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ABSTRACT

The cross sections of the radiative 3He(n,7)4He and weak 3He(p, e+i/e)
4He capture

reactions at thermal neutron and keV proton energies have been calculated with the Vari-

ational Monte Carlo method. The ground state and low-energy continuum wave functions

have been determined variationally from a realistic Hamiltonian, and include both nucleon

and A-isobar degrees of freedom. The electroweal: trsncitioa operator contains one- and

two-body components in the N + A Hilbert space.

1. INTRODUCTION

The radiative 3He(n,7)4He and weak 3He(p,e+i/e)
4He capture reactions at thermal

neutron and keV proton energies are interesting in that their cross sections are very sensi-

tive to the model used to describe both the ground state and continuum wave functions,

and the two-body electroweak current operators [1-6]. This is because the single-nucleon

electromagnetic or axial current operator cannot connect the main S-state components

of the 3He and 4He wave functions at low energies. Hence in impulse approximation the

calculated cross section is small, since the reactions must proceed through the small com-

ponents of the wave functions. However, the exchange current operator can connect the

S-state components, and its matrix element is exceptionally large in comparison with that

obtained in impulse approximation.

The 3He(n,7)4He cross section has been most recently measured by Wervelman et

al. [4], and the value they quote, 55 ± 3 jib, is in excellent agreement with that obtained

earlier by Wolfs et al. [7], 54±6/*b. The 3He(p, e+i/e)
4He cross section cannot be measured

in the energy range relevant for solar fusion. The possibility that the small neutrino flux

associated with this reaction (the Hep neutrinos) might be detectable in the new generation

of solar neutrino experiments makes an accurate theoretical prediction highly desirable [8].
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Most of the previous calculations of the 3He(n,7)4He and 3He(p, e+*/e)
4He cross sec-

tions have been based on shell model descriptions of the initial and final state nuclear wave

functions, and the Chemtob-Rho [9] prescription (with some short range modification) for

the two-body components in the electroweak current operator [1-4]. These calculations

have led to contradictory results, presumably due to the schematic wave functions used.

In the present paper I report on a fully microscopic calculation of these radiative and

weak capture reactions, based on realistic ground state and continuum wave functions that

include both nucleon and A-isobar degrees of freedom, and an electroweak current operator

with one- and two-body components in the N + A Hilbert space [10].

2. WAVE FUNCTIONS WITH NUCLEONS AND A-ISOBARS

The correlation operator (CO) method has proved to be very useful in the variational

theory of light nuclei [11-16]. I will first briefly review the method used with only the

nucleon degrees of freedom, and then discuss its generalization to include the A-isobar

degrees of freedom. In the simplest version of the CO method the variational wave function

for light nuclei is taken as [11-13]:

*v = [511(1 + Uii))[J[ /c(r0)] * . (2.1)

Here $ is an uncorreiated spin-isospin wave function, and the / c(ry) are two-body spatial

correlations which keep the particles apart at short distances, to avoid the repulsive core

of the NN interaction, while at large distances they fall off to provide confinement. The

Uij are two-body spin and tensor correlations,

Uij = ua[rij)ai • Bj + utT{rij)Sijfi • fjt (2.2)

and S is a symmetrizer because the operators do not commute.

The fc, ua and uiT are determined by minimizing the energy. In practice it is very

convenient to relate them to two-body wave functions in the single channel 1So and in the

coupled channels 3Si-3Di:

/(1S0,r) = [ l -3u ' ( r ) ] / c ( r ) , (2.3)

3 [l + « » ] / ' : ( r ) , (2.4)



/(3D!,r) = - 3 V W » / C ( r ) , (2.5)

which are solutions of the two-body Schrodinger equations:

[_IV2 + ̂ Si-'Di.r) + M'Si-'DLrMlfCSi.rJia + /(3D,,r)lSi] = 0. (2.7)

The v(1So,r) and u(3Sj—3Di,r) are the bare NN interactions in these channels [17], and

the A(1So,r) and A(3Si—3Di,r) are smooth interactions with variational parameters. It is

much more convenient to vary the / c(r) , u"{r) and utT(r) by varying the A interactions,

that can be regarded as representing the modifications of the bare NN interactions by

other particles in the system. The calculation of the expectation value of the Hamiltonian

is carried out by Monte Carlo integration techniques [11-14].

Variational calculations using this simple \?v given by eqs. (2.1)-(2.2) have errors of

cz 10% in the binding energies and radii of 3H and 4He [12,13] compared to exact Faddev

[18] and Green's function Monte Carlo [19]. The most recent variational calculations include

additional two-body correlations with operators ff,-ffj, Ti-fj, {^i'^j)(fi'fj), Sij, Sijfi-Tj, L-S,

and L • ST, • Tj , as well as three-body correlations, and reduce the error in the binding

energy to ~ 3% [14]. The variational wave functions also give electromagnetic form factors

in good agreement with those obtained with exact Faddeev and GFMC wave functions,

and with the experimental data [14-16].

The Variational Monte Carlo method discussed above for the ground states can be

generalized also to describe low-energy scattering states [5,6,20]. For example, if Tn$ denotes

the distance between the n and 3He clusters, then a boundary at rn3 = R is defined such

that the n—3He interactions can be neglected outside of R. The boundary condition

*(n+»He) = 6>

is imposed on the n+3He wave function, which outside of the region of radius R describes

free n and 3He. The "3>(n +3He) at rns < R is obtained by minimizing the expectation

value E(b,R) of the Hamiltonian within the region rn3 < R. The parameter 6 can be

varied so as to obtain the wave function of the desired energy, and the phase shift for

elastic n+3He scattering can be extracted from E(b, R). The n+3He and p+3He scattering



lengths obtained with this technique, 3.50 fin and 10.1 fin respectively, compare very

favourably with the correspondig empirical values of 3.50 ±0.25 fm [21] and 10.1 ± 0.5 fm

[3,22].

The A-isobar components in the nuclear wave function are induced by transition

interactions:

j j ^ • % (2.9)

= 3(ffi • riiXSj • fij) - fft • §j7 (2.10)

v'^iriASi • Sj + v^in^S^fi • fjt (2.11)

Srr = %& • faXSj • fa) - Si • Sjt (2.12)

where 5,- and T, are transition spin and isospin operators which convert nucieon i into a A-

isobar. Hence the nuclear wave function with A-isobar components may be approximated

by:

where $?N contains only nucieon degrees of freedom, and the U™ are given by:

(2.14)

% j • fif (2.15)

U$A = [u^ir^Si • Sj + ulrt(ry)Sgfl2; . fj . (2.16)

The UjjR and $ ^ could be determined variationally by using a Hamiltonian such as the

Argonne V28 model [17], that contains both the nucieon and A-isobar degrees of freedom,

and minimizing the ground state energy for each given nucleus. Instead we use transition

correlations that approximately reproduce two-body bound state and low-energy scatter-

ing wave functions for Argonne V28» and assume that these correlations will be relatively



A-independent, like the nucleonic utT(r) correlations. Of course, £7™ —> 1 as ry —» oo,

reflecting the fact that there are no asymptotic A-states. The transition correlation func-

tions have been obtained by fitting the JVA and AA wave functions in the deuteron, in

^ o scattering at 1 MeV, and in 3P0 and 3Pi scattering at 10 MeV [10].

The A-isobar components in the nuclear wave functions are commonly estimated using

first order perturbation theory, and neglecting the kinetic energies in the denominator.

Such calculations are equivalent to using eq. (2.13) for the nuclear wave function with the

components U™ given by, for example:

and similar equations for the remaining transition correlation functions [10]. The utr2>3(r)

are the most important transition correlations, and their perturbation theory estimates

are much larger than those calculated in the two-nucleon system.

In the work presented here, the three- and four-nucleon bound and scattering state

wave functions are calculated for a Hamiltonian containing the Argonne vu two-nucleon

[17] and Urbana VIII three-nucleon [14] interactions models. The A-isobar components of

the wave function are generated with the U™ calculated as discussed above. The present

treatment of A-isobar degrees of freedom in the wave functions of light nuclei is along

the lines of the coupled channel approach of Refs. [23-25] in the two-body system, and of

Ref. [26] in the three-body system, and is significantly better than that using first order

perturbation theory [10].

3. ELECTROWEAK CURRENT OPERATORS

We expand the electromagnetic or axial current operators into a sum of one- and

two-body terms that operate on the nucleon and A-isobar degrees of freedom:

i,q) + £T™(ij,q) , (3.1)

where q is the momentum transferred by the electromagnetic (a = 7) or weak (a = /?)

probe. The one-body term is written as

T . ( . \ « B - B ' ) . (3.2)



Ta(N —* N) is the standard single-nucleon electromagnetic or weak current operator,

Ta(N -»• A) and Ta(A -* N) are the current operators associated with the N ^ A tran-

sitions, and Ta(A —* A) is the A-isobar current. The expressions for Ta(N —* N) axe well

known [5,6], while those for Ta(N—* A) are given by:

T^i,q;N-*A) = -i/z7iVA( JL)exp(i9 - n) qx St Tz<i, (3.3)

2>(i\ ?; N-*A) = -5/WAexp(ig - f-) 5; T±si, (3.4)

where T± = |(TX ± iT9); the expressions for Ta(A -• Ar) are obtained by replacing the

transition spin and isospin operators by their Hermitian conjugates. The transition mag-

netic moment /J^WA is taken to be 3 /*#, as obtained from the analysis of 7JV data in the

A-resonance region [27]. The value of the axial coupling constant gp^A is not known, and

in this work the observed tritium /?~decay is used to determine it [6].

The expressions for Ta(A —• A) are taken as:

A) = -i^(^L)exp(i« - n) qx E« (1 + 0,pi), (3.5)

2>(*to: A - A) = -$MAexp(i5 • fj) % Q±ti, (3.6)

where S (0) is the Pauli operator for the A spin (isospin), Q± = ^ ( 0 r ± i0 v ) , and the A-

convection current is neglected. The A + + magnetic moment /X7AA is taken to be 4.35 ̂ AT»

using the average of the values recently obtained from a soft-photon analysis of pion-proton

bremsstrahlung data near the A + + resonance [28]. For the A axial coupling constant we

use the value </£AA = f <?A, as predicted by the static quark model [29]. However, it should

be noted that the contributions to the electroweak transition amplitudes associated with

Ta(A—* A) are found to be small for the cases studied here, and hence the final results are

not sensitive to the assumed values of /J7AA and gpA&-

In Ta only NN-^NN two-body terms have been retained, and their expressions will

not be repeated here [5,6,15,30]. The contributions to T^(NN —* NN) are separated into

"model-independent" (MI) terms associated with and determined from the NN interaction

(in the present case, the Argonne v14 model [17]), and "model-dependent" (MD) terms

associated with the pirf and unj electromagnetic couplings. As the axial current operator



is not conserved, all the two-body terms Tp(NN —* NN) axe to be considered "model-

dependent". In principle there are also two-body currents associated with the NN-+NA

and NN —* AA transitions. However, they are expected to be small, and have not been

included in the present study. It is important to note that the explicit inclusion of A-

degrees of freedom in the nuclear wave functions leads to a modification of the transition

matrix element not only because of direct electroweak N —» A and A —> A couplings, but

also because of renormalization corrections to the nucleonic matrix element itself [10].

4. THE 3He(n,7)4He AND 3He(p,e+j/e)
4He CAPTURE CROSS SECTIONS

The cumulative and normalized contributions to the matrix element and cross sec-

tion of the radiative capture reaction associated with the single-nucleon current (IA), the

(dominant) two-body currents that are constructed from the nucleon-nucleon interaction

(MI), the /07T7 and unf mechanisms {px^ +0^7), and the A-isobar terms are listed in the

following table.

Contribution

IA

IA+MI

IA+. . . + W7T7

IA+... + A

100 x M.E.(fm3/2)

-0.165

0.591

0.635

0.643

V(fib)

5.65

72.5

83.7

85.9

The empirical cross section has been most recently measured to be 55±3 fib [4]. It should

be noted that the listed A-isobar result includes the contributions associated with direct

Ar—> A and A—*• A couplings as well as renormalization corrections of the nucleonic matrix

element due to the presence of A-components in the initial and final nuclear wave functions.

In fact, the destructive interference between these two effects leads to a large reduction

of the A-contribution, and consequently to a significant improvement of the agreement

between the empirical and theoretical values of the radiative capture cross section [10].

Indeed, the perturbative estimate of the A-contribution based on eq. (2.17) would yield a

cross section of 122 fib [5],

The cumulative and normalized contributions to the matrix element and astrophysical

S-factor of the weak capture reaction associated with the single-nucleon Gamow-Teller



operator (IA), the axial z- and p-seagull terms and pn mechanism (labeled collectively as

"mesonic"), and the axial A-isobar terms are listed in the following table.

Contribution

IA

IA+mesonic

IA+... + A

M.E.(fm3/2)

0.385

0.399

0.176

1023

6.88

7.38

1.44

xS(MeV-b)

It should be noted that the contributions above to the matrix element have been multiplied

by [(exp(27r?7) — l)/2irr]]1f2, where r\ = 2a/v; a is the fine structure constant, and v is the

relative p-3He velocity. The astrophysical S-factor is related to the cross section by the

relation S(E) = Ecr(E)exp(2Tzr]). The value for the coupling constant <70JVA is obtained

by reproducing the empirical Gamow-Teller matrix element of tritium /3-decay using the

Faddeev $ # [10]. It is found to be 2.177 g\. It should be stressed that the uncertainty in

the weak coupling constant J^JVA introduces a substantial uncertainty in the theoretical

prediction for the astrophysical S-factor of the weak capture reaction. Indeed, if the value

^•gx is used for 5/JJVA, the predicted S-factor result is 3.14 x 10~*23 MeV-b.

The present study suggests that the common perturbative treatment of A-isobar de-

grees of freedom in nuclei [2-6,31,32] may not be accurate, and may produce a large over-

prediction of their importance, particularly in reactions as delicate as the radiative and

weak captures on 3He considered here, where the pseudo-orthogonality between the main

components of the bound state wave functions prevents the nucleonic part of the one-body

operator from dominating the transition rates. Explicit inclusion of A-isobar degrees of

freedom in the nuclear wave function influences these transitions in two ways: first, via

direct electroweak copuplings, and second by renormalization corrections. Whether these

effects lead to an enhancement or a quenching of such rates depends on the nature of

the particular reaction. However, it is important to realize that uncertainties in the JVA

and AA interactions, in the "model-dependent" two-body currents, and in the amount of

D-state components in the 3He and 4He ground states introduce corresponding, sizable

uncertainties in the above predictions [10].
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