of equilib-
rium, in which the JV'S do not change with time. Another important and related
quantity is the energy concentration, represented by Cjj, the fraction of the energy



carried by strings with energy and mass in the (», j)th bin:

(2.1)

We will consider the change of the c's with respect to time. In our model four
terms will contribute to the time derivative cy(c.f. eq.(2.2) below). Two
linear terms refer to the decay of strings, one with a negative sign refers to strings
in the (ij)'K bin which decay, another refers to strings in higher mass bins which
decay with one of the decay products being in the bin (ij). These two terms are
linear since the probability of this decay is obviously proportional to the number
of strings in the bin. Analogously there are two recombination terms, but this
time they are quadratic, since the probability of the two strings interacting is
proportional to the product of the numbers of strings in the two bins involved.
As is true for the decay terms, one of the terms here is positive and the other
negative, corresponding to strings which are produced in the bin, or which are in
the bin and leave it as a result of their participating in the formation of a more
energetic string, respectively.

Let Xij be the decay probability for a string of energy £, and mass A/>, and
r)v,)—(,<j') the (normalized) branching ratio for a string in bin (ij) to go into
bin (i'j'). Of course F will have to take into account rel&tivistic contractions
and the size of the phase space. As far as recombination is concerned instead
let fi(ij)+(iiji)^x be the probability for a string in («j) to merge with a string in
(i'j') to create any other string. This quantity is basically the cross section of
the process divided by the total volume. We will indicate by -R(»J)+(<'J')—»(<">") 'be
probability that the above reaction gives as a result a string in the bin (i"j").
Whenever a reaction is forbidden by conservation of energy or momentum the
corresponding entry in F or R will vanish.

The lifetimes, branching ratios and interaction rates will of course be different
in the cases of hadrun or fundamental strings, although their basic structure is
not much altered.

For reasons of computational simplicity we have used X, F and R which refer
to concentrations c rather than numbers of strings. This means the insertion
of factors of E, in the appropriate places. The actual forms of these quantities
and their calculation, as well as the parameters used, are discussed in detail in
Appendix A.

With these conventions the equations are:

+ I-X

(2.2)

We note here that a factor A = ff'gEtot/V has been included in R (see Appendix
A), where <T£ is a constant which is present in the total cross section for the
interaction. The energy density of the system, Etot/V, therefore enters into these
equations. For fundamental strings, the total cross section is proportional to the
square of the string coupling constant *. Here X is proportional to the square of
the string coupling as well, and to the mass of the decaying state. For equilibrium
configurations, the string coupling effectively drops out of these equations. For
the case of hadrons, the strength of the proportionality X en M and the value of
a'o are both fitted from experimental data [3, 4],

We will mostly study the equilibrium configurations, that is the solution of
the system with c^ = 0; in this case we are dealing with a system of algebraic
equations. The crucial point is the non-linearity of the equations, which opens
a number of possibilities: no solutions, or multiple solutions, are in principle
possible, as well as closed orbits, chaos or unstable (saddle) solutions. However,
in the course of our investigation we found none of these exotic occurrences; we
were always able to obtain only one solution for our syBtem, which was stable.

To simplify the analysis it is convenient to define some 'global' quantities
and study their behaviour as a function of the density. An obvious one is the
total number of strings Ntat = J2,j "ij- This number in turn is usefully split into
^ir = Ei "io, the total number of strings in the ground state (the pions in the
hadron case, hence the notation), and Nrc, = W<o< — Nt, the total number of
resonances. We have also analysed the quantity Ktat, the total kinetic energy of
the system, in turn split into K-, and Kr,,. ThiB quantity gives an indication
of roughly 'how fast' the strings are going, and the quantity Kta,INtot can be
considered to be a crude indication of the temperature. To indicate how heavy
the resonances are, we have used the quantity M ~ £<j>i n-ijntj/Eij>i ny, that
is, the average mass of the resonances. Another quantity of interest is the sum
of the absolute values of the c, F — £ y |cy|, which represents a measure of the
equilibrium of the system; it vanishes for a configuration of equilibrium. *

'The constant of proportionality is r/16 in Planck unit* for fundamental strings, see [1] and
appendix A.

' in our numerical investigation we considered an equilibrium configuration one for which
F < 10 - 1 2 m l o l l with each individual c« < 1CT10.
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Figure 1: Tie number of strings as a function of A'.

3 Open and Closed fundamental strings

In this section we discuss the results of the model when applied to closed or open
strings. We performed this analysis for a total of 37 mass bin states. The matrices
for the branching ratios and interaction rates are described in the appendix, the
main difference between the two cases under consideration here being a different
exponent in the dependence of the interaction rates on the masses of the strings
involved. This makes the closed strings more likely to produce more massive
resonances, despite their being more massive because of the different Regge slope.
In Figure 1 the number of strings is shown for the open and closed cases for
three different values of the number of dimensions as a function of the variable
A' = -fcfp, "here p is the energy density EtmjV and / is a factor representing
the insufficient knowledge of the string decay width (it can be written in the form
/ = 0s/7> where g is the string coupling and 7 is the decay width coefficient
defined in appendix A. Here 7 is proportional to g1, with an unknown constant
of proportionality). Thus A' is essentially a measure of the energy density of the
system of strings. Since the exact value of / is uncertain, A' is in units of Planck
mass squared(up to an uncertain factor) for open strings, and is dimensionless
(modulo an unknown factor) for closed strings. From this figure (v*iere the A'
axis is on a logarithmic scale) it can be seen that at a A' of about (hi there is

Figure 2: The number of strings in the fundamentai state and the number of

resonances for the open string case.

a sharp decrease of the number of strings. The behaviour of the two classes of
strings is quite similar, although the transition point occurs at a somewhat higher
A for open strings. In figures 2 and 3, for the open and closed cases respectively,
the number of strings in the ground state and the number of resonances is shown.
There it is clear that while the number of strings in the lowest mass state decreases
steadily, the resonances start growing at a A' of about 0.01, reach a maximum,
and then fall off to a plateau(rbr closed strings) at a A' of about 2000 or so. This
behaviour looks roughly similar for open and closed strings, although for open
strings a higher value of A' seems to be indicated before the number of resonances
reaches a plateau.

These pictures are similar to the ones in refs. [1, 2], But this time we can
say more about the behaviour of the various configurations of equilibrium as a
function of the density. In figure 4 the total kinetic energy as a function of the
density is plotted for both the open and closed cases, while in figures 5 and 6
the two curves represent the values of the kinetic energy carried by strings in the
fundamental state and by resonances. From these pictures it is possible to have an
idea of how the configuration of equilibrium evolves when the density is increased.
For low densities there' are mostly strings in the ground state which obviously
carry most of the kinetic energy. As the density increases the total energy carried
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Figure 3: Tie number of strings in the fundamental state and the number of

resonances for the closed string case.
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Figure 4: The total kinetic energy as a, function of the density.
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Figure 5: The kinetic energy of the resonances and of the strings in the ground
states for open strings.
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Figure 6: The kinetic energy of the resonances and of the strings in the ground

state for closed strings.
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by strings in the ground state decreases, and so does the kinetic energy they
caxry. More massive strings are produced and the total kinetic energy carried by
them increases. At a A ~ 5 instead the kinetic energy of the resonances ceases
to increase (and starts, in fact, to decrease); now the increase in energy density,
rather than resulting in an increased kinetic energy for the resonances, favors the
creation of more massive states. This behaviour is qualitatively equivalent in the
two cases, although the size and positions of the peaks are somewhat different.
For higher densities we note a dependence of the behaviour on the number of
dimensions (an 'universality' of the low density, or 'gas', phase with respect to this
parameter was already noticed in [2]). Now the decrease in the kinetic energy of
the resonances stops (at a value of A which depends on the number of dimensions),
there is an increase of KTet, and another peak as the total kinetic energy increases
again; for a large enough density a new generation of energetic states is created.
This process will probably go on for even larger densities, but we do not believe
that our model can be trusted for densities very much larger t*3" Planck scale
densities.

The interpretation of this behaviour in terms of a sharp phase transition is
not straightforward, although it is clear that a resonance dominated phase exists
where only a few highly excited states are present. This qualitatively different
phase does not seem to form at a sharply denned value of the energy density;
rather the transition is a somewhat smooth one extending over a range of densities.

4 The Model Applied to Hadron Physics

As we have said the ingredients of our model are not specific to fundamental
(super)strings, but on the contrary are quite generically common to every dual
model, the key ingredients being the exponential growth of states, the formation
of higher states and the possibility of states to decay. In this Bection we therefore
attempt the application of the ideas of nucleation to the physics of hadrona, a
programme already started by one of us in [3, 4].

Obviously a complete treatment of hadrons would be enormously complicated.
While many things are known about lifetimes and cross sections of the low lying
states, little is known for the more massive states, and almost nothing is known
for very excited states. A full treatment would have to include electro-weak
effects, heavy Savours, thresholds, dominance, and the list is far from stopping
here. In this first analysis (more to be intended as a feasibility study) we will
limit ourselves to the application of the model discussed in section 2 to some
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aspects (which we believe relevant if not fundamental) of hadron physics mainly
through the adaptation of the parameters. The Regge slope will therefore be the
one which reflects best hadron physics (see for example [18, 19]), a number of
the order of 1 GeV. Analogously lifetimes, cross sections and branching ratios
have been used with quantities intended to mimic what is known about hadrons,
especially regarding low lying states. These issues are discussed in refs . [3,4],
and we describe the quantities used in this paper in the appendix.

In this section we repeat the analysis of the previous section for the equilib-
rium configurations, while in the next section we discuss the situation of a gas of
'hadrons' in an expanding volume.

Hadrons are not a 'clean' system (as fundamental strings can be considered
to be), and therefore there is no natural scale for the binning of the mass of the
states, such as the Planck mass in the previous case. Most of the analysis which
follows will relate to a system where resonances are binned in units of 1/2 pion
masses, with an exponential density of states which starts at 5.5 pion masses
(approximately the mass of the p particle). The first 36 bins of resonances are
taken into account, so that the total energy Eiot is 23 pion masses, or about 3.3
GeV.

In Fig.7 the number of pions, the number of resonances, and the total number
of particles are all shown as functions of the energy density, measured in units of
pion masses per /m 3 . While the number of pions decreases rather sharply over
about two orders of magnitude of the energy density, the number of resonances
starts growing at a density of about 0.01 pion masses/fm3, reaches a maximum at
around 0.3 pion masses//m3

( then falls a little and levels off to a plateau at around
50 pion masses per fm3 (roughly 7 GeV//m3); by this time there are practically
no pions, everything having recombined into resonances. In Fig.8 the number of
resonances is shown as a function of the energy density for two different values of
the bin size A. It can be seen that the peak in the number of resonances is less
pronounced for the finer bin size; the rise to a plateau is more direct, though the
maximum is still near a density of about one pion mass//m3 .

In Fig.9 the kinetic energy of the pions, the kinetic energy of the resonances,
and the total kinetic energy are shown(in units of pion mass) as functions of energy
density for the case of A = 0.5. Initially, as the energy density increases, the
kinetic energy of the pions increases as the pions go fasteri(although their number
is slowly decreasing); this increase reaches a maximum, after which the pion kinetic
energy drops sharply as their energy is used to create more resonances instead.
Correspondingly, the kinetic energy of the newly-produced resonances increases

12
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Figure 7: The number of pions, the number of resonances and t ie total number

of particles as a function of energy density.
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Figure 8: The number of resonances for two different values of A as a function of
energy density.
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Figure 9: The kinetic energy of pions, the kinetic energy of resonances and the

total kinetic energy as functions of energy density.
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Figure 10: The resonance kinetic energy as a function of energy density for two
different bin sizes.
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as well. The kinetic energy of the resonances reaches a maximum at around 3
pion masses//m3, after which it drops a little and levels off to a constant value.
Fig.10 shows the total resonance kinetic energy as a function of energy density for
two different values of the bin size A. As was true for the number of resonances,
the resonance kinetic energy also shows a less pronounced peak for the finer bin
size; in fact it directly rises sharply from a zero value to a plateau, reaching its
maximum value at a density of about 30-40 pion masses/ fm3. This saturation of
the resonance kinetic energy, taken together with the saturation of the number of
resonances, shows that at large energy densities the production of a small number
of highly excited resonances is favoured as the system is compressed further.

The behaviour of the kinetic energy for the case of smaller bin size is more
likely to be accurate in the context of the flux tube model, since the hadron
spectrum is more or less a continuous one. In this context, if such a resonance-
dominated phase is taken to be an indication of the formation of a quark-gluon
plasma phase, one can interpret our results as indicating that the transition to
such a phase occurs before an energy density of about 4-6 GeV//m3 is reached.
A similar value is indicated by results obtained by other workers using lattice
techniques or thermodynamical methods in hadron physics [20, 21].

In Fig.ll, a few equilibrium configurations are shown as number distributions
over energies, for pions and for a resonance of mass 9 (in pion masB units) at three
different energy densities p (the density is in units of pion masses//m3). Apart
from the ends (which are skewed due to finite bin size effects), these are essen-
tially straight lines, indicating that the equilibrium configuration is a Boltzmann
distribution at each mass level. Further, the system of pionB and resonances at
intermediate densities shares a common temperature, as is clear from the fact
that the pion and resonance distributions shown at p = 0.22 have the same slope.
However, it tun out that fitting a temperature corresponding to such equilib-
rium configurations, as a function of the energy density, is a non-trivial task; due
to the sensitive nature of such a fitting, one needs a high degree of accuracy and
the corresponding computing demands are excessive.

5 A Possible Application: Ion Collision Experiments

In this section,we will propose a practical application of our model, namely the
study of the evolution of the strongly interacting matter expected to be created
in the central rapidity region in ion collision experiments following its evolution
according to our model. Thus in this section the volume of the system is not
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Figure 11: Some examples of equilibrium configurations shown as log N vs. Energy

for different energy densities.

fixed, but is expanding almost at the speed of light. The important problem in
ion collision experiments is how the system evolves after primary collisions and
whether it reaches an equilibrium fast enough so that we can observe a sign of the
formation of high-density hadronic matter, which we have seen in the previous
section. Although our model is still a preliminary one, we think it can provide us
with a good qualitative picture.

We will proceed as follows. First, we make an initial distribution of hadronic
matter (mainly resonances), to represent the state immediately after the primary
ion collision. Afterwards we will present the results of the evolution of this con-
figuration in an expanding volume. Since the first step of preparing the initial
condition is not directly related to our dynamical model, the details are collected
in Appendix B.

Let us briefly explain here how to prepare the initial condition in a typical
ion collision experiment. Our interest is in the central rapidity region in ion
collisions. Just after the primary ion collisions, the system can be approximated
by a superposition of independent collisions between nucleons. Some experimental
data on the central rapidity region in nucleon collisions are available and we shall
use them.

16



Assuming that the hadrons in the central -apidity region are created as decay
products of highly excited hadronic matter, aamely resonances, we make a dis-
tribution of s ich resonances so that their decay products will reproduce (at least
qualitatively; experimental data such as (pseudo-)rapidity distributions in nucleon
collisions. TLus this distribution of resonances becomes the initial condition.

We have tried several distributions of resonances. The one which gave the best
results is also the simplest one, a properly normalized gauasian distribution in the
energy-velocity plane (see eqs.(B.3) and (B.5)). The set of parameters in the
gaussian distribution which we are going to use is the one which best reproduces
the hadron distribution in nucleon collisions with y/a = 20 ~ 40GeV. Of course,
it depends on the collision energy. For the parameters which we have used, and
for -. detailed discussion, we refer the reader to Appendix B.

Once we have an initial distribution, we can evolve the system by numerically
integrating the nucleation equation in eq.(2.2) using the parameters ipi in, A etc.
(see Appendix A) appropriate for the hadronic case. As we have mentioned at
the beginning, an important ingredient in this section is the expansion of the
volume. We use an ansatz for the expansion of the volume with parameters which
a hydrodynamical study of ion collisions suggests [22].

The volume of the system appears in the definition of A in eq.(2.2),

where <TO is the cross section in units of lOmt and the volume V is in units of /m 3 .
We will assume that the volume expands with the following equation:

(5.2)

The first term represents the longitudinal expansion in the incident direction and
the second term the three dimensional expansion. Thus L(t) increases linearly
in time, r is the radius of the colliding nuclei and the function f(t) represents
a ratio between these expansions. The quantities L(t), r, /(() used in the later
computation are [22]

L(t) = 12.6t(l/m,) + Lo

/(*(!/*»,)) = «q»{-3.96«(l/m,)}

(5.3)

where L{t) and r are in units of fm, Lo is L{t = 0) and f (1/m,,) means that the
time is measured in units of 1/m, ~ 0.476 x 10~23a. As a rough estimate, we use
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the longitudinal length of the nuclei for Lo, Lo = i/l — /J'A1'3, where fi is the

velocity of the nuclei in the laboratory frame.

Once we have the initial configuration one can solve the differential equations
for the evolution numerically, with the volume expanding as described earlier.
The parameters we use for the time evolution are as follows:

A = 10.0, b, = 0.0, bh = 20.0, m, = 50 .

Thus Etol, which is the energy stored in the central rapidity region in the ion-ion
collision, is

Etat = 510m. ~ 71.4GeV .

The cross section for a nucleon-nucleon collision is taken to be 20m6, a number
obtained by use of the additive quark model (see [23]). The center of mass energy
for a typical nucleon-nucleon collision is set to E/n — n = 14GeV. This means the
energy stored in the central rapidity region per nucleon collision is (see eq.(B.4))

E/n-n\c.r. ~ 5.0GeV ,

where c.r. stands for central rapidity. Thus the atomic number of the ions de-
scribed by the above parameters is

A= EtJ{Eln-n\c,T) ~ 14 .

This atomic number is quite small compared with the ones in experiments pro-
posed at CERN and BNL. To do the computation with a larger atomic number
while maintaining the reliability of the computation (a sufficiently small parame-
trization of A such that the hadron spectrum in the model is closer to the real
one), a huge amount of memory and CPU time are required. As we have men-
tioned in the beginning of the paper, our attempt is not to discuss the details of
the collision experiment (for which task our model in its present form would be
inadequate), but to provide a qualitative estimate of how the system evolves in
an ion collision experiment. Therefore, our analysis will not go into the detailed
quantitative behavior, but mainly into the qualitative behavior of the evolution;
for example, one of the most important issues is how close to equilibrium the
system evolves.

Let us show the results of time evolution starting with the initial distribution
of resonances explained above. Time is always in units of 1/m,. Fig. 12 shows
the sum of the absolute values of c(i), denoted by F, and the average mass of the
resonances as functions of time. In Fig. 13, the numbers of pions and resonances

18



Figure 12: The sum of the absolute values of c^ as a function of time.
Figure 14: Tie number of pions and the number of resonances as functions of
time.

0 2 4 • t 10

Figure 13: The average mass of the resonances as a /unction of time. Figure 15: The kinetic energy of the pions and the resonances as functions of time.
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are shown. The evolution of the kinetic energies of resonances, pions and their
sum axe shown in Fig. 15. The definitions of these quantities are found at the
end of section 2.

From F in Fig. 12, we see that although the volume keeps expanding the
system comes very close to equilibrium in a relatively small time. Already at
T ~ 1/m,, F in the figure is quite small; this means the system is already close to
equilibrium. At times later than l/m», we can consider the system to be evolving
staying close to the equilibrium corresponding to the volume at the given time.
The behavior of the average mass of resonances M in Fig. 12 suggests that
very excited resonances may be created at the very early stage of the expansion
before the system goes close to equilibrium. The peak of M appears at the time
T ~ 0.3/ro* ~ 0.15 x 10~a3a. The average mass of the resonances at the peak
is < M > ~ 57m, -v 8GeV. The number and the kinetic energy of resonances in
figures 13 and 15, respectively, tell us that until this time the resonances coalesce
to form excited resonances. However, about half of the total energy stored in the
central rapidity region in the ion-ion collision is still in the form of kinetic energy
at T ~ 0.3/rnx. Later than this time, resonances decay very quickly and most of
the energy is converted to the kinetic energy of the pions.

As we have mentioned, the quantitative behavior of our results is not to be
taken too literally. However we can read from our results that there is a good
chance of highly excited resonances being created at an early time after the ion
collision. We can also see that after T ~ 1/m,, the system may be well described
by thermodynainical methods since the behavior of F in Fig. 12 shows that the
system is close enough to equilibrium at later times.

One interesting problem is that of the J / 4 suppression in ion collisions [20,
21, 24]. If one can make our model more precise such that one can perform a
quantitative analysis of the size of excited resonances (which are considered to be
blobs of hot strongly interacting matter in the quark-gluon plasma phase), then
it will be possible to discuss the correlation between J / 4 suppression and the
conditions of the ion collision.

Acknowledgements
We would like to thank R. Hagedorn for suggesting that we look at the fiadron
case, and for useful comments on earlier work. We are grateful to Alvise Nobile
for help with the computing. We acknowledge the United States Department of
Energy for supplying us with Cray CPU time at the National Energy Research
Supercomputing Center, where part of the numerical work was performed. We
would also l ike to acknowledge Professor Abdus Salam, the International
Atomic Energy Agency and UNESCO for support.

21

Appendix A

In this ar/pendix we describe the discretization of the energies and masses and

the calculation of the matrix elements for the branching ratios and the interaction

rates in our string model.

For convenience in the computation, we use vector indices to bin our system
of particles; the concentration cy of particles in the resonance bin («, j ) will be
written as c*, where n = mp + j + i(i — l)/2. Here mf is the maximum number
of pion(or massless particles in the case of fundamental strings) bins, so that the
concentrations c* for k from 1 to mp refer to successively more energetic pions.
It is to be understood that 'pion' in the case of fundamental strings henceforth
refers to massleas particles. Recall that t is the energy index and j is the mass
index, so that we always have j < i. So the counting of the resonances proceeds
with increasing energy, counting all allowed masses from the lowest to the highest
successively for each energy index. Our bins are uniformly of size A (in pion mass
units for hadrons, and in Planck mass units for fundamental strings). Therefore
the energies of the pions are £; = br + tA, and that of the resonance (i, j) is
E<j = *yi + (*— 1)A, where 6P + A and 6* measure the energy of the lowest pion
and the mass of the lowest resonance in our system respectively. The mass of the
resonance («, j ) IB of course given by My = 6A + 0 — 1)A. For fundamental strings
the natural scale for A (at least for the mass intervals) is one in Planck mass
units, while for hadrons in principle one would like it to be as small as possible;
we take it to be 0.5 pion masses in most of our work.

Since we are counting energy in units of A, it is essential that bp and 6& also
be integral multiples of A for energy conservation to work properly. Requiring
that the first resonance be able to decay into two pions tells us that the energy
gap bfi — bj, must be at least equal to bp + 2A. We denote by mr the maximum
number of resonance mass bins; if the total energy of the system is Eu%, then m,
is determined by the relation £\ot = *A + (mr — 1)A. A resonance of a particular
mass can have a total energy ranging from its mass to £tot- Dividing this energy
range into bins of equal size A, wt see that the total number of distinct resonance
states in our system is m(m — l)/2. The maximum number of pion bins mr is
determined by requiring that the highest pion be able to recombine with the lowest
one to give a resonance with energy £ t o t(a more energetic pion than this would
not be able to participate in any of the reactions in the system). This tells us that

Ofc — 2 A P , A ,
m« = -f- rtif — z. (A.I I

A
The total number of distinct states in the system is then m to t = mp + "t^rU i g0
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essentially the input parameters are A, 6,,, 6*, and m,(or equivalently, J5t<,t). For
hadrons we work in pion mass units and choose by = 1, fc/t = 5.5 (about the mass
of the lowest observed resonance), while for fundamental strings we take bf = 0
and fa = 1 (in Planck mass units).

Now we turn to the determination of the branching ratios for the decay of a
string into two less energetic strings. Consider a string of mass M, momentum
fco(in the laboratory frame) and energy E decaying into two strings of masses mi
and iTi]. In the rest frame of M, denote by k the magnitude of the momenta
k\ and k? of each of the decay products, and let k\ make an angle 6 with the
j-axis, which we choose to be along ko- If Ei is the energy of m ( in the lab frame,
kinematics yields

r£l = 7""'"' (A.3)

where ft is the negative of the velocity of M in the lab frame, 0 = —ko/E =

Also sinfl is given by the expression

1/2

(A.2)

sine = -f- P+m\-m\
1M

(A.4)

In D space dimensions, the kinematic phase space volume is proportional to
(fcsin#)D~2<W, where d$ is determined in terms of the other variables according to
eqn.(A.4) above, and dE\ is A in our discretized model. The total phase space
volume for this decay (E, M) —> (Bi,mi) + (£3 , mi), P l a , is then proportional to
the product of the kinematic phase space volume and the mass degeneracies:

Pn oc jo( (A.5)

where p{m) is the degeneracy of the particle spectrum at mass m. There are two
cinematic constraints: first, we require that mi + mj < M, and second the fact
that cos0 must lie between -1 and 1 corresponds to the restriction

<Ei<

for the energy £, of ni!. The branching ratio for the decay of the resonance with
mass M and energy E into a particle in the bin corresponding to {E\, mi) is then
given by

: J ^ S 1 (A.7)
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where the sum over index 2 indicates a »um over all allowed masses mj consistent
with the above two constraints and the denominator normalizes the branching
ratio to unity by summing over allowed values of mi and Ei consistent with
energy and momentum conservation.

In the string model, the mass level degeneracy for resonances at level n, cor-
responding to the mass interval (m, m + dm) is given by

p(m)dm = 2a'dnmdm (A.8)

where a' is the Regge slope defined by n = atm* + cto. The degeneracy at level r»
for open strings is given asymptotically in D space dimensions by L3.4]

1±£.

(A.9)

(some factorB differ for closed strings). For the case of hadrons, we emphasise
again that we are using a phenomenological string model[3, 4]. The degeneracy
(3 states) of the pions is just the isospin degeneracy. For the resonances, there is
an additional degeneracy factor / corresponding to different combinations of spin
and isospin; for low resonances(less than about 9 pion masses) we take this (from
an analysis of the experimentally observed states)[4] to be 13, and for the higher
ones, 16. We also correct dn for the lower levels since it is an asymptotic formula.
The parameters we use for the hadrons are as follows [4]; a' — 0.0171 (in units
of I/ml), a0 = -0.514.

The decay widths of the resonances in the rest frame in the string model are
proportional to their masses 125ifor a resonance in bin (t, j ) , Ay = -jMij, where 7
for hadrons is 0.021 when A/,j is measured in pion mass units [4]. Further, there
is a factor of l /£jj since our equations are written in terms of concentrations
rather than the numbers of strings in the bins. Finally, boosting to the lab frame
necessitates the introduction of a factor M^/Eij in the width. We include these
factors in F(c.f. eq.12.2)) so we have finally

I>. (A.10)

This concludes the calculation of the branching ratios.

Next we turn to the details of the computation of the interaction rates R. For
the recombination of two open strings with energies E\ and E? and momenta jfct
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and £3, the total cross section for open strings in the Regge limit a =

00 was shown in r e f • [261 to be

atot = ^-^f- (A.11)

where vrti is the relative velocity of the two strings and the fc's are the associated
four(or twenty six) momenta. Here a'o is ^g1 (where g is the string coupling)
for fundamental strings. For hadrons, we use the value tr'o ~ 0.7<*o where CTO is
measured in units of 10 millibarns; such a behaviour can be identified in hadron
collision experiments at large momentum transfer(see [3,4] and references therein).
In these units, a typical value of <ro for a nucleon-nucleon collision is about 2. a
is large for large masses or for large kinetic energies; since most of the particles
in our system have energies/masses of at least several pion masses, it is a good
approximation to use this expression as the total cross section of interaction of
any two particles in the system. In terms ( [ <?(0(, the interaction rate per unit
time is given by

_ f f b
•>l+3—3 — -TTV*'L — 7 7 L ~

where V is the volume of the system. In terms of the masses, we have

cope* _ <Ti('7»3~'7tl ~ m i )

For closed strings[26],the factor of (fcj • Jfcj) above is replaced by (jfcj • Ar3)
2, so that

we have

( A U )

We mention here again that masses and energies are in units of pion mass (for
hadrons) or Planck mass(for fundamental strings). Now we turn to the kinematic
constraints on the recombination. From momentum conservation, we have

2fcj • fc3 = m\ + ml - m\ + 2EiE2 (A.15)

which places the constraint

on the mass of the new string; of course energy must also be conserved.

Then the interaction rate iii+i_3 as defined in eq. (2.2) is given by

•Rl+J-.3 = 5l + 2_3 • Etot (A.17)
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where Etet enters since we are using concentrations rather than numbers. Note
that the energy density of the system enters into R since it includes a factor of
Etot/V- For fundamental strings, we study only equilibrium configurations, where
it is only the ratio of A = er'0Eut/V to the decay width coefficient that matters;
since this is not known exactly, we work in arbitrary units in this case.

Both in the computation of the decay rrtes and the recombinations, the pro-
grams were written so that the only non-zero matrix elements are those that
satisfy the appropriate constraints.

Appendix B

In this appendix, we discuss the reconstruction of the final hadron distributions
in p—p(p) collision experiments assuming that the observed hadrons in the central
rapidity region are decay products of excited hadronic matter (resonances) created
in the collision. Finally we will give the initial distribution of hadrons which we
use in section 5.

There are several experimental data which are useful for the present purpose [ 27 ]
rapidity (ji)-average transverse momentum (< Pt >) distributions [28,291, pseu-
dorapidity (r/)-charged particle (Nc) distributions [30,31] and so on.

After excited hadronic matter is created in the collision, it eventually decays to
lower resonances and finally most of it ends up as pions. In the rest frame of each
resonance created in the collision, the decay of a resonance is computed approxi-
mately by the free-decay model of ref. [4] and we obtain an energy distribution of
pions. Assuming an isotropic momentum distribution of the created pions in the
rest frame of the decaying resonance, we obtain the momentum distribution of
the pions. Next we Lorentz boost this pion distribution to the laboratory frame
in which the decaying resonances have a certain velocity distribution. Summing
up the contributions coming from all the resonances created in the collision, we
obtain pion distributions in the laboratory frame.

Therefore, the procedure is: first, assume a distribution of resonances. Second,
make a pion distribution using variables such as (pseudo-)rapidity in the labora-
tory frame. Finally comparing it with experimental data, we see how our model
with a given initial distribution reproduces experimentally known results.

Unfortunately, not all of the available experimental data is useful for our pur-
poses. The most useful one is the 7 — Nc distributions for different charged particle
multiplicities reported in ref. [30]. For simplicity, we will look for a distribution
of resonances, which reproduces TI — NC distributions of energy ,/s = 20 ~ 40GeV
at the most probable charged particle multiplicities.
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Nt/2

Figure 16: The IJ - Nc distribution.

The shape of the j] — Nc distribution and the quantities which characterize it
are shown in Fig. 16 IJ,, is the half width of the plateau. JV, is the top height
of the distribution, thus r>K is the half width at half height, d, characterizes the
flatness of the plateau, namely the smaller the value of dj, the natter it is. The
appropriate values of r)p and i)h for a p - p collision at y/s = 20 ~ 40GeV are

*?„ ~ 1.5, T}h - 3.0 (B-l)

Another important quantity which characterizes the charged particle distribution
is the number of charged particles in a certain range of the pseudorapidity, [i;| < if'.
Experimentally it is known that

4.27 , (B.2)

for y/s = 23.6GeV in the case of the most probable charged particle multiplicity.

In the following, we use the number of pions JV, instead of the number of

charged particles Nc. The relation between these two quantities is approximately

We tried several different distributions of resonances. The simplest, but which
gives the most reasonable JV, — IJ distribution is the Gaussian distribution in the
energy-velocity plane
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Figure 17: Some examples of distributions.

f.(B,V)) (B-3)

/± =

The normalization factor JV is fixed by giving the total energy of this Gaussian
distribution. The parameters of the distribution are {Etot,£t),<T«, Vo,<7.,}, where
these are the total energy, the center and the width with respect to energy, and
the center and width with respect to velocity, respectively. We will show only the
resulting JV, - r] distribution. For a detailed computation, see [4]. Notice that
this total energy £,„, means the energy stored in the central rapidity region per
nucleon-nucleon collision.

Some examples are shown in Fig. 17. Their parameters are given in the
following table:

No.
1
2
3

Etet

100
100
100

E*
SO
80
80

<r.
10

10
10

Vo

1.0
1.0
1.0

0.3
0.5
0.1

The quantities »jp, F?d, <*/ defined in Fig. 16 and the number of pions in the
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interval |TJ( < 1.5 read from Fig. 17 are

No.

1

2
3

I In
1.5

0.6

1 3.0

Vh

2.7

2.5
3.2

d,
0.2

0
1.0

JV*(lil <
2.57

3.2
1.2

1.5)

where energy is in units of pion mass and the velocity in units of the speed of light.
We tried several other parameters. The dependence of the N* — r) distribution on
the parameters is subtle. Comparing with (B.I), (B.2), and taking results using
the other parameters into account, we decided to use the parameters of number 1
above, which gives a reasonable agreement with experimental data.

The normalization factor N is determined by comparing iV,r( ji?) < 1.5) between
the free-decay model and experimental data. Experimentally it is known that

Ne(\j,\< 1.5) - 1 . 6 6 b V I - 0 . 9 7 ,

where ^/J is the energy in the center of mass frame. This corresponds to the
normalization factor, and thus corresponds to the following total energy Eux stored
in the central rapidity region per nucleon-nucleon collision:

100
Etot -z (B.4)

2.57 x (4/3) '

where energy is given in units of the pion mass.

Thus, in our approximation, the distribution of resonances for an ion collision

for ions of atomic number A immediately after the primary collision is given by

±A(U(E,V) + f-(B,V)) , (B.5)

where the parameters are given by No. 1 and /± in eq.(B,3).
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