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ABSTRACT

We treat ionic diffusion in liquid (Li, K)Cl mixtures by an approach originally due to
Zwanzig, which evaluates the Green-Kubo time correlation fonnula by a jump-diffusion model
involving an average vibrational frequency and an average residence time for each ionic species.
These model parameters are calculated from the pair structure of the melt and from pair potentials.
The diffusion coefficients of K+ ions is found to overtake that of Li+ ions with increasing content
of KCl, in agreement with the experimental reversal of the electrical mobilities of the two cations
discovered by Chemla.
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It is a pleasure to participate in this Special Issue honouring Eli Burstein. He has been
a good friend of Italian physicists and of the International Centre for Theoretical Physics
for many years, and his enthusiasm and work have motivated many of us in the study of
ionic crystals and lattice dynamics. We wish to contribute by proposing a theoretical inter-
pretation for a special effect in the ionic dynamics of molten alkali halide mixtures, which
appears to be a remnant of the stability of "off-centre ions" in the crystalline state.

Small substitutional ions in alkali halide crystals may occupy sites different from the
ion for which they substitute (see for example Stoneham*). A well-known instance is
provided by KCI:Li, where the Li+ impurities occupy sites displaced along the eight
equivalent <111> directions from a cation site. The stability of the asymmetrical equil-
ibrium configuration for Li+ is believed to arise from the combined effect of its small ionic
radius, allowing close approach to Cl* ions, and of the polarization energy gain ensuing
from the off-centre displacement. The Li+ ion can tunnel between the eight off-centre sites,
leading to a rich phenomenology.

In measurements of the ionic electrical mobilities of Li+ and K+ in molten (Li,K)Br
mixtures at various compositions, Chemla and coworkers2"4 observed that the mobility of
K+ overtakes that of Li+ with increasing content of KBr. The Chemla effect has since been
reported for many other systems with two monovalent cations and a common anion^'8, and
it has recently been suggested that it may also occur for anions^. The effect has been attri-
buted to a multiorder process resulting from strong electrostatic interactions in the melt10

and related to the lifetimes of anion-cation correlations'1.

Very relevant in this context are the molecular dynamics studies of rigid-ion models
for molten (Li,K)Cl by Caccamo and Dixon12 and by Lantelme and Turq13, as well as the
structural study of Okada et a/14 combining X-ray diffraction and molecular dynamics
simulation. These studies show that the first-neighbour peak in the Li-Cl pair distribution
function is considerably sharper and lies at a considerably shorter separation distance than
that in the K-Cl distribution function. The coordination of Li+ by chlorines is approx-
imately fourfold rather than sixfold. Furthermore, in the results of Lantelme and Turq13 the
velocity autocorrelation function for Li+ shows clear remnants of an oscillatory behaviour
at short times. The diffusion coefficient of Li+ at 1096K becomes appreciably smaller than
that of K+ as the KCl content increases above 50%, and lowering the temperature seems to
shift this crossover towards lower KCl content. In their earlier work Caccamo and Dixon12

had found from the mean square ionic displacements only approximate equality of the two
diffusion coefficients in KCl-rich melts.

There seems to be a consensus that the transport behaviour of the two cations is
related to the structural features of the cation-anion pair distribution functions, combined
with the volume dilation which accompanies the increase of KCl content. The approach that
we present below makes this relationship fully explicit and accounts for the effects of
composition and temperature. The essential points emerging from our results are that the
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local liquid structure around Li+ forces the ion to spend a relatively extended residence time
in oscillations before being able to diffuse out, and that this "trapping" is strengthened with
decreasing average number density and temperature of the melt.

The approach that we follow stems from the work of Zwanzig1^ and Mohanty1^,
who started from the Green-Kubo time correlation formulae for transport coefficients and
proposed suitable approximations for their evaluation irt cold dense fluids. Applications to
diffusional dynamics have concerned monatomic classical fluids17 as well as ionic melts18

and ions in an electrical double layer1**. The selfdiffusion coefficient D a for the a-type
ionic species is given by the rime integral of its velocity autocorrelation function,

kBTp i y> 2

"Vx Jo Na ^^

where Via(t) is the velocity of the i-th ion of type a and mass ir^ at time t. This formula is
evaluated approximately by envisaging diffusion as occurring through jump processes out
of local free-energy minima, within which the configuration of the melt performs approx-
imate harmonic vibrations until a saddle point in the potential energy hypersurface is found.
The effects of a jump are to rearrange the local configuration and to interrupt the oscillations
within it, so that the ionic motions before and after the jump are uncorrelated. The sum over
particles in (1) is thus reduced to a sum over normal modes describing an optic-like rattling
motion of each ion in the structural cage of its neighbours, with a time dependence of the
form cos(coat) and a waiting time distribution for jumps destroying coherence of the form

. The result is18

D a = (nk^TXf/Zma) sechiKGyaXjD. (2)

The average Einstein vibrational frequencies coa and the average waiting times Ta can
be related to liquid structure and pair potentials through the sum rules governing the short-
time behaviour of the velocity autocorrelation function. Writing the latter as

?a> = 1 - j A a t 2 + - ^ B a t 4 + ..., (3)
ai=i

we have coa
2 = (5Aa

2 - Ba)/4Aa and l/xa
2 = (B a - Aa

2)/4Aa. The explicit expressions

for the second and fourth moment in (3) are

K
and B a = Ba<

2> + Ba(
3> with

(6)



Here, n a is the number density of a-type ions, while gaa'(r) and U^'fr) are the pair
distribution functions and the pair potentials. Ba(

2) and BaC3) are the two and three-body
contributions to the fourth moment, the expression (6) being a reasonable estimate for the
three-body terms18.

In our calculations we have taken the molar volume as a function of composition from
experiment2^ and the pair potentials and pair distribution functions from the simulation data
of Lantelme and Turq13. The main points of our results are as follows:

(i) Although the expressions (4)-(6) contain the contributions from the couplings of
each species to all species, the cation-anion contributions are dominant in practice. The
main couplings determining Dy and D^ therefore arise from their first-neighbour chlorine
cage, and these increase with the mole fraction of LiCl owing to the decrease in the molar
volume and the increase in nQ.

(ii) Nevertheless, the increasing sharpness of the cation-anion distribution functions
with decreasing mole fraction of LiCl at a given temperature leads to increasing values for
the waiting times TL, and %, while the vibrational frequencies G>U and co^ remain approx-
imately constant (see Table 1). The special sharpness of the Li-Cl structural correlations
leads to values of cor for Li+ which are appreciably larger than unity, especially at low mole
fraction of LiCl. Such a combination of a high vibrational frequency and a relatively long
waiting time between jumps implies that the diffusional process may almost be described as
becoming solid-like.

(iii) The consequence of the above features in the model parameters is that both Dy
and D|£ decrease with the mole fraction of LiCl, with D y decreasing much more rapidly
than DK so that the two diffusion coefficients at 1096K cross near the middle of the
composition range (see Table 2). All these results are in qualitative agreement with the
simulation data on selfdiffusion reported by Lantelme and Turq13, which are also shown in
Table 2. However, the magnitude of the calculated diffusion coefficients, including DQ\, is
too large by roughly a factor 2. The rather long waiting times arise from a delicate balance
between the second and fourth moments, as can be seen from the expression for l / t a

2

given earlier. This balance is in turn quite sensitive to the three-body term in the fourth
moment, for which the expression (6) is only an estimate. This certainly is an important
source of quantitative error in our absolute values of the diffusion coefficients. On the other
hand, there is very satisfactory agreement between theory and simulation data in the
magnitude of the ratio D K / D U as a function of composition.

(iv) The effect of lowering the temperature from 1096K to 646K is illustrated in
Tables 1 and 2 at the composition of 58.3% LiCl. The temperature drop results in a sharp-
ening of the cation-anion structural correlations, which favours localization of the ions in
their local free-energy minima and hence slows down their diffusion by a sizeably larger
amount than by the linear temperature dependence appearing explicitly in (2). The main
relative effects of the temperature drop are the increases in (OR and in TLi (see Table 1),
leading to an increase in the ratio DK /DL; . The crossover of the cationic diffusion coef-



ficients is thus shifted to higher LiQ content, in agreement with the simulation data.

In summary, we have presented a theory of ionic diffusion in liquid alkali halide
mixtures, which explicitly relates it to pair structure and pair potentials. The numerical
results for the (Li,K)Cl system are in full qualitative agreement with the available simul-
ation data and account for the crossover of the selfdiffusion coefficients of the two cations
with varying composition and temperature. ^
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Table 1. Vibrational frequencies coa (1013 s"1) and waiting

times xa (10*13 s) for cations in molten (Li,K)Cl.

MFofLiCI/T(K)

0.102/1096
0.370/1096
0.583/1096
0.898/1096
0.583/646

5.5
6.0
5.8
5.4
7.2

0.42
0.28
0.23
0.20
0.27

(i

1
1
1
0
2

°K

.2

.2

.1

.79

.2

*K

0.65
0.58
0.51
0.42
0.49

Table 2. Selfdiffusion coefficients D a (10"5 cm2 s"1) in
molten (Li,K)Cl. Values in parcnthese arc from simulation
work of Lantelme and Turq13.

MFofLiCVT(K)

0.102/1096

0.370/1096

0.583/1096

0.898/1096

0.583/646

E>Li

4.7
(2.91)

8.2
(5.95)
11.2

(7.78)
14.7

(11.12)
3.0

(2.02)

DK

12.5
(7.05)
12.8

(7.02)
13.0

(7.57)
13.4

(10.11)
3.8

(2.25)

Da

14.1
(6.85)
19.7

(6.68)
18.6

(7.06)
19.4

(8.95)
6.6

(1.75)

DK/DLI

2.65
(2.42)
1.56

(1.18)
1.16

(0.97)
0.91

(0.909)
1.27

(1.11)


