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ABSTRACT 

Many future linear collider designs call for electron and positron beams with 
normalized rms horizontal and vertical emittances of 7£ x = 3 x 1 0 - 6 m-rad and -ycj, = 
3 x 1 0 - 8 m-rad; these are a factor of 10 to 100 below those observed in the Stanford 
Linear Collider. In this dissertation, we examine the feasibility of achieving beams 
with these very small vertical emittances. We examine the limitations encountered 
during both the generation and the subsequent acceleration of such low emittance 
beams. We consider collective limitations, such as wakefields, space charge effects, 
scattering processes, and ion trapping; and also low intensity limitations, such as 
anomalous dispersion, betatron coupling, and pulse-to-pulse beam jitter. In general, 
the minimum emittance in both the generation and the acceleration stages is limited 
by the transverse misalignments of the accelerator components. We describe a few 
techniques of correcting the effect of these errors, thereby easing the alignment 
tolerances by over an order of magnitude. Finally, we also calculate "fundamental" 
limitations on the minimum vertical emittance; these do not constrain the current 
designs but may prove important in the future. 
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Chapter 1.1 

CHAPTER 1 
THE GENERATION AND ACCELERATION OF LOW 

EMITTANCE FLAT BEAMS 

In this dissertation, we will examine the generation and subsequent acceleration 
of electron and positron beams with very small vertical emittances. Currently, 
many groups around the world are designing the "next generation" of e + / e ~ linear 
colliders; the first generation is the Stanford Linear Collider (SLC) at SLAC. The 
future accelerators are designed to have center-of-mass energies of i to 2 TeV. 

To perform useful measurements, these accelerators need to have very high lu-
minosk-ps; the luminosity multiplied by the cross section of interest specifies the 
experimental event rate. The linear colliders are being designed for luminosities of 
10 3 3 to 1 0 3 4 c m - 2 s e c - 1 . This is one-tc-two orders of magnitude higher than that 
currently achieved in colliding beam machines, and many orders of magnitude higher 
than that achieved by the SLC. 

The luminosity depends upon the density of the colliding beams and the degree 
of overlap. Assuming that the beams fully overlap, the luminosity can be written: 

£ = A r - A W r C P ^ • (1.1-1) 
\-nozay 

where we have assumed that the beams have gaussian transverse distributions with 
rms dimensions of oz and <?y. In addition, AL and N+ are the number of electrons 
and positrons per bunch, nj, is the number of bunches per batch, / l e p is the batch 
repetition rate, and Ho is the pinch enhancement factor. 

To achieve the required luminosity, many future linear colliers designs are striv
ing for vjry small spot sizes at the interaction point (IP); parameters of a number 
of the designs are listed in Table 1, The spot size is described by two parameters: 
the beam ernittance, which is a measure of the beam's phase space volume, and 

* The parameters are in a state of flux and, in addition, many laboratories have multiple sets of 
parameters. Thus, we have chosen a representative, but not necessarily current or exhaustive, 
set. 

\ There are two designs (not listed) that have much larger spot sizes: the superconducting 
TESLA design and the high current DESY design. These machines achieve the necessary 
luminosity by having many bunches. 
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Table 1. Parameters of linear collider designs. 

SLC" 2 8 1 NLC" 2 " JLC [ , 2 ? ) CLIC 1 '" ' DESY 1" 1 

C O M Energy [TeV] 0.1 1.0 1.0 2.0 0.5 

Luminosity [10 3 3 c m - 2 sec - 1 ] 0.006 10 6 12 4.1 

e + / e ~ per bunch [10 1 0] 5.0 2.0 1.0 0.5 0.7 

Number bunches 1 10 10 11 172 

Repetition rate [Hz] ISO 180 200 1700 50 

IP beam size: ax [nm] 1600 220 200 60 169 

ay [nm] 1600 2.5 1.7 12 5.5 

<TZ [pm] 1000 100 76 200 200 

Emittance: ~jez [ 1 0 - 6 m-rad] 16 3 3 3 4 

fty [ 1 0 - 6 m-rad] 16 0.03 0.03 1 0.04 

the beta function which depends upon the focusing structure of the accelerator. In 
particular, the spot size can be written: 

o*,v = y/P*,yt*.y > (1-1-2) 

where flXlV is the beta function and eI<s is the projected emittance. To reduce the 
spot size, we need to reduce both the beta function and the beam emittauce at the 
IP; this is the driving force behind small emittance beams. 

To get a small emittance beam at the IP, the beam is created at low energy and 
then (very carefully) accelerated to the final energy; Figure 1 shows a schematic of 
the proposed linear collider. The main components are: damping rings to generate 
the very low emittance electron and positron beams, bunch compressors to decrease 
the length of the particle bunches, linear accelerators to accelerate the beams, and 
final focus regions to demagnify the beams to very small sizes. 

In this dissertation, we will examine the limitations and the tolerances associ
ated with both the generation and the subsequent acceleration of beams with very 
small vertical emittances; we will not consider problems encountered in the bunch 
compressors or the final focus and we neglect all of the issues associated with hav
ing multiple closely spaced bunches. Although much of the physics is the same in 
both the damping rings and the linear accelerators, the relative importance differs; 
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Chapter 1.1 

2 GeV Damping Rings 
e~ Injector e + Injector 

\ 

2nd Bunch 
Compressor 

f„ = 11 GHz 
Beam Dumps 

Fig. 1. Schematic of the NLC, a future linear collider. 

the primary sources of dilution in the damping rings are non-conservative processes 
while in the linacs the main dilutions are due to conservative dilutions and pulse-to-
pulse jitter. Thus, we will consider each region separately, breaking this dissertation 
into two main sections. 

Specifically, in Section 2, we will discuss determination of the vertical emittance 
in the damping rings. Here, we will calculate the emittance dilutions due to: 

Opening angle of radiation 
Betatron coupling 
Intrabeam scattering 
Space charge field 
Beam-gas scattering 
Ground motion 
High frequency jitter 

Vertical dispersion 
Synchro-betatron coupling 
Ion trapping 
Wakefields 
Lifetime limits 
Power supply fluctuations 
Injection matching. 

And. in Section 3, we will discuss the vertical emittance dilutions in the linear 
accelerators, calculating the dilutions due to: 

• Matching and filamentation • 
• Transverse wakefields • 
• Betatron coupling • 

Synchrotron radiation 

Vertical dispersion 
RF deflections 
Space charge field 
Beam-gas scattering 

3 



• Ground motion • pulse-to-pulse jitter. 

We have attempted to make a complete analysis of the effects that determine the 
vertical emittance in the damping rings and the effects that can dilute the emittance 
during the subsequent acceleration. Much of this work is analysis of well known 
phenomena, in a new regime. However, some of it is actually new analysis, while 
the remainder is a compilation of others work, sometimes with minor corrections or 
extensions. We attempt to clarify this with extensive references. 

Finally, it is worth making two remarks to prevent potential confusion: first, 
the references are organized in alphabetical order and thus the reference numbers 
do not appear sequentially. Second, most equations are written in a form that does 
not depend upon the explicit system of units, but, whenever the choice of units is 
important, the MKS system is used. 

A 



Chapter 2.1 

CHAPTER 2 
GENERATION OF SMALL VERTICAL EMITTANCE BEAMS 

In this chapter, we will discuss the generation of e+/e~ beams with the very 
small vertical emittances required by many future linear collider designs; parameters 
are listed in Table 1. Many designs have specified normalized vertical emittances 
of roughly 3 x 10 - 6 m-rad . This is over one order of magnitude smaller than that 
specified in any of the current colliding beam storage rings or synchrotron light 
sources. 

In general, the electron beam originates at an "injector" while the positron beam 
is created by colliding an electron beam with a target; the positrons are collected 
from the resulting electron-positron pairs. At this time, electron injectors are not 
able to generate beams with the necessary emittances and currents. Currently, ad
vanced injectors, using RF guns with photo-cathodes, are able to generate beams 
with 7«j_ 2; 10 - s m-rad at currents of 2 x 10 1 0 e~ per pulse." 8 '" Theoretical con
siderations suggest that an order of magnitude improvement is possible, but not the 
two-to-three orders of magnitude that are required. Furthermore, although some 
new techniques have been suggested,"1 there are no known techniques of producing 
positrons with comparable emittances; usually conventional positron systems gener
ate beams with emittancss of fe± ~ 10~ 2 — 10~ 3 m-rad. Thus, the beam emittances 
must be damped to decrease the six-dimensional emittance after the beams have 
been created. 

Liouville's theorem can be used to show that the phase space density of an infi
nite number of particles is conserved in the absence of inter-particle and dissipative 
forces. This does not leave many avenues to damp the beam. Currently, three tech
niques have been developed to damp high energy charged particle beams: stochastic 
cooling, electron cooling, and radiation damping. The first two techniques are typ
ically used on protons and ions where the radiation damping is ineffective. Both 
processes are much too slow to be useful for a future linear collider. 

The other technique, radiation damping, damps the b^am by causing the par
ticles to radiate. The phase space density is damped because the radiation acts as 
a dissipative force. Usually, one uses synchrotron radiation to perform the damp
ing, although any form of incoherent radiation, such as Cherenkov and transition 
radiation, will also damp the beam. 

5 



It is important to realize that the radiation must be incoherent to damp the 
beam; each particle must radiate independently. If one were to write a Hamiltonian 
for the system, the coordinates and momenta of each photon need to be included; 
the phase space density of the beam is damped at the expense of the photon phase 
space. In contrast, if there is coherent or stimulated radiation, there is a definite 
phase relationship between the photons. In this case, one can describe the radiation 
as an interaction with an external field and the phase space density of the beam is 
conserved. 

Explicitly, stimulated devices such as Free Electron Lasers (FELs), klystrons, 
gyrotrons, etc., do not damp the beam. FELs and klystrons bunch the beam longitu
dinally, but they increase the energy spread within the bunches. Similarly, gyrotrons 
bunch the beam in transverse position (phase) but this is done at the expense of the 
transverse momenta. This is also true of the Cyclotron Maser Cooling technique 
suggested in Ref. 59. This device may generate substantial radiation, but it will not 
damp the beam; the author has confused radiation power with damping and he did 
not examine the effect on the beam phase space. 

2.1.1 Damping Rings 

Although the radiation damping process is faster than other techniques, it is still 
relatively slow. Thus, the beams are damped while they are stored in a damping 
ring. As the highly relativistic particles are directed around the circumference of the 
ring, they emit synchrotron radiation. This incoherent radiation has two competing 
effects; it is a source of damping and a source of excitation. 

The damping occurs because the synchrotron radiation acts as a frictional force, 
decreasing the particle's momentum deviation from the design momentum, while 
the excitation occurs because of the quantum nature of the radiation. Specifically, 
the radiation of a photon changes the particle's energy and gives a small transverse 
kick that depends upon the opening angle of the radiation. The transverse kicks 
due to the opening angle directly change the amplitude of the particle's betatron 
motion, and thereby the bunch's emittance, while the change in energy, due to the 
radiation, has a more subtle effect. The particle executes betatron oscillations about 
a closed orbit in the ring. Since this closed orbit depends upon the particle energy, 
the radiation of a photon increases the rms amplitude of the betatron motion by 
displacing the closed orbit relative to the particle's position. 
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Table 2. Damping ring parameters. 

SLC 1 "'" 5 1 cue' 3 6 1 JLC 1 " 9 1 NLC | 8 D 1 DESY 1" 1 

Energy [GeVj 1.15 2.0 1.54 1.8 3.15 

Circumference [meters] 35 162+ins. 180 155 650 

Rep. rate [Hz] 180 1700 200 360 50 

Current/bunch [10 1 0 e+/e _ ] 5 0.5 1 1.4 0.7 

Number of bunches 2 22 x 10 8 x 1 0 1 0 x 1 0 172 

Injected ">er,j[ [ 10 - 3 m-rad] 10 - 3 3 -

Extracted fez [ 10 - 6 m-rad] 16 3 3 3 4.1 

Coupling ei/ty 1 3 100 100 100 

In a storage ring these two competing effects lead to an equilibrium beam size 
and emittance. When designing a damping ring, one strives to maximize the damp
ing while keeping the equilibrium emittance small. A review of the basic dynamics 
in an t+/e~ ring is presented in Appendix A along with a more detailed discussior 
of damping rings and the basic scaling of damping ring parameters. 

2.1.2 Current Designs 

The main parameters of four damping ring designs for high energy linear colliders 
are compared with the SLC damping rings in Table 2; the NLC design is described 
in greater detail in Appendix B. Although these rings are each optimised for the 
respective linear colliders, there are two primary differences between the future 
designs and the SLC damping rings: first, the future rings are striving for very small 
emittajces, especially the JLC, NLC, and DESY designs which call for extracted 
vertical emittances of f£y = 3 ~ 4 X 1 0 - 8 m-rad; this is a factor of 500 smaller than 
the SLC design. 

Second, the future designs plan to provide much more damping than the SLC 
damping ring:.. For example, in the NLC design, the injected vertical emittance is 
damped twice as much as in the SLC rings while operating at a faster repetition rate. 
To achieve the necessary damping, the rings have larger circumferences, allowing 
multiple batches of bunches to be damped at once. In addition, the rin*s operate at 
slightly higher energies and use smaller angle bends iu farther increase the damping 
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while maintaining small equilibrium emittances. Finally, soma of the designs plan 
to supplement the damping with damping wigglers. 

2.1.3 Limitations 

As mentioned, there are two primary differences between the SLC damping rings 
and the future designs: the damping requirements and the emittances. In principal, 
the damping requirement is not really a limitation; one can always cascade multiple 
rings to decrease the requirements. The difficulty, of course, is in arriving at an 
elegant solution. 

In contrast, the very small vertical emittance, that many designs require, may 
prove more difficult to achieve; we will examine the feasibility of this requirement. 
In the next sections, we will analyze the limitations on the vertical emittance and 
the aspect ratio tx/ey. In Section 2.2, we discuss the single particle limitations; 
these are primarily due to transverse betatron coupling and the vertical dispersion. 
Next, in Section 2.3, we examine the collective limitations; intrabeam scattering, 
ion trapping, direct space charge effects, and wakefields. In addition, we will discuss 
limitations due to beam-gas scattering and the beam lifetimes. In Sections 2.4 
and 2.5, we calculate the effect of jitter sources and the required injection matching; 
matching the extracted beam is discussed in Section 3.3.2. Finally, in Section 2.6, 
we summarize our results. 

Of course, the vertical emittance is not the only limitation facing these future 
damping rings and, for completeness, we briefly describe a few of the other problems 
in Appendix B. 
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CHAPTER 2.2 
SINGLE PARTICLE LIMITATIONS 

2.2.1 Introduction 

In this chapter, we discuss low current effects that contribute to both the ver
tical emittance and the vertical beam size in e + / e ~ storage rings; we differentiate 
between the two because it is possible to increase the beam size without increasing 
the emittance. Most of this discussion is taken directly from Ref. 84. A section 
discussing the synchrotron motion and a section applying the results to the NLC 
damping ring has been added. The discussion is very general and is applicable 
to synchrotron radiation sources as well as damping rings; synchrotron radiation 
sources strive for small emittances to increase the spatial coherence of the photon 
beams. 

We consider contributions from the opening angle of the synchrotron radiation, 
the vertical dispersion, and the betatron and synchro-betatron couplings; we neglect 
all current dependent phenomena which also constrain the ring performance, these 
are discussed in Section 2.3. The goal in performing this study is to illustrate 
how these effects contribute to the vertical emittance anu beam size, and thereby 
determine the limitations that they impose on future designs. In particular, we will 
discuss alignment tolerances needed to limit the vertical emittance and beam size 
that are consistent with the inclusion of realistic correction techniques. 

As discussed in Appendix A, the low current equilibrium emittance and beam 
size in an e + / e ~ storage ring is determined by two competing processes: quantum 
excitation and damping, both of which result from the synchrotron radiation emitted 
by the particles in the ring. The quantum excitation is due to the discrete nature of 
the radiation whereas the damping is a result of the mere existence of the incoherent 
synchrotron radiation. 

The radiation of a photon changes the particle's energy and gives a small trans
verse kick that depends upon the opening angle of the radiation. The transverse 
deflections due to the opening angle directly change the amplitude of the particles 
betatron motion, and thereby the bunch's emittance, while the change in energy due 
to the radiation has a more subtle effect. The particle executes betatron oscillations 
about a closed orbit in the ring. Since this closed orbit depends upon the particle 
energy, the radiation of a photon increases the rms amplitude of the betatron motion 
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by displacing the closed orbit relative to the particle's position. In the horizontal 
plane, the increase in emittance due to this second effect is typically much larger 
than the increase due to the opening angle of the radiation. However, ideally, in the 
vertical plane, there is no dispersion and thus the opening angle should determine 
the vertical emittance. 

In practice, this is not the case. First, vertical dipole errors and a non-zero 
vertical closed orbit in the quadrupole magnets will directly introduce vertical dis
persion, Second, a non-zero vertical closed orbit through the sextupole magnets, 
vertical sextupole misalignments, or rotational misalignments of the quadrupoles 
couple the horizontal and vertical planes. This coupling has two effects, both of 
which increase the vertical emittance. It couples the horizontal dispersion to the 
vertical, increasing the vertical, and it couples the x and y betatron motion so that 
energy is transferred between the two planes. Finally, misalignments of the RF 
cavities or vertical dispersion in the RF cavities can couple the transverse and the 
longitudinal planes. 

In this chapter, the effects of the coupling on the vertical emittance are analyzed 
perturbatively, assuming large aspect ratios ts/iy and e:/ty. In the next section, 
the relevant equations of motion are introduced and we discuss the closed orbit and 
the closed orbit correlation function which will be needed to calculate the effects of a 
closed orbit. Then, in Section 2,2,3, we calculate the emittance dus to the opening 
angle of the radiation. This is roughly estimated in Ref, 104; the more detailed 
calculation in Section 2.2.3 yields a result n factor of two smaller. 

In Section 2.2.4, we calculate the vertical emittance and beam size due to the 
vertical dispersion caused by random errors and a non-zero closed orbit. In previous 
work, the corrected closed orbit has been treated either as a series of uncorrected 
offsets in the magnets '' or the same as an uncorrected closed orbit. 1"'"' 1 Typically, 
the first procedure will overestimate the effect of the closed orbit and the second 
will underestimate the contribution. 

Next, in Sections 2.2.5 and 2.2.G, we use analogy with the vertical dispersion to 
discuss the betatron and synchro-betatron coupling. As stated, in an e+/e~ ring, 
the betatron and synchro-betatron couplings cause both a local beam size increase 
and a fundamental dilution of the vertical phase space; the local beam size increase 
arises because the horizontal and longitudinal emittances are projected into the 
vertical plane. The betatron coupling has been treated both exactly 1"' 6 8 , 1"' and when 
close to the coupling resonances." Likewise, the synchro-betatron coupling has 
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been treated exac t ly l l l l s ! and when close to resonance!*'80''"1 Unfortunately, the 
first provides a formalism that is complex and does not lend itself to a simple 
understanding of the problem, and the second approach is not sufficient in e + / e ~ 
rings. In particular, such an analysis of the betatron coupling suggests that the 
coupling can be fully corrected with a few (2-4) skew quadrupoles. This is not 
correct; one must fix the coupling at every bending magnet to fully cancel the 
coupling contribution to the emittance. 

Iu Section 2.2.7, we estimate the effectiveness of various techniques in reducing 
the vertical emittance and beam size, and we compare these analytic results with the 
results of simulations. Next, in Section 2.2.8, we discuss the calculation of tolerances, 
consistent with the correction techniques, to limit the vertical emittance and beam 
size in future storage ring designs. The results of both Sections 2.2.7 and 2.2.8 
are important when determining tolerances to linvt the vertical emittance with a 
specified degree of confidence. Then, in Sections 2.2.9 and 2.2.10, wo summarize our 
results and apply them to calculate tolerances for the NLC damping ring. 

Finally, it should be noted thai many of the results in Sections 2.2.4 and 2.2.5, 
in particular, the effect of random errors, have been derived repeatedly over the 
last chirty years; references to the earlier sources are provided. The new contri
butions in these sections are: the effects of a corrected closed orbit are calculated 
more precisely, the distinct ion between the projected emittance and the emittance is 
emphasized, and a simple form for the emittance due to betatron coupling is found 
which is analogous to the emittance due to the vertical dispersion. This later result 
is important for determining the effectiveness of the coupling correction which is 
discussed in Section 2.2.7. In addition, the distinction between the beam size and 
the emittance was obviously realized by Piwinski in Ref. 82, but it seems to have 
been neglected in much of the literature. Since this is relevant in damping rings, it 
is important to emphasize the difference. 

2.2.2 Preliminaries 

A particle beam consists of particles distributed in six-dimensional phase space. 
When the beam is uncoupled, the rms vertical emiltance of a matched beam is 
simply given by: 

*» = slif ){'/2) - (yy')2 = {j0- • (2.2.1) 

But, when the beam is coupled the normal modes of oscillation rotate from the 
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horizontal, vertical, and longitudinal planes. In weakly coupled e + / e ~ rings, this 
coupling has two effects: it increases the projected vertical emittance, the larger 
horizontal and longitudinal emittances are projected into the vertical phase space, 
and it couples the "vertical" normal mode emittance to the synchrotron radiation 
noise, leading to an increase in the normal mode emittance; in a weakly coupled 
ring, we can discuss the "vertical" normal mode emittance since the normal modes 
are not rotated far from the uncoupled orientations. 

The projected emittance depends upon the coupling and can fluctuate from 
point-to-point around the ring while the equilibrium normal mode emittance is in
variant. Thus, in this chapter, we will refer to the vertical normal mode emittance 
as the "vertical emittance'' and the projected emittance as the local beam size: 

We are interested in calculating both the vertical beam size and the "vertical" 
normal mode emittance; the beam size is the relevant quantity in some situations 
while the emittance is in others. As mentioned, we need to differentiate between the 
two because the vertical beam size is the jiivjtclion of the beam's six-dimensional 
emittance onto the vertical plane. Thus, in addition to depending on the vertical 
emittance, the vertical beam size is also a function of the local coupling between 
the vertical plane and the horizontal and longitudinal planes. An example, is the 
coupling due to vertical dispersion: in this case, the beam size depends on both the 
vertical emittance and the energy spread, through the vertical dispersion. 

In the limit of weak coupling, this relation can be expressed as 

where Cj,local includes the effects of the local coupling and (y is the ''vertical" normal 
mode emittance. Notice that the local coupling contribution to Oy/3v is a function 
of the azimuthal position in the ring 5, while the contribution from the emittance 
is (approximately) invariant. This occurs because the emittance represents a fun
damental measure of the vertical phase space while i?|0cal is due to a coupling that 
can change from point-to-point. 

At this point, we can further subdivide the contributions to the vertical beam 
size. As mentioned in the introduction, wc consider four effects that contribute to the 
low current beam size: (1) the momentum drpendancc of the vertical closed orbit. 

12 



Chapter 2.2.2.1 

i.e., the vertical dispersion, (2) the coupling of the betatron motion, (3) the synchro-
betatron coupling, and (4) the opening angle of the radiation. These effects have 
contributions that are statistically independent which is discussed in Appendix C.l. 
Thus, the vertical beam size can be written as the sum of the contributions: 

i / \ 2 2 2 
CTj|(sJ _ ^dispersion a"hcoupling Synchro-/?coupling /o 0 1> 

W)~~K~ ~?7~ K + £ °™-e- • (2-2.3) 
Here, the first three contributions have both a local coupling contribution and an 
emittance contribution while the opening ah^le only contributes to the vertical emit-
tance. 

2.2.2.1 EQUATIONS OF MOTION 

To calculate the contributions to the beam size, we will need equations for the 
vertical dispersion, the betatron motion, and the synchrotron motion. Strictly, the 
transverse and the longitudinal motion should be treated together in a complete 
description of the coupled six-dimensional motion. Fortunately, in a strong-focusing 
storage ring, the synchrotron frequency is much lower than the betatron frequencies, 
and thus it is usually valid to assume that the synchrotron motion only causes 
an adiabatic modulation of the betatron motion; we examine the effects of the 
synchrotron motion and the synchro-betatron resonances in Section 2.2.6. 

The equations of motion for a particle in a storage ring are discussed in Ap
pendix A. Neglecting the effects of synchrotron radiation and acceleration, the trans-
verse equations can be written 

' + ( 1 - 4 ) (A'l + G2)x + K'u) + - ^ ( . t 2 - y2 

9 

t / ' - O - A ) A'] y — A'i r + J\2Xy 

= AG' + (1 - A ) G « 
(2.2.4) 

= ( l - A ) G , r , 

where the primes denote derivatives with respect to s, the azimutha] coordinate, and 
A is the relative energy deviation: A = {p-po )/p where p is the particle momentum 
and po is the design momentum; to first-order A equals the more common parameter 
f ?s (p — po)/pQ. In addition, G is the main horizontal guide field which is the inverse 
of the local bending radius: 

1 e 
C(s) = -— = —Bv , (2.2.5) 

p[&) Po 
GXc and 6'j, r are I he inverse bending radii of additional corrector or error dipole 
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fields, and K\, K\, and A2 are the normalized quadrupole, skew quadrupole, and 
sextupole fields: 

K M * ^ ffiW*-^ W - i & • (2-2-6) 
po ox po ox Po ox1 

With these definitions, positive GXc,yc causes a deflection in the positive x or y 
direction and positive K\ corresponds to focusing in the horizontal plane. 

Now, with complete generality, we can separate the solutions into: (1) the on-
energy (A = 0) inhomogeneous solution, referred to as the closed orbit, (2) the first-
order energy dependence of this closed orbit, referred to as the dispersion function, 
and (3) the homogeneous solution which is referred to as the betatron motion. Thus, 
x = xc + 6r}t -f xp where xc is the closed orbit, nr is the dispersion function, and XQ 
is the betatron motion. Using this expansion in Eq. (2.2.4), we find equations for 
the closed orbit 

x"c + [Kx + G ' V + Kiye + J-f{xl - r,*) = G„ 2 

!i" ~ A'l tfr + A'l xc ~ KlXcVc - Gy<: . 

Next, linear equations for the dispersion function and the on-energy betatron 
motion can be found by expanding about the closed orbit: 

l" + (A'i + G2)TJJ: + A'IT/J, + fcixc'h - Vcna) = 

G - GIC + (A"i + G2)xc+ A'I 

Vy ~ KiVv + KWz - A'2(x fj;v + ycVx) = 

G - G„ + (A"i + G2)xc+ KiVc + ~{xl - y2

c) ^ 

and 

—Ggc - A']i/C+ K\xc - I<2Xcyc 

x"g + (A'I -I- G2).r& + K]ij3 -r l\2(xcX0 - ycy$) - 0 

y'g ~ -'MM + A'jX,9 - Ki{xgyc + XclJii) = 0 
(2.2.9) 

These equations for the transverse motion are complicated. Although, we could 
solve for the coupled motion and beam sizes exactly, T ' M ' ' " ' these exact solutions 
do not provide simple insight into the weakly coupled (flat beam) case. Thus, we 
will proceed by further approximating these equations of motion. 
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Table 3. Effects of rotational [0] and vertical [ym] misalignments. 

Misalignment Effect Result 

Vert. BPM I/c ~ J/m non-zero closed orbit 

Vert. Quad. A d = -K\ym 
dipole kick 

Vert. Sext. AA'i = A'23/m coupling 

Rot. Bend AG* = - C 0 dipole kick 

Rot. Quad. AA'j =2A'i© coupling 

2.2.2.2 PERTURBATIVE APPROXIMATION 

In the limit of flat bea2iis, one can solve the equations for the dispersion function 
and the betatron motion perturbativelv. For the beam to be flat, the horizontal 
dispersion must be, on average, much larger than the vertical ijx ^> r]v and the 
horizontal betatron amplitude must be much larger than the vertical xp ^» yp. 
Furthermore, without a loss in generality, we can assume that the horizontal closed 
orbit is zero; the effect of a non-zero horizontal closed orbit can be included by 
considering small changes of the focusing function K\ due to the sextupoles. 

Now, with these approximations, the equations for the dispersion and the beta
tron motion are 

x"s+ (]<!+ G-)x;) = Q 
» r r ^i> ( 2 - 2 1 ° ) 

!/3 ~ A 1 >J& - ~ A 1 xa + A 2 2/c-T/J , 

and 

» r r r r ^ ;,- ( 2 2 1 1 ) 

These equations are no longer coupled, the vertical motion is simply driven by the 
horizontal, and thus they arc simple to solve. 

2.2.2.3 ERRORS 

As has been mentioned, excluding the opening angle contribution, the low cur
rent vertiral beam size is deiermini-il by errors in an uncoupled storage ring. In 
this chapter, we consider the ell'erl of random vertical misalignments of the quad
ruples , sextupoles, and the Beam Position Monitors (BPMs). In addition, we will 
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also consider the effect of random rotational errors of the quadrupoles and the bend
ing dipoles. The effect of these errors is summarized in Table 3 where ym and 0 
are the vertical and rotational misalignments. As one can see from Eqs. (2.2.10) 
and (2.2.11), vertical dipole errors, due to rotations of the bends, vertical mis
alignments of the quadrupoles, or non-zero closed orbits in the quadrupoles directly 
introduce vertical dispersion. In addition, these same dipole errors create a non-zero 
vertical closed orbit which couples the x and y planes in the sextupoles. Finally, 
quadrupole rotations and sextupole misalignments will also couple the two trans
verse planes. We will discuss these efTects in detail in Sections 2.2.4 and 2.2.5 after 
discussing the opening angle contribution to the emittance. 

2.2.2.4 CLOSED O R B I T 

Here, we calculate the closed orbit and the closed orbit correlation function re
sulting from the misalignments. The correlation function will be needed, in Sections 
2.2.4 and 2.2.5, to calculate the beam sizes resulting from the vertical dispersion and 
the betatron coupling. Although we are primarily concerned with the effects of cor
rected orbits, we will derive expressions for both corrected and uncorrected orbits 
for comparison. 

The vertical close orbit is described by Eq. (2.2.7). Assuming that the skew 
quadrupole terms are small, i.e., the weak coupling limit. Eq. (2.2.7) is easily solved 
with the periodic Greens function for the ring: 

g,*{s,s') = ^*)?'->[S')«*tt*t.,(s)-V>t*{s')\ - ™, . r ) , (2.2.12) 
Jr SJ n tl Uj ^ y 

where 0 is the beta function, u is the tune, and i!< is the phase advance: ip — J ds/0-
Using this, we find a solution for the vertical closed orbit,"*' 

. s+C ^^_ 
y c { s ) = •>«;At / JiW = )':0*lvA*)-yVz) + *'',)G{z)<!z (2.2.13) 

£, Sin 7i Vy J * 

where G(s) = Gyc + GQB + Km,,,. 

Now, we can calculate the expected rms magnitude of the closed orbit given an 
ensemble of random dipole errors, with Gaussian distributions. One finds the well 
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result13*' 

<»?<»)} 8 sin" m>, £ <G 2 i 2>ft (2.2.14) 
y kicks 

where the beta function at each kick is approximated by the average beta function 
within that magnet and the angle brackets are used to denote the expected value 
which is found by averaging over the gaussian distribution of errors. 

Next, to calculate the vertical dispersion and the coupling introduced by the 
errors, we need the correlation function for the closed orbit, {yc($')yc(s))- Using 
Eq. (2.2.13), this can be expressed as a double integral 

i'+c J + C 

(yc(s')yc(s)} = vf[*\*W f d:' [ dzJW0{G{z')G{z) cos' cos) , (2,2.15) 
4 sm" TTI/ J J 

a' i 

where /3' = £!(£•'), cos = cos(r(.s) — v(") + f")i and cos' = cos(^(s') — V'( r') + 7 r i / ) -
To evaluate {(?(c')(?(-)) the integrals must be over the same portion of the ring. 
Assume initially that s' > s, then 

4 Sill" TTV U J J J 
3+C 

(2.2.16) 

where - i s used to represent the integrands and we have used the fact that the 
errors G are uncorrected to simplify the expression. 

As before, the double integrals collapse to single sums over the deflections, but 
the second double integral has different limits and thus an additional factor of 2nv 
must be added to the phase r ( ; ' ) . We average over the high frequency terms and, 
in the case of an uncorrected closed orbit, we are left with 

y/0tl*m*')\ 3+C 

bsm" -i/u I '—' 
" l = J 

( 
-r cos(|A«.''| - 2-KUg) - cos At/) (Gil?) 

2.2.17) 

where AV' t!\tt) and 1 he absolute values signs were used to include the 
case s' < s. Note that terms of order ]/4JTI/V have been dropped from Eq. (2.2.17); 
these will be small correction?! in higli tune, lou emittancc rings. 
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We consider two cases: an uncorrected orbit and the orbit after substantial 
correction. Since the correlation function is periodic in As, we can express it as 
a Fourier series. Furthermore, since the \/'3[s) dependence has been removed, the 
correlation function must be an even function of As and thus the Fourier series only 
contains cosine terms: 

toc(s')Vc[s)) = sj0»{sms')^lh° • ^ " A V / 1 ]C c« cos • 
n=l 

(2.2.18) 

To calculate the coefficients c„ for an uncorrected orbit, we make a smooth approx
imation 

where Aif> = 4>(s') — V'(-s). The coefficients are then 

(n2 + u-)(] - cos27r(/s) 
C,i = 

(2.2.19) 

(2.2.20) 
T*(» 3 - »ir-

Here, only the two harmonics c„ on either side of the tune, n = [vy\, |VW], will 
be large, and thus, we can approximate the uncorrected orbit with just these two 
terms. 

When the closed orbit is corrected its Fourier spectrum tends towards that of 
white noise. There are two reasons for this: first, most orbit correction techniques 
tend to reduce the dominant harmonics on either side of the tune while increasing 
the other modes. The second, and more fundamental, reason is that the BPMs are 
misaligned relative to the ring centci line. Thus, even with perfect orbit correction, 
where the measured orbit is zeroed at all of tiie position monitors, the actual closed 
orbit will have a white noise spectrum. 

We can approximate this by assuming that the correctors "randomize" the or
bit, and thus points on either side of a corrector are uncorrelated. Furthermore, 
assuming that many correctors are used to correct the orbit, we can approximate 
the correlation function between correctors with just the first term of Eq. (2.2.17). 
Thus, 

0 i cos At/-\ No correctors 

(yAs')yc(s))cat = y ^ K ^ M b e U v e e n s a n d s' (2.2.21) 
y 0. Otherwise 

Here, the term {y^)j3v is not e<|ii;i] to Ecj. (2.2.14): it is the square of the rtsidual 
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orbit after correction. In particular, for an orbit that is fully corrected, one can 
approximate {y*) with the estimated vertical misalignments of the BPMs (t/^). We 
will use this correlation function in Sections 2.2.4 and 2.2.5 after calculating the 
effect of the opening angle of the radiation. 

2.2.3 Opening Angle Emittance 

In this section, we derive the emittance contribution due to the opening angie of 
the synchrotron radiation. Photons are radiated with an rms angle of 1/y relative 
to the particle trajectory, thereby changing both the longitudinal and transverse 
momentum of the particle. In an ideal storage ring built in the horizontal plane, the 
vertical closed orbit does not depend upon the longitudinal momentum and thus 
the radiation opening angle should determine the vertical emittance. In practice, 
errors in the machine will generate vertical dispersion and couple the horizontal and 
vertical betatron motion. These effects will then determine the vertical emittance. 
Still, the emittance due to the opening angle is useful since it specifies a lower bound 
on the vertical emittance. a lower bound that will be approached by future machines. 

The emittance contribution due to the opening angle is estimated in Ref. 104 
by ignoring the correlation between the energy and angle of the radiated photons. 
In this approximation, one finds 

whare Cq = 3.84 x 10~ 1 3 meters. Our derivation will parallel that of Ref. 104, except 
that the correlation between the energy and angle of the photon will be included. 
The high energy photons should be radiated at smaller angles than the low energy 
photons and thus the correct result will be smaller than Eq. (2.2.22). 

When a particle radiates a photon of energy u, the transverse angle changes 

Sy'^^-Q, and Ay = 0 . (2.2.23) 

where ©j, is the angle of inclination between the particle trajectory and the path of 
the photon. The change in i/' changes the particle's transverse invariant Jy: 

AJ, = (o.yAy1 + l3vy'Ay' + ^(Ay'f) , (2.2.24) 

where Jy is defined in Eq. (A.2.21). 
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Now, the beam emittance is calculated from Jy by averaging over the beam. 
Since changes in y' are statistically independent, the change in the emittance is 
found from the average of A Jy. Furthermore, the averages of y and y' are zero, and 
thus, if we assume that the probability of radiation is uncorrected with the particle 
position and transverse momentum, the change in the emittance between position 
J and s + da is 

dt(s) = fktf{Ay%))*l (2.2.25) 

where the angle brackets are used to denote an average over the particles in the 
beam and 

« -Q-
Af(Ay'-(s)) = fl^-n(v,n,s)du<in . (2.2.26) 

Here, n(u,(l,s)dudQ is the expected number of photons radiated per unit time at 
position 5 with an energy between u and u + du and a solid angle of n to fl + dil. 

By assuming that (yAi/) = (j/)(ii/') = 0, as we did in Eq. (2.2.25), we are 
ignoring the effect of gradients in the magnets. When the magnetic field has a 
gradient, the probability of radiation depends upon the particle position. But, 
the magnetic field variation across a beam is typically very small and thus we can 
ignore it. For example, a damping ring design for the NLC has gradients of 300 
KG/meter in the 13.1 KG bending magnets while the beam sigma is 4 microns. 
Thus, the field varies by only 2 Gauss across the beam. 

Now, to find the change in the emittance over one turn, we integrate dt over the 
ring 

A f = / | . V ( A / > 7 • 12.2.21 

The equilibrium emittance is then calculated by setting the change due to quantum 
excitation equal to the change due to clamping. Thus 

43 n

0 J c 
« a ®2. .i„(s) I -p j£n(u ,n ,s )dudn (2.2.2S) 

where ry is the vertical damping time a id Tr, is the revolution period of the ring. 
Note that the vertical cmiltancc damping rate is '2/TU. 
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Chapter 2.2.3 

Thus, we need to evaluate the integral in Eq. (2.2.28) over u and Q. The rate 
of photons emitted with energy between w and u + du multiplied by the energy u is 
equal to the power radiated with a frequency between u> = ujh and [u + du)fh. 

un[u>£l,s)dudQ ; 
d2P(u/h,Sl,s) 

dudft (2.2.29) 

The classical relation for the differential power radiated by an ultra-relativistic 
electron in instantaneous circular motion was calculated by Schwinger lioel 

d?P(u,4,<,s) 
duidij> 3TT 2 C' 

•p{s >"2(^+/f i<m + 
& 

1/7 2 + V-2 J m) 
where 

i 

(2.2.30) 

(2.2.31) 

Here, ip is the angle of inclination above the orbital plane; thus, V is equivalent 
to Qv of Eq. (2.2.23). In addition, p{s) is the instantaneous radius of curvature, 
and A'i and Ki are modified Bessel functions. Notice that the azimuthal angle has 

3 3 

been integrated out of Eq. (2.2.30); it would be needed if we wanted to calculate 
the opening angle contribution to the horizontal emittance, but, as was mentioned 
earlier, the horizontal emittance is dominated by the dispersive effects. 

Thus, the equilibrium emittance is 

-^f/^M?**)" 
(0 + 

^ 
i<m l / 7 a + ^ » * 

(2.2.32) 

where u> has been written in leim: of (. Furthermore, since the integrand is very 
small for >̂ ~ TT/2 3> l/- ; . and decreases rapidly with tj>, we can extend the limits 
of integration from ±TT/2 to ±oc 

-" irM /'•& /"""!(?+*')" H + 57&#»«» 
(2.2.33) 
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where 
0° 

U(v) = jdZCKlil) • (2.2.34) 

o 

The integral In(v) is equal to 

(I 
where T(x) is the gamma function. Specifically, 

w = 4 r(f + i) r l l ~ + "Jrl"2"V ' ( M ) 

/ i W = I J2E_(1 - „*} . (2.2.36) 
3 SHI TV 

Next, the integral over i/> is performed using the algebraic integral " 

7 xlmdx (2m - l)!!(2n - 2m - 3)!hr 
i ( i 2 + c)» 2(2n -2)V.cn~n-ly/c ' V """ } 

Finally, substituting for Ty'a* we find for the opening angle contribution to the 

emittance, 

This is a factor of 2.1 times smaller than the estimate in Eq. (2.2.22). This expression 
can be further simplified by using the average value of /3j, and the rms energy spread 
(Eq. (A.5.6)). We find 

1 

7«„ % 0.24JcT y~ , (2.2.39) 
7 

where 7e is the normalized emittance and Jc and at are the longitudinal damping 
partition number and the rms energy spread. 

To estimate the importance of this effect, we note that opening angle emittance 
is roughly a factor of 10 s smaller than the SLC damping ring design emittance, 
a factor of 103 smaller than the Advanced Light Source' 2 5 (ALS) design vertical 
emittance [txjtv = 10), and a factor of -Jo smaller than the NLC damping ring 
design vertical emittance. 
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Chapter 2.2.4.1 

2.2.4 Vertical Dispersion 

The vertical dispersion increases the beam size in two ways: first, the vertical 
dispersion is a coupling between the longitudinal energy deviation and the vertical 
position. Since the beam contains a finite energy spread, the vertical dispersion 
directly contributes to the vertical beam size. This will be referred to as the "local" 
contribution since the beam size increase only depends upon the local value of the 
vertical dispersion; the energy spread in the beam does not vary significantly around 
the ring. 

Second, the vertical dispersion couples the "noise" due to the synchrotron ra
diation from the longitudinal plane to the vertical plane. Since the photons are 
uncorrected, the radiation causes an increase in the rms amplitude of the betatron 
oscillation. This effect will be refened to as the "global" contribution of the vertical 
dispersion since the effect depends upon the value of the dispersion in all of the 
bending magnets. 

Although, both the local and the globa! contributions from the vertical disper
sion increase the vertical beam size, there is a fundamental difference between the 
two. The local effect is simply due to a coupling between the longitudinal and ver
tical planes; it does not actually change the beam's six-dimensional emittance. In 
contrast, the global effect of the dispersion does cause an increase in the beam emit
tance. In a synchrotron light source, the distinction between the local and global 
effects is irrelevant; one is only interested in projected beam size. But, in a damn
ing ring, the distinction is important since one is interested in the extracted beam 
emittance; in theory, any residual coupling can be removed. 

To calculate these two effects, we will first derive expressions for the dispersion 
arising from random errors and a non-zero closed orbit. Then, we will calculate the 
contributions to the vertical beam size and the emittance. Finally, the calculations 
will be compared with the results of simulations. 

2.2.4.1 VERTICAL DISPERSION 

To find the vertical beam size contribution due to dispersion, we need to first 
solve for the vertical dispersion and the derivative. In the limit of flat beams, the 
vertical dispersion is given by; 

^ + (A',+G-'h, =6' 
(2.2.11) 

Vy - A'l'fy = -G„c - A'u/r - K\rir + KoiJcVi • 
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These equations are solved in the same manner as the equation for the closed orbit, 
namely, by using the periodic Greens function for the focusing field of the ring, 
Eq. (2.2.12). The solutions are' 3" 

. i+C 

2 sin Ttvz J 
' (2.2.40) 

, 3 + C 

l sin jrfy j » 

where G[s) is the main bending function and F(s) = [K^Vr — h'l)Vc — KiVi ~ Cyc-
Now, the derivative of i]v with respect to s can be found directly from Eq. 

(2.2.40). Unfortunately, this is complicated by the beta function which is also a 
function of s. Instead, the function i;* which is a function of i)y and its derivative, 
is introduced: 

? J ( * ) s M , + ^ ; . (2.2.41) 

This function is convenient since it both simplifies the expression for the vertical 
emittance and has a solution that can be expressed in a form similar to (2.2.40): 

_ »+C 

1*»W = - ^ 7 $ T / \ A ^ s i l l ( ^ 5 > - *»(*) + *v*)FWd* • (2.2.42) 
- Sin JiVy J ¥ 

s 

Because the two equations have similar forms, the calculation of 77*" will parallel 
that of r/-. In particular, we will see that for random errors the expected values of 
r}y and 77J" are equal. 

2.2.4.2 RANDOM ERRORS 

To estimate the beam size contribution, we need to calculate the expected values 
of n/^/Sy and Vy"//?j, for the various error distributions. The square of the vertical 
dispersion, Eq. (2.2.40). is a double integral 

fry 4 sin 

a+C 
I / / <h<h' T/JJ<{ cos cos' F2 (;..-')) (2.2.43) 
rn>jv J J 

where 0\ cos, and cos' are defined as they were in Eq. (2.2.15). In addition, since the 
errors considered (quadrupole rotations, sextupole misalignments, and dipole errors) 
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Chapter 2.2.4.2 

are all assumed to be statistically independent, the function F2(z,z') contains five 

terms 

+ {GyG'y)-2f'(Gyyl

c) + ff(ycy,

c) , 

where the primes are used to denote functions of z' instead of z and f{z) is pro
portional to the local chromaticity, f(z) = K2V1 ~ A'li t n e chromaticity is given 

where we have neglected the term from combined function magnets. It is impor
tant to notice that the vertical dispersion due to a closed orbit can be reduced by 
using local chromatic correction which reduces f(z)\ this will be discussed further 

subsequently. 

Since the errors are uncorreiated. the first three terms of Eq. (2.2.43) are calcu
lated in the same manner as {yc)/l^iii Eq. (2.2.14), yielding the results 

to) quad relation 1 ^ ^ / f r\2Atr\2\.a 2 

a = r — o > ( A i L ) - 4 { 0 - ) / V ^ fty S Si 11" 7Tfff quad 

\"i//sext misalign 
S s i « 2 " " " » . " . 

Yl(I<2Lf(yi)0vVl 
(2.2.45) 

( '^Jipclefcirks _ (i/c) (2.2.46) 

All of the above equations are applicable for both corrected or uncorrected orbits. 
The first two do not depend upon the closed orbit and the term [yl)/0s in the third 
equation is equal to Eq. (2.2.14) for an uncorrected orbit or the square of the residual 
for a corrected orbit. Notice that this third term is not a result of a non-zero closed 
orbit; it results from the errors and correctors that create the non-zero closed orbit. 

Finally, note that we have calculated the expectec value of {Vy}/ffy-, but to 
calculate the emittance we will also need to calculate {i)y~)lfiy. As mentioned, this 
quantity is calculat'•.:! in an analogous manner; it differs from {t]g)/fiy in that cos 
and cos' become sin and sin . but with the same approximations, the results are 
identical. 
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2.2.4.3 O R B I T ERRORS 

The fourth and fifth terms of Eq. (2'2.43') are functions of the closed orbit. Wc 
will treat each of these terms in turn. First, we express the fourth term as an integral 
of the closed orbit correlation fact ion: 

2 >+c 

( a ) = o fan • / f'M7)^'(yc{s)y^'))dz' , (2.2.47) 

where the subscript 4 is used to denote that this is the fourth term of Eq. (2.2.44). 

Next, using the Fourier expansion for the closed orbit function. Eq. (2.2.18), 
we calculate this integral. In addition, since we are not interested in the explicit 
dependence on position, we can average over s. This yields 

(M\ =2j,M>£_£=_ , (2.2.JS) 

where £ y is the chromaticity defined in Eq. (A.2.17) and the ± is used to represent a 
sum over both \!{vy + n) and \j[uy —n). Now, if we only keep the most significant 
coefficients c n for an uncorrected orbit, this becomes 

(f) 3y J^ SlUTTfj, 4 , 

where Afj, is the fractional part of ilie tune and sine J- = sin xjx. 

We can calculate this term for a corroded orbit in a similar manner. This yields 

V 0, J4 ~ sin xvy ,% Nco[ • ["-w> 

Here, jVCOr is equal to the number of correctors which we have assumed are uniformly 
distributed. Notice that, although the corrected result is smaller by l/A'C Orr. the 
forms of the corrected and uncorrected results are similar. In particular, note that 
both results depend linearly upon the chromaticity £,,, which is usually adjusted to 
be near zero; thus, both Eqs. (2/2.Ml) <TIK! (2.2.30) will tend to be small. 
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Now, we turn to the last term in Eq. (2.2.43). This contains the closed orbit 
correlation function, Eq. (2.2.17). To solve for the effect of an uncorrected orbit, we 
again use the Fourier expansion for the correlation function. This yields 

Py / 5 4 sin 2 rj/y $y 

0 3 + C 

& f / ^ r ' / Z ' ^ ^ c o s c o s ' V c n C o s — , (2.2.51) 
Pa J J ~ * Vy 

where AV> = ifr(s) - t/-'('')- This expression is evaluated in the same manner as the 
previous case; we first calculate the integrals and then average over 5, We find 

(2.2.52) 

+ | f dzf0vctCil+n/^ J 
We can approximate this by assuming that the fractional tune A e v is small and thus 
we keep oniy the most significant coefficient c n- This yields 

( a ) 8 i f - ^ » ' c 4 * ^ ( W , ) 2 + (4*A) a) , (2.2.53) 

where A is 

A -tih ffa • 2v (2.2.54) 

and is sometimes referred to as the width of the off-energy stop band. This result is 
similar to the result found in Ref. Oil; the primary difference is in the appearance of 
the coefficients although they actually have the same value over much of the range 
in tune. 

Finally, we solve for the effect of a corrected orbit in a similar manner, finding 

V n c + l „ itt + 1 

, (2.2.55) 

where nc denotes the position of one corrector and n c + 1 denotes the position of 
the next corrector. This result differs significantly fvom the uncorrected case. The 
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uncorrected case depends on the average values of f/3y and f0yef'v. In general, these 
will be small; the former, the chromaticity, is usually small by design while the later 
tends to be small because of the oscillating term e'-*. In contrast, the corrected 
case depends on what we refer to as the local chromaticity and the local A. Both of 
these will typically be much larger than the average values. The local chromaticity 
is usually positive in regions of dispersion to compensate the negative values in the 
dispersion free regions. While the average may be zero, the local values are not. In 
addition, the local value of A will tend to be much larger than the average since the 
oscillating term does not vary significantly over a short region. 

Of course, despite the larger values of {|ocli and A | o c a i , the dispersion of the 
corrected orbit will usually be smaller than that of an uncorrected orbit; orbit 
correction reduces the residual orbit {yl)jj3. Furthermore, if the closed orbit is 
comparable in magnitude to the misalignments yc s* ym, the contribution to the 
vertical dispersion from the closed orbit will usually be much less than that from 
the misalignments. This occurs because the orbit, even after correction, is still 
correlated for short segments and some of the quadrupole and sextupole deflections 
cancel. 

2.2.4.4 BEAM SIZE 

At this point, we can solve for the beam size increase due to the vertical disper
sion. As mentioned, the vertical dispersion has two effects: (1) it directly increases 
the beam size by coupling a particle's energy deviation to the vertical position, and 
(2) it causes the vertical emittance to increase. The first effect is simple; it causes 
a local contribution to the expected beam size of 

• *fo))bc.l = ijjW,, (9 9 56) 

where <7e is the rms energy deviation in the beam. 

To calculate the second effed. the emittance increase, we use the dispersion 
invariant Hy which is analogous to Tix, defined in Eq. (A.5.9). Thus, Hy can be 
expressed 

*»(*) = T ^ v + 'j; 2) • (2-2.57) 

where we have used the function r/* introduced in Eq. (2.2.41). The contribution to 
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the emittance from the vertical dispersion is 

Crf$\G*(s)\Hy(s)ds . . 
e» = ^ y §&{,)ds ( 2 ' 2 ' 5 8 ) 

where Cq — 557i/(32\/3rac) = 3.84 x 10" 1 3 meter and Jv is the vertical damping 
partition. For a ring in the horizontal plane Jv — 1; in the limit of weak coupling, 
the change in Sy due to errors is negligible. 

Since the expected values of (»?j;)//3y and (r)y")/0y are equal and are independent 
of s, the expected value of the emittance can be written 

l f , _ 0 C,T I'll) §\G\3ds _ (tf) , 

where, the relative energy spread (Eq. (A.5.6)) has been used to simplify the ex
pression and J( is the longitudinal damping partition. Since jTt is typically between 
1 and 2, one can see that the emittance generally has a larger contribution to the 
beam size than the coupling increase of Eq. (2.2.56). 

At this point, we will again emphasize the distinction between these two effects. 
As mentioned, the first effect, Eq. ;2.2.5G), is due to a coupling between the energy 
deviation and the vertical position; it does not change the beam's six-dimensional 
emittance. In contrast, the second effect, Eq. (2.2.58), causes a fundamental increase 
in the phase space volume occupied by the beam. In a synchrotron light source this 
distinction is irrelevant, but in a damping ring it is important because, unlike the 
first effect, the emittance increase cannot be corrected once the beam has been 
extracted from the ring. Of course, boll) effects can be corrected by correcting the 
vertical dispersion in the ring; this is the subject of Section 2.2.7. 

2.2.4.5 SIMULATIONS 

To verify these results, the computer program CEMIT ' has been used to sim
ulate various errors in the SIC North Damping Ring (NDR) ;"" ' " ' the CEMIT 
program calculates the closed orbit and dispersion and then finds the equilibrium 
emittance by calculating generalized synchrotron integrals. The NDR is designed 
to operate on the coupling difference resonance, but for these simulations the tunes 
were shifted to vx = 8.375 and i/y = 3.275; this lattice will be referred to as the 
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Table 4. tv from vertical dispersion due to misalignments in the NDR1. 

Misalignment Calc. ty [m-rad] Simulated ty [m-rad] 

Random quad. 0 = 0.5 mrad 1.91 X 1 0 - 1 2 1.83 ±0.05 x 1 0 - 1 2 

Random sext. ym = 150/im 6.51 x 1 0 - 1 2 6.42 ±0.16 x 1 0 - 1 2 

Corrected closed orbit due to random 
quad. ym = 150 (im and BPM ym = 150 fim 1.32 x l Q - 1 2 1.1 ± 0 . 2 x 1 0 - 1 2 

NDR1. Finally, in this comparison, we will only discuss the increase in the vertical 
emittance due to the vertical dispersion. 

The results of simulating rotational misalignments in the quadrupoles and ver
tical misalignments in the sextupoles are listed in Table 4. The misalignments vvere 
generated from gaussian distributions with rms widths of 0 Z mrad and 150/nn, re
spectively. The calculated values are found using Eqs. (2.2.45) and (2.2.59), while 
the simulated values are found by averaging the results from 1000 different random 
error distributions. Finally, the simulated errors are the standard errors of the av
eraged values. In both cases, one can see that the approximate formula agree well 
with the simulations. 

In addition, Table 4 lists results from simulating the effects of a corrected closed 
orbit. Here, the results are the average of twenty simulations. The simulations 
included vertical quadrupoJe misalignments with an nns of 150 /im and vertical BPM 
misalignments, also, with an rms of 150 /mi. The resulting orbit was corrected using 
the twenty vertical dipole. correctors in the NDR to minimize the rms of the simulated 
orbit. Before correction, the rms magnitude of the actual orbit was roughly 1,5 mm; 
the correction reduced this to 140 /mi, roughly the accuracy of the BPM alignment. 
In this case, the calculated result was found from Eqs. (2.2.4C), (2.2.50), (2.2.55), 
and (2.2.59), although the dominant contribution comes from Eq. (2.2.55). Again, 
the calculated estimate agrees well with the average of the simulations. Finally, 
notice that the contribution from the corrected orbit is less than the contribution 
due to similar misalignments in the sexHipoles; as mentioned, this occurs since the 
orbit is still correlated over short segments. 

To further study the effect of a corrected closed orbit, the average {i)2)/l3y has 
been plotted versus the ehromaticity of the ring. In Figure 2, the closed orbit was not 
corrected while in Figure 3 the orbit was corrected with twenty correctors. Again, 
the data and errors were found from the results of twenty simulations. The lines 
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Fig. 2. Vertical dispersion versus £j, for an uncorrected closed orbit. 
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Fig. 3. Vertical dispersion versus l;y for a closed orbit corrected with 20 
correctors. 
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are calculated using Eqs. (2.2.46), (2-2.49), and (2.2,53) and Eqs. (2.2.46), (2.2.50), 
and (2.2.55) for Figures 2 and 3, respectively. 

As one can see, the character of the dispersion changes when the orbit is cor
rected. In the uncorrected case (Figure 2) the dispersion has a sharp minimum 
close to <fj, = 0, while in the corrected case (Figure 3), the minimum occurs near 
fj, = —4.5. We can understand this change in the following manner. The insertion 
regions in the NDR do not have local chromatic correction; they are compensated 
with sextupoles in the arcs. When the orbit is corrected, the minimum value of the 
dispersion occurs, not when the global chroinaticity is corrected, but when the local 
values of f and A are the smallest. This occurs when the sextupoles are used to 
locally compensate the arcs only, not both the insertion regions and the arcs. 

Thus, when the chromaticity is zero, correcting the orbit will tend to increase 
the vertical dispersion relative to the closed orbit since £ | o c a | and A | o c a i grow. This 
is illustrated in Figure 4; here, the vertical emittance, scaled by the square of the 
closed orbit, has been plotted versus the number of correctors used to correct the 
orbit. Notice that, initially, the scaled vertical emiuance increases rapidly as the 
orbit is corrected; it then peaks and slowly decreases. The initial increase occurs 
when, in Eq. (2.2.55), the insertion regions are separated from the arcs. Further 
correction then just subdivides the arcs which has little effect. The line in Figure 4 
is calculated using the estimates for a corrected orbit. Finally, again notice that 
Figure 4 is a plot of the vertical emittance normalized by the closed orbit; the 
actual vertical emittance tends to decrease as the orbit is corrected. 

Before concluding this section, it is useful to contrast the behavior seen in Fig
ure 4 with an example from the ALS lattice. The ALS lattice differs from the 
NDR in that the ALS has twelve dispersion-free insertion regions rather than just 
two. Figure 5 is a plot of the scaled vertical einittance due to quadrupole misalign
ments versus the number of correctors used to correct the orbit. Here, the scaled 
emittance contribution continues to increase rapidly with the number of correctors. 
There are two reasons for this: first the fractional tune in the ALS is lower than in 
the NDR1, i/y = 8.IS as compared to uu = 3.275, and thus the ALS is more sensi
tive to errors. Second, as mentioned, the ALS has twelve insertion regions and the 
chromatic correction is performed in the arcs between these insertions. As the orbit 
is corrected, this non-local chromatic correction continues to be broken, causing the 
dispersion to increase relative to the closed orbit. 
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2.2.5 Betatron Couj ling 

In a conservative system, such as a proton storage ring, betatron coupling leads 
to "beats" where energy is transferred between the two transverse planes. An e + / e -

storage ring is not a conservative system; the synchrotron radiation provides both a 
source of noise and damping. Neglecting the vertical dispersion, only the horizontal 
plane is coupled to the noise source, while both planes are damped. Thus, in an 
uncoupled ring, only the horizontal eraittance is driven. Unfortunately, in the pres
ence of coupling, the eigenvectors of the betatron motion rotate from the x and y 
axes so that both eigenmodes couple to the noise in the horizontal plane. Thus, in 
the case of weak betatron coupling, the vertical beam size is determined by both the 
projection of the "horizontar emittance in the vertical plane and the contribution 
to the "vertical" emittance from the noise in the horizontal plane. 

Much like the beam size due to the vertical dispersion, we can separate this 
increase into two contributions, one due to a coupling which increases the projec
tion of the six-dimensional emittance into the vertical plane, and another due to 
a fundamental increase in the vertical emiltauce. As before, the former effect will 
be referred to as the "local" contribution since it depends upon the local value of 
the coupling. In principal, this local coupling can be corrected at one location in 
the ring with four independent skew quadrupoles; the four magnets can be used 
to uncouple the one-turn transport matrix at a specified location. Unfortunately, 
this does not remove the second effect which arises from the "global" coupling; the 
coupling would need to be corrected at every bending magnet to fully remove this 
emittance contribution. 

In this section, we will calculate the beam size increase due to both the local 
and the global coupling. Paralleling the discussion of the vertical dispersion, we will 
first calculate the effects of random errors and a non-zero closed orbit. Then, these 
analytic results will be compared with the results of simulations. 

2.2.5.1 VERTICAL BEAM SIZE 

To calculate the rms equilibrium vertical beam size due to the linear betatron 
coupling, we will start from the equations of motion for a single particle, calculate 
the rms betatron motion, and finally, average over the ensemble of particles to mid 
the rms beam size. Alternately, our could use the Fokker-Planck equation, but in 
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many ways the more intuitive approach is appealing since it allows one to explicitly 
see the cause of the various contributions. 

We will analyze the motion assuming that the coupling is weak and the vertical 
motion is much smaller than the horizontal. Thus, we can use the unperturbed 
horizontal motion to calculate the vertical. The equation for the vertical betatron 
motion was calculated, for the weak coupling limit, in Section 2.2.2: 

y'3-Ki9a = {K2Vc-Ki)xfi , (2.2.10) 

where the effects of the synchrotron radiation have been neglected. 

We want to calculate the change in yg. Treating the magnets as delta-functions, 
the coupling adds a deflection Ay' — xp(K-2yc — K\)As to the vertical motion which 
is then exponentially damped by the radiation damping process. Thus, we can 
express the vertical motion as a sum over the deflections Ay' 

3 

y3(s) = J d:kz)xg(z)eW>t< J P9(s)$,{z)sin(^(s) - 0,(3)) (2.2.60) 

Here, k is the coupling coefficient k(z) = [l\2Vc ~ A ' I ) , ay is the vertical damping 
rate, and c is the speed of light. In addition, the function enclosed in the brackets 
is the standard R^ betatron matrix element which transforms a deflection Ay' at 
z to a position Ay at s. 

At this point we need an expression for the i betatron motion. The horizontal 
betatron motion is driven by energy fluctuations due to the synchrotron radiation; 
these are coupled to the horizontal plane through the dispersion. When a photon of 
energy u is radiated, r0 and x'a change by Axp = rjzUJEn and Ax'g = TJ'XU/E0. For 
brevity, we will let r\'z, and thus Aajj, equal zero in the next two equations, but this 
assumption will be removed thereafter. In this case, the horizontal betatron motion 
is just a sum of displacements Ax a which are exponentially damped: 

{•photons} 

(2.2.61) 
Here, u, is a stochastic variable equal to the energy of a photon radiated at Z{. In 
addition, AV'i = Vv(s) - </vUi) and the function in brackets is the /?n betatron 
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matrix element which transforms a change in position A i at ;< to a Ax at s. Finally, 
we have assumed that the particle has been in the ring for infinite time and thus it 
has no memory of the initial amplitude and phase. 

Now, we can use Eq. (2.2.61) to express Ecj. (2.2.60) as a sum over photons &, 

r 

{photons) 

(2.2.62) 
The vertical beam size is now found by averaging the equilibrium value of yi/fly 
over an ensemble of particles. The calculation simplifies since the radiation is a 
stochastic process, (uiUj) = (u-)fij. In addition, when performing the ensemble 
average, we can express the sum over photons as the integral of a rate of emission. 
Thus, 

f I 
£ <"<> =* / "f^{«*(*--)> • (2.2.63) 

{photons} 

where this second moment of the photon distribution is given by Eq. (A.5.2). This 
yields a beam size of 

X (-^£L(cos A 0 X + o,(i,-j sin M'r) + ti'x(siW&(=i)s™ M'z) 
\y/Pz[Zi) ) \ 

(2.2.64) 
where Aif>T = V>r[z)~lrAzi) M ( l Av'v = V^s)- V'si(-)- Notice that we have included 
the contributions from both TJZ and rfc. 

At this point, we assume that the tunes are far from the coupling resonances, 
uT ± uv — n, and damping per turn is small compared to the nines, 2rc{i/x ± u9) > 
QxTo,aaTo- After some algebra, that is explicitly displayed in Appendix C.2, we 
find contributions to the vertical beam size and emittance from both the sum and 
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difference resonances of 

gy(-s)bca] _ ££ 
0y(s) ~ 16 2-? sin 2 rAi/± " sin 7rA;/+sin 7rAi/_ 

" |<?±(j)|a

 | 2 R c Q+(*)<?-(*) 5^W^*>[?B WJyjG2ds J [^ sin27rAi/± " sinffAt/+sin7rAv_ 

(2.2.65) 

where 

<5±(S) = / </-i-(;)v/^;e'[(^(')±w^)-(^(i)±v,(^)+^«±^)] ( 2 2 66) 

Here, £- = (A'23/ — /\'i) and the sum over ± denotes a sum over both the + term 
(sum resonance) and the — term (difference resonance) while Ai / + = vx + vy and 
Av- — vx — vy ^ n addition, the * is used to represent the complex conjugate and 
the operator "Re" yields the real portion of the expression. 

Equation (2.2.65) explicitly displays the physics described in the beginning of 
this section. The first expression represents the projection of the "horizontal" emil-
tance into the vertical plane and the second expressions describes the contribution 
to the "vertical" emittance from the horizontal dispersion. This is analogous to the 
situation with the vertical dispersion where the projected vertical enuttance is in
creased by the local value of the dispersion while the vertical emittance is increased 
by the average value of the dispersion. 

This analogy can be taken further by noticing that the real part of Q±/ sin irAi/± 
is analogous to the vertical dispersion with a phase advance of ipx ± 4'y instead of 
y(>2,. In addition, the imaginary portion of Q±(5)/sin7rAi/± is analogous to ^ ( s ) , 
Eq. (2.2.41). Thus, \Q±(s)\ilshr -Av± is completely analogous to Hx,y{&). This 
analogy will be used in Section 2.2.7 when we discuss correction of the coupling. 

At this point, we should compare our result with the results of others. Equa
tion (2.2.65) is similar to the result found in Ref. 26 where the expression was 
derived by solving the Fokker-Planck equation when close to the difference coupling 
resonance. The results differ in that (l) the effect of the sum resonance and the 
cross terms between the sum and difference resonances have been included, (2) the 
contribution to the vertical rinil tance involves the ai'crage of the coupling coefficient 
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around the ring while the contribution to the local beam size (projected emittance) 
just depends upon the local value of the coupling, and (3) the explicit, form of 
the coupling coefficients differ slightly. In many references, including Refs. 26, 27, 
46, and 47, the coupling coefficient is found by Fourier analyzing the coupling and 
choosing only the coefficient closest to the difference resonance. This is not valid in 
our case since we have assumed that the ring is far from both coupling resonances, 

2.2.5,2 RANDOM ERRORS 

Now we evaluate Eq. (2.2.65) for specific errors. The quadrupole rotational 
errors, sextupole misalignments, and the closed orbit are all independent. Thus, the 
square of the coupling function k is 

(k{z)k[z')) = 4/M(*)A-,(*')(ee'> + A'3(--)A'3(e')({j/mtf™> + <Vcy'c)) (2-2.67) 

where primes have been used to indicate functions of z' rather than z. In the case of 
uncorrected coupling, we can quickly evaluate Eq. (2.2.65) to find the contribution 
from random quadrupole rotations and random sextupole misalignments. Specifi
cally, we find 

% ^ = ^ ( / ~ 9

c o s 2 ^ j c o : 2 7 r ' ^ x>i) 2 4<© 2 >^ 
8V 4 (cos2;r^ r — cos2^^„) 2 ^—> ' " quad 

and 

(Shoe*! M l -cos2ffi/ I cos27r^) ^ 2 ? 

~X~ = 7 (c 0 s2^-cos2^p2> 2 L ) < f f » ^ 

4 Jy (COS 2*1 /* - C O s 2 7 T ) y v ) J *£-*, V ' " 
quad 

{ t v ) = T ^ ( c o s 2 ^ - c o s 2 ^ , ) ^ ( A - i ) ( 2 / J / ? ^ 

(2.2.6S) 

(2.2.69) 

Here, the sum of 1/sin" ir{uI±i'll} has been written in terms of cos27n/r and cos 2vuy 

and we have simplified expression Eq. (2.2.69) witli the equilibrium horizontal emit
tance; these expressions are identical lo those quoted in Ref. S2. 
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difference resonances of 

gy(s)local _ ti_ 
^T1 sin 2 7rAf± " sin T A V + sin JTAIA 
± 

C 

t V I6jy 

where 

jG-dsJ [*-£ s m ' f f A ^ sinirAi/+sin jrAe-

(2.2.65) 

J + C 

<?±(-0 = / > dri(z) v /^e , H v ' , ' t , , * , > l ' t ' ) )-(*" f * ) ± *» t * ) ) + , r ( , ' '* P b ) l • (2.2.66) 
a 

Here, £ = (A*or/ — A'j) and the sum over ± denotes a sum over both the + term 
(sum resonance) and the — term (difference resonance) while Ai/+ = vx + vv and 
Av~ = Vz — vy. In addition, the * is used to represent the complex conjugate and 
the operator "Re" yields the real portion of the expression. 

Equation (2.2.65) explicitly displays the physics described in the beginning of 
this section. The first expression represents the projection of the "horizontal" emit-
tance into the vertical plane and the second expressions describes the contribution 
to the "vertical" emittancefrom the horizontal dispersion, This is analogous to the 
situation with the vertical dispersion where the projected vertical emittance is in
creased by the local value of the dispersion while the vertical emittance is increased 
by the average value of the dispersion. 

This analogy can be taken further by noticing that the real part of Q±/s'm irAi/± 
is analogous to the vertical dispersion with a phase advance of ipz ± 0 y instead of 
tj)y. In addition, the imaginary portion of Q±(s)/sjn srAf± is analogous to r]'(s), 
Eq. (2.2.41). Thus, t<?±(' ,)!'7 s i l 1"' "Ai/± is completely analogous to Hz,y(&). This 
analogy will be used in Section 2.2.7 when we discuss correction of the coupling. 

At this point, we should compare our result with the results of others. Equa
tion (2.2.65) is similar to the result found in Ref. 26 where the expression was 
derived by solving the Fokkcr-Planck equation when close to the difference coupling 
resonance. The results differ in that (1) the effect of the sum resonance and the 
cross terms between the sum and difference resonances have been incliukd. (2) the 
contribution to the vert ical omittance involves the average of the coupling coefficient 
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around the ring while the contribution to the local beam size (projected omittance) 
just depends upon the local value of the coupling, and (3) the explicit form of 
the coupling coefficients differ slightly. In many references, including Refs. 26, 27, 
46, and 47, the coupling coefficient is found by Fourier analyzing the coupling and 
choosing only the coefficient closest to the difference resonance. This is not valid in 
our case since we have assumed that the ring is far from both coupling resonances. 

2.2.5.2 RANDOM ERRORS 

Now we evaluate.Eq. (2.2.65) for specific errors. The quadrupole rotational 
errors, sextupole misalignments, and the closed orbit are all independent. Thus, the 
square of the coupling function k is 

{k(:)k(z')) = 4A-,( = )A-, (--')(00'} + K2(:)K2(z'){{ymy'm) + (Sey'e)) (2.2.61) 

where primes have been used to indicate functions of :' rather than z. In the case of 
uncorrected coupling, we can quickly evaluate Eq. (2.2.65) to find the contribution 
from random quadrupole rotations and random sexlupole misalignments. Specifi
cally, we find 

(g»)local _ * T ( 1 -cos , 2f f i / j r cos2n/ i , ) vr- , , 2 . . j , . 
a 7 7 n "~ i TT / ( « l i ) 4{fc) lPrPu 
0y 4 (COS2JI / J - - cos2?rv v) 2 ^ 4 ' " 

and 

<ffs>loeal tz{l_-cos2ni'rcos2Kt'j/)T-^ , ., 
~TT = T.cca^-cosa™^ 2J A a L ) {y-)!3^ 

. . tx Jx (1 - cos2n-i/j.cos27r//v) v - - . , . ,.•>.,,0.0, . , 

(2.2.68) 

quad 

fl-2. 

M = 7J~V ( c o s 2 ^ - c o , 2 „ ^ D A ' £ > " f o > & * » 

2.C9) 

Here, the sum oj ' l / s in - jr(('r±i',) lias been written in terms of cos 2r;/3. and cos2jrj/j, 
and we have simplified expression F,q. (2.2.(i9) with the iquilibrinm horizontal omit
tance; these expressions are identical lo those quoted in Ref. S2. 

3S 



Chapter 2.2.5.3 

In addition, notice that the cross terms have been not included in Eq. (2.2.65). 
These terms add contributions of 

O i o C a i e, sin 2**. £ ^ , , ( / M £ ) 2 4 0 2 f t A + Z^idW-yiWy 
Pv 16 2vvt 

sin 7rAi/+sin JTAI/_ 
(2.2.70) 

e, .7, sin 2™, E . ^ A ' i U ^ e ' A / J , + E ^ A ' a l ) 2 ^ ^ 
" 16 Jy 2xvz sin 7rAi/+ sin ?rA^_ 

Since these contributions are at least l/2fft/ I ( S / smaller than the contributions from 
the individual resonances, they will be neglected in all future calculations. 

2.2.5.3 O R B I T ERRORS 

To calculate the effect of a closed orbit, we use Eq. (2.2.21) or Eqs. (2.2.18) 
and (2.2.20) for the correlation function of a corrected or uncorrected orbit. For an 
uncorrected orbit, we find 

Wu 
s+C 

//local __ V ^ ' J (i/f) . / 1 f 1 \a 1 \ la i \ iii. 
Py /—', 32sin-!rA^± Ps \J 

(2.2.71) 
where the contribution to t , is similar, but it has as additional coefficient of Jx/Jy 

and must be averaged around the ring. In addition, the sum over Ai/± and ipn is 
1 sum over four terms: the two values of Af± = v^ ± vy and the two values of 4>n 

associated with each value for AJ /± . The values of ipn are 

V« = !/>* + 
(1 + £)<.'•„ and ( l - ^ ) V ' j , , A*/± = i/T + I/J, 

-(l + £ k » and - ( ! -£)<! ;„ A*t =//, - * v 

(2.2.72) 

In the case of a corrected orbit, we find a form similar to Eq. (2.2,71), except 
that the integral is broken into segments by the correctors 

K 2> local 

• £-^, 32 s m - A ; > * - J V *-" J 
A^±.v'-

(2.2.73) 

where, again, the coiitribnlion to (,, is similar. Here, the sum over Aej. and y is 
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Table 5. iy from betatron coupling due to misalignments in the NDR1. 

Misalignment Calc. (s [m-rad] Simulated ty (m-Tad] 

Random quad. 0 = 0.5 mrad 6.00 x 10~ 1 2 6.17 ±0.14 x 10- 1 ' 2 

Random -x t . ym= 150/im 1.J6 x 1 0 - 1 ] 1.11 ± 0 , 0 2 x 1 0 - 1 1 

Corrected closed orbit due to random 
quad. ym = 150/im and BPM ym = 150 /im 2.01 x 1 0 ' 1 2 2.6 ± 0.3 x 10~ 1 2 

the same as in the uncorrected case except tp is now 

f VJ + 2 ^ y and ipt1 if Ai/± = ux + i/v 

V = < • (2.2.74) 
(4>r - li'y and 4<t, if AJ/± = fx - Vj, 

The integrals in Eq. (2.2.73) are the same integrals one finds when using time 
dependant perturbation theory to calculate the effect of sextupoles on the betatron 
motion. The similarity arises because, over a short segment, the closed orbit oscil
lates like a free betatron oscillation. It is important to emphasize that Eq. (2.2.73) 
describes an effect due to linear coupling — notice the resonant denominator in 
Eq. (2.2.73); it is not an effect of the third order resonances. Specifically, En (2.2.73) 
is only valid when the closed orbit is broken into short segments (by correctors). No
tice that if the orbit is broken at every sextupole, Eq. (2.2.73) reduces to Eq. (2.2.69) 
which estimates the effect of random sextupole misalignments. Thus, for compara
ble orbits and misalignments yc R; y m , the contribution to the beam size from the 
orbit will usually be less than the contribution from the misalignments since the 
orbit is typically correlated across many sextupoles. 

Typically, when correcting the dynamic aperture, one adjusts the sextupole 
strength and placement so that the first order aberrations will cancel over the ring. 
For example, in the NDR, the cell phase advances are t>j;CeH "* 0.37 and i/yCe)i *= 0.12. 
This causes the first order geometric aberrations due to the sextupoles to cancel over 
an arc of roughly 8.5 cells. Unfortunately, when correcting the orbit, we break this 
cancellation scheme, and thus crj / ,^ normalized by the square of the closed orbit 
tends to grow. 

2.2.5.4 SIMULATIONS 

To verify the analytic results, the betatron coupling contributions to the vertical 
emittance were determined from simulations of random alignment errors. Again, we 
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used the program CEM1T, which calculates generalized synchrotron integrals, and, 
again, we used the NDRl lattice; this is a lattice of the SLC NDR where the tunes 
have been changed to vx = S.375 and vv = 3.275. Table 5 lists the results of 
simulating rotational misalignments in quadrupoles and vertical misalignments in 
sextupoles in the NDRl lattice. As before, the misalignments are generated from 
a gaussian distribution with an mis of 0.5 mrad and 150 «m respectively. The 
calculated values are found using Eq. (2.2.69). The simulated values are found by 
averaging the result of 1000 different random error distributions and the errors listed 
are the standard error of the average of the 1000 simulations; again, there is good 
agreement between the estimates and the simulation results. 

In addition, Table 5 also lists results from simulating the effects of a corrected 
closed orbit where the results are found from twenty simulations. Here, the sim
ulations included vertical quadrupole misalignments with an rms of 150 ^m and 
vertical BPM misalignments, also, with an rms of 150 pm. The resulting orbit was 
corrected using the twenty vertical dipole correctors in the NDR to minimize the 
rms of the simulated orbit. Before correction, the rms magnitude of the actual orbit 
was roughly 1.5mm; the collection reduced this to 140/*m. In this case, the cal
culated result was found from Eq. (2.2.73). Again, the calculated estimate agrees 
well with the average of the simulations. Finally, notice that the contribution from 
the corrected orbit is less than the contribution due to similar misalignments in the 
sextupoles; as mentioned, this occurs because the orbit is still correlated over short 
segments. 

Finally, in Figures 6 and 7, the betatron coupling contribution to the vertical 
emittance, normalized by the square of the closed orbit, is plotted versus the number 
of orbit correctors used. The points plotted are generated by simulating random 
quadrupole and BPM misalignments in the NDR and the ALS as was done in 
Figures 4 and 5. The line is an approximation of Eq. (2.2,73) which we evaluated by 
assuming that correctors were evenly distributed in the ring. Notice that initially the 
normalized contribution increases roughly linearly with the number of correctors. 
As mentioned, this occurs since- the cancellation is broken by the correctors. Of 
course, since the residual orbit is decreased by the correction, the actual beam size 
contribution tends to decrease as the orbit is corrected. 
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2.2.5.5 NON-LINEAR COUPLING E F F E C T S 

We can also estimate the effects of the higher order coupling resonances. In this 
case, the equation for the vertical betatron motion is 

l# + A ' i W = A > y i # , (2.2.75) 

where p = m + n. Using perturbation theory, we would find a similar form for the 
increase in the vertical emitlance except that the increase would depend upon higher 
powers of cx and the unperturbed vertical emittance. Because tz and e„ are small, 
these effects will be negligible unless one is very close to the non-linear coupling 
resonances. A detailed analysis of.these higher order coupling resonances can be 
found in Ref. 46. 

Actually, there is one case where this higher order coupling could be significant. 
This occurs if the beam is very large when it is injected into the ring. Because of the 
large beam sizes, the widths of these higher order coupling resonances are larger. 
In simulations of a future damping ring lattice, coupling has been observed after 
injecting the beam into the ring which was operating close to the sextupole difference 
resonance, vs — 2vv ss 0.03. This is actually advantageous in this design since the 
vertical emittance damps faster when the beams are coupled; this occurs because 
Jz = 1.6 while Jy = 1.0 and thus there is more damping in the horizontal plane. Of 
course, one has to be sure that the beam becomes uncoupled before the horizontal 
emittance reaches its equilibrium value or the vertical emittance will never damp 
beyond this point. 

2.2.6 Synchrotron Motion 

So far, we have neglected the effects of the incoherent synchrotron motion; the 
basic synchrotron motion is discussed in Appendix A.3. In this section, we will 
discuss three effects that couple the transverse planes to the longitudinal. First, 
we will treat a direct synchro-betatron coupling contribution that is completely 
analogous to the transverse betatron coupling discussed previously. Then, we will 
discuss the effect of the betatron tune modulation due the synchrotron motion. 
Finally, we calculate the change of the damping partitions during a synchrotron 
oscillation and the effect on the emittances and damping times. Although all these 
effects are manifestations of the synchrotron motion, they have different mechanisms, 
and thus we treat them separately. 
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2.2.6.1 SYNCHRO-BETATRON COUPLING 

The direct synchro-betatron coupling is a coupling of the transverse and the 
longitudinal phase spaces through the longitudinal position 2 in the bunch. The 
theory of the coupling was first developed in Ref. SO. Since then there have been 
numerous refinements and generalizations; a good review can be found in Ref. 114. 
Unfortunately, most of these theories use a symplectic approach that is suitable for 
strong coupling but is unnecessarily complex for weak coupling and flat beams. 

The synchro-betatron coupling is completely analogous to the transverse beta
tron coupling described in Section 2.2.5. In a proton ring, the coupling will leads 
to "beats'1 where the transverse planes and the longitudinal plane exchange en
ergy. Again, the situation is slightly different in an electron ring because of the 
synchrotron radiation. Thus, there are two contributions: one due to the projection 
of the longitudinal emittance in the vertical plane, and another due to a fundamen
tal increase in the vertical emiltance. In theory, the former can be corrected, even 
after the beam has been extracted from the storage ring. In contrast, the emittance 
contribution must be corrected by correcting the coupling sources in the ring. 

At low currents, the synchro-betatron coupling is induced in the RF cavities. 
The primary causes are either dispersion in the cavities, an angular misalignment 
between the RF accelerating field and the closed orbit, or RF deflecting fields. In 
addition, the coupling can be caused by transverse wakefields due to a non-zero 
closed orbit or longitudinal wakefields in regions of dispersion. Here, we will only 
treat the effects of dispersion in the RF cavities and angular misalignments of the 
cavities although the expressions arc trivial to generalize; the wakefield effects are 
calculated in Section 2.3.4. 

To estimate these synchro-betatron contributions, we will derive an expression 
for the coupling due to a sinusoidal RF voltage when off resonance. The derivation 
will parallel that of the transverse betatron coupling, allowing us to use results 
directly from Section 2.2.5.1. As before, we will analyze the motion assuming that 
the coupling is weak and the vertical motion is much smaller than the longitudinal; 
this is equivalent to the condition c s <S <r(a. and is satisfied in most storage 
rings. 

Paralleling Section 2.2.5.1, we start by calculating the change in yg on passing 
through a cavity, where y$ is the betatron component of the vertical motion. The 
energy gain in a cavity is a function of ;, the longitudinal position in the bunch. 
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Thus, if there is vertical dispersion or the accelerating field is not aligned to the 
trajectory, there will be a change in y$ that depends upon z. Treating the cavities 
as delta-functions, we find 

A W - 1 , ^ ^ and A r i - M + e ) ^ ^ , (2.2.76) 

where 0 is the angular misalignment of the cavity fields with respect to the closed 
orbit and A £ R F is the difference between the energy gain of a particle at longi
tudinal position z and the energy gain of the synchronous particle. Note that the 
synchronous energy gain does not directly affect the beam size or the emittance; it 
simply replaces the average energy lost to radiation. 

If we assume a RF sinusoidal voltage, A £ R F ' S 

A £ R F ( Z ) EVRF / • , , . . , . , \ , „ „ , , , 
— £ = —j=r-(sin(2£RF + $„) - sm <t>„) , (2.2.77) 

where, £RF is the wavenumber for the accelerating field &RF = 2JT/ARF ! <j>s is the 
synchronous phase, and V'RF is the accelerating voltage. This expression can be 
expanded as a power series in r, yielding 

OO 00 

A W = ^ / « 3 " / . „ T and A ^ = ^ s r n Z

n X c a v , (2.2.78) 
n=l ns l 

where Lcax is the length of the RF cavities and 

eV R F frfiF f ( - l ) t " - ' ) / ' c O B ^ , i f n i s o d d , 
yLeaxB0n\ \ ( - l ) " / 2 - i s i n ^ , if n is even, 

and g„ is similar except it has a coefficient of rj'y -+• 0 instead of r}y. 

Now, we can express the vertical motion as a sum over the changes At/^ and 
AyL in an equation analogous to Eq. (2.2.60): 

« —1 •* 

fnRyu(s\s)+gnRyn(s',s) (2.2.80) 

where Ryu and Rs\i are the standard betatron transport matrix elements that map 
a position offset or a deflect ion at location s1 to a position offset Ai/ at location s. 
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Next, we need an expression, analogous to Eq. (2.2.61), for the longitudinal po
sition z, which is driven by the energy fluctuations due to the synchrotron radiation. 
In the smooth approximation of Eq. (A.3.9), this can be written 

z ( s ) = y ^."-£e(..-.)«./c s i n (2wu,S-^) , (2.2.81) 
»=-oo 

{photons} 

where, u ( is a stochastic variable equal to the energy of a photo:-.) radiated at Si, a( is 
the longitudinal damping rate, a m and v, are the momentum compaction factor and 
the synchrotron tune, and C is the ring circumference. Note that we have neglected 
the nonlinearity of the synchrotron motion. Strictly, this should be included in 
Eq. (2.2.81) but we will neglect it. In general, the nonlinearity of the synchrotron 
motion will reduce the importance of the nonlinear resonances (u3 is smaller). 

At this point, we can calculate the vertical beam size and the emittance dilution 
by following the procedure described in Section 2.2.5.1. The only difference is that 
now we need to include the nonlineaiity in z. This is easily handled with the identity 

s s' a 3, , s 

I ds'f(s')(^J ds,u(s,f) =n J dsM^t^J ds'MA)) jds'f(s') (2.2.82) 
— 00 —OO ~ 0 G —OC 3, 

which can be verified by integrating by parts. In addition, when calculating the 
ensemble average of t/ | / /? B , one finds higher moments of the photon distribution. 
Since many photons are emitted, we can use the Central Limit Theorem to express 

((J ds\u{S\)M))ln~2) = J-^%, ( / JtUAs'.nfis'i))'"1 , (2-2.83) 
—OO —OO 

where / is the integrand and we have assumed a gaussian distribution suitable for 
low beam intensity. 

Thus, assuming that one is far from resonance, we find the results 

gg(')locii _ n ^ " ( 2 n - 2 ) ! r v \Sl±\s)\' 
&(*) 4 » + » ( n - l ) , Sm2T!(7).Va±Uy) 

(2.2.84) 

2Re 
sin ir(nvs •+ uy) sin -x(nv, — i/v)\ 
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and 

ng»"(2n - 2)! nj, f ds [ ^ \s£\s)\2 

4n^(n-l)l Jy J C l ^ s i n 2 i r ( n j / f ± i / , ) 

+ 2Re + w - v > 
"sin jr(ni/a + J/y)sin7r(n^j — v y ) 

where 

s+C 

x el[21rill/.(»-*')/P±(tl',(ji)-*y(*'))+»(n^±l'y)] 

(2.2.85) 

(2.2.86) 

and the coefficients /„ and <?„ are defined in Eq. (2.2.78). Note that we have ne
glected the cross terms between resonance orders. Although this is not valid when 
there are many contributions of equal magnitude, usually the nonlinear contribu
tions are only significant when very close to the nonlinear resonances; we will discuss 
this shortly. Finally, notice that in Eq. (2.2.S5) we have assumed that the photons 
are radiated uniformly around the ring. This is acceptable because the emittance 
contribution, Eq. (2.2.S5), is small. 

Unlike the situation for the transverse betatron coupling, the cross term in 
Eq. (2.2.85) is important; it will tend to cancel the two main terms, reducing the 
emittance contribution. This occurs because the synchrotron tune is small. The 
cross term in Eq. (2.2.S5) depends upon the average of an oscillating term e

, 4 : " W c . 
Since v. is small, the oscillating term is nearly constant and the cross term is large. 
In fact, in an isochronous ling, where the synchrotron tune equals zero and the 
longitudinal distribution in z is frozen, Eq. (2.2.85) predicts zero emittance dilution; 
the cross term exactly cancels the main terms. This differs from the transverse case 
where the cross term is small since it depends on the average of e» 4"'* J/C ) which 
oscillates rapidly. 

At this point, we need to discuss the effect of the nonlinearities. First. 1lif 
nonlinearities are (usually) weaker than the linear contribution and thus art- <,i,ly 
important when on resonance. To analyze these effects correctly, we should Mluw 
the procedure of Refs. SO and 113, where the coupling is analyzed on resonance. 
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Table 6. Longitudinal parameters for the SLC NDR and the ALS. 

SLC NDR ALS 

/RF 714 MHz 500 MHz 

VRF, -EO 1 MV, 1.2 GeV 1.5 MV, 1.5 GeV 

Vy, Vs 3.17, 0.01 8.18, O.00S 

ff*. Pv 5 mm, 2 m 4 mm, 5 m 

Instead, we will simply note that these nonlinear resonances are usually very narrow 
and, provided that the resonance is high order, we can neglect them, This occurs 
because damping rings and synchrotron light sources tend to have bunches short 
compared to the RF wavelength, and thus the nonlinear dependence of the forces 
on z is small. 

Finally, we will illustrate the importance of these effects by estimating their 
magnitude in the SLC NDR and ALS storage lings. Table 6 lists the relevant equi
librium longitudinal parameters for both rings. Using these values and Eq. (2.2.S4), 
we find a contribution from the linear coupling due to 77' or an angular misalignment 
of: 

2 

^ 5 x lO-'J(>,; + 0 ) 2 , (2.2.87) 
Pa 

for both the SLC NDR and the ALS. This is a very loose tolerance, much looser 
than the effect of random dispersion in the bending magnets. Furthermore, because 
the synchrotron tunes are so small, the nonlinear resonances can be safely ignored; 
the resonances would be extremely high order {Z 20th order). 

2,2.6.2 T U N E MODULATION 

The synchrotron motion also modulates the betatron tunes. This is due to both 
the chromatic dependance of the betatron tunes and the effect of the space charge 
tune shift; the space charge tune shift depends upon the local bunch density which 
is a function of the longitudinal position s, see Section 2.3.3. The chromaticity 
modulates the betatron tunes at the synchrotron frequency while the space charge 
modulates the tunes at twice this rate. 

This slow modulation will generate sidebands separated by i/s or 2vs around 
the betatron tunes. These sidebands can then overlap nearby resonances, increasing 



Chapter 2.2.6.2 

the beam size and emittance. We can estimate the importance of this nonlinear 
coupling from the magnitude of the sidebands. Initially, we will only consider the 
effect of the chromaticity. In the smooth approximation, the equation for a betatron 
oscillation can be written 

- ^ + ( ^ + ^ 0 c o s ( ^ + fl0))22/ = 0 , (2.2.88) 

air-

where So is the amplitude of the energy synchrotron oscillation and 6a is the initial 
phase. 

Since va is much less than Vy, the solution for the vertical motion can be found 
using the WKB approximation. This can be expressed in terms of the frequency 
components 

V(0) = Re 3/oe (2.2.89) 

where Jk are Bessel functions of integral order and yo is the initial amplitude. One 
can estimate the magnitude of these sidebands using an asymptotic expansion of 
the Bessel functions for large orders: 

J t ( - r ) • ^ j ( l - 3 6 f ) 1 - (2.2.90) 

This shows that the Bessel functions decrease rapidly for orders k £ x and thus it 
confirms the intuitively obvious fact that sidebands, separated from the betatron 
tune by more than the tune shift, are small. 

Now. we can calculate the coupling due to the sidebands by replacing vs in 
Eqs. (2.2.65), (2.2.84), and (2.2.S5) with uy±kira and multiplying the result by the 
square of the Bessel function coefficient in Eq. (2.2.89). Since the chromalicity is 
usually corrected to the order of unity while the energy spread is the order of 1 0 - 3 , 
this effect tends to be negligible. 

At this point, we can follow the same procedure to calculate the effect of the 
space charge tune shift. In contrast to the effect of the chromaticity, this effect 
may become significant in future rings since the tune modulation increases as the 
vertical beam size decreases. Assuming a gaussian longitudinal distribution and 
linear synchrotron oscillations, the equation for a betatron oscillation, in the smooth 
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approximation, is: 

§ + K + A ^ e - - " * 2 * " ' 9 ^ / 2 ' - ^ = 0 , (2.2.91) 

where Ai/ S c is the space charge tune shift at the center of the bunch, zo is the 
amplitude of the synchrotron oscillation, and 4>o is the initial phase. 

Again, using the WKB approximation, the solution for the vertical motion can 
be written 

where FJ is the average tune which now depends upon the synchrotron amplitude: 

P f = i / , + A ^ e - ^ t o i j 0 t e ^ . (2.2.93) 

Obviously, this is much more complicated than the tune modulation due to the 
chromaticity, although in general, the same conclusion applies: the sidebands are 
small when greater than the amplitude of modulation. However, now there is one 
important difference: the space charge modulation causes a tune spread, as specified 
by Eq. (2.2.93), in addition to the sidebands. This will further reduce the available 
non-resonant tune space. 

2.2.6.3 MODULATION OF THE DAMPING PARTITIONS 

During the synchrotron oscillation, the particle energy changes, changing the 
damping times and the quantum excitation; 3 9 ' 2 ' this then causes the expected 
single particle amplitude to oscillate. Usually, the strongest energy dependence is 
due tc the energy dependence of the damping partitions. For example, at injection 
in the SLC NDR, a particle with an energy E = EQ + <7,, where <TC is the rms 
energy spread of 1%, will have a horizontal damping rate that is 16% slower than a 
particle with the design energy; c/k7r/f/£' is negative. Of course, since the synchrotron 
oscillation frequency ' , much larger than the damping rates, the average damping 
rate is unchanged, but the fluctuating single particle amplitude could change the 
equilibrium beam emittance. 
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In Ref. 121, an expression is derived for the equilibrium single particle invariant 
as a function of the synchrotron phase and amplitude: 

,_ A„(-**g2!»±i!) , ( 2.,M ) 

where JQ is unperturbed equilibrium invariant, J is the damping partition, CI is the 
synchrotron frequency, and r is the synchrotron radiation damping time. 

Now, to determine the rms emittance increase in the beam, we need to integrate 
this expression over the beam distribution of synchrotron phase and amplitude. 
The expression within the brackets is usually small and thus we can expand the 
exponential. After integrating over the distribution, we find 

£ = eo \nrdEj J 1 + (Tr.iz) + • • • • (2-2-95) 

There is no linear contribution to the beam emittance and the second order contri
bution tends to be small. In both the SLC NDR and the ALS, the relative emittance 
increase due to this effect is the order of 1 0 - 8 , 

2.2.7 Correction 

In this section, we will discuss reduction and correction of the vertical dispersion 
and the betatron coupling. The simplest way to reduce these effects is to decrease 
the sensitivity of the ring to the errors. The most obvious method of doing this is 
to reduce i.he resonant denominators 1/ sin" wvy or 1/sin" !rAi/± which appear in all 
the dispersion and coupling formulas. 

In addition to decreasing the sensitivity to the errors, one can correct these 
effects directly. Specifically, we will first calculate the amount one can correct the 
vertical dispersion with a pair of correctors, typically skew quadrupoles, separated 
by ninety degrees in phase. Then, using the analogy between the vertical dispersion 
and the coupling functions thai was noted in Section 2.2.5.1, we will apply our 
results to the correction of the betatron coupling. Finally, we will compare these 
analytic estimates with the results of simulations. 

Notice that we have not mentioned correcting the synchro-betatron coupling. 
This is corrected by correcting the orbit or the dispersion at the cavities and thus falls 
under the vertical dispersion discussion, but, since the synchro-betatron coupling is 
small, as calculated in Eq. (2.2.S7), we will not discuss it directly. 
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2.2.7.1 VERTICAL DISPERSION 

As mentioned, one can correct the vertical dispersion directly with either skew 
quadrupoles in regions of horizontal dispersion or orbit bumps in the quadrupoles. 
Unfortunately, this is complicated because the skew quadrupoles and orbit bumps 
in the sextupoles also contribute to the betatron coupling. Thus, one has to either 
compensate the betatron coupling or use orbit bumps in regions without sextupoles; 
this will effectively limit the number of correctors one can use. 

Regardless, the correction of the dispersion itself is relatively simple; the dis
persion generated by random errors, much like a closed orbit, will primarily have 
harmonics near the vertical betatron tune. Thus, as when correcting a close orbit, 
only a few dispersion correctors are needed to cancel these dominant components, 
thereby significantly reducing the dispersion. We will consider two cases: (1) correct
ing the vertical emittance, i.e., the global effect of the dispersion, and (2) correcting 
the local dispersion at o.ie location. 

Global Correction - Emittanre correction 

The vertical emittance due to the dispersion is proportional to the average of 
H.y in the bend magnets. For this estimate we will assume that this is equal to 
the average of Hy around the ring. Using a few trigonometric identities, along with 
Eqs. (2,2.40), (2.2.42), and (2.2.57). we can express Hy as the squared absolute 
value of an integral over a complex exponential; this is very similar to the couplin' 
coefficients |Q±|*/sin" irA^i- Thus, the average of Hj, in a ring with two correctors 
can be written 

W . = 
1 

4 sin" ~fv 

s+C 

j yJH^)<" • . ( - - • / ' ( = ) * / : + cr -f \r 

+ 2«Re ^:»F{z)dz 

3 + C 

- 261m [ yJtiy(z)t>a*'>*-<i-^))F(z)di 

(0 O 96) 

where the bar is used to denote an average around the ring and a and b are the 
Strengths of the two corrector which are separated by ~/2 in phase and are arbi
trarily assumed to be located at i.' = 0 and <.- = — x/2. 
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To minimize Wy, and thereby the emi t tance , we solve for the a and & which zero 

the first derivatives of Eq. (2.2.96)- The solutions are 

>+C 

a = - R e / ^/? v(;)e'< 3*">'-* ,i-<->)F(j)<k 

a+C 
(2.2.97) 

S 

and these yield a residual dispersion of 

* : - l 

4 s i n " jri<0 

s+C ffi, (;)e«i'-,(*)F(3)(fi (2.2.98) 

Now, we can solve for the expected value due to a distr ibution of random er

rors. Assuming tha t the errors F, are uniformly dis t r ibuted in the ring, we find an 

expected value of 

<«*> = £ £ ( " # * » • (2.2.99) 

where L, is the length of the element at position i. This result should be compared 

with the uncorrected expected values, Eqs. (2.2.45) and (2.2.57). We see tha t using 

two correctors reduces the residual dispersion "Hy by a factor of 2 /3 s i n 2 TTUV. 

Strictly, this result is only valid for the vertical dispersion due to uncorrelated 

errors, but because orbit correction effectively randomizes the orbit, we car. also 

apply the result to the dispersion due to a corrected orbit . Thus global dispersion 

correction, will reduce the expected values of the beam size and the emi t tance as 

K2> y /local 
= - s i n nu, and {«*) = ^ s i n 2 x i ' j ( { € ! / ) 0 

(9 0 100) 
0, 3 " * $, - " «-" 3 ' 

where the subscript 0 is used to denote the values before correction. 

Notice tha t the correction cancels the resonant denominator . We will also find 

this cancellation when we es t imate the effect of local correction. The resonant 

denominator occurs because the vertical dispersion is a periodic function that must 

close upon itself. When the dispersion is corrected, the boundary conditions are 

satisfied by the correctors; thus, the resonant denominator no longer appears . This 

is analogous to correcting the closed orbit or the coupling functions Q+ and Q _ , 

which are also periodic functions. 
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Local Correction 

Here, we use the two correctors to zero ijy(s) and rj'y(s) at one location in the 
ring; this is equivalent to zeroing Tiy(s). From Eqs. (? 2.40), (2.2.41), and (2.2.42), 
we find the required corrector strengths 

3+C 

a = -Re / v /^T)e , ( 2 "'- v , » ( j »F(^^ 
s 

3+C 
(2.2.101) 

3+C V ' 

where * is the point that TJV and i/y are to be corrected to zero. Notice that these 
solutions are similar to the corrector solutions for global correction; they differ in 
that the solution for global correction is averaged while this is not. 

Now, we need to know how this correction affects the global contribution, i.e., 
Hv. Here, we use Eq. (2.2.96) with the corrector strengths just calculated. Assuming 
random errors, we find 

&Q = !f-Y,(fL)t3*> ' (2.2.102) 
i 

which differs from the uncorrected result by a factor of 2/C Or sin" rvy. Here, fcat is 
a function that depends upon the location of the correctors relative to the location 
that Tjs and r\'y are corrected. In particular. 

and AV! is the phase difference from the correctors to the correction. This function 
varies between one and 1/2, having a minimum when the correctors are separated 
from the correction point by half the ring and having a maximum when the correctors 
are immediately adjacent to the correction. 

Applying this result, we see thai at most positions around the ring, 

— a = 2 / c o r s in - JTJ/J,—|— (ey) = 2fcorsmMirvy{ey)0 , (2.2.101) 
Py My 

while at position s: (^ («) ) | o c a | / -3 9 ~ 0. Finally, notice that after local correction 
the emittance is between one and a half to three times larger than after global 
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correction, Eq. (2.2.99); in the worst case, local correction actually increases the 
global contribution if the fractional tune is greater than 0.25. 

Measurement 

Of course, to correct the vertical dispersion, one needs to measure it. If the 
BPMs are sufficiently accurate, one can measure the vertical dispersion directly by 
changing the beam energy. Alternately, if the BPMs are not sufficiently accurate, 
one can observe the effects of the vertical dispersion in the beam size. In this case, 
the vertical emittance is simply minimized with the correction elements. There are 
two problems with this approach: first, it is hard to decouple the local effect of 
the dispersion from the increase in the emittance, and second, the finite resolution 
of the beam size measure..tent will limit the convergence of the minimization; this 
will effectively limit the number of correctors tnat can be used in the minimization 
procedure. 

2.2.7.2 BETATRON COUPLING 

In this section, we will estimate the amount one can reduce the betatron coupling 
by directly correcting it with skew quadrupoles or orbit bumps in the sextupoles. In 
Section 2.2.7, we calculated the reduction in Hy after both global and local correction 
using just two correctors. The situation for the betatron coupling is similar, except 
we need four independent correctors to correct both Q+ and Q-. 

To perform the calculation correctly, we would need to solve four coupled equa
tions for the skew quadrupole strengths. Instead, we will make use of the analogy, 
noted in Section 2.2.5.1, between Q± and the vertical dispersion. This will al
low us to use the results of the previous section. Of course, in treating the sum 
and difference resonance separately, we will neglect the effect of the cross term in 
Eq. (2.2.65). This is valid since, a.s was noted in Section 2.2.5, the cross term will 
tend to be small because of the rapidly oscillating phase. Furthermore, by treating 
Q+ and Q- separately we assume that the correctors for Q+ do not affect Q- and 
vise-versa. Obviously, this is not true of the individual skew quadrupoles, but linear 
combinations of the four skew quadrupoles can have this property. 

Global Correction - Emittance Correction 

To estimate the global correction onp can perform with four skew quadrupoles, 
we use the global coupling result of Section 2.2.7. Thus, global correction will 
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cancel the resonant denominators, reducing the expected values of the em.itta.nce 
and the beam size by 2/3 sin 2 7rAe±. Specifically, if four skew quadruples are used 
to correct the global coupling contribution, we use Eqs. (2.2.6S) and (2.2.69) to find 
an expected residual due to uncorrelated errors of 

(^Jjocal 
12 Py 12 

(*»> = 
£ l yJX 

12J~v 

gnod $eit 

quad iCXt 

(2.2.105) 

and we use Eq. (2.2.73) to find the residual due to a corrected closed orbit of 

lc+1 

<<>> = E S f ¥ E / 9 / dzKM&My/M*)**]' , (2.2.106) 

where As is the distance between correctors and the values of t}> are given by 
Eq. (2.2.74). 

Loral Correction 

To estimate the effect of local collection at position s, we could use the results 
derived in Section 2.2.7 as we did for the global correction. Alternately, we can 
observe the effect of local correction by examining Eq. (C.2.4). When the local 
coupling it corrected at location 6, the first integral over r/± is zero; this integral 
is equal to Q*(s). The remaining term in Eq. (C.2.4) will cause an emittance 
contribution of 

3 + C s+C 

-ff,IH\J'"^'' i(t/>,±^i,) (2.2.107) 

where s is the point of correction. Here, we have neglected the cross coupling terms. 
In addition, we have ignored the contribution from the correctors themselves. This 
is equivalent to assuming that the correctors ai located just after point s and thus 
they do not contribute to the integral. To include the correctors, we only need 
include '.he factor / c o r that was found in Eq. (2.2.102). 
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Now, we use Eq. (2.2.107) to find the emittance after correction of the local 
coupling with four skew quadrupoles. For random errors, we find 

I 1 _ f &X <JX ^ ( / M Z ) ^ © 2 } / ? ^ + '£(K2L}2{y2

m}0z0s 

quad 3t£t 
(2.2.108) 

where / c o r is given by Eq. (2.2.103). Notice that this result is equal to the estimate 
of local correction found in Eq. (2.2.102), namely, the correction changes the global 
coupling by 2 / c o r s in" nAv±. Also notice that this is a factor of three larger than 
the result after global correction. 

Finally, we estimate the effect of a corrected orbit after the local coupling has 
been corrected. Using Eqs. (2.2.107) and (2.2.73), we find 

2v *'<« n c + l . n 4 + l 

A*,* y " »' ic z, 
(2.2.109) 

where As is the distance between correctors and the values of ii> are given above by 
Eq. (2.2.74). 

Measurement 

Finally, to perform these corrections, one needs to measure the coupling. Unfor
tunately, when operating a ring far from the coupling resonances, one cannot rely 
upon the standard technique of putting the ring on the difference resonance and 
then adjusting skew quadrupoles to make the two measured tunes equal. First, this 
technique does not correct the coupling clue to the sum resonance. Second, the ring 
is perturbed when making the measurements and thus even the difference resonance 
will not be fully corrected when the ring is brought back to its nominal tunes. 

Instead, the coupling can be measured by analyzing the coherent motion of a 
kicked beam. ' This measurement is convenient since one can measure the local 
value of the coupling all around the ring. Finally, as in the measurement of the 
dispersion, additional information can be obtained from measurements of the beam 
size at synchrotron light monitors or. in a damping ring, from the extracted beam. 



Table 7. ty from globally corrected vertical dispersion in the NDRl. 

Misalignment Calc. ty [m-rad] Simulated ty [m-rad] 

Random quad. 0 = 0.5 mrad 0.72 x 1 0 - 1 2 0.80 ± 0.02 x 1 0 " 1 2 

Random sext. ym = 150 fim 2.44 x 1 0 - 1 2 2.35 ±0.04 x l O " 1 2 

Corrected closed orbit due to random 
quad. ym = 150 ̂ m and BPM y,„ = 150/im O.50 x 1 0 - 1 2 0.60 ± J.02 x 1 0 " 1 2 

Table 8. ty from locally collected coupling due to misalignments in the NDRl. 

Misalignment Calc. £ y [m-rad] Simulated ty [m-rad] 

Random quad. 0 = 0.5 mrad 1.52 x 1 0 - 1 2 1.69 ± 0.03 x lO" 1 2 

Random sext. ym = 150 f m 3.00 x 1 0 - 1 2 3.36 ± 0.06 x 1 0 - 1 2 

Corrected closed orbit due to random 
quad. ym = 150 /im and BPM y„, = 150 /im 1.01 x 1 0 - 1 2 1.7 ± 0.2 x l O - 3 2 

2.2.7.3 SIMULATIONS 

Simulations of the correction were performed in the NDR to verify these ana
lytic estimates. First, the effect of correcting the global dispersion was simulated in 
the NDRl ring. The correction was performed with two orbit bumps separated by 
roughly ninety degrees. The bumps were located in regions without sextupoles so 
there was no contribution to the betatron coupling. The results are listed in Table 7. 
Again, 1000 simulations were used to calculate the effect of the random misalign
ments and twenty simulations of a corrected closed orbit. Here, the estimates are 
found from Eq. (2.2.100) along with Eq. (2.2.59) and the equations for random er
rors Eq. (2.2.45) or the equations for a corrected closed orbit, Eqs. (2.2.46), (2.2.50), 
and (2.2.55). Notice, by comparing with Table 4. that the vertical emittance was 
decreased by roughly a factor of three. This is in excellent agreement with our 
estimate. 

Next, the effect of correcting the local coupling was simulated. Four skew quad
rup les were used to completely uncouple the beam at the extraction point of the 
damping ring; two skew quads were located immediately adjacent to the extraction 
point while the other two were located on the opposite side of the ring. The results 
are listed in Table S. Again, 1000 simulations were used to calculate the effect of the 
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Table 9. ey from globally corrected coupling due to misalignments in the NDR1. 

Misalignment Calc. ty [m-rad] Simulated dy [m-rad] 

Random quad. 0 = 0.5 rnrad 0.6S x 10~ 1 2 O.72±0.OSx 1 0 - 1 2 

Random sext. y-m = 150/im 1.33 x 10~ 1 2 1.55 ± 0.09 x 10~ 1 2 

Corrected closed orbit due to random 
quad. ym = 150 fim and BPM y,„ = 150 /(m 0.44 x 10~ 1 2 0.7 ±0.1 x 1 0 - ! 2 

random misalignments and twenty simulations of a corrected closed orbit. In this 
case, the calculated values are found using Eqs. (2.2.!0S) and (2.2.109) with a value 
fcor — 0.75 since two correctors are adjacent to the point of correction {/C u r = 1.0) 
and two are halfway around to ring from the point of correction ( / c o c = 0.5). Notice 
that the vertical emittance due to the errors is roughly a factor of four smaller than 
before the correction. Again, the simulated results agree well with the calculated 
values. 

Finally, the effect of collecting the global coupling was simulated. This time the 
four skew quadrupoles wore used to minimize the vertical emittance at the extraction 
point of the damping ring. The results are listed in Table 9. Here, only 100 sim
ulations were used to calculate the effect of the random misalignments and twenty 
simulations of a corrected closed orbit; the global correction simulations are compu
tation intensive. In this case, the calculated values are found using Eqs, (2.2.105) 
and (2.2.106). Notice, by comparing with Table 5, that now the vertical emittance 
due to the errors is roughly a factor of nine smaller than before the correction and, 
again, the calculated estimates agree well with results of the simulations. 

2.2.8 Distributions and Tolerances 

In Sections 2.2.4, 2.2.5. 2.2.0. and 2.2.7, we have calculated the expected values 
of the vertical emittance and the beam size. Naively, one could simply invert these 
equations to solve for alignment tolerances. But, when specifying tolerances, one 
should include a "confidence level" (CL); this is the probability that, given the spec
ified tolerances, any specific machine will be less than the design limit. Typically, 
one wants to specify a large CL so that there is a small probability of exceeding 
the design limit. In this section, we will calculate the location of the 95% CL as a 
function of the expected values calculated previously. 
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Fig. 8. Second, third, and fourth normalized moments of the distribution 
for ty from dispersion due to random errors versus the fractional tune; the 
second moment is the largest and the fourth moment is the smallest. The 
data points are found from simulations. 

Calculating the CL requires a detailed knowledge of the distribution of the values 
of the emiUance and the beam size iu an ensemble of machines. It has been shown 
that the mean square amplitude of the normalized orbit duo- to random errors with 
jyaussian distributions should have an exponential distribution function.1"1 Since the 
equations for the closed orbit are similar to those of the dispersion [unction and the 
betatron coupling, the same result applies to the amplitudes of Wff(.s) and |Q±(.s)| 2. 

Here, we will consider the effect of averaging ftj,(s) and |<?±(s)[2 over a; the 
vertical emittance is equal to the average of these functions in the bending magnets. 
We will first discuss the distribution of the values of the emittance arising from 
vertical dispersion and betatron coupling due to random errors. Then, we will 
discuss the distribution of the values of the local contribution to the vertical beam 
size. Finally, note that, although the discussion is limited to the effect of random 
misalignment errors, the effect of a corrected closed orbit is similar. 

2.2.8.1 EMITTANCE DUE TO VERTICAL DISPERSION 

The distribution function for the values of the vertical emittance due to random 
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errors is a very complicated function. Thus, we will derive an approximate form that 
can be integrated to solve for the location of the 95% CL, We do this by solving for 
the moments of the distribution of emittances. The vertical emittance is given by 
Eq. (2.2.58). Assuming identical bending magnets, we can express this in the same 
form as Eq. (2.2.96): 

a+C 

4sin"7rj'y| 
[ yJpv{s)t.iM*)F(z)dz\ . (2.2.110) 

where F is denned in Eq. (2.2,40). 

Now, we solve for the moments assuming random errors with gaussian distribu
tions. This yields 

(4) ̂ V f 1 - J5"12"*) 
, 3 v _ R . . 3 A 2 _ , , 2 „ . * \ (2-2.111) 3 if 2 , 2 4 \ 

( £y) ~ 6)1 ( 1 - "SHI- 7T// y+ — Sin JVy\ 

/ , 1 2 
{(.*) m 24/i4 ( 1 - sin* - v s + - sin 4 ffi/y — - ^ sin 6 irvy *' " "r~ V " """" '"' ' 3 y 15' , 

where ji is the expected value of the emittance calculated in Section 2.2.4. The first 
three moments were calculated from Eq. (2.2.110), while the fourth moment was fit 
to data from simulations. These are shown in Figure S where the second, third, and 
fourth moments, normalized by n'.fi", are plotted. 

Notice that the moments only depend upon the first moment ft and the fractional 
vertical tune. When the vertical tune is close to an integer, the moments have the 
form fin = n\fi". These are the moments of an exponential distribution as noted in 
Ref. 71. As the fractional tune increases, the moments decrease, implying that the 
probability of large emittance values is decreased. 

We could attempt to construct a distribution directly from these moments, but, 
instead, we simply notice that these moments are close to those of a modified \-
squared distribution where the number of degrees of freedom is a function of sin 2 iri/s. 
In particular, the distribution density can be approximated by 

where \i is the expected, vahe of the emittance and n is the number of degrees of 
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freedom which depends upon sin" iri/y-. 

£ - -,- a ! 2 • (2-2.H3) 
I I — | Sill" KVy 

With these definitions, this distribution has the same first and second moments 
as the value of the vertical emittance, Eq. (2.2.111). Furthermore, when the tune is 
integral, Eq. (2.2.112) is correctly equal to the density of an exponential distribution, 
and, when the fractional tune increases to 0.5, the third and fourth moments of 
Eq. (2.2.112) are within 2% and 8% of the moments of the value of the vertical 
emittance. 

These distributions are illustrated in Figure 9 where the distribution density 
of the vertical emittance, arising from random errors, has been plotted for three 
different tunes. All of the histograms are generated from 1000 simulations of 150 iim 
vertical sextupole misalignments in the KDR. In Figure 9(a), the tune is vy = 3.07, 
while in Figures 9(b) and 9(c) the tunes are t>y = 3.275 and vy = 3.43. In addition, 
the approximate distribution density of Eq. (2.2.112) is plotted for each of these three 
cases. One can see that there is fairly good agreement between the simulations and 
the approximation. 

Now, we need to calculate the distribution after correction of the vertical dis
persion. After global correction, the expected value of the emittance is given by 
Eq. (2.2.100). In addition, the second moment of the distribution can be found 
from Eq. (2.2.96). It is 

{el) = 2»1(Jj . (2.2.114) 
Notice that this second moment is independent of the tune. Thus, we would expect 
the 95% CL to only be weakly dependent upon the fractional tune. To approximate 
this distribution, we simply choose n to equate the second moment of Eq. (2.2.112) 
with this second moment; this occurs when n = 5,0. 

The distribution density of the value of the vertical emittance after global cor
rection is illustrated in Figure 9(d). The data was found from 1000 simulations of 
random sextupole misalignments in the NDR1 and the approximate distribution is 
found from Eq. (2.2.112) where n = 5-0. Here, our approximation does not accu
rately reproduce the distribution density for emittance values less than 2{ey), but 
it does describe the tail of the distribution well; this is ultimately what we need to 
know to calculate the location of the 95% CL. 
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Fig. 9. Events versus ty due to the vertical dispersion in the NDRl lat
tice. Histograms are calculated from 1000 simulations of random vertical 
sextupole misalignments with ring tunes of: (a) vy = 3.07, (b) uy = 3.275, 
(c) u9 = 3.43, and (d) vy = 3.275 after global correction. The curves are 
calculated from Eq. (2.2.112). 
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Fig. 10. 95% confidence level for eg due to dispersion versus the fractional 
tune. 

At this point, we can calculate the location of the 95% CL for the distributions. 
This found b_» integrating the distribution density 

J tftfjdc, .-0.95 , (2.2.115) 
o 

where / C L is the location of the 95% CL in units of the expected vertical emiUance. 
The results are plotted in Figure 10 as a function of the fractional vertical tune 
Afy. The solid curve is calculated from Eq. (2.2.112), while the simulation results 
are plotted as crosses. One can see that there is very close agreement between the 
simulation and the appioximation results. 

In addition, the value of fci. after global correction Oi the dispersion lias also 
been plotted in Figure 10. The simulated d.-tta is plotted as diamonds while the 
dashed line is our approximation. Although the appioximation for the correction 
does not agree well with the simulated results, as expected, /CL is only weakly 
dependent upon the fractional tune and it is usually much less than the / C L of the 
uncorrected cases. 

Finally, it is important to note the following: first, the curves for fci are univer
sal. The only dependence comes from tin actional vertical tune. The value of / C L 
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is independent of the type of errors, the lattice type, and the integral portion of the 
tune. The data Li Figure 10 has been compared with simulations run on the ALS: 
a Triple Bend Achromat lattice with an integral tune of 8, and a future damping 
ring design: a FODO lattice with an integral tune of ' 1. In both cases, excellent 
agreement was found with the curve in Figure 10. 

Second, our calculations have resumed that the errors are random with gaussian 
distributions. A more realistic error distribution is a gaussian distribution where 
the tails are cutoff at :L-2cr; it is doubtful that large alignment errors, values that are 
many a, would go undetected. This will reduce /CL even further, making Figure 10 
a conservative estimate of /CL-

And lastly, notice that there are two advantages of increasing the fractional 
tune towards a half-integer: the expected value of the emittance decreases, and the 
probability of large deviations above this expected value also decreases. 

2.2.S.2 EMITTANCE DUE TO BETATRON COUPLING 

Now, wc can use the results of the previous section to calculate the distribution 
of the value of the vertical omittance arising from betatron coupling. Ignoring the 
cross term in Eq. (2.2.C5). the omittance is the sum of the two quantities |<2±p. 
As noted earlier, these two values have the same form as Hy and thus they should 
each have approximate distributions given by Eq. (2.2.112). Furthermore, if |Q+| 2 

and |Q_p are mutually independent, then the distribution of their sum is just the 
convolution of the two individual distributions. 

Since we have assumed that the errors have gaussian distributions, Q+ and C?_ 
will be independent if 

J r/.-(P(-)>^/3ye i2^=0 
; + f . (2.2.116) 

s 

where k = K2y - A']. Both of these conditions will be (approximately) satisfied if 
there are many errors in a betatron period, N » uttV, and if the tunes are large, 
Vi,y 3> 1; this is typical of high tune (low ennttancej rings. 
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Convolving the two individual distributions for iQ+\' and \Q-\2, we find an 
approximate distribution for the value of the vertical emittance: 

<v ^ __ (2.2.117) 

o 

where n+ and n_ are 

2 1 — jsnr i rAi/± 

and /i± are the expected values of the contributions from the sum and difference 
resonances; these were found in Section 2.2.5. Although the integral in Eq. (2.2.117) 
can be expressed in terms of the degenerate hypergeometric function, sometimes 
called Kummer's function, there is no simple evaluation and is thus left as is. 

The distribution of the emittaiices is illustrated in Figure 11 where the distribu
tion density is plotted for two sets of tunes. In Figure 11(a) the tunes are vx = 8.375 
and vy = 3.275 so that Af+ = 0.35 and A//_ = 0.10, while in Figure 11(b) the tunes 
are vx = 8.425 and uv = 2.925 so thai Ai;+ = 0.35 and A c - = 0.50. As before 
the histograms are found from 1000 simulations of random sextupole errors and 
the curves are calculated from Eq. (2.2.117). Again, there is very good agreement 
between the simulations and the approximation. 

Now, we can calculate the location of the 95% CL which, in the case of the 
betatron coupling, is a function of both Ao+ and Af_. This is illustrated in Fig
ure 12 where / C L ' S plotted as a function of Ay_, for Aiv+ = 0.35. The crosses 
are the results of simulations and the solid line is calculated from Eq. (2.2.117). In 
addition, the fci, found from 100 simulations of global correction, is plotted for 
three different tunes; this data is plotted as diamonds while the estimated value, 
found using the approximation of Fq. (2.2.114), is plotted as a dashed line. 

One can see that there is very good agreement between the simulated results 
and the approximation when A c - is small, but there is a significant discrepancy as 
Ay_ increases. In particular, as Ac- increases toward the half-integer, the value of 
/CL appears to depend upon the horizontal and vertical tunes in addition to A)/ + 

nc1 Ae_. For example, when the tunes are us — 8.575 and vy = 3.075 (A^+ = 0.35 
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Fig. 11. Events versus ty due tc the linear coupling in th NDRl lattice. 
Histograms are calculated from 1000 simulations of rand- vertical sex-
tupole misalignments for tunes of: (a) Af+ = 0.35 and Ai/_ = 0.10, and (b) 
&v+ = 0.35 and Af_ = 0.50. The curves are calculated with Eq. (2.2.117). 
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Fig. 12. 95% confidence level for ty due to betatron coupling versus the 
distance from the difference coupling resonance for A</+ = .35. 
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and A.e_ = 0.50), fci equals 2.05. In contrast, when the tunes are vx — 8.425 
and vy = 2.925 (Av+ = 0.35 and Ai/_ = 0.50), fci tquals 1.86. Thus, there is a 
substantial difference in / C L even though Af± are the same in the tvc cases. This 
difference could be explained by the cross term in Eqs. (2.2.65) and (2.2.70) which 
depends upon s'm2iri/z along with sin3rAi/±. 

Finally, again notice the following: (1) the curves in Figure \1 are universal 
in that all rings will have similar values of fci, (2; the values of fci in Figure 12 
are conservative since the actual distributions of errors will probably not have large 
value tails, and (3) there are two advantages of keeping AJV_ and A^+ large: the 
expected value of the emittance decreases and the probability of large deviations 
above this expected value also decreases. 

2.2.8.3 LOCAL BEAM SIZE 

Now, we can calculate the distribution of the value of the beam size arising 
from the local coupling effects. These are simpler than the distributions of the 
emittances since the contribution depends upon the local value, not the average 
value, of the coupling. In the case oi the dispersion, the beam size o^f&y depends 
upon flj(s)//3j,. As stated, this will have an exponential distribution similar to the 
closed orbit. Thus, the value of the projected emittance increase due to dispersion 
will have an exponential distribution with a 95% CL located at 3.00(a^}//?j,; this is 
equal to the d' Iribution of Eq. (2.2.112) where n = 2 hist- id of the value specified 
in Eq. (2.2.113). 

Similarly, the beam size due to local effect of the betatron coupling depends 
upon both |Qi(s ) | and ]Q+(s)| which also have exponential distributions. Thus, 
the resulting distribution can be found from Eq. (2.2.117) where r>± = 2 instead of 
the values specified in Eq. (2.2.US). In this case, we can evaluate the integral in 
Eq. (2.2.117), finding 

9((>>i)/P,)= : , (2.2.119) 
t<+-M-

where /i± are the expected contributions for the sum and difference resonances, 
found in Section 2.2.5. Now, the location of the 95% CL can be calculated directly 
from this "bi-exponential" distribution. Il ranges from fci = 3.00, when / i + > p_ 
or (i- > (i+, to fci = 2.37, when /;+ = /*_. 
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2.2.8.4 TOLERANCES 

Finally, one can use the results of this section to calculate tolerances. We have 
found that the 95% CL occurs at a value between roughly two and three times the 
expected emittance. To calculate alignment tolerances with a 95% CL, we simply 
solve for tolerances that yield expected values that are a factor / C L smaller than the 
design values. 

For example, if we wish to limit the vertical emittance due to sextupole mis
alignments, we can use Eqs. (2.2.45) and (2.2.69) along with the appropriate values 
°f /<CL to solve for the 95% CL emittance: 

H 95% -^L- (^ (A ' 2 I )^V, ) /CL* 
Sin" TVy Xf^, / 

4 (cos2jn/ r - cos 2™,)- ay \f^t V 
(2.2.120) 

where /CLTJ, can be found from Figure 10 and fcia c a n be found from Figure 12. 
It is trivial to invert this to solve for the desired alignment tolerance. 

Actually, the factors / C L were calculated for the dispersive contribution and 
coupling contribution individually. Strictly, to calculate the / C L for the sum of the 
two contributions requires convolving both distributions. Fortunately, one usually 
fir.ds that either the dispersive or the coupling contribution dominates and thus the 
separate values / C L can be used accurately. However, if both contributions are of 
equal magnitude, this method will result in tolerances that are slightly too severe. 

2.2.9 Summary 

In this chapter, Section 2.2. we have discussed the dominant low current contri
butions to the vertical emittance and beam size in e + / e ~ storage rings, namely, the 
vertical dispersion and the betatron coupling. In addition, we have calculated the 
synchro-betatron coupling and presented a corrected derivation for the emittance 
contribution from the opening angle of the synchrotron radiation. These are negli
gible contributions in the current designs, alt! ough, the later effect does specify a 
lower bound on the vertical rmittnsice and may be an important limitation in the 
future. 
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The vertical dispersion and the betatron coupling are generated oy both magnet 
alignment errors and a non-zero beam trajectory. We have calculated the expected 
contributions to the vertical emittance and the vertical beam size due to random 
misalignments of the magnets and a corrected closed orbit. In addition, we have care
fully separated the contributions to the vertical emittance and the beam size since 
local coupling effects can increase the beam size without increasing the emittance. 
This is important since the emittance is the relevant quantity in some instances 
while the beam size is in others, 

We have also estimated the effectiveness of simple correction techniques in re
ducing both the vertical emittance and the beam size. In particular, we used one 
pair of correctors to reduce the vertical dispersion and four skew quadrupoles to 
reduce the betatron coupling. In general, the correctors reduce the emittance by 
cancelling the resonant denominators found in the expressions for the emittance due 
to dispersion or betatron coupling. Of course, two dispersion correctors or four skew 
quadrupoles cannot be used to zero the respective emittance contributions anymore 
than two dipple correctors can be used to zero the closed orbit at all locations around 
a ring. 

Finally, we have calculated alignment tolerances to limit the vertical emittance 
and beam size from the vertical dispersion and the betatron coupling. In particular, 
we have calculated approximate distribution functions for the values of the emittance 
and beam size in an ensemble of machines. From these distributions, we found 
tolerances that limit the vertical emittance and beam size with a 95% confidence 
level. In general, these are a factor of s/l to \ /3 more severe than tolerances simply 
calculated from the expected values of the emittance and beam size. It is thought 
that this analysis could greatly simplify the calculation of alignment tolerances to 
limit the vertical emittance and beam size, thereby reducing the need for extensive 
simulation. 

2.2.10 Application to NLC Damping Ring 

At this point, we can apply the results of this section to the NLC damping ring 
design. Of course, the NLC ring design is not fma'ized and thus these will be prelimi
nary tolerances. The ring consists of two families of sextupoles and twelve families of 
quadrupoles (including the combined function bending magnets). The effect of ran
dom sextupole misalignments and quadrtipole rotations is listed in Table 10 where 
we have calculated the normalized emittaiicc in m-rad as a function of the error 
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Table 10. Vertical emittance budget for NLC damping ring. 

Dispersion {7^) 0 coupling <7<y> 7 e y95%CL 

SF & SD (bends) 0-Siyl 0.52|,2, 2.80l& 

SF & SD (wigglers) i-fyiii 0 . 1 3 ^ 3 . 7 5 ^ 

QF (bends) 3.2 x l O - 3 0 ; 1.6 x IO~302 9.8 x 1O~ 30; 

QF (wigglers) 6.2 x 1 O - 3 0 J 0.5 x IO" 302 14.5 x 1O _ 3 0J 

other quads (bends) 0.6 x 1O~ 30; 1.6 x 1O"302 4.2 x 1O- 3 0 | 

other quads (wigglers) 1.1 x 1O~ 30; 0.5 x l C - 3 0 ; 3.3 x lO- 3 0^ 

Table 11. Tolerances for the NLC damping ring. 

Tolerances 7£ y g5%CL 

S F i ; SD ij„, = 75 nm 1.7 x 10 _ 8 m-rad 

QF 0 , = 0.25 mrad 0.1 x 10~ 8m-rad 

Other Quads 0 V = 0.50 mrad 0.1 x 10 - 8 m-rad 

BPMs ij„, = lOO/i m 0.4 x 10~ sm-rad 

r/j, wigglers n,j cms = 1mm 0.2 x 10 _ 8 m-rad 

strength assuming global correction of both the dispersion and the coupling; ym is 
the rms vertical alignment in meters and 0 9 is the rms rotational alignment in radi
ans. The cortributions are divided into dispersive and coupling effects due to both 
the bending magnets and the wigglers. Finally, the table also lists the maximum 
emittance, with a S5% confidence level, due to both the dispersion and the betatron 
coupling; we used fci% = 2.2 and fch3 = l.S. 

Notice that, after correction, the dispersive contributions are larger than the 
betatron coupling contributions. Furthermore, the effect of vertical dispersion in 
the wigglers is severe; the coupling in the wigglers is small because the horizontal 
•''spersion is small. We will estimate tolerances assuming that the dispersion is 
locally corrected in the wigglers to 1 mm rms. In addition, we assume that the rms 
BPM and quadrupole misalignments are comparable to the sextupole alignment and 
thus the effects of the closed orbit are small. 

The resulting tolerances are listed in Table 11. Obviously, the sextupole align-
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ment tolerances are the most severe at 75pm. The sum of the emittance contribu
tions is 7£„ < 2.5 x 10~ 8 m-rad with a confidence level of 95%. The expected value 
of the vertical emittance is roughly a factor of two smaller. 
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CHAPTER 2.3 
COLLECTIVE LIMITATIONS 

In this chapter, we will discuss current dependent phenomena that could limit 
the vertical cnittance. The primary issues are: intrabeam scattering, ion trapping, 
direct effects of the beam's space charge field, and the interaction of the space 
charge field with the environment, namely, the vacuum pipe. This last category will 
be separated into both static effects and instabilities. Finally, we will also discuss 
the effect of beam-gas scattering and lifetime limitations. 

2.3.1 Intrabeam Scattering 

Intrabeam scattering is the result of multiple small angle Coulomb collisions 
between particles in the beam leading to diffusion. In addition, there are relatively 
infrequent large angle Coulomb collisions where a particle can gain momenta that 
exceed the machine aperture. This causes particle loss and is referred to as the 
Touschek effect; it will be discussed in Section 2.3.7. 

In e+/e~ storage rings, intrabeam scattering increases the equilibrium emit-
tances until the additional diffusion is countered by the radiation damping. Detailed 
theories of intrabeam scattering have been developed in Refs. 17, 72, and 79. These 
theories are complex and, in general, require numerical evaluation. Here, we will 
describe the basic physics in e + / e ~ rings using some analytic results from Ref. 79. 
Then, we discuss the limitations that : - Liabeam scattering imposes on the vertical 
emittance and it's effect on the vertical damping rate. Finally, we discuss the scaling; 
of the intrabeam phenomena with the storage ring energy. 

2.3.1.1 THEORY 

Intrabeam scattering will redistribute the beam momenta in an approach to 
"thermal" equilibrium. In a reference frame co-moving with the particle beam, 
the beam usually has an anisotropic momentum distribution. Assuming an ultra-
relativistic beam, the beam frame momentum spreads are given by 

«') - (?)- «*>-(*)'*> «'>-(?)'(?)' • 
(2.3.1) 

where fz<y are the beam ellipse parameters and the primes are used to denote quan
tities in the beam frame. The longitudinal momentum tends to be much smaller 
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than the horizontal OT vertical because of the 1/7 factor; for example, in the NLC 
damping ring, the ratio of the momenta is: (p'z

2) : (p1^) : (p'z

2) = 7000 : 35 : 1. 

Actually, in e + / e ~ storage rings, the opening angle of the synchrotron radi
ation, see Section 2.2.3, imposes a lower bound on the transverse momenta such 
that fr,ji7r,s <£ °"c/72- Thus, the transverse momenta, are always greater than or 
comparable to the longitudinal {p'z„~) H {l>'c~)- Since the longitudinal direction is 
"cooler" than the transverse, one would expect the longitudinal momentum spread 
to increase at the expense of the transverse momenta. Unfortunately, this simple 
picture is complicated by the dispersion, which couples a change in the longitudinal 
momentum to the transverse planes. Thus, a scattering event that transfers trans
verse momentum to the longitudinal plane has both a cooling and a heating effect 
on the transverse phase space. The cooling is due to the direct exchange of momenta 
and the heating is due to the dispersion: it is important to realize that this heating 
is completely analogous to the heating due to synchrotron radiation. 

We can see this behavior in an estimate oi the iTiflusion rates. Assuming that 
the two transverse momenta are comparable and they are both much greater than 
the longitudinal, the diffusion rates are approximately 

TV TBS ~ 3273ff.-o-(-tj:eB V & / V I r j f t / 

(2.3,: 

where the diffusion rates are those of the rms values: 1 / T I I ! ( I ( = l/CT t v tcfcr I i J P ,/<#,, 
fiz,v is a function of the dispersion, Eq. (A.5.9), and the values Ti and /? are averaged 
around the ring. 

In an e + / e ~ storage ring, we can further simplify the expi-'ssion for the trans
verse rates by realizing that the emittanres are functions of the dispersion. In 
particular, the emittanees can be expressed as 

J, 
Li.y ~ ^.ybcmlsT-^— i (2.3-3) 

where J i , B , f are the damping partitions and "Hbeiid »« averaged over the bonding 

7-1 



Chapter 2.3.1.2 

magnets. Now, the transverse diffusion rates can be written: 

TV.j/IBS Hz,y bends J*,y r<IBS 

Typically, the damping partitions are in the range of one to two. Furthermore, 
in the vertical plane, the ratio H/Wbends w ^ be- close to one since the vertical 
dispersion is due to errors. In contrast, the ratio is usually greater than one in the 
horizontal plane since the dispersion function is mi'.imized in the bends. 

Thus, Eq. (2.3.4) shows that the diffusion rates are comparable in all three 
planes. We can understand this simply by realizing that when {p'xy ) > {p't ) 
the intrabeam scattering heating is analogous to the heating due to synchrotron 
radiation, except the scattering occurs everywhere around the ring and not just in 
the bending magnets. Since the low current equilibrium emittances are determined 
by the synchrotron radiation, the relative increase of the three emittances due to 
the intrabeam scattering must be comparable, Atr/t jSR ~ Aey/tysR ~ ii«j/e. ;R; 
this must be true whether (he vertical emittance is due to vertical dispersion or due 
to betatron coupling. 

Finally, we should note that the current theories of intrabeam scattering may 
over-estimate the real emittance growth. These theories estimate the rms emittance, 
but, with scattering, iu± beam distribution becomes non-gaussian and thus the rms 
emittance does not characterize the beam emittance well This occurs because the 
infrequent hard scatterings can heavily bias the rms emittance and yet they only 
cause a halo of large amplitude particles; the hard scatterings do not affect the 
core emittance. A similai sffect occurs with beam-5as scattering and is described in 
greater detail there (Section 2.3.6). 

2.3.1.2 SMALL VERTICAL EMITTANCES 

Now, we will discuss modifications to this theory as the vertical emittance de
creases. As the vertical omittance gets smaller, the vertical diffusion rate must 
increase relative to the horizontal. If the vertical emittance is comparable to the 
opening angle limit while the horizontal emittance is much larger, then there are 
two changes to the scattering rates of Eq. (2.3.2): first, sip.re the vertical and lon
gitudinal momenta are then comparable, the vertical plane is not cooled by the 
longitudinal. Second, since the vertical momentum distribution is much cooler than 
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of the equilibrium emittance without IDS. 

the horizontal, there is additional heating of the VL .a! from the horizontal plane. 
These simple arguments suggest that the diffusion, rates can be written: 

1 offQ 1 
fzIBS T'dDS 

IBS £y \ •)• J r, IBS (2.3.5) 

Te IBS 647 

where we have used the fact that the diffusion from the horizoni«».l to the vertical is 
equal to the diffusion from the horizontal to the longitudinal when e y7 r ,j , ~ cr^h2-

These equations thow that as t„ decreases, the vertical rate shouk. increase rela
tive to the horizontal. At the limit imposed by the opening angle of the synchrotron 
radiation, the vertical scattering rate, and therefore, the increase of the vertical 
emittance, is roughly twic-- thai of the horizontal. 
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This is illustrated in Fig. 13 where we have used the theory of Ref. 17 to cal
culate the equilibrium emittances as a function of the aspect ratio £xSR./£ySR- The 
equilibrium emittance values are plotted in units of the equilibrium emittance due 
to synchrotron radiation i$n- The emittance e$R only includes contributions from 
the dispersion; the opening angle contribution has been neglected. Finally, we have 
used parameters of the NLC damping ring, in particular, N = 2 x 10 1 0 particles, 
fex = 3 x 10~ 6 mrad, and 7 = 3522. 

One can see in Pig. 13 that when the aspect ratio is less than 1000, the relative 
emittance increase due to mtrabeam scattering is comparable in all three planes; it 
increases slowly from a few percent to roughly 100%. As the aspect ratio increases 
beyond 1000, the vertical emittance starts to increase more rapidly than the hor
izontal and longitudinal. At the opening angle limit, which occurs at an aspect 
ratio of 5000, the vertical emittance has been increased by roughly 120% while the 
horizontal has increased only SO'/f. At aspect ratios greater than 5000, the vertical 
emittance rapidly increases while the horizontal and longitudinal emittances remain 
roughly constant; of course, this regime is not actually accessible since the opening 
angle limits the vertical emittance. 

Thus, in e + / e ~ storage rings, intrabeam scattering is roughly as important in the 
vertical as in the horizontal. While intrabeam scattering becomes more important as 
the vertical emittance decreases, the scattering does not become significantly more 
detrimental in the vertical plane than in the horizontal. This occurs because, in 
e + / e _ rings, the vertical emittance cannot be decreased beyond the limit due to the 
opening angle of the synclrotion radiation. 

2.3.1.3 DAMPING RATES 

Here, we will briefly discuss the effect of intrabeam scattering on the damp
ing. Since intrabeani scattering causes a diffusion that counters the synchrotron 
radiation damping, it is reasonable to assun.e that it might slow the approach to 
equilibrium, in addition to increasing the equilibrium value. We start with the 
differential equation for the emittance which can be written 

Here, the first term is due to the synchrotron radiation damping while second and 
third terms are due to the iirtjabenm scattering diffusion and the synchrotron radia-
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Fig. 14. Emittance vs. storage time in the NLC damping ring with 4 x 10 1 2 
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tion (quantum) diffusion; in the last term, «SK ' s a constant equal to the equilibrium 
emittance due to the synchrotron radiation. 

The intrabeam scattering diffusion rate is inversely proportional to the emit
tances. If we assume that all three emittances approach equilibrium at the same 
time, then the intrabeam scattering rate increases as l /£ 3 . Thus, the emittance 
approaches the equilibrium value faster than it does when intrabeam scattering is 
negligible; of course, the equilibrium emittance is larger with intrabeam scattering 
than without intrabeam scattering. 

If the horizontal and longitudinal emittance reach equilibrium before the vertical, 
as is the case in the NLC damping ring, then the horizontal and vertical emittance 
will be increased is the vertical damps to its equilibrium. This occurs because the 
intrabeam scaUering becomes more important as the vertical continues to damp. 
Thus, using the argument above, one would expect tJit damping rate to be decreased 
as the vertical emittance approaches equilibrium. 

Actually, in calculations using the theory of Ref. 17, we find that the vertical 
damps faster with intrabeam scattering than without. An example is illustrated in 
Fig. 14 where we have plotted 7 t x , -,cy, pnd ot<j{ as a function of time in the NLC 
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damping ring. To exaggerate the effect of the intrabeam scattering, we have used 
a current of 4 x 10 3 2 e + / e ~ per bunch and thus the horizontal and longitudinal 
emittance increase noticeably as the vertical emittance damps. 

In Fig. 14, the vertical emittance damps faster with intrabeam scattering than 
without because the intrabeam scattering provides additional damping in the verti
cal plane when the vertical emittance is larger than the horizontal and longitudinal 
emittances. For example, after five damping times, the vertical emittance is 96% of 
the value it would be without the intrabeam scattering. Of course, this is a small 
effect and at lower currents, intrabeam scattering has no noticeable effect on the 
damping rates. 

2.3.1.4 SCALING WITH ENERGY 

Finally, we will examine the dependence of the intrabeam scattering on the ring 
energy. The diffusion rates are given by Eqs. (2.3.2) or (2.3.5). Since these expres
sions depend inversely upon ->3, it is standard to state that intrabeam scattering 
becomes insignificant as the beam energy increases. But, in a damping ring, we are 
interested in the normalized emittances: ftx,y and 7<7,<Tf. Expressing Eq. (2.3.2) in 
terms of these values, we find 

1 N 
{£ 

TflBS v ^ < T <( ' ) '< T * c r <)(7 , : x) 3 / 2 

(2.3.7) 
1 NHX 

TV IBS y/lCzhtz^12 

In terms of these normalized quantities, the scattering rates are cnly weakly depen
dent on the energy. 

Of course, we are actually interested in the effect of intrabeam scattering on 
the emittances. This depends on the ratios of the intrabeam diffusion rates to 
the synchrotron radiation damping rates. If we naively assume a scaling such that 
the important parameters of the ring, namely the normalized emittances and the 
effective damping rates, remain constant, see Eqs. (A.6.6) and (A.6.7), we find that 
Hi also remains constant while the bending radius and the damping times increase 
with 7 3 . This implies that the efTect of the intrabeam scattering increases as ' / 3 and 
thus lower energies are better! 

( 
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Obviously, one can be far move clever in the scaling, but it is important to realize 
that, when designing a ring with specified normalized emittances, simply increasing 
the beam energy does not imply that the intrabeasn scattering can be neglected. 
Although, initially this result may seem counter-intuitive, one has to remember 
that the scattering is inversely dependent on the normalized six-dimensional phase 
space volume of the beam, If this is held constant, then the effect of the scattering 
will only depend upon the synchrotron radiation damping rates. 

2.3.2 Ion Trapping 

The particle beam will ionize the residual gas in the vacuum chamber. In the 
case of an electron beam, these ions can be trapped in the negative potential well 
created by the circulating electron beam. The trapped ions will then cause large 
tune shifts in the stored beam, possibly leading to beam loss. In addition, the ion 
potential is highly nonlinear and thus it can drive high order resonances. Finally, 
the ions can also drive collective instabilities of the electron beam. In all cases, the 
net effect is to limit the beam current and increase the beam emittances. 

We can estimate the stability of the ions by assuming that the circulating elec
tron bunches act like thin-lense focusing cjuadrupotes. Then, the problem becomes 
that of analyzing betatron stability where the focusing is due to the space charge field 
of the electrons. To obtain an initial estimate, we assume equally spaced bunches 
with equal charge and dimensions. In this case, one finds that, for stability, the ions 
must have atomic weights greater than' 0 1 

«t 4<Tj,(<Tx + av) 

where raj is the number of bunches, r,, is the proton classical radius, and C is the ring 
circumference. Notice that the minimum stable ion mass is inversely proportional 
to the vertical beam size; this is probably the only detrimental effect that actually 
eases as the beam size decreases. 

Equation (2.3.8) shows that the minimum atomic weight is inversely propor
tional to the vertical beam size. Thus, we can estimate the worst case for the NLC 
damping ring by calculating the minimum atomic weight of ions that are trapped 
when a batch of electrons is injected into the ring. A batch contains ten closely 
spaced bunches of 2 x 10 1 0 electrons; in this simple estimate we will treat this as a 
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Fig. 15. Bands of stable ion masses in the NLC damping ring as a function 
of the charge per bunch assuming ten batches often bunches. 

single bunch of 2 x 1 0 n electrons. With these values, Eq. (2.3.8) specifies a mini
mum atomic weight of ten. In a typical vacuum system, one finds ions with atomic 
masses ranging from 1 to 44. Obviously, this indicates that ions might be a problem 
before the beam damps. 

Of course, in operation the NLC damping ring will contain ten batches of 
bunches with beam sizes ranging from that of a fully damped beam to that of an 
injected beam. Equation (2.3.8) cannot be used in this case, but one can calculate 
the linear stability in the same fashion. Although the theory is simple, the compu
tation is complex and one cannot express the result in a simple formula. Despite 
this, the scaling of the result is the same as given by Eq. (2.3.S). Thus, lowering the 
bunch population decreases the threshold for trapping while decreasing the number 
of batches and decreasing beam sizes increases the threshold for trapping. 

Calculating with ten batches of (en bunches of 2 x 1Q1 0 electrons, we find stable 
bands of ions with masses greater than 440: obviously, this is not a problem. But, 
if the bunch population is decreased, as it undoubtedly will when commissioning 
the ring, the minimum stable ion mass also decreases. In Fig. 15, we have plotted 
the regions of stability as a function of the current per bunch for the NLC damping 

SI 

150 - i 

100 

50 



ring, assuming ten batches of ten bunches. When the current is decreased to 1 x 109 

electrons per bunch, one finds stable regions where the ions typically found in storage 
rings could be trapped. Fortunately, these bands of stability are narrow. Since the 
bunches in the ring are continuously damping, the regions of stability change. Thus, 
this linear theory indicates that it is unlikely that significant accumulation could 
occur, even at very low currents. 

Of course, we should note that we have assumed a linear restoring fo»ce while 
the actual space charge force is highly nonlinear, dropping to zero at large distances. 
Although, the nonlinearity could generate large amplitude stable islands, even when 
the linear motion is unstable, nonlinear simulations are in extremely good agreement 
with the linear theory , " indicating that the linear theory is sufficient. 

Finally, wigglers in the ring can act like magnetic bottles, thereby increasing the 
trapping. These effects can be analyzed with detailed computer programs. However, 
in the case of the NLC damping ring, ions are unlikely to be a problem since, at the 
design current, the ions are very far from linear stability. 

2.3.3 Space Charge 

In this section, we will discuss incoherent effects due to the electromagnetic 
field of the beam. We will treat the bean) as if it were in free space, neglecting 
the modification of the fields by the vacuum chamber; these will be treated in 
Sections 2.3.4 and 2.3.5. The primary effect of the space charge field is to cause 
an amplitude dependent tune shift. We will calculate this and estimate its effects. 
In addition, we will estimate the betatron coupling introduced by the space charge 
field; this could be relevant for flat beams. 

2.3.3.1 SPACE CHARGE FIELD 

The space charge field will modify the forces felt by the particles. Like the beam-
beam force, the force particles experience when two colliding beams pass through 
each other, the space charge force is highly nonlinear. Unlike the beam-beam force 
which is discrete, the space charge force is continuous and thus it will not tend to 
drive high-order resonances. 

The space charge field for a gaussiau bunch, whose transverse dimensions are 
small compared to the longitudinal, is given in Ref. 12. This is illustrated in Fig. 16, 
where we have plotted the vertical electric field versus the vertical position for a 
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bunch with an aspect ratio iTjog of 10:1. Obviously, the space charge field is highly-
nonlinear. The field changes rapidly as one passes through the center of the bunch 
and then decays slowly at amplitudes greater than roughly ±2ay. 

We can expand the Lorentz force in a power series in x and y. In a gaussian 
bunch, the vertical force is 

F,(3) = im<?e-'''i'1-'£FtlijJyi , (2.3.9) 

where 7772c2 is the election energy, r is the longitudinal position within the bunch, 
and the first couple of coefficients F j ^ are 

-FyOi = 
2.Vro 1 

Fy2l = -

^ 0 3 = -

2;r<7J73 o^t + <?y) 

AVp 1 
\ / 2 ! r ( 7 j 7 3 <JxOy{?x + <Ty)~ 

(2.3.10) 

with similar expressions for the horizontal plane. 
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These coefficient FVij are analogous to the magnetic field coefficients A'n that 
are used to specify the magnetic multipole strengths. The first term FVQ\ causes a 
linear tune shift similar to a quadrupole magnet while the second and third terms 
cause an amplitude dependent betatron coupling and an amplitude dependent tune 
shift having effects similar to those of an octupole magnet. 

2.3.3.2 INCOHERENT T U N E SHIFT 

We can estimate the magnitude of the space charge force with the linear tune 
shift; this is usually referred to as the direct incoherent Laslett tune shift." Assum
ing gaussian bunches, the maximum tune shift occurs at the center of the bunch; it 
is given by 

C 

Ai/, = - ^ JdshFym , (2.3.11) 
o 

with a similar expression for the horizontal. This yields tunes shifts of 

NrgJj.yH 1_ 
\ /2^V<7i <r x , s (o>+ cry) 

A ^ = - ^ ^ - _ , _ ' , _ , , (2.3.12) 

where R is the average radius of the ring: R = Cj'lir. Notice that it is inversely pro
portional to the beam dimensions and thus Ai/S becomes important as the vertical 
beam size shrinks. In addition, notice that the tune shift is amplitude dependent. It 
strongly depends upon the amplitude of the longitudinal and horizontal motion and, 
in the flat beam case, is more weakly dependent on the amplitude of the vertical 
motion. The transverse amplitude dependence stabilizes the beam to high order 
resonances while the longitudinal amplitude dependence causes the tune shift to be 
modulated by the synchrotron motion; (his is discussed in Section 2.1.6. 

In the NLC damping ring, we find a vertical tune shift of Ai/j, = —0.015 while 
the horizontal tune shift is an order of magnitude smaller. Although this is much 
larger than is typical in election storage lings, it should not present a problem. 
Proton rings frequently run with space charge tune shifts that are larger by more 
than an order of magnitude. The primary effect of this tune shift is to move particles 
onto resonances, see Section 2.2.6. Thus, provided that the tunes are far from the 
low-order resonances, the space charge tune shift should be a negligible effect. 
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Finally, we should note that the space charge does not affect rigid dipole oscil
lations of the beam since the beam drags it's self-field with it. Thus, the space 
charge induced tune spread will not cause a coherent bet?.tron oscillation to deco
here. This is important when discussing filamentation and the effect of coherent 
jitter. 

2.3.3.3 BETATRON COUPLING 

The space charge field of any non-uniform bunch has skew components that 
could drive betatron coupling resonances. Obviously, this could be important when 
striving for very dense asymmetric beams. This coupling was first calculated in 
Ref, 75 with reference to low energy proton beams. There, the smooth approxi
mation was used to calculate the single particle behavior including all components 
of the space charge potential through fourth order. Unfortunately, this analysis 
is rather complex and does not lend itself to a simple estimate of when the effect 
becomes important for flat beams. 

Here, we will estimate the magnitude of the space charge coupling in the flat 
beam limit where the vertical motion does not affect the horizontal. We will use 
the smooth approximation and consider only the effect of the lowest order coupling 
resonance; in a gaussian beam this is the 1vx ± Iv^ resonance. To estimate the 
emittance dilution, we assume that the ring is far from the coupling resonances and 
we use first order perturbation theory, neglecting all de-tuning effects; obviously, 
such an analysis is only valid when the space charge forces are weak. The other 
limit, where one is close to the coupling resonance, is analyzed in Section 3.9.1, with 
reference to transport in linacs. 

In a gaussian beam, the vertical space charge force is given by Eq. (2.3.9). In 
the smooth approximation, this yields a differential equation for t/ as a function of 
9, the azimuthal position around the ring: 

^ + "** = £ / * 2 f » « * V , (2.3.13) 

\vhere vy is the vertical tune and the first couple of coefficients Fyij are given in 
Eq. (2.3.10); the lowest order coupling resonance is driven by the Fy2\ term. 

Now, we use first order perturbation theory to solve for the increased beam size 
due to the coupling. The vprliral position is y = J / ' 0 ' + j / i ) where j/°> and x ' 0 ' 
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describe the unperturbed motion. These are 

* ( 0 ) = <foJxPtca&(vx9+<t>x) and j / , 0 ) = y/2Jy(iycQ&(uve+<f>y) , (2.3.14) 

where JXtV are the single particle actions, Eq. (A.2.21), <j>x,y are the conjugate phases, 
and, in the smooth approximation. &x^ = Ii/vx,v The equation for the lowest order 
coupling contribution is 

^ + , # « > - * * , , , * « » , < • > . (2.3.15) 

Provided that vx,vy, \vx ± vv\ > Av, we can neglect the tune shifts and the inho-
mogeneous solution is 

^̂ .ŷ  ^ ^ _ (2316) 
OVX\VX ± Uy J 

Notice that the solution depends upon the full tunes, not just the fractional portions. 
This occurs because the force was assumed to be constant around the ring and thus 
only the zeroth harmonic is driven. 

At this point, we can find the omittance increase by averaging y2/Py over the 
phases 4>t,y Assuming a gaussian beam distribution, this yields 

Acy /A„y uv \ 2 

e, I 16 vA»,±Vy)} ' M 1 7 ) 

where we have used the linear tune shift, Eq. (2.3.12), to simplify the expression. 
This clearly shows that this effect is only significant when the tune difference vz — vy 

is comparable to the linear space charge tune shift. In the NLC damping ring, the 
tune difference is roughly thirteen while the Laslett tune shift is 0.02; thus the 
emittance increase is negligible. 

Finally, we can generalize this result to include the variation of the space charge 
force around the ring. We express the force in a Fourier series 

A=-oo 

where the magnitudes of the coefficients |/A-| must be less than or equal to tlip d c. 
term |/o| , since Fyo\ does not change sign. This allows us to express the eminence 
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increase due to the frth harmonic as 

^ £ 2 f ^ V . (2.3.19) 

Again, this will be a negligible contribution, although it does suggest against tunes 
such that 2i/x ± 2vy ss up, where n is an integer and p is the periodicity of the ring. 

2.3.4 Wakefields: Static Effects 

Wakefields and image forces arise from the electromagnetic interaction between 
the beam and the external environment. They occur when the direct space charge 
field is modified to meet the boundary conditions imposed by the vacuum cham
ber. In this section, we will only treat the static effects of the wakefields where 
the wakefield distorts the equilibrium beam distribution; we discuss the dynamical 
effects, which can lead to coherent instabilities, in the next section. In both sections, 
we will only treat a few issues which are pertinent to the vertical emittance, The 
beam-environment interaction is a very rich topic and we certainly make no attempt 
to cover it in detail. 

As was mentioned in Section 2.2.6, the longitudinal wakefield in the presence 
of dispersion and the transverse dipcile wakefield due to a non-zero closed orbit can 
cause synchro-betatron coupling in a single bunch; this occurs because the wakefield 
deflection is a function of the longitudinal position z within the bunch. In addition, 
the transverse quadrupole wakefield can contain skew quadrupole components that 
induce transverse betatron coupling. Finally, there are higher order wakefield contri
butions. However, provided that the orbit offsets are small compared to the vacuum 
chamber radius, these will be much smaller. 

We will estimate these effects after describing the origin of the wakefields in a bit 
more detail. We will only consider the effects in a single bunch, assuming that the 
wake is damped between bunches. Of course, there are multi-bunch analogs to each 
of these effects. For example, the longitudinal wakefield, in regions of dispersion, 
or the dipole transverse wakefield can increase the effective emittance of a train of 
bunches, since each bunch will receive a different deflection and thus the closed orbit 
of each bunch will differ. 
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2.3.4.1 WAKEFIELDS 

In free space, the electromagnetic field of an ultra-relativistic particle is Lorentz 
contracted into a thin disk perpendicular to the particle motion. Similarly, if the 
particle is propagating inside a perfectly conducting vacuum chamber, the elec
tromagnetic field is still Lorentz contracted into a thin disk, although now, the 
transverse field is modified to meet the boundary conditions at the chamber wall. 
These modifications are due to image currents that flow on the inside surface of the 
vacuum chamber. 

This changes if the vacuum chamber has finite conductivity or if the chambei 
changes cross section. In this case, the electromagnetic field acquires a longitudinal 
component; it trails the generating charge. This is called a wakefield and is im
portant because it provides a mechanism for a particle to affect both other trailing 
particles and itself on subsequent revolutions. 

The wakefield is typically described in either the time domain with the wake 
function W or in the frequency domain with the impedance Z; the impedance is 
simply the Fourier transform of the wake function. The wake function is proportional 
to the Lorentz force experienced by a test chaige a distance Az from the point 
charge generating the field. Obviously, causality requires that the wakefield of an 
ultra-relativistic particle must be zero when A: > 0. 

We will consider both the wakefield due to the finite conductivity of the vacuum 
chamber and the wakefield due to RF cavities. For values of Az = z' — z in the 
range: 

( — J <&Az<£ab2Z0 , (2.3.20) 

the wake force due to the resistive wall of a cylindrical vacuum chamber can be 
expressed in a simple analytic form 

*i|o(A*) Nro j 
irb V 

1 it z 
0 

mc-

Nro j 
irb V aZa ^ n 

F±l(Az) 
mc-

4A't-(Jy 

V ̂ Z<S^/A~Z 

FL2(Az) SAV0.r V flTWx + x'y) 

(2.3.21) 

mc2 7rA5 y ff^o i/Nz 

We have listed the monopole longitudinal, the vertical dipole, and the skew quadru-
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pole wakefield iorces scaled by mc. Here, 6 is the vacuum chamber radius, a is the 
conductivity, ZQ is the impedance of free-space, and the primed coordinates denote 
the position of the generating charge while the un-primed coordinates denote the 
position of the test charge. 

Unfortunately, one cannot find a similar simple expression for the wakefields 
due to a cavity. Here, one typically uses a computer program to find the modes of 
oscillation for the cavity and then the wake function can be written as a sum over 
these modes. An example is illustrated in Fig, 51 (Appendix D), where we have 
plotted the longitudinal and the transverse dipole wake functions for the 11.4 GHz 
NLC accelerator structure. 

2.3.4.2 LONGITUDINAL AND TKANSVEIISE D I P O L E WAKEFIELDS 

As discussed, the transverse dipole wakefield and the longitudinal wakefield in 
regions of dispersion will cause synchro-betatron coupling. When the synchrotron 
tune is very small, this coupling simply causes the beam to tilt in the y-z and y'-z 
planes; the particles have different closed orbit depending upon their longitudinal 
position z in the bunch. Here, we will estimate the effect of the transverse dipole 
wakefield, due to both the vacuum chamber resistance and the RF cavities, using 
the results of Section 2.2.6.1; these two sources should provide a good (factor of 
two) estimate of the transverse wakefield. Effects of the longitudinal wakefield can 
be estimated in a similar manner. 

Resistive Wall 

To use the results of Section 2.2.6.1, we need to express the deflection due to 
the wakefields as a function of the longitudinal position in the bunch. This is found 
by integrating the wakefield over the bunch distribution: 

= jdz'p[z')F^Z'-z) , (2.3.22) 
J fmc-rfs2 

where p is the particle distribution in z. To perform this integration for the resistive 
wall wakefield, we need to know the wakefield from z = 0 to z = oo. Fortunately, 
simply integrating the approximation in Eq. (2.3-21) will yield negligible error"" 
provided that o: » (fi/aZa)1/3. In a copper vauum chamber with a 1 cm radius, 
this requires that az > lTpnr this is certainly satisfied in the NLC damping ring 
where the rms bunch length is roughly 5 mm. 
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Thus, assuming a gaussian longitudinal distribution, we find a deflecting force: 

Z 

Now, to obtain the coefficients gn needed in Eq. (2.2.S4), we can expand in a Taylor 
series about z = 0: 

, , . oo (2.3.24) 

- 7 * 6 ^ V aZ 0 4 - » ! Wn) J V» A=o ' 
o 

where we have replaced y' with t/ r, the closed orbit offset. This yields the coefficients: 

T(f) Nrpyc 
91 = ! 

( 2 a J ) 1 / * T«•*>», V o--Zb 

5 2 " _(s*3)V4r(f)7^V^o ( 2 > 3 - 2 5 ) 

r ( | ) Av B g c r s ^ 
5 3 2(2**) s/« 7 * ^ 1 VffZb ' 

where F is the gamma function and r ( | ) = 1.22 • • •. 

Now, to calculate the coupling coefficient S± (Eq. (2.2.86)), we ntfSd the closed 
orbit. We .shall approximate this assuming that the orbit is corrected to a ran
dom offset at each of the focusing ouadrupoles. In this case, the value of |5± | 2 is 
approximately: 

| s£> | a .* A - ^ ( y e r m , ) C * , (2.3.26) 
A Q F 

where C is the ring circumference, t / c i m s is the rms of the closed orbit, and A'QF is 
the number of focusing quadrupoles in the ring. 

Finally, we can estimate the projected omittance. We will only estimate the 
lowest order coefficient since the higher-order contributions tend to be small unless 
they are on resonance. In the NLC. these resonances are very high-order (~ 20th) 
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and thus they will be very narrow. The NLC design calls for 2 x 10 1 0 particles 
per bunch with a 5 mm rms bunch length at 1.8 GeV. Assuming a copper vacuum 
chamber (a = 5.S x 10 7 mhos/m) with a 1cm radius and a 100/im rms orbit with 
75 QFs, we find: 

\S{^\2 « 5 x 10"•" m _ 1 . (2.3.27) 

Now, using Eq. (2.2.84), we find an increase in the projected vertical emittance of: 

^ ~ 5 x 10" 1 S m-rad . (2.3.28) 
0, 

This is six orders of magnitude smaller than the beam emittance and is thus negli
gible. 

RF Cavities 

At this point, we can perform a similar analysis to estimate the effect of wake-
fields in the RF cavities. The NLC damping ring will need roughly one to two meters 
of 1.4 GHz RF cavity to provide sufficient longitudinal acceleration and bunching. 
To estimate the transverse wakefieid. we could simply scale the 11.4 GHz NLC linac 
wakefieid, plotted in Fig. 51, to this lower frequency, but this yields a wakefieid that 
is small since the irises in the 11.4 GHz NLC structure are relatively large, 

Instead, we will use the transverse wakefieid of the RF cavities in the PEP 
storage ring, scaled to the 1.4 GHz frequency. Over the range of interest, we can 
approximate this dipole wakefieid as a linearly increasing function of Aa: 

lT ;

± ] (As) = A ;0 .12V/pC/cm 3 . (2.3.29) 

Now, we follow the procedure outlined in the previous section: we find the deflection 
by convolving the wake function ovt-r the bunch distribution and then we expand 
in a Taylor series about z = 0 to find the coefficients gn. Assuming a gaussian 
distribution, this yields 

Neyc W'± 

<Jl £o[eV] 2 

= N e V c W'± (2.3.30) 
9 2 £o[eVj2v^rV, 

where £0 is the ring energy in eV and \V± is the slope of the wakefieid in V/C/m 3 ; 
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for the scaled PEP cavity: W'± = 0.12 x 10 1 8 V/C/m 3 . 

Finally, we can calculate the increase in the projected vertical emittance using 
Eqs, (2.2.84) and (2.2.SC). For a worst case estimate, we will assume that all of the 
cavities are lumped together with the same trajectory offset. In this case, 

l4 n ) l 2 = * to i™ < (2-3.31) 

where Lav is the total length of the RF cavities. In the NLC damping ring, with 
2 x 10 1 0 particle per bunch, a 100 pm orbit offset, and 2 meters of cavity, we find: 

^ i - 6 x I(T 1 5 m-rad . (2.3.32) 

While this is much larger than the effect of the resistive wall wakefield, it is still 
three orders of magnitude smaller than the vertical emittance and is thus negligible. 

2.3.4.3 TRANSVERSE QUADRVJPOLE WAKEFIELD 

The wakefields also have quadrupole nnd skew quadrupole gradients. But, the 
quadrupole wakefield tends to be much smaller than the dipole wakefield. One can 
estimate the importance of this wakefield since the effect of the transverse wakefield 
roughly scales as (r/b)", where r is the offset, 6 is the chamber radius, and n is the 
field harmonic. Thus, provided that the beam is much smaller than the vacuum 
chamber radius, the higher-order wakefields will be much smaller than the dipole 
wakefield. 

2.3.4.4 SUMMARY 

In this section, we have calculated the increase in the projected vertical emit
tance due to transverse wakefields. In the NLC damping ring, the effect of the 
low-order coupling on a damped beam is small and the effect of the higher-order 
coupling should be even smaller. We have not estimated the effect of the longitudi
nal wakefields nor have we considered all sources of the transverse wakefield; even 
though our initial estimates indicate that the wakefields will not present a limita
tion, these calculations should be performed. In addition, we have neglected all of 
the multi-bunch analogs of the single bunch dilutions; in the NLC damping ring, 
these also need to be estimated. 
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2.3.5 Wakefields: Dj'namical Effects 

The wakefields can also lead to dynamical instability. These are usually referred 
to as coherent instabilities!"1 In general, the instability thresholds do not depend 
upon the magnitude of the vertical emittance. Instead, the thresholds depend upon 
the beam current, the impedance of the ring, and the tune spreads. Thus, these 
effects do not directly limit the vertical emittance. 

However, the wakefields do change the beam response function. We will mention 
two important effects: first, in a ring with positive chromaticity, the rigid dipole 
oscillations can be damped; tins is referred to as the head-tail damping and can 
be an important source of damping for coherent oscillations. Second, even though 
the beam may be stable, interference between the normal modes of oscillation can 
cause a transient growth in a beam or, more importantly, in a train of bunches. 
This later effect is important because it will amplify the effect of noise that drives 
coherent oscillations of the beam; we will discuss these effects further in Section 2.4. 

2.3.6 Beam-Gas Scattering 

In this section, we will determine limitations on the vertical omittance due to 
beam-gas scattering. Beam-gas scattering occurs when particles in the beam scatter, 
elastically or inelastically, with the residual gas in the vacuum chamber. In an e + / e ~ 
storage ring, the background gas is primarily due to gas desorption occurring when 
the synchrotron photons hit the vacuum chamber wall. Typically, the residual gas 
is composed of light molecules such as hydrogen, methane, water vapor and carbon 
monoxide and dioxide. In addition to the effect on the vertical emittance, beam-gas 
scattering causes particle losses, and it will ionize the gas which can then cause 
beam instabilities; we discuss these effects in Sections 2.3.7 and 2.3.2. 

We can divide the beam-gas scattering into three processes: elastic scattering 
with the nuclei, elastic scattering with the atomic electrons, and inelastic scattering 
with both the nuclei and the atomic electrons. Elastic scattering with a nucleus 
will deflect the incident particle without significantly changing the particle's energy. 
In contrast, elastic scattering with the atomic electrons both deflects the incident 
particle and reduces the panicle's energy. Finally, the inelastic scattering, namely 
bremsstiahlung, causes the circulating particle to lose energy; we can neglect the 
opening angle of the radiation. 
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All of these processes are analogous to the quantum excitation due to syn
chrotron radiation; they cause a discrete change in the particle's betatron oscilla
tion amplitude. The processes differ from the synchrotron radiation effects in that 
the beam-gas scattering events occur very infrequently, but the expected amplitude 
change due to a beam-gas scattering event is much greater than that resulting from 
the emission of a synchrotron photon. Thus, we will find that for reasonable vacuum 
pressures, the beam-gas scattering does not affect the core emittanee; only a few 
particles are scattered to significant amplitudes. Instead, the beam-gas scattering 
will cause a halo of large amplitude particles around the core of the beam. 

2.3.6.1 ELASTIC - NUCLEI 

We are interested in scattering with small momentum transfers; large momentum 
transfers will cause the particle to be lost. In this regime, the screening effects of 
the atomic electrons are important; the screening will reduce the number of very 
small angle collisions. The Born approximation with the Fermi-Thomas model for 
atomic potential yields a differential cross section of * 

da „, (2Zra\- 1 

Here, m is the classical electron radius, Z is the atomic number, and 0mi„ is :•. 
function of the screening: $mm * ft/pa where p is the incident particle momentum 
and a is the atomic radius: a =z lMr/mt'-Z1^. We can integrate this to find the 
total cross section 

0K4xZif3(]92roj2 . (2.3.34) 

At this point, we can solve for the contribution to the rms equilibrium emittance 
in the same manner that we calculated the emittance contribution from the open
ing angle of the synchrotron radiation. Section 2.2.3. The normalized equilibrium 
emittance is 

m = -)jAf{0'i)&» , (2.3.35) 

where (92) is the expected value of 0-. X is the rate of scattering, and the bar 
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denotes the average around the ring. In particular, 

mOl) = cngas j ^63d0 , (2.3.36) 
a 

where c is the speed of light, 0„iax is the maximum scattering angle, this is usually 
determined by the aperture of the machine, and n g i s is the atomic density of the 
gas; numerically, n g l s is equal to: » g 4 S = 3.21 x 10"mol. /Torrm 3 at a temperature 
of 300° K. 

This yields an equilibrium emittance of 

7 e , * ™ ^ [ l n ( ^ s ) _ l ] ^ . {2.3.37) 

In the NLC damping ring, Eq. (2.3.37) predicts an emittance equal to the design 
emittance of 7 ^ = 3 x 10~ 8 rn-rad at a pressure of roughly 1 0 - 7 Torr, assuming 
Z = 7.3 and two atoms per molecule: this approximates air. For comparison, typical 
vacuum pressures are roughly 1 0 - 8 lo 1 0 - 9 Torr. 

Next, we need to examine the particle distribution due to this scattering. We 
will describe the distribution in terms of the single particle action J which is a 
quadratic function of the transverse position and momentum and, when averaged 
over the beam, J is equal to the beam emittance. Synchrotron radiation generates 
an exponential distribution 

PSK{J)= - (2.3.3S) 

This occurs since many photons are radiated within a damping time. Thus, using 
the Centra] Limit Theorem, the distribution should bt gaussian in position and 
momentum and exponential in J. In contrast, the expected number of elastic beam-
gas collisions is typically very small. For example, at a pressure of 1 0 - 8 Torr, 
we expect roughly ten elastic collisions per second; the damping time in the NLC 
damping ring is 4 ms. Obviously, the centra] limit theorem does not apply in this 
case and thus we cannot expect an exponential distribution in J. 

Instead, the distribution is dominated by single scattering events. Examining 
Eq. (2.3.33), we would expect the distribution density in J to depend upon J~2 at 
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large amplitudes. We can approximate this with a distribution density of the form. 

P(J) « , , Jm^ , . a for J<Jm„ , (2.3.39) 

where J m M , like 6max, is determined by the machine aperture and Jm[a is determined 
from the requirement that the expected val-jc of J equal the equilibrium emittance 
due to beam gas scattering, Eq. ("2.3.3"). Thus, 

4 i , *» t y , (2.S.40) 
ln(j|iiax/ey) 

where we have assumed that J m i K » */min, £»• 

This distribution due to beam gas scattering decreases relatively slowly with 
amplitude. Thus, the scattering causes a halo of large amplitude particles which will 
increase the rms emittance even though the core of the beam is relatively unaffected. 
For example, in the NLC damping ring, a vacuum pressure of 1 0 - 7 Torr will double 
the rms equilibrium emittance. But, if one neglects the outer 3% of the beam, one 
finds that the emittance increase due to the scattering is only 10%. Of course, in a 
linear collider, these large amplitude particles must be collimated or they will cause 
large background signals at the detector. 

This is illustrated in Fig. 17. The solid line is the calculated distribution P(Jy), 
due to both synchrotron radiation and beam-gas scattering, when the background 
pressure is 10 Torr. In such a case, the expected value {Jy) is twice that due to 
the synchrotron radiation alone. The dashed line is the distribution PsR(Jy)- One 
can see that the two distributions are extremely similar for values Jy £ 6(JSR) and, 
although they differ significantly for larger values of J y , there are very few particles 
in these large amplitude tails. 

2.3.6.2 ELASTIC - ELECTRONS 

Now, we can consider elastic scattering with the atomic elections. In contrast to 
elastic scattering with a nucleus, elastic scattering events with the atomic electrons 
cause both an angular deflection and an energy transfer. Again, we are only inter
ested in small momentum transfers since hard scatterings will cause particle losses. 
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Fig. 17. The effect of beam-gas scattering on the beam distribution in the 
NLC damping ring with a background pressure of 1 0 - 7 Torr; the solid line is 
the distribution with beam-gas scattering while the dashed line only includes 
the effect of the synchrotron radiation. 

In this regime, the differential cross section is (ie| 

dS 
2nrl 1 

(2.3.41) 

where 6 is the relative energy loss: 6 = &E/E. Alternately, we could express this in 
terms of the scattering angle $ = \/'26/i. In this case, we would find a cross section 
equal to Eq. (2.3.33) with the substitution Z - » l . 

Now, we can calculate the resulting equilibrium emittance. The energy loss 
is coupled to the betatron amplitude via the dispersion function: Ayp = T}VS and 
Ay'g = Tj'yS, while the angular kick directly changes y'*. Thus, these two effects 
are uncorrelated and we can simply add the emittance contributions. Since the 
angular deflection by the electron is similar to that given by a nucleus, the emittance 
contribution is given by Eq. (2.3.37) with the substitution Z~ —> Z. In addition, 
the amplitude limit 0 n ,« is now the lesser of the limit due to the angular deflection 
or the limit imposed by the energy change. For typical damping ring parameters, 
these two limits are comparable and thus we will neglect this distinction. Thus, we 
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find an emittance contribution due the angular kicks of 

Zrl\ (6mix\ 1 
/ V g a s . (2.3.42) 

In air this contribution is roughly 15% of the contribution from the elastic scattering 
with the nuclei. 

Next, calculating the emittance contribution from the energy change is com
pletely analogous to calculating the equilibrium emittance due to synchrotron radi
ation. Here, the emittance contribution is 

yty = 7 -fXWHy , (2.3.43) 

where Hs is a function of the dispersion and it's derivative, Eq. (A,5.9). The value 
of JV{5 2 ) is found from the cross section Eq. (2.3.41): 

.V{62} = c n g a s / 6n-~d6 , (2.3.44) 
o 

where <5max >s determined by the aperture of the storage ring; typically, this is limited 
to a few percent. We find an emittaiice contribution of 

•yty ft; 2ircTyZrQ6max?iyngte . (2.3.45) 

In the NLC damping ring, this contribution is much smaller than the contribution 
from the angular deflection, Eq. (2.3.42), and thus we will neglect it. 

2.3.6.3 INELASTIC SCATIERING 

Finally, we consider the inelastic scattering of the beam particles with the resid
ual gas. In this case, bremsstrahlung photons are emitted causing the incident 
particle to lose energy. We are only interested in small energy changes, less than 
a few percent of the incident particle energy. In this regime, the differential cross 
section for scattering with both the nucleus and the atomic electrons is 

rir^l6Z(2+).35)rg / 183 \ 

_^ _________ln(__j . (2.3,46) 

Now, we can calculate the equilibrium emittance due to these bremsstrahlung 
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photons using Eq. (2.3,43). This yields an equilibrium emittance of 

2 c r , 3 ( g + 1.3S) 2 c 2 / 1S3 \ — — 
7*y»7 3 1 3 7 -r'A^XjpJz)Hy"g*= • (2.3.47) 

In the NLC damping ring with a pressure of 10~ 8 Torr, the bremsstrahlung induced 
emittance is many orders of magnitude less than the elastic scattering contribution, 
and thus we can ignore it. 

2.3.6.4 SUMMARY 

In the low energy damping rings, we have found that the most important beam 
gas contribution comes from the elastic scattering with the gas nuclei. In the NLC 
damping ring, a pressure of 1 0 - 8 Torr will cause a 10% vertical rms emittance 
increase. But, it is important to realize that this emittance increase is dominated 
by a few large scattering events; the core of the beam is virtually unaffected while 
population of the tails of the beam distribution is increased slightly, Thus, we 
conclude that the beam gas scattering is not a signifkiint limitation, even at much 
higher vacuum pressures. 

2.3,7 Lifetimes 

In a damping ring, it is unlikely that the beam lifetimes could limit the operation 
of the ring since the beams are stored for a very short time. But, poor beam 
lifetimes could make commissioning and studying the ring difficult. The primary 
beam lifetime limitations are excessively small aperture, beam-gas scattering, and 
the Touschek effect; the later refers to large angle collisions between particles within 
the beam that lead to particle loss. 

With adequate design and tolerances, one should be able to avoid the first 
limitation. In addition, with reasonable vacuum pressures, the lifetime due to beam-
gas scattering should not be significant. Formulas for the beam gas lifetimes are 
listed in Ref. 68. Assuming a pressure of 1 0 - 8 Torr in the NLC damping ring, the 
lifetime due to beam gas scattering is roughly four hours; this is mote than sufficient. 

In contrast, the Touschek lifetime will tend to be more severe since it depends 
inversely upon the particle density in the beam. In the limit of non-relalivistic 
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transverse momenta, the Touschek lifetime is given by 

1 _ NrlcDjPt) 

|3<.49,124] 

T4S) 

where Px = Sll3LX^x/2f2cz and D{Pt) is plotted in Fig. -18; for typical parameters 
D(PX) is between 0-1 and 0.3. In the NLC damping ring, the Touschek lifetime is 
roughly two minutes. While this is long compared to the operating beam storage 
time of 28 ms, it may be too short to study the properties of a stored beam. In this 
case, we can increase the vertical beam size or decrease the number of particles per 
bunch, thereby decreasing the beam density and increasing the lifetime. 
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CHAPTER 2.4 
JITTER AND NOISE EFFECTS 

In this chapter, we will discuss the effect of slow and fast jitter processes that 
can increase the effective emittance of the beam. The sources can be divided into 
low frequency contributions, such as ground motion and power supply fluctuations, 
where the jitter adiabaticaily changes the ring orbit and high frequency effects which 
drive coherent oscillations. We will estimate the magnitude of these effects and then 
briefly mention some of the feedback techniques that will almost certainly be needed 
for compensation. 

2.4.1 Ground Motion 

The ground has many frequencies of movement with periods ranging from years 
to fractions of a second. Here, we will discuss the "fast" motion where the ground 
vibrates at the micron level with frequencies between 0.1 Hz £ / £ 100 Hz; ' the 
high frequency end of this spectrum is primarily due to cultural noise, i.e., man-
made noise, while the low frequency vibrations are primarily nature. 

This ground motion moves the quadrupole magnets which then deflect the closed 
orbit. In general, the vibration has a small effect, unless the wavelength is smaller 
than or comparable to the betatron wavelength in the ring. ' * Thus, the ground 
motion tends to be less of a problem in small strong focusing rings than in the large 
rings such as LEP, HERA, and the SSC. 

At the SLAC and DESY sites, the measured ground motion near the surface 
has a phase velocity of 250 ~ 300 m/s and, during the day, the rms amplitude is 
roughly 0.2 pm; **"" during the night, the amplitude is much less. Finally, the noise 
has a power spectrum that tends to decay as l / / 2 . Note that the phase velocity 
of these high frequency ground waves is roughly an order of magnitude slower than 
that of the long v.avelength motion measured during seismic events. The longer 
wavelengths sample deeper and denser material and thus have faster velocities!"1 

In the NLC damping ring, the average vertical betatron wavelength is roughly 
Cjvs = 14 m. Using the results of Refs. 4 and 94, the first resonant frequency occurs 
at approximately 20 Hz. Although this is at the high frequency end of the power 
spectrum, it still suggests that the ground motion might be a problem in the NLC 
ring; a more detailed analysis, including the actual ring optics and the response of 
the magnet supports, is needed to determine the real magnitude of the problem. 

101 



If indeed the ground motion is a problem, there are three solutions: (I) choosing 
a site with reduced noise, much of the high frequency noise is caused by motor vehicle 
traffic, (2) use isolation supports to damp the noise, and (3) use low frequency 
feedback systems to stabilize the closed orbit; this will be discussed later. 

2.4.2 Power Supply Fluctuations 

In general, the magnet fluctuations due to power supply fluctuations are low 
frequency / S I KHz in comparison to the beam revolution frequency; higher fre
quency fluctuations are attenuated by the vacuum chamber. Thus, the fluctuations 
cause adiabatic changes. Fluctuations of the correctors change the closed orbit and 
fluctuations of the quadrupoles change both the betatron tunes and the closed orbit. 
In addition, fluctuations of the bending magnets cause the ring energy to change; 
this occurs because, in an e + / e ~ storage ring, the RF fixes the revolution period. 

Correctors 

The dipole correctors usually have independent power supplies and we assume 
that the fluctuations are independent. Thus, using Eq. (2.2.13), we find a tolerance 

V - * cotxPy 

where NQO\t is the number of correctors and fiy is the vertk~l beta function at the 
correctors. 

In the NLC damping ring design, this yields a tolerance of A.&ytm% & O.OS^rad 
to limit the jitter to one quarter of the vertical beam size. We can estimate the 
maximum required corrector strength from the alignment tolerances and the magnet 
strengths; a maximum deflection of 1 mrad should be more than sufficient. This 
yields a relative tolerance on the corrector power supplies of A / / / p e a | ( & 8 X 1 0 - 5 . 
This is a fairly tight tolerance, but it could be eased by reducing the maximum 
corrector strengths. 

Main Bending Magnets 

We will assume that all of the bending dipoles are powered by the same supply. 
In this case, slow fluctuations of the dipoles will change the beam energy; as men
tioned, this occurs because the revolution period is fixed by the RF in an e+/e~ 
ring. In terms of the closed orbit and the betatron tunes, slowly changing the main 
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bends is equivalent to changing the correctors and the quadrupoles in the opposite 
direction. Thus, in the vertical plane, the closed orbit change due to the fluctuation 
can be written 

This can be further simplified since, in Section 2.2.4, we saw that av ~ 2j?y(7e. 
Thus, to limit the orbit variation to one quarter of the vertical beam size, we find a 
tolerance 

In the NLC damping ring this tolerance is roughly 5 x lCT 4. 

In addition to the closed orbit, the betatron tunes will vary as the bends change. 
As mentioned, changing the bends is equivalent to changing the quadrupoles in the 
opposite direction. Thus, the tune shift is 

AB 
A J / = Ueor^jjj- . (2.4.4) 

where ^ lmcor is the uncorrictcd chromaticity, Notice that the sextupoles do not 
compensate this "chromatic" tune iluctuation. This occurs because the horizontal 
orbit change is not proportional to the horizontal dispersion since the revolution 
period is fixed. In the NLC damping ring, the uncorrected chromaticity is roughly 
—25. Thus, to limit the tune fluctuation to 0.01, we find a tolerance of 

^ S 4 x H T * . (2.4.5) 

This is comparable to the tolerance on the closed orbit fluctuations and should not 
be difficult to achieve; commercial power supplies are available with regulation of 
1G"4 ~ 10~ 5. 

Quadrupoles 

In this cise, we will assume that all of the focusing quadrupole magnets are 
powered by a single supply, while all of the defocusing quadrupolef, are powered by 
anotheT supply. First, we can solve for the vertical orbit change .vith Eq. (2.2.13). 
Here, the deflection of the CIOSPC] orbit depends upon the quadrupole field and the 
closed orbit offset. Although the strength variation is correlated between magnets, 
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the orbit offsets of a corrected orbit are not. Thus, we find a result analogous to 
Eq. (2.4.1): 

A ,,2/»|,p| f ( 2 4 6 ) 

where iq U a < i is the length of the quadrupole, yc is the rms m,.£nitude of the closed 
orbit, and A/i'i is the rms error in the normalized quadrupole gradient. 

Finally, we can estimate the tune variation due to the quadrupole fluctuations. 
If we wish to limit this to Ai/ ;S 0.01, we find a tolerance 

^ U j ? 4 L . (2.4.7) 

where £uncor is the uncorrected chromaticity. 

In the NLC damping ring design, the closed orbit constraint imposes power 
supply tolerances of A / / J ~ 2 x l O - 4 to limit the jitter to one quarter of the 
beam size. Here, we have assumed 100 quadripoles with K — 2 0 m w 2 , L = 0.2m, 
and ye — 100/un; these values should overestimate the severity of the tolerance. 
Similarly, the tune variation imposes a comparable tolerance of A / / / £ 4 x 1 0 - 4 . In 
both cases, commercially available supplies should be able to meet these tolerances. 

2.4.3 High Frequency Jitter 

The primary sources of high frequency noise are the R.F system, the high fre
quency feedback systems that would likely be needed to damp coherent oscillations, 
and the injectioi./extraction kickers. The noise will drive coherent oscitlations of 
the beam. Longitudinal noise, such as that from the RF system, will drive coher
ent synchrotron oscillations that, in the presence of synchro-betatron coupling, will 
cause coherent betatron oscillations. Transverse noise will directly drive coherent 
transverse oscillations. 

A coherent betatron oscillation can be damped by the head-tail damping process, 
synchrotron radiation damping, and feedback systems. In addition, if there is a 
large spread in the oscillation tune, the coherent oscillation can filament before it 
is damped coherently; the oscillation deroheics and the beam size increases. After 
this filamentation, the fast head-tail process and feedback cannot damp the beam. 
Thus, the filamented beam damps at the (slower) synchrotron radiation damping 
rate. 
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We can estimate a tolerance on the RF noise in the same manner that we calcu
late the equilibrium emittance. Assume that the noise causes a discrete transverse 
deflection 6 that is unconelated between revolutions. Then, the change per turn of 
the single particle invariant that describes the coherent oscillation is 2AJ = /J<?2. 
By equating this with the damping rate, we find the expected value of (J ) : 

where r is the damping time and To is the period of revolution. 

To prevent dilution of the effective emittance, we require {J) < i. For a worst 
case estimate, we can assume that the beam damps at the synchrotron -adiation 
damping rate. Thus, in the NLC damping ring design, we find a tolerance on the 
vertical deflecting voltage 

V„ras£ 20 Volts , (2.4.9) 

to limit the jitter to one fourth the beam size. This can be translated into a tolerance 
on the phase stability of the main accelerating RF: 

* * < ^ * * ( ^ ) a 4 i b • ( 2- 4- 1 0 ) 

In the NLC damping ring design, assuming a 1 MV RF system with 1 mm of 
vertical dispersion in the cavities. 1his implies a phase stability of <j>cms ~ 2° which 
is a relatively loose tolerance. 

Finally, we should note that a more severe tolerance on the RF phase is due 
to the phase stability required of the extracted beam. Phase jitter of the extracted 
beam is translated into energy jitter =it the beginning of the bunch compressor; 
a correlated energy spread is added to the bunch at the beginning of the bunch 
compressor using an acceleration section, phased to give the nominal center of the 
bunch zero energy gain. This energy jitter is then translated back into phase jitter 
during the compression, since low and high energy particles have different path 
lengths. Finally, the phase jitu>r is translated info an energy jitter in the iinac. This 
effect has been observed in tlm SLC but we will not calculate tolerances here since 
it requires detailed knowledge of the bunch compressors. 
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2.4.4 Feedback 

Stabilization of the closed orbit is v?ry important in synchrotron light sources. 
Currently, many of the synchrotron light sources stabilize the closed orbit at the 
level of a few microns. ' The primary limitation of these feedback systems is 
the measurement of the beam position. This is a problem that needs to be resolved 
throughout the linear collider complex; one needs to accurately measure the beam 
position at the level of the beam size. But, assuming that the required measurement 
accuracy can be achieved, stabilization of the closed orbit should be straight-forward. 

In addition, to slow feedback for the closed orbit, fast feedback can be used 
to damp coherent oscillations of the beam. Wide band bunch-to-bunch feedback 
systems are used to stabilize the beam in PETRA and HERA and are planned 
for in the LBL-LLNL-SLAC B-Factory design. In the NLC damping ring, one 
may not be able to feedback on each bunch, this requires a 1-2 GHz feedback system, 
but it should be relatively simple to feedback on the batches of ten bunches; this 
only requires a 20 MHz system which is comparable to the PETRA feedback system. 
Of course, again, any feedback syttem will be limited by the resolution of the beam 
measurement. 
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CHAPTER 2.5 
INJECTION MATCHING 

In a damping ring, it is important to match the injected beam to the ring. In 
the transverse case, the beam must be injected onto the closed orbit, and the beta 
functions and the dispersion must be matched correctly. If there is a mismatch, 
the beam will filament; the beam is large at injection and thus nonlinear fields 
cause a significant tune spread. The ftlamentation of the mismatch will increase the 
beam size and thereby increase the storage time needed to damp the beam to the 
equilibrium value. 

The emittance dilution due to filamentation of a beta mismatch can be writ-
ten: 1" 1 

where a and /3 are the machine parameters and o* and ft* are the beam parameters. 
Similarly, the dilution due to a fiiamented dispersion mismatch is 

A - ^ , (2.5.2) 

where "H is the dispersion function defined in Eq. (A.5.9). Finally, the dilation due 
to a orbit mismatch is 

A'sr = j (7»»» + 2a»yy'a + ^ 2 ) , (2.5.3) 

where j/o and y'0 are the difference between the closed orbit and the injected trajec
tory. 

In addition to the transverse matching, the beafj must b'? matched longitudi
nally to prevent coherent synchrotron oscillations. The synchro-betatron coupling 
could couple the synchrotron oscillations to the transverse planes as discussed in 
section 2.2.6. This increases the beam size when the oscillations filament. The 
nonlinear synchro-betatrcn coupling is more important at injection since the beam 
occupies a large portion of the accelerating RF and thus experiences the sinusoidal 
variation of the fields. Furthermore, since the bunch is usually longer, the transverse 
wakefields, which are an important source of coupling, are much stronger. These 
effects can be estimated from the results of Sections 2.2.6 and 2.3.4, although a 
detailed analysis has not yet been performed for the NLC damping ring. 
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Actually, in the NLC damping ring design, the tolerances on the injection mis
match are very loose. This occurs because the beam is over-damped to ease toler
ances on the vertical equilibrium emittance. The horizontal and longitudinal emit-
tances are damped to their equilibrium values after roughly half the damping cycle 
and thus injection errors will have negligible effect on the extracted emittances. 
Even the vertical emittance, which requires the most damping, is dominated by 
the equilibrium value ai the end of the damping cycle. The injected emittance 
of -yey = 3 x 1 0 - 3 m-rad contributes roughly 10% of the extracted emittance of 
ftv = 3 x 1 0 - 8 m-rad. Thus, even if the injected beam filaments to twice its size, 
the extracted emittance will only increase by 10%. 
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CHAPTER 2.6 
GENERATION SUMMARY 

In this chapter, we have discussed effects that can limit the vertical emittance 
in future damping rings. In particular, we have calculated limitations due to single 
particle effects, collective effects, and pulse-to-pulse jitter sources. We then applied 
these results to the current design of the NLC damping ring which calls for a very 
low vertical emittance of -y£y = 3 X 10~ 8 m-rad with an aspect ratio {tx/ty} of 100. 

The single particle limitations are primarily due to vertical dispersion and be
tatron coupling; the more fundamental limitation, due to the opening angle of the 
synchrotron radiation, is a factor of 45 smaller than the design vertical emittance. 
The vertical dispersion and the betatron coupling impose alignment tolerances on 
the ring components. In the NLC damping ring, we have calculated that ver
tical alignment tolerances of roughly 100fim will limit the vertical emittance to 
-yey < 2.5 x 10~ 8 m-rad with a 95% confidence level; these results are summarize in 
Table 11. 

Next, the most important collective effects are intrabeam scattering and the 
space charge tune shift. The space charge tune shift reduces the working area in 
tune space. In the current design, the space charge tune shift is A.vy = —0.015. 
While this is not thought to pose a problem, a larger value might cause the induced 
synchrotron sidebands to overlap a strong resonance, leading to emittance growth. 
Of course, for given normalized emittances, the space charge tune shift depends 
inversely upon 7- and thus it decreases rapidly as the ring energy is increased. 

In contrast, for given normalized emittances, intrabeam scattering does not 
necessarily decrease rapidly with the ring energy. But, in the current NLC design, 
intrabeam scattering only increases the rms vertical emittance by 20%; this only 
increases to a 120% dilution as the vertical emittance is decreased to the limit 
imposed by the opening angle of the synchrotron radiation (a factor of 45). Thus, 
the intrabeam scattering is "annoying", but it does not present a severe limitation. 

Furthermore, the current theories of intrabeam scattering may over-estimate 
the real emittance growth. These theories estimate the rms emittance. but, with 
scattering, the distribution becomes non-gaussian and thus the rms emittance does 
not characterize the beam emittance well. The emittance growth due to beam-
gas scattering is an example of this. In the NLC damping ring, a background gas 
pressure of 1 0 - 7 Torr will cause the rms vertical emittance to double. But. the 
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actual effect on the beam is small; the scattering generates a halo of large amplitude 
particles without significantly diluting the core of the beam. 

Finally, we have also estimated tolerances on the sources of pulse-to-pulse jitter. 
In the current design, the tolerances on the power supplies, which limit the beam 
jitter to 25% of the rms beam size, are reasonable ( A / / / £> 10~ 4). But, tolerances 
on the ground motion may be more severe; the ring will be resonant to ground 
motion with frequencies above approximately 20 Hz. Fortunately, in a storage ring, 
it is relatively simple to stabilize the beam with feedback, easing both the power 
supply tolerances and the ground motion tolerances. 

Thus, to conclude, there does not appear to be any significant limitation in 
achieving the design vertical emittance of fty = 3 x 1 0 - 8 m-rad in the NLC damping 
ring. In fact, it seems quite possible that one might be able to reduce this an 
order of magnitude to 3 x 10~ 9 m-rad. This would require reducing the alignment 
tolerances by roughly a factor of four, and, perhaps, increasing the damping ring 
energy to reduce the space charge tune shift and the opening ar.gle c o n t r i b u t e 
to the emittance. Furthermore, one would need beam position monitors with sub-
micron accuracy for the feedback systems. 

Of course, we must qualify these statements by noting that we have neglected 
two important effects: first, the effect, on the emittance, of multiple closely spaced 
bunches needs to be considered. The intia-bunch wakefields could cause the bunches 
in a train to have different trajectories, increasing the effective emittance of the 
bunch train. Second, effects that occur at injection, before the beam damps should 
also be considered. Here, the bunch length and the energy spread are much larger 
and the nonlinear synchro-betatron resonances might enlarge the initial injected 
beam; fortunately, as mentioned. th>s would not be extremely significant in the 
NLC damping rings since the vertical emittance is over-damped. 
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CHAPTER 3 
ACCELERATION OF BEAMS WITH SMALL 

VERTICAL EM1TTANCES 

After the beams are generated in the damping rings, they need to be accelerated 
to the desired final energy while preserving the small beam emittances. In many 
current designs, as schematically illustrated in Fig. 1, the beams are extracted from 
the rings into a bunch compression and matching region. Then, the beams are 
accelerated, in a preliminary linac, to an intermediate energy where they undergo a 
second bunch compression. Finally, the beams are accelerated in the main linac to 
the desired energy. 

In this chapter, we will discuss effects that can dilute the vertical emittance 
during the acceleration. We will limit the discussion to the linacs and neglect dilu
tions that occur in the bunch compressors and other sections of the linear collider. 
Throughout, we will calculate with parameters of the NLC designs described in Ap
pendix D; note that the linac parameters are still in a state of flux, but those listed 
in Appendix D provide a representative set. 

There are three forms of emittance dilution that can increase the effective ver
tical emittance in the linacs: conservative dilutions where the six-dimensional emit
tance is conserved but the projected emittance is increased, pulse-to-pulse jitter 
where the beam emittance is not necessarily increased, but the effective beam size 
is enlarged, and finally, non-conservative dilutions, such as scattering and radiation, 
that directly increase the beam emittance. 

The conservative dilutions are similar to those that lead to a local beam size 
increase in the damping ring; this was discussed in Section 2.2. These dilutions only 
increase the projected emittance beam, and, in theory, the effects can be removed. 
Unfortunately, in a linac, the dilutions "filament1' because the beam has a finite 
energy spread and the phase advance is energy dependent. Thus, after propagating 
through the linac for a short distance, the dilutions become very difficult to remove 
and effectively become an emittance increase. 

We discuss the equations of motion in a linac and the filamentation process in 
Sections 3.2 ;ind 3.3. Then, in Section 3.4, we calculate the prhnary conservative 
dilutions which are due to dispersive errors, transverse wakefields, and RF deflec
tions; these are analogous to the local dispersive and synchro-betatron coupling in 
the damping ring. In Sections 3.5 and 3.6, we discuss methods of easing some of 
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the tolerances that these dilutions impose, and finally, in Section 3.V, we calculate 
the effect of magnetic field errors which cause betatron mismatches and transverse 
betatron coupling. 

Next, in Section 3.8, we discuss the effect and sources of pulse-to-pulse jitter; 
these effects are important in future linear colliders because the beam sizes are 
very small. Finally, in Section 3.9. we discuss a few additional dilutions, including 
the beam space charge and the non-conservative dilutions. The non-conservative 
dilutions are similar to those that deteimine the beam emiUance in the damping 
rings, but in a linac, these effects are very small. 

Throughout this chapter, we will calculate tolerances to limit the vertical emit-
tance dilution to roughly 6%; this causes a 3% reduction in the luminosity. We 
choose to limit the individual dilutions to this small value because there are many 
independent sources of dilution, all of which add to the final result. 
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CHAPTER 3.2 
EQUATIONS OF MOTION AND PROJECTED EMITTANCES 

3.2.1 Equations of Motion 

In a high energy linear accelerator, the longitudinal motion is effectively in
dependent of the transverse motion. There are sources of coupling between the 
longitudinal and transverse planes, but the longitudinal emittance is much greater 
than the transverse emittance (between four and six orders of magnitude greater in 
the NLC linacs) and thus we can neglect the perturbations to the longitudinal plane 
from the transverse motion. 

Furthermore, in a high energy linear accelerator, the longitudinal position is 
essentially fixed; as discussed in Appendix A, it is independent of the energy devia
tion as well as the transverse motion. For example, in the NLC main linac, particles 
within 3<r of the design energy and beam divergence shift longitudinal position by 
much less that 1 ^m; in contrast, the bunch length is roughly 100 //m, 

Since the transverse motion does not affect the longitudinal, we can parameterize 
the transverse motion with the longitudinal coordinates. The dominant effects in 
a linear accelerator are due to the focusing and deflecting magnetic fields and the 
wakefields. Thus, the transverse equations of motion can be written: 

^ ) ^ l i s ) ^ y i B i ' , S ) ~ ( 1 - * ) # i l » ( * i * . * ) - »») = 0 " 6)G> 

°o oo (3.2.1) 
+ ^ F , jdz' j dS'p{z\ 6')Wu(s; z' - z){y(s; z\ 6') - ya] , 

z —cc 

where the only difference between this equation and that for the motion in a storage 
ring is the dependence on 7(5) which leads to the adiabatic damping. 

Specifically, 5 and z are the longitudinal position in the accelerator and in the 
bunch, and 8 is the relative energy deviation which is also a function of s and 
z. Next, A'] and G are the normalized focusing and bending functions, and WJ_J 
is the transverse dipole wakefield which depends upon the dipole moment of the 
bunch: wakefields are introduced in Section 2.3.4 and the wakefields in the NLC are 
plotted in Appendix D. In addition, N and ro are the number of particles and the 
classical electron radius, p is the longitudinal distribution function for the particle 
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bunch, and, yg and ya are the misalignments of the quadrupoles and the accelerator 
structures. Finally, we have neglected skew quadrupole and higher-order multipole 
fields and the higher-order wakefields; these are discussed in Sections 3.7 and 3.4.2, 
respectively. 

Now, we need the longitudinal equations of motion. As mentioned, the longi
tudinal position z is fixed; this leaves the relative energy deviation S, The energy 
spread consists of two components: an uncoi related energy spread which comes from 
the finite longitudinal emittance and an energy spread that is correlated with z; this 
correlated energy spread is due to incomplete bunch compression, the longitudinal 
wakefields, and the accelerating RF voltage. Neglecting any initial correlation, we 
can express this as 

S J 00 

S(s) = Sun^- + Jds'eAERHs'-^) + ~Jds'Jdz'Wp(s'lz'-z) , (3.2.2) 
0 0 a 

where 70 is the initial energy, 6aa is the initial uncorrected energy spread, and Wun 
is the lowest order longitudinal wakefield. Assuming a sinusoidal RF accelerating 
field, 

A £ R F = ERV(s) [sia(zkm + <j>,) - ain(*.)] . (3.2.3) 

Here, &aF is the wavenumber of the RF and 4>s is the RF phase which is 90° for 
maximum acceleration of electrons. 

Finally, we will calculate the motion of the bunch centroid. This is important 
because the centroid, and thus the transport matrices for the central trajectory, 
depends upon the bunch intensity and the correlated energy spread.1'1 The equation 
for the centroid is found by integrating Eq. (3.2.1) over the particle distribution 
in 6 and z. In general, this is complicated, but if we assume that the transverse 
trajectory offsets are large compared to the dilutions and we assume that the bunch 
has a gaussian distribution in z, we find 

Z^T)-dp(s]TsVc{s) ~ ( 1 ~ 6"W*hM ~ V»] = (1 - *»)<?, 

where <Sav is the average beam energy and we have approximated the transverse 
wakefield as W±i[s; z' - z) = (; ' - r ) i r | , ( . s ) . 
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Notice that the dipole wakefield acts like a defocusing term in that it increases 
the wavelength of a coherent oscillation; of course, the dipole wakefield does not 
actually have a gradient and thus it does not change the focusing seen by particles 
within the bunch, i.e., the beta functions are unchanged. 

Strictly, we need to include this effect whenever we calculate the bunch trajec
tory, but, in the NLC main linacs, the wakefield effects are relatively weak. The 
relative decrease in the phase advance is roughly 6vjv fa —0.002 and thus we will 
neglect the effect. However, in the SLC linac, this effect is much more important. 

3.2.2 Projected Eniittance 

In a. conservative system, which a linear accelerator approximates, the normal
ized six-dimensional emittance is conserved. Furthermore, in a conservative system 
with linear forces, the rms dx-dimensional emittance is conserved. But, in a linear 
collider, the luminosity is strongly dependent upon the projection of this emittance 
into the transverse planes. 

As discussed in Appendix A, the six-dimensional rms emittance can be calcu
lated from the beam matrix a which consists of the second moments of the beam 
distribution: 

e | = detff where ffi.j = (XJXJ) , (3.2.5) 

the angle brackets denote the average over all beam particles, and ar, are the com
ponents of the vector: (xg, i L yp, y'g, z, 8). Similarly, the two-dimensional projected 
emittances are just calculated from the 2 x 2 sub-matrices along the diagonal of the 
full beam matrix. Specifically, 

At this point, we should note a very useful method of visualizing the beam. 
The transverse projected eniittance is not conserved because it is coupled to the 
longitudinal plane. But, since the longitudinal position is fixed, we can divide the 
beam longitudinally into slices of constant z. Each slice has a specified correlated 
energy deviation which is determined from the bunch compression, the longit udinal 
wakefields, and the RF acceleration. Finally, we further subdivide each slice into 
slices of constant <5un, the iinconeiated energy deviation. 
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Now, as the beam travels down the liiiac, the bunch is deformed by the wake-
fields and the chromatic and dispersive effects. The wakefields depend upon the 
longitudinal position z while the chromatic and dispersive effects depend upon the 
energy deviation. Since z and 6 are parametecs in the equations of motion, the area 
of any given slice remains constant, but the centroids of the slices are shifted by 
dipole wakefields and dispersive errors while the shapes of the slices are changed by 
chromatic errors and quadrupole wakefields. 

So we visualize the beam as being composed of all these slices which have dif
ferent shapes and centroids. The projected emittance is found by summing over all 
of the slices. Specifically, 

=«*[/*/ tl = det / dz I dWU.SmOffvteAn) (3.2.7) 

where we have neglected the possibility of transverse coupling. Now, using Schwarz's 
inequality and the positive definite nature of the beam matrix, it is easy to show 
that any source of correlation with z or 8 increases this projected emittance: 

det [ f dz fd6p(z,6)o(z,6)] > (jdz f dip(z,6)y/de\,[tr(zj)]\ , (3.2.8) 

where the equality occurs if and only if the beam matrix does not depend upon 
either z or 6. 

Inequality (3.2.8) is a specific case of a more general result which states that, 
assuming the beams are initially uncoupled, any source of coupling always increases 
the smaller of the emittances. In the case of inequality Eq. (3.2.8), the longitudinal 
emittance has been implicitly assumed to be much much greater than the transverse 
since the transverse motion does not affect the longitudinal, but a similar result holds 
for the transverse coupling in the NLC, where the vertical emittance is much smaller 
than the horizontal; any betatron coupling leads to an increase in the projected 
vertical emittance. 
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CHAPTER 3.3 
FILAMENTATION AND TRANSVERSE MATCHING 

In this chapter, we will discuss filamentation and the transverse matching of 
the beam. The beam extracted from the damping rings has a well defined beam 
ellipse. This needs to be matched to the machine ellipses of the linacs and the bunch 
compressors to prevent dilution of the projected transverse emittances. We will first 
describe the reasons for this requirement and then estimate the effect of mismatches. 
Most of these effects have been studied by people working on the SLC at SLAC and 
many of the results are described in Refs. 70, 2, 35, and 73. 

3.3.1 Filamentation and Natural /? Functions 

Filamentation occurs when particles in the beam have different frequencies of 
oscillation. The frequency dependence can be due to the energy dependence of 
the phase advance, i.e., the chromaticity, or nonlinear fields which cause the phase 
advance to be amplitude dependent, The effect of the filamentation is to cause a 
phase mixing which makes it difficult to correct dilutions of the projected emittance; 
once a dilution filaments, it is, for practical purposes, unrecoverable. 

Filamentation is important when describing the transient response of the beam, 
i.e., in linacs or transport lines, or at injection in a storage ring. It is not important 
when considering the periodic behavior of a beam in a storage ring. Thus, the 
filamentation is not important when correcting the local (projected) bsam size in 
the damping rings (see Section 2.2) provided that the dilution is corrected in the 
ring or promptly after the beam is extracted. 

The reason for this distinction between the transient and periodic behaviors 
can be understood by examining the behavior of two harmonic oscillators that have 
slightly different resonant frequencies; this models the transverse motion of two 
particles with slightly different energies. If the oscillators are driven off-resonance 
by the same periodic force, the motion of the oscillators will be similar in both 
amplitude and phase. In contrast, if both oscillators receive a transient deflection, 
the amplitude of the resulting oscillations will be similar, but they will have a 
steadily increasing difference in phase. 

We will divide the energy dependent filamentation into two categories: disper
sive and chromatic filamentation, the former applying to filamentation of an oscil
lation and the later referring to the filamentation of the beam ellipse. Dispersive 
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Machine Ellipse 

Fig. 19. Dispersive filamentation of a coherent betatron oscillation. 

filamentation occurs when the beam performs a coherent oscillation. Here, the cen-
troid of the lower energy particles oscillates at a higher frequency than that of the 
higher energy particles. The situation in y-y' phase space is illustrated schemati
cally in Fig. 19. As the beam filaments, it will fill the annular region in the machine 
ellipse and the amplitude of the initial coherent oscillation decays. 

Chromatic filamentation occurs when the beam is not matched to the focusing 
structure of the machine; this is illustrated in Fig. 20. Here, the beam ellipse of the 
low energy particles rotates within the machine ellipse more quickly than that of 
the higher energy particles. In this case, the beam will filament to fill the machine 
ellipse at twice the rate of the dispersive filamentation. 

In both cases, the projected emittance increases as the beam filaments to occupy 
the machine ellipse. The machine ellipse is defined by the beta functions which, as 
discussed in Appendix A, are a characteristic of the focusing structure, not of the 
beam. In a storage ring, the beta functions are chosen to be periodic, but, in a 
transport line, the choice is not as obvious; one needs to determine the boundary 
conditions. In this section, we will show that there are "natural" beta functions 
which are determined by the periodicity of the system. This is well known in storage 
rings and is intuitively obvious in a long transport line, but it is worth demonstrating 
explicitly. 
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Low Energy 
ellipse 

High Energy 
ellipse 

Machine Ellipse 

Fig. 20. Chromatic filamentation of a mismatched beam. 

To examine the effect of the filamentation, we will consider the transport of the 
beam matrix a through a periodic lattice. The two-dimensional beam matrix equals 

\{*x') (x'-)J \-** 7* J 
(3.3.1) 

where we have used the beam parameters introduced iu Eq. (A.2.20) in Appendix A. 

The transport of a monochromatic beam can be described with the linear trans
port matrix R. 

<r(^:.s) = R(^;0,s)ff(6-,0)R(fi;01s) , (3.3.2) 

where 6 is the relative energy deviation of the beam and the transport matrix R 
is also introduced in Appendix A. Specifically, the transport matrix for n periodic 
cells can be written 

R(<5) 
/ cos n\i'a{6) fo{6) sin ml>o(6) \ 

(3.3.3) 

where the subscript Q is used to denote tiie periodic lattice parameters which are 
functions of the energy deviation and we have assumed that we are stalling from 
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a symmetry point so ao = 0. Notice that the determinant of the transport matrix 
is unity; the transverse rms emittance of a monochromatic beam is not changed by 
transport through a linear lattice. 

Now, we are in a position to demonstrate the existence of the natural lattice 
functions. Assume that the initial beam is independent of 6 but it has a finite 
energy spread and an initial emittance t. The inequality Eq. (3.2.8) shows that the 
projected emittance will increase if a depends upon 6. Assuming that the energy 
spread is small, we only need consider the first few derivatives of the beam matrix 
Eq. (3.3.2): 

^ p - = -enVo(2o*ftico8(2n<!-i>) + (2* - 7*/?5)sm(2rn/.D)) 

^ = €^(2o*A,sin(2iu!to) - (,?' - 7 */ jJ)cos(2n^)) 
ad fa 

(3-3.4) 

- ^ - = £ 2n 2 ^ 2 (2a*/3 0 sm(2»u"o) - [8' - 7*^)COS(2T,V'O)) 

^ ~ = £^*-{2a*Bo cos(2ntfo) + (F ~ 7 , 0o)«n(2n0 D ) ) , 

where ip' = dil>/d6 and we have assumed that n ;» 1; there are also terms that 
depend upon dBjds and da/ds but we have only kept terms of highest order in n. 
The derivatives of the other elements of the beam matrix are linear combinations of 
these. 

To prevent dilution of the projected emittance, these derivatives should be zero. 
One can immediately see that both the first and second derivatives will be zero 
provided that 

Q " = 0 => Q * = QO 
(3.3.5) 

i.e., the beam should be matched to the periodic lattice parameters, A mismatched 
beam will filament, with corresponding emittance growth, until it is matched to these 
natural lattice functions. This is illustrated in Figs. 21 and 22 which are generated 
by tracking the beam ellipses of forty macro-particles distributed between 6 = +3<rf 

and 6 = — 3a>. In Fig. 21, we have plotted the projected emittance versus initial 
beta mismatch for a beam, with a 1% rms energy spread, that lias traversed sixty 
90° FODO cells. The dilution of the projected emitlance has a minimum when the 
beam is matched to the periodic lattice fund ions. 
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Fig. 21. Simulation of chromatic filamentation in a FODO lattice with 90° 
cells and a 1% rms energy spread vs. the magnitude of the beta mismatch: 
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Fig. 22. Simulation of chromatic filamentation in a FODO lattice with 90° 
cells and a \% rms energy spread: the solid tine is the emittance in units of 
the initial emittance and the dashed line is the measured beta function $*. 
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In Fig. 22, we have plotted the rms emittance and the measured beta function 
of the same beam versus cell number. Here, the initial beta mismatch is f}*fj3o = 
0.5. The rms emittance increases towards an asymptotic dilution of 25% while the 
measured beta function oscillates about the natural beta function, decaying to the 
natural value as the beam filaments and the projected emittance grows. 

Finally, we need to discuss the degree of fllamentation in a linac. This can 
be estimated from the chromatic phase advance for particles with the rms energy 
deviation: 

I 

Su=— fsKiffds . (3.3.6) 
4x J 

o 

We will evaluate this using the NLC scaling for a FODO lattice described in 
Appendix D. Here, the normalized quadrupole strength decreases inversely with the 
beam energy while the beta functions and the quadrupole and drift lengths increase 
with the square root of the beam energy. Assuming that the energy spread decreases 
inversely with the beam energy, we find 

where {Ki Lg)o is the initial integrated quadrupole strength, 0Q and 0o are the initial 
maximum and minimum beta functions given by Eq. (D.l . l) , and So is the initial 
energy spread. Now, using the relation Eq. (D.1.7) for •)„, we find 

Slfr)lh^bllN^ , ( 3 . 3 . S ) 

where ific is the phase advance per cell and we have simplified the expression with 
Eq. (D.1.3). In the 500 GeV NLC linac. we find 6v as 0.22 and thus we conclude that 
the NLC linac is in the partial filameiitation regime; an initial mismatch filaments, 
but most subsequent dilutions do not. 
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3.3.2 Matching Tolerances 

At this point, we can discuss the required tolerances on matching into the linac. 
We will consider the effect of beta mismatches, dispersion mismatches, and higher-
order contributions. In all cases, we will assume that the mismatch fully filaments. 
This will over-estimate the severity of the tolerances in the NLC linacs where the 
beam does not fully filament. Finally, trajectory mismatches, which lead to disper
sive filamentation, are discussed in Section 3.4.1. 

Lattice Functions 

ten: 

The emittance dilution due to filamentation of a beta mismatch can be writ-

where a and 0 are the machine parameters and a* and /3* are the beam parameters. 
At a symmetry point where a" is matched, i.e.. a* = o = 0, this yields the emittance 
dilution seen in Fig. 21. Notice that the effect of the beta mismatch is multiplicative. 
Thus, the tolerances do not decrease as the emittance decreases and the tolerances 
in the NLC for 6% emittance dilution are similar to those in the SLC. 

Specifically, to limit the vertical emittance dilution to less than 6%. we need to 
match the beam parameters and the lattice functions to roughly 

\a;\ £ 0.20 0.S0 £ £ 1.25 , (3.3.10) 

where we have £ jumed that we are matching to a symmetry point in the lattice. 
Beta matching at this level is frequently achieved in the SLC despite the non-optimal 
matching arrangement.3" 

Dispersion 

Unlike the beta matching, a dispersion mismatch is an additive increase to the 
emittance. Thus, the tolerance on the vertical dispersion will be much tighter than 
in the SLC. Assuming full filamentation, the emittance dilution due to residual 
dispersion at the beginning of the linac is: ™ 

A < = ^ , (3.3.11) 

where T-Ly is the dispersion function defined in Eq. (A.5.9) and in the NLC linacs, 
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this implies a tolerance of 

H^^(&py_ ^ if, & 70/cm , (3.3.12) 

at injection to limit the dilution to 6%. 

Nonlinearity 

In the SLC, it has been found that it is extremely important to match the 
higher-order dispersion and chiomaticities at the beginning of the linac. These 
higher-order terms are supposed to cancel in the bunch compressors, but errors 
in the lattice reduce the cancellations. Furthermore, these effects were not easy 
to correct because the lattice had few independent "knobs" with which one could 
modify the optics; the problem has been eased with the addition of independent 
power supplies. We could list tolerances on these higher-order contributions, but, 
instead, we simply note that the bunch compressors must be designed to facilitate 
correction of the inevitable errors. 
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CHAPTER 3.4 
PRIMARY SOURCES OF DILUTION 

In this chapter, we will discuss the primary sources of coupling that increase 
the projected emittance. These are dispersive errors, transverse wakefields, and RF 
deflections. In the first two cases, we will consider the effect of a coherent betatron 
oscillation and a trajectory which is corrected to zero the Beam Position Monitors 
(BPMs) measurements. In the case of the RF errors, we will only estimate the effect 
of random errors. Finally, in analogy with Section 2.2.8, we will comment on the 
distribution of the emittance from these errors and the additional tolerance needed 
to limit the emittance with a 95% confidence level. In general, the tolerances found 
in this section are severe; we will discuss techniques of easing them in Section 3.5. 

To estimate these dilutions, we will use two particle models. Here, we repre
sent the beam with two macro-particles separated in 6 or z and then estimate the 
emittance dilution assuming that the coupling is a linear function of the separa
tion. Instead, one could calculate the dilution as a function of 6 or z and then 
integrate over the distribution to find the dilution; this approach is taken in Ref. 31. 
We choose the two particle model since it provides a fairly accurate estimate of 
the dilution while also providing a simple picture for understanding the correction 
techniques discussed in Section 3.5. 

Finally, throughout this section, we will compare our estimates with the results 
of computer simulations. These involved tracking the centroids and beam ellipses 
of 55 macro-particles distributed in the longitudinal phase space in the NLC linac. 
The simulations included the effect of wakefields and/or dispersive errors as noted 
in the text. 

3.4.1 Dispersive Errors 

We differentiate between two types of energy dependent errors: dispersive and 
chromatic. Dispersive errors arise from a correlation between the centroid of the 
constant energy slices of the beam and the energy deviation while the chromatic 
errors are due to a correlation between the second moments of the slices and the 
energy deviation, i.e., chromatic errors distort the shape of the beam ellipses. The 
chromatic error was discussed in Section 3.3 as a source of filamentation. If the 
beam is matched to the lattice, the chromatic error is small. 
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The energy deviation includes both an uncorrelated contribution and a contri
bution correlated with the longitudinal position z. The dispersive error due to the 
correlated energy deviation is used to (partially) cancel the effect of the dipole wake-
fields; this is BNS damping and will be discussed in the next section. Thus, we 
categorize this correlated dispersive error with the wakefields and, in these calcula
tions, only consider the dispersive errors due to the uncorrelated energy deviation. 

To estimate the effect of the dispersive error, we use a two particle model where 
one macro-particle has the design energy and one has an energy deviation 6ua. Then, 
the difference between these two macro-particles Ajrj = yc — y ^ is found from the 
equation of motion Eq. (3.2.1). This yields 

1 d d — 7 l ( s ) 7 A w - ( l - « u „ ) A ' , ( 6 ) A w = 
lis) as ds (3.4.1) 

KviGgiJ) - 6aDI<i{S)yg + <5unA'] (6)yc , 

where <5 is the correlated energy spread and Ki{6) = (1 — S)Ki. In addition, we 
have neglected the dispersive effects of the wakefields, this is valid if the Wakefield 
is weak compared to the external focusing as it is in the NLC. 

The solution to this equation can be expressed in terms of the R12 transport 
matrix element. The R12 transport element (see Appendix A) describes the position 
offset resulting from a deflection; it can be thought of as the Greens function for the 
accelerator lattice. This yields 

3 

Ayd(s) = J'ds'6un[s')[G9 - Kiyg)Ri2(S;s\s) 
0 

s 

+ ds'Sun(s')h'iycEr2(^\s',s) , 

(3.4.2) 

where 6 = 6un + 6. 

Note that we have separated the solution into two contributions. If we ne
glect the slow variation of 6a„, the first contribution is simply proportional to the 
trajectory at A and can be neglected. The second contribution depends upon the 
trajectory offsets in all of the quadrupole.s along the liuac. It is this term that can 
grow to become a significant eiuil lance dilution. 
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At this point, we need to calculate the effect of the dispersion on the projected 
emittance. If the dispersion is linear in the energy deviation, valid for small <5UI11 

then the resulting projected emittance can be expressed as " 

ev = eay/r+2F/ea , (3.4.3) 

where ea is the undiluted emittance and T is analogous to the single particle invari
ant: 

2T = 7j, Ar, 2 + 20,, Ay Ay' + j3yAy'2 . (3.4.4) 

To limit the luminosity reduction to 3%, we want to limit the emittance dilution 
to 6%. In this case, the tolerance on 7" is T is 0.06ey and tolerance on the expected 
value of A# 2 can be expressed as 

^-jJ- £ O.OGdj, or A y t m s £ 0.25<Tj, . (3.4.5) 

We will consider the dilution due to two types of trajectories: a coherent betatron 
oscillation and a trajectory corrected to zero the Beam Position Monitors (BPMs). 

3.4.1.1 C O H E R E N T BETATRON OSCILLATION 

If the beam performs a betatron oscillation down the linac, it will begin to 
filament because of the chromatic phase advance. This was referred to as dispersive 
filamentation in Section 3.3 and is schematically illustrated in Fig. 19 where we 
have plotted a low-energy, an on-energy, and a high-energy beam ellipse of a beam 
starting to filament. If the beam fully filaments, the emittance dilution is found 
from Eq. (A.5.10) to be 

A*v = - 5 ( 7 ^ 0 + 2a y y o yo + 0v!>o2) , (3.4.6) 

where 3/0 and y'0 are the initial amplitudes of the betatron oscillation. For 6% 
emittance dilution, this sets a tolerance on the maximum injection jitter of 

2/o&0.35<7j, , (3.4.7) 

which corresponds to a tolerance of roughly 0.7//in in the NLC main linacs. 
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Equation (3.4.6) specifies the maximum dilution due to beam jitter, but if the 
beam does not filament significantly, the dilution is smaller and thus the tolerance 
is looser. To calculate this, we use Eq. (3.4.2) and an expression for a coherent 
betatron oscillation. Using the Jtu matrix element, a betatron oscillation can be 
written: 

»«(*) = w J ^ , / ^ « » ( > ( a ) - i M , (3-4.8) 
y Pa V "i\s> 

where we have assumed the oscillates starts from a symmetry point where au = 0. 

Now, we use the NLC scaling described in Appendix D. In particular, K\ is 
assumed to decreases inversely with the beam energy while the beta functions and 
the lengths increase with the square root of the beam energy. This yields a sum over 
quadrupoles that depends upon the beam energy at the magnets. Using Eq. (D.1.7) 
and expressing the sum as an integral, we find 

* ^ A £ „ 2 t a n - ! ( ^ y , (3.4.9) 

where Ncf.a is the number of FODO cells in the linac, <5o is the initial uncorrected 
energy spread, t/>c is the phase advance per cell, and the expression was simplified 
with Eq. (D.1,3). 

In the 500 GeV NLC linac, Eq. (3.4.9) incorrectly yields a tolerance that is 
tighter than that of Eq. (3.4.6). This occurs because, as described in Section 3.3, 
the beam partially filaments in the NLC linacs. The dispersive emittance dilution 
due to a coherent betatron oscillation in the NLC 500 GeV main linac is plotted in 
Fig. 23; the dilution due to the vvalcefields is not included. The maximum amplitude 
of the oscillation is equal to the beam size and thus Eq. (3.4.6) predicts a maximum 
emittance dilution of 50%. In Fig. 23, the dilution approaches this maximum, 
reaching 44% at the end of the linac. 

3.4.1.2 CORRECTED TRAJECTORY 

We will consider the dispersion due to a corrected trajectory essentially following 
the procedure outlined in Ref. 99. We assume that the trajectory is corrected 
to zero the BP.M measurements as is usually the case. Unfortunately, the BPMs 
are misaligned, both mechanically and electronically, and thus, the actual uibit is 
deflected from side-to-side following the misalignments. 
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DO 
O I W o q 
CO 

n — i — i — i — I — i — i — i — i — I — i — i — i — i — I — i — i — i — i — I — i — i — i — i — I — r — r -

b _ j i L - J — i — I — i i _ J 

0 1000 2000 3000 4000 5000 
S (meters) 

Fig. 23. Simulation of dispersive filamentation of a betatron oscillation in 
the 500 GeV NLC main linac; the initial oscillation amplitude is equal to 
the initial beam size. 

We will calculate the dispersive error assuming that the BPM misalignments are 
random and that the trajectory correction only uses correctors and BPMs located 
at the focusing quadrupoles; we"refer to this as "one-to-one" trajectory correction. 

To begin, we need to demonstrate that we can neglect the first term of Eq. 
(3.4.2); then, we can calculate the expected dispersive error. Consider a single mis
aligned BPM as is illustrated in Fig. 24. Using Eq. (3.4.2), the resulting dispersive 

+ 62{K1L,)yJkP{a) cosies)-rh) . 
(3.4.10) 

where, for simplicity, we have assumed 90° phase advance per cell and we have 
neglected the defocusing quadrupoles. Since the final trajectory is 2ero, the deflec
tions must cancel: 0i\l0\ = O3\J$3 = y/\J fa- We can neglect the first term if it's 
magnitude is much less than that of the second, i.e., if 

(*i-*a)^«fc(A',i;,)y (3.4.11) 
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Fig. 24. Schematic of one-to-one trajectory correction; the trajectory is 
corrected to the BPMs (diamonds) which are misaligned in the quadrupoles 
which are also misaligned relative to the centerline. 

Using the NLC scaling, Eq. (D.1.7), and expressing the integrated quadrupole 
strength in terms of the beta functions, this condition can be expressed as 

A'eell V 10 
^ = 2 ^ « 1 (3.4.12) 

where A7 is the energy gain over one cell. This is certainly satisfied in the NLC 
linacs and thus we will neglect the first term of Eq. (3,4.2). 

Now, from the second term of Etj. (3.4.2). we find an expected error 

(*!# i / \ J / 2 .V.,11-1 / •. 3/2 
(3.4.13) 

where we have used the NLC scaling described in Appendix D. In addition, to 
simplify the result, we have neglected the defocusing quadrupoles and thus our result 
will slightly overestimate the error; the contribution from the defocusing quadrupoles 
will reduce this result by a factor of ,•?/,•} which is about 15% in a lattice with a 90° 
phase advance per cell. 
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Finally, using Eq. (D.1.7) for 7,, and expressing the sum as an integral, we find 

—jf-^toWc) 3 ( —l^cell 1 (3.4.14) 

where we have used Eq. (D.1.3) to express the result in terms of the phase advance 
per cell. 

In the 500 GeV NLC linac, this yields a tolerance on the actual trajectory of 

y C rms£ 'Mrn , (3.4.15) 

for 6% emittance dilution. This is a tolerance on the alignment of the BPMs and it 
is severe. To verify this result, we have simulated 10/im BPM errors in the NLC 50C 
GeV linac. The final dilution, found by averaging the results of 20 diiferent random 
error distributions, is Aey = 37%; litis agrees well with the prediction Eq. (3.4.14). 

Of course, this tolerance assumes that the trajectory follows the random BPM 
alignment errors. In Section 3.5, we will discuss alternate techniques of correcting 
the trajectory that could ease this tolerance by over an order of magnitude. 

3.4.2 Transverse Wakefields 

As described in Section 2.3.4, wakefields arise from the electromagnetic interac
tion between the beam and the external environment. They caus* forces that are 
functions of the longitudinal position with the bunch z, and thus, the wakes will 
dilute the transverse projected emittance. In this section, we will discuss the effect 
of the wakefields in the linacs. We will only consider a single bunch of particles, 
neglecting the multi-bunch effects; these are discussed in Ref, 117. 

The wakefield force can be separated into multipole components much like the 
magnetic fields. In a cylindrically symmetric structure' 2 9 1 

Fy{z) = Ne2((y)WLi(z) - 2(x2 - y2)W12(z)y + 4{xy)WX2(z)x 4 • • •) , (3.4.16) 

where the angle brackets denote an average over the beam particles and W±j and 
W±_2 are the dipole and quadrupole wakefields. In genera], the magnitude of the 
higher-order wakefield multipoles decreases inversely with the square of the iris ra
dius: W±„ oc I/a"". Thus, provided that the beam size and the trajectory offsets 
are small compared to the iris radius, we only need consider the first few niultipoles. 
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Here, we will first consider the effect of the dipole wakefield due to a coherent 
betatron oscillation, a corrected trajectory, and random misalignments of the ac
celerator sections. Then, we will briefly discuss the quadrupole wakefield; it has a 
small effect. To calculate the effect of the dipole wakefield, we start from the two 
particle model where one particle is located at the head of the bunch z = +o> and 
the other particle is at the tail z = —ff2. Now, half of the difference between these 
two particles 2Ayw = y(z = +ot) ~ y(z = — <rs) is found from the equation of 
motion Eq. (3.2.1). Specifically, 

h)i'lis)iAyu' ~{1~ 26]KlAv" = 6(G» ~ Kiy') 
(3.4.17) 

where WJ_I(2CT>) is the transverse wakefield at —2cr2 and 6 is half of the coherent 
energy difference between z = +<r2 and z = —a2: 25 = 6(z = — az) — 6(z = +ffz). 

Again, the solution for Aj/U, can be written in terms of the R12 transport matrix 
elements in a form similar to Eq. (3.4.2). In addition, the resulting dilution can be 
found from Eq. (3.4.3), where T is now a function of At/U,. To limit the luminosity 
reduction to 3%, we need to limit Ayw to Ayw & 0.25<rs or Aj2,//? y ;$ O.OGfj,. 

3.4.2.1 C O H E R E N T OSCILLATIONS AND BNS DAMPING 

A betatron oscillation can be written in the form of Eq. (3.4.8) and the solution 
can be found from Eq. (3.4.17) using the R\2 matrix elements. If the correlated 
energy spread is zero 6 = 0, the tail particle is driven on resonance by the wakefield 
of the head particle. Using the NLC scaling and noting that the energy increases 
linearly with position down a linac, we can express the solution as 

(^™)^(iy. («..« 
where Q is the acceleration gradient in A7 per meter and 8 is calculated in Ap
pendix D. 

In most cases, this will result in severe tolerances. In the NLC 500 GeV linac, 
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this yields a tolerance on the initial amplitude of the coherent oscillation of 

t ,o£0.4/im , (3.4.19) 

for 3% luminosity reduction and, in the lower gradient 250 GeV linac, this tolerance 
is a factor of two more severe. 

To ease this tolerance, we car. add a correlated energy spread 6. This correlated 
energy spread can have three effects: first, the head and the tail particle have 
different betatron frequencies because of the chromatic phase advance and thus 
the resonant growth is reduced; the dilution "beats" rather than growing linearly. 
Second, the dispersive factor 6A'i can be used to directly cancel the wakefield driving 
term and thereby the growth and, third, the energy spread can cause an apparent 
damping of an oscillation in the transverse phase space. These techniques are all 
referred to as BNS damping 6 but we will denote the first two cases as the "beating" 
and "autophasing1' regimes of weak BNS damping and the third as strong BNS 
damping. Since the NLC is in the weal; BNS damping regime, we will only discuss 
the first two effects. 

Weak BNS Damping: Beating 

In this regime, the cancellation is a global correction. It depends upon the 
chromatic phase advance and thus the correction is averaged over many cells. In 
this case, we can calculate the dilution using a smooth approximation. Explicitly, 
we assume that the tail macro-particle has a phase advance of 4> + 4TT££ where f is 
the chromaticity; in a FODO cell the chromaticity per cell is approximately 1" 0 1 

tan ttv/2 
fc = l £ L - • (3.4.20) 

it 

Now, if we calculate the effect of a coherent betatron oscillation, neglecting the 
dispersive contribution, we find 

~W~JA \ ) WAN^Q) { w J • (3-4-21) 

This shows that the dilution boats as the beam propagates down the linac, increasing 
and decreasing depending upon the relative phase between the head and the tail. 
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Ideally, one can minimize the dilution by choosing 

« B N S * 5 T T - r , (3-4.22) 

where n — ± 1 , ±2, • • -. Of course, when the dispersive effects of the 8K\ term are 
included, one finds that a negative 6 is much more effective than a positive 6. In 
the 500 GeV NLC linac, Eq. (3.4.22) yields a minimum energy spread of 

*BNS = - 4 x 1 0 - 3 . (3.4.23) 

Weok BNS Damping: Autophasing 

Next, in the autophasing regime, the dispersive term <5/("i is used to cancel the 
wakefield. In the smooth approximation, where A'I and H'xi are smooth functions 
of s, one can solve for a 6 such that the cancellation always occurs. Unfortunately, 
this local cancellation is not possible in the alternating-gradient focusing structures 
used in high-energy machines. While the wakefield H'j.i has a constant sign, an 
alternating-gradient focusing structure usually contains a periodic array of discrete 
focusing magnets with both positive and negative K\ values. Since the energy 
spread i cannot be changed rapidly with 5, at best one can adjust correlated energy 
deviation to cancel the integral of the wakefield over a cell of the focusing structure. 

To calculate the BNS damping condition, we start with the betatron oscillation 
of Eq. (3.4.8) and use the R\2 matrix element to solve Eq. (3.4,17). Since the 
autophasing cancellation is quasi-local, we can neglect the chromatic phase advance 
which is only significant after many cells. Thus, we find the expression: 

0 cos u'c - 3) sin((2n + 1 )ipc - vj) ) 

Hj_]{2<7.) — / 
- ; —(£acc)n#„ sin^y - sin((2n + l)cv - r / ) cosL ' c / 2 

4 7n \ 

.Vi-oH'j.iO.0 

(3.-1.2-1, 
where I o c c is the length of accelerator section between two quadrupoles. i.e., nearlv 
the half of the cell length in our model. 
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Fig. 25. Simulated emittance dilution due to wakefields with and without 
BNS damping in the 500 GeV NLC linac; initial amplitude of the betatron 
oscillation equals the beam size: 2^m. 

If we neglect the quickly varying terms, which will average to zero, we find the 
autophasing condition: 

Jh'iL9(0 -$) = 4?taafo/2 » N r t , W ^ % ' * ) L . ^ . (3.4.25) 

Here, the NLC scaling is convenient since the required 6 is independent of 7. In the 
500 GeV NLC linac, we find 

*BNS = -1-7 x 10" (3.4.26) 

In the NLC, the correlated energy spread for autophasing is less than that required 
for the beating BNS damping. In the SLC, the situation is reversed; the energy 
spread for autophasing is much greater than that for the beating BNS damping. 

Of course, in practice it is difficult to achieve the BNS damping conditions for the 
entire bunch. Thus, even when close to the BNS damping conditions, there is still a 
small growth of the projected omittance. In Fig. 25 we have plotted the ernittance 
dilution due to wakefields of a beam with and without the optimal autophasing 
energy spread in the 500 GeV NLC linac; the initial amplitude of the betatron 
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oscillation is equal to the beam size: ;/o = 2/mi. Without BNS damping, the 
emittance doubles, while with BNS damping, the dilution is only 8%; this implies a 
tolerance on an oscillation of roughly 2 pm with BNS damping and thus the tolerance 
on the amplitude of the oscillation is determined by the dispersive dilution and not 
the wakefields. 

3.4.2.2 CORRECTED TRAJECTORY 

At this point, we need to consider the effect of the wakefields due to a corrected 
trajectory where we assume that the trajectory is corrected to zero the BPMs at 
the focusing quadrupoles. Thus, this dilution will be very similar to the dispersive 
error due to a corrected trajectory. 

As discussed in Section 3.4.1.2, we can neglect the first term: (Gy — K\yq), 
in Eq. (3.4.17) which gives rise to the non-zero trajectory. This leaves the term 
proportional to the trajectory. In this estimate, we will assume that the autophasing 
condition is exactly satisfied. Unfortunately, this does not cancel the wakefields due 
to a corrected orbit. In particular, the cancellation depends upon the position x 
in the quadrupoles and the accelerator sections and thus exact cancellation is only 
possible if x(s) is correlated from point-to-point. This is the case for a coherent 
betatron oscillation, but it is not true if the particle is steered or deflected by random 
errors as is the case for a corrected trajectory. Thus, while the BNS technique can 
cancel the wakefleld effects due to a coherent betatron oscillation, it may reduce, 
but cannot cancel, the effects of wakefields due to a corrected trajectory. 

We can estimate the residual dilution using the model illustrated in Fig. 26. We 
assume that the trajectory is corrected to the (misaligned) BPMs at the focusing 
quadrupoles and we ignore any misalignments of the defocusing quadrupoles. In. 
this case, the trajectory at the defocusing quadrupoles can be written in terms of 
the trajectory at the two adjacent focusing quadrupoles: 

y-d = (yo + y-i) 
//3sinV>e/2 

$ sinipc 
(3.4.27) 

/ffsin^/2 

where we have used the notation of Fig. 26 for the positions at the quadrupoles. 
Furthermore, the position at the centers of the accelerator sections is just the average 
of the position in the adjacent focusing and defocusing quadrupoles. 
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Vertical trajectory at elements: 

Y_i Y _ d Y Q Y + d Y + , 

Y_,+Y. d Y _ d + Y 0 Y 0 + Y + d 
Y + d + Y + 1 

Fig. 26. Schematic of the model used to calculate the wakefield dilution 
of a corrected orbit; notation denotes the trajectory at the center of the 
elements. 

Now, the dilution can be found using Eq. (3.4.17). Assuming that the trajectory 
offsets, i.e., the BPM misalignments, are unconelated, we find 

* v l = ( y g P M ) " " " 
0f 2 

r«t« l l - i _ r y — / A \ 

J2 (^BNS(A']L,)„)2 V ^ l 1 - ? ) 
n=0 I \ P/ 

9 ̂ ^mw • 
(3.4.2S) 

where cos^> is calculated in Appendix D, we have expressed the wakefield in terms 
of the BNS damping condition Eq. (3.4.25). 

Finally, using the NLC scaling and Eqs. (D.1.7) and (D.1.3), we find 

1 -
sin tl<c/2 

Nt «u (3.4.29) 

In the 500 GeV NLC main linac. this yields a tolerance on the BPM alignment of 

J/BPM 5 S / i m , (3.1.30) 

to limit the emittance dilution to 6l/f. 
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Fig. 27. Simulated wakefield dilution in the 500 GeV NLC linac due to a 
corrected trajectory with 10 nm BPM random alignment errors; the optimal 
BNS damping is included. 

To verify this result, we have simulated this effect of 10 /im BPM alignment errors 
in the 500 GeV NLC linac; the ernittance dilution fur a typical case is illustratetl 
in Fig. 27. The final dilution, found by averaging the results of 20 different error 
distributions, is Aej,=14%; this implies a tolerance of roughly 6/jm, slightly tighter 
that the 8 fim calculated above. Again, this is a severe alignment tolerance, but it 
can he eased with special correction techniques discussed in Section 3.5. 

Finally, it is useful to compare the dispersive error due to a corrected trajectory 
with the wakefield dilution. In general, the dispersive dilution decreases as the focus
ing decreases while the wakefield dilution increases; ?BNS, in Eq. (3.4.25), decreases 
with increasing phase advance per cell. This is illustrated iii Fig. 28, where we have 
plotted the dilution arising from a trajectory corrected to BPMs with 10 fim rms 
alignment errors versus the phase advance per cell in the 500 GeV NLC main linac. 
The solid line is the total dilution while the dashed and dotted lines are the disper
sive and wakefield contributions, respectively; the total dilution is not necessarily 
the sum of the two individual contributions since cancellations and additive effects 
occur. Notice that, in the NLC linac, the minimum dilution occurs at roughly 70° 
per cell. Although one could conclude that (his lower phase advance per cell would 
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Fig. 28. Simulated emittance dilution in the 500 GeV NLC linac due to 
a corrected trajectory with 10 ftm BPM random alignment errors and BNS 
damping; the solid line is the total dilution while the dashed and dotted 
lines are the dispersive and wakefield contributions. 

be better than the 90° per cell currently suggested, we need to remember that the 
effect of the accelerator section misalignments has not been included; these are eased 
with stronger focusing. 

3.4.2.3 ACCELERATOR SECTION MISALIGNMENTS 

Finally, we can calculate the effect of random accelerator section misalign
ments. In this case, the BNS damping does not reduce the dilution. Starting 
from Eq. (3.4.17) and using the NLC scaling, we find 

fij " { V a ) \ 4 ) 2NQe]ig? ' 

where Q is the accelerating gradient in A-f/meler. 

(3.4.31) 

In the 500 GeV NLC linac, this yields a tolerance on the alignment of the 
accelerator sections of 

i / a r m s ; S 4 . 2 / , m , (3.4.32) 

to limit the emittance dilution to 0%. We will discuss techniques of easing this 
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tolerance in Section 3.6. 

3.4.2.4 QUADRUPOLE WAKEFIELD 

As expressed in Eq. {3.4.16), the quadrupole wakefield is proportional to the 
second moments (x2 — y2) and {xy} of the beam. It generates a quadrupole or skew 
quadrupole force that varies along the length of the beam. Thus, the wakefield 
causes a z dependent betatron mismatch or a a dependent betatron coupling; both 
effects increase the vertical emittance of a flat beam. Furthermore, in an alternating 
gradient lattice, the second moments of the beam are usually non-zero, even if 
the trajectory is corrected perfectly. Thus, the wakefield causes a "fundamental" 
dilution of the vertical emittance of an intense beam; these effects were first analyzed 
in Ref. 30. 

In the NLC linacs, this fundamental dilution is insignificant because the beam 
size is tiny compared to the iris radius of ihe accelerating structures. Instead, the 
quadrupole wakefield may prove important because it can couple large horizontal 
trajectory offsets into the vertical plane. We can estimate the effect of the quad
rupole wakefield using the two particle model for Ayw described earlier. Using the 
force in Eq. (3.4.16), we find a solution for L\yw similar to Eq. (3.4.2): 

5 

Ay™ = - / ds'^•WJ.2C><Ti)i^citi2(2&; sl,s) , (3.4.33) 
o 

where xc is the horizontal beam trajectory. 

We consider the effect of coherent betatron oscillations in both planes; the os
cillations are given by Eq. (3.4.8). In this case, we use Eq. (3.4.33) to find 

&y% „ i (XroW±2\2 4'Jo ir-i7r2'm i„a v , . , - ^ 
~R~ o —7?— I H2~a~Pz° "y° ~ l n ' (3,4.34) 
Of 2 \ 46 / PioPyO 7/ 70 

where xg and yo are the initial amplitudes of the betatron oscillations and Q is the 
acceleration gradient. Here, we have assumed that the horizontal and vertical phase 
advance per cell are separated; the result should be doubled for the case of equal 
phase advances per cell. 

To use this equation, we need (lie quadrapole wakefield at 2<Tj. We will estimate 
this by simply scaling the dipole wakefield. In general, the quadrupole wakefield is 
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a factor of (1 / a ) 2 smaller that the dipole wakefield; a is the accelerator structure 
iris radius which i s a s s 4 mm in the NLC main Hnacs (11.4 GHz) and a ss 1.5 cm in 
the preliminary linacs (2.8 GHz). 

Thus, in the 500 GeV NLC linac, we find W±2{2az) ~ 1 0 n m - 5 for a bunch 
length of 100 fim. Now, Eq. (3.4.34) predicts an emittance dilution of less than 1 0 - 4 

assuming a 100//m horizontal './etatron oscillation and a 10//m vertical oscillation. 
Thus, this is an insignificant effect even though we have assumed extremely large 
amplitudes for the initial betatron oscillations. 

3.4.3 RF Deflections 

RF deflections occur if the accelerating field is not oriented in the direction of 
the beam propagation, This can be due to misalignments of the RF structures, 
errors with the RF structures such as tilted irises, or an angular trajectory through 
the structure. 

Assuming a sinusoidal RF field, the deflection can be written '° s 

Ay'=g^^sin(=kR? + <Po) , (3.4.35) 

when. ATRP is the acceleration from the structure, &RF is the RF wavenumber, and 
0o is the phase of the deflection relative to the bunch; this is not necessarily equal to 
the phase of the accelerating field. Finally, g is the longitudinal-transverse coupling. 
This can be due to misaligned section, a non-zero trajectory through the section, 
input/output coupler asymetries, and construction errors in the sections. In these 
case, g is: 

!

©a«/2 for misaligned sections 

y'jl for trajectory error . (3.4.36) 

%. 0 i r j s for systematic tilted irises 
The factor of \ appearing in the first two expressions arises from the radial focusing 
at the ends of the structure while the effect of tilted irises is much more complex 
since the cavity fields are perturbed; using simple analysis, one estimates g to be 
between 0; r i s and ©iris/2. 

The deflections have two effects: they deflect the beam centroid and they cause 
a deflection that is correlated with the longitudinal position within the bunch z. The 
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former effect is simply corrected with dipole correctors, but the later effect dilutes 
the projected emittance in a manner similar to the dilution due to the transverse 
wakefields. 

We can estimate the dilution in the same manner that we calculated the effect 
of the wakefields. Assuming uncorrected errors with random phases ^o and vising 
the NLC scaling, we find 

iMd-^af^(^fg'(uf , (3.,37) 

where 2AJ/RF = y[z = +<*i) — y{z — —ft) and Nacc is the number of accelerator 
sections. Finally, we express the sum as an integral and note that 7 increases linearly 
with the number of accelerator sections, finding 

^*<*^F)V>?(^) • < 3 - 4 - 3 S > 
In the 500 Gev NLC linac, Eq. (3.4.3S) yields a tolerance of 

fftms £ 31 firad , (3.4.39) 

for 6% emittance dilution, This is not a severe tolerance on the trajectory or the 
alignment; at the beginning of the linac, it corresponds to a 120/'m orbit tolerance 
in the focusing quadrupoles and a SO/im tolerance on aligning the ends of each 
structure. But, it is a severe construction tolerance on the systematic alignment 
of the irises in the accelerator sections. Furthermore, despite the lower gradient, 
the tolerance is comparable in the preliminary linac since it is much lower energy. 
Specifically, in the weak focusing preliminary linac, we find 

S t m 5 £ 5 0 , n a d , (3.4.40) 

for 6% emittance dilution; the stronger focusing version has a looser tolerance. 
For comparison, the measured value in the SLC accelerator sections JS <7rms ^ 
200^rad."" ! 

Finally, we note two points: first, these effects can also be very severe in the 
bunch compressors since the bunch is long in what is usually a. very high gradient 
structure. Second, since the effect of these RF kicks is similar to that of the 
transverse dipole wakefield. we can correct the effect of the RF deflections with the 
wakefields. This will be discussed further in Section 3.6. 
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3.4.4 Distributions 

Throughout this section, we have calculated the expected dilution from random 
errors. Of course, the dilution has a distribution and when specifying a tolerance, 
we need to include the confidence that, given the tolerance, the dilution will be less 
than the desired limit. This issue has been discussed in Section 2.2.8 with respect 
to emittance dilutions in storage rings. 

In a linac, we can quickly conclude that the dilution function T will have 
an exponential distribution if the alignment errors have gaussian distributions. 
Thus, small emittance dilutions should also have exponential distributions; using 
Eq. (3.4.3), the emittance dilution can be written 

if the dilution is small. 

Unfortunately, as noted in Section 2.2.S, an exponential distribution has a 95% 
confidence level at three times the expected value. Thus, if one wants to specify 
tolerances that will limit the emittance dilution for 95% of the possible arrangements 
of errors, the tolerances given in this section need to be divided by a factor of 
v 3 . Fortunately, unlike a storage ring, in a linac we are specifying many unrelated 
tolerances that all limit the respective dilutions to 6%. Thus, we do not need to 
specify each individual tolerance with a 95% CL to limit the sum of all of the 
independent effects with a 95% confidence level. The final distribution is found by 
convolving all of the individual exponential distributions and will have the form 
of a x ' - s q u a r e d distribution with 2A' degrees of freedom, where N is the number 
of individual tolerances. This distribution becomes narrowly centered about the 
expected value as N increases and thus the value of fci needed to scale from the 
expected value to the 95% confidence value will be much less than three. 
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CHAPTER 3.5 
TRAJECTORY CORRECTION 

3.5.1 Introduction 

As discussed in Sections 3.4.1.2 and 3.4.2.2, standard trajectory correction tech
niques steer the beam to zero the BPM measurements; we generically refer to these 
techniques as "one-to-one" correction since typically a single upstream corrector is 
used to zero a single downstream BPM. The problem with this approach is that 
the BPMs are typically misaligned, both electronically and mechanically. Thus, the 
corrected trajectory is kicked from side to side, following the BPM misalignments. 
In such a case, we found that the dilutions due to the dispersive errors and the wake-
fields tend to grow with the square root of the number of BPMs. In the 500 GeV 
NLC linac, we found tolerances on the BPM alignment of roughly ffflpM ;£ 4 fim for 
6% emittance dilution. This is over one order of magnitude better alignment than, 
can be achieved with techniques now in practice. 

To avoid this situation, we need to either find and correct the BPM misalign
ments or develop an algorithm which does not depend upon the BPM alignment 
errors. A method of using the beam to do the former has been developed for the 
SLC linac. 3 ' 6 This "beam-based" alignment technique uses trajectory informa
tion from two or more different focusing configurations to solve for the individual 
misalignments of the quadrupoles and the BPMs; the focusing configuration of the 
machine is varied by tuning the quadrupole magnets which focus the beam through
out the linac. This method has been used very successfully to find most of the large 
alignment errors in the SLC linac with an accuracy of roughly 100/im! 

In this section, we discuss the other approach, namely, the use of correction 
algorithms that are less dependent on the BPM alignment errors. Specifically, we 
will discuss two methods referred to as "Dispersion-Free" (DF) correction i s i'*6 ] and 
"Wake-Free" (WF) correction;'"'6*1 the DF technique reduces the dispersive dilution 
due to a corrected trajectory while the WF method reduces both the dispersive and 
the wakefield dilution arising from a corrected beam trajectory. 

Our basic approach is similar to that of the beam-based alignment of Refs. 3 
and 67 in that we use information from two or more different focusing configurations. 
Specifically, we measure trajectories where the focusing structure is changed between 
measurements. By subtracting these trajectories, the resulting difference orbits are 
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independent of the BPM alignment errors. In theory, the quadrupole misalignments 
could now be found, Unfortunately, the difference orbits still have errors due to 
beam jitter, finite BPM precision, and additional unknown deflections. Rather .ban 
trying to solve for the individual misalignments, we simply correct the trajectory to 
minimize these difference orbits; this will then minimize the dispersive error and/or 
the wakefield dilution. 

In the next sections, we will first describe the DF correction algorithm. We 
present the basic algorithm and then perform a detailed error analysis to determine 
the limitations of the technique. Finally, we verify the performance of the technique 
with simulations on the NLC linac. Next, we introduce the WF technique. This is a 
simple extension of the DF algorithm. Again, we present the results of simulations 
illustrating the effectiveness of the correction algorithm. Finally, we describe some 
extensions to these techniques and we discuss the relative merits of these trajec
tory correction algorithms and the beam-based alignment technique. Much of the 
material in these sections is taken directly from Refs. 85 and 87. 

3.5.2 DF Correction 

The DF correction technique is quite intuitive. To correct the dispersive emit-
tance dilution, we simply correct the energy dependence of ihe beam trajectory. 
This can done by varying the effective beam energy and then correcting the differ
ence between the resulting orbit and the original trajectory; in a linac, the effective 
beam energy can be varied by either changing the actual beam energy or, equiva
lency, changing the magnet strengths. Physically, it is easiest to understand this 
algorithm in terms of the dispersive error expressed in Eqs. (3.4.1) and (3.4.2) of 
Section 3.4.1. In essence, the DF algorithm finds a trajectory y c(s) such that over 
any short region of the accelerator the integrals in expression Eq. (3.4.2) are small. 

We should note that the technique is very similar to the dispersion correction 
used in storage rings. Actually, the process is simpler in a linac than in a storage 
ring since one can make larger effective energy changes, increasing the measurement 
precision, and there are no nonlinear sextupole magnets which can confuse the 
measurement. 

To correct the difference orbit resulting from changing the effective beam energy, 
we need to measure the beam trajectories. If we only consider transverse deflections 
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due to quadrupole misalignments and dipole correctors, the j'th BPM will measure 

mi = xi(h) -hi + x0Rn[so,si) + x'0Ri2(so,Si) + ^ 0 j R i 2 ( s j , s , ) , (3.5.1) 
i 

where x is a stochastic variable representing the BPM precision error, i.e., the 
reading-to-reading jitter of the BPM measurement, 6 is the integrated deflection of 
the dipole correctors and the quadrupole misalignments, and b is the BPM misalign
ment relative to the linac centerline. Finally, the matrix coefficients R\\ and R\z 
describe the motion of the beam centroid and thus they implicitly include the effect 
of the wakefields and fUamentation. 

In a similar manner, we can calculate the measured trajectory after the effective 
beam energy is changed by S(s). The difference orbit that we will correct is found 
by subtracting this new trajectory from the original measured trajectory. 

Am,- - (xi(ii) - Xi(h)) + x0Ru(S\ s0,si) + x'0R~^(6;s0,Si) 

Here, R(6) = R — R{6) and R{£) is the coefficient R calculated for the modified 
optics due to the change in energy. It is important to notice that the difference 
orbit is independent of the BPM misalignments. We should also note that we have 
not included additional unknown errors such as RF deflections or magnetic strength 
errors; these and other errors will be discussed in Section 3.5.3. 

In principle, using [Nq + 2) BPMs, we could solve for the TV, quadrupole mis
alignments and the initial conditions exactly, provided thut the BPM precision errors 
and any unknown deflections are negligible. In such a case, we could fix the injection 
and the quadrupole errors; the trajectory would then follow the linac cente.iline «.;id 
the dispersive error would be zero. 

Obviously, this is not realistic. When the additional errors are included, the 
difference orbit is not a function of just (Ar, + 2) unknowns. Thus, we cannot 
calculate the individual quadrupole misalignments and the initial conditions exactly. 
The error in each calculated value will increase with the number of misalignments 
being estimated since each calculation depends upon the accuracy of the preceding 
calculations. Of course, while the error of each individual calculation may be large, 
the global solution could be used to reduce the difference orbit to the level of the 
BPM precision errors. 
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Unfortunately, if we use this global solution to correct the difference orbit, and 
thereby the dispersive enor, we would find that the trajectory diverges from the 
linac centerline. This occurs because the difference orbit is not referenced to the 
linac centerline and small errors add. Thus, we need to include some information 
about the real trajectory while correcting the difference orbit. 

We have found that the best approach is to perform a least squares solution for 
the unknowns, using both the original trajectory and the difference orbit weighted 
with the absolute accuracy with which these trajectories are known. Thus, we solve 
for the dipole corrector strengths which minimize the sum 

J j ^ + i^+Hiii , ( 3.5.3 ) 

where o p r e c is the rms of the BPM precision errors and <7BPM >S the rms of the 
BPM misalignments relative to the linac centerline. In addition, Xj is the predicted 
trajectory at t he j t h BPM as a function of the dipole corrector strengths and AA'y 
is the predicted difference orbit. We will subsequently refer to this algorithm as 
Dispersion-Free (DF) correction. 

3.5.3 DF Enor Analysis 

In this section, we analyze the effect of various errors on the performance of 
the DF correction algorithm. In a linac, there ar-e many additional errors that were 
nr>t included in the initial formulation of the DF algorithm. Thus, to understand 
the utility of the algorithm, we have to determine its sensitivity to these additional 
errors. 

The DF algorithm corrects the dispersive error by correcting a measured dif
ference orbit which is created by changing the effective beam energy. Thus, the 
algorithm relies upon the resemblance between this measured difference orbit and 
the actual dispersive error. We can divide any errors into two catagories: errors 
which cause the measured difference orbit to differ from the actual difference orbit 
(measurement errors) and errors which cause the difference orbit to differ from the 
dispersive error of a particle within the beam. 

Errors in neither category will not degrade the correction of the chromatic di
lution and thus can be ignored. This is an important aspect of the algorithm. 
The algorithm does not attempt to extract specific information from noisy data; it 
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minimizes a measured quantity. Thus, if errors reduce the convergence of the mini
mization, one can simply iterate the correction procedure. Examples of such errors 
are BPM and corrector calibration errors, absolute beam energy errors, and errors 
in the transport coefficients RH used to calculate the corrections. These errors will 
only slow the convergence of the algorithms. Rather than requiring one iteration, 
perhaps two or even three iterations will be required to achieve a good solution. 

In contrast, errors in the first two catagories will cause the algorithm to converge 
to an incorrect solution. BPM precision and beam jitter errors are examples of errors 
from the first category. Magnet scaling errors, RF deflections, and effects due to 
the nonlinearity of the dispersion are examples of errors in the second category. We 
will first discuss effects due to the nonlinearity of the dispersive error and then we 
will discuss each of the other effects in turn. We proceed in this order since the 
nonlinearity is important for determining the full effect of the BPM precision and 
beam jitter errors. 

3.5.3.1 NONLINEARITY 

The goal of our correction algorithm is to improve the transverse emittance 
dilution due to the dispersive error; we want to correct the dispersive error arising 
from the energy variation within the particle bunch. The dispersion is a nonlinear 
function of the energy deviation and thus, ideally, ve would like to measure the 
difference orbit by making an effective energy change comparable to the bunch 
energy spread. Unfortunately, tins tends to be small, the order of 1% or less, and we 
will see that a small effective energy change can lead to large errors in the corrected 
solution. Therefore, we need to determine the effect of correcting a difference orbit 
created by an energy change that is substantially different from the beam energy 
spread. 

The equation for the difference orbit Ai/{ = yc—yt, due to an energy difference of. 
S, is equal to the equation for the dispersive error Eq. (3.4.1), found in Section 3.4.1. 
Neglecting the adiabatic damping, this can be written: 

Ay? + A'iAy 6 = 6{G - A',y„ + A',y c + KjAy6) , (3.5.4) 

where yq and yc are the quadrupole misalignment and the on-energy trajectory 
and, here, we have used the notation At^ instead of Ayj; the subscript S refers to 
the magnitude of the energy change which created the difference orbit. We solve 

148 



Chapter 3.5.3.2 

this equation perturbatively, treating all elements as infinitely thin in length, i.e., 
delta-functions in s. To second order, this yields 

A y ^ ) = A ^ 1 ) ( 5 ) + ̂ £ 1 ( A ' 1 I 9 ) 1 A ^ 1 ) ( 5 , } f i ] 2 ( 6 , 6 1 ) , (3.5.5) 

where the first order term is 

^yl1\s) = Yl6i((GL)i-(yr,-yq,)(KiLq),\R12(s,sl) . (3.5.6) 

Here, yc, and yql are the on-energy trajectory and misalignment at the ith quadru
p l e , and GL and K\.Lq arc the integrated deflection due to a dipole field and the 
integrated quadrupole strength, respectively. 

Equation (3.5.5) illustrates a potential problem of using an energy change 6 that 
is substantially larger than the beam energy spread a(s). Because the dispersive 
error is a nonlinear function of the energy deviation, if 6 is relatively large, it is 
possible to correct the resulting difference orbit Aj/$ to a small value while having 
a large first order contribution Ayl ; the second order contribution can be used to 
cancel the first order term. Unfortunately, this cancellation does not work within 
the beam since the beam energy spread is small. Thus, one can correct Ai/j while 
actually increasing the dispersive dilution of the beam. In the subsequent sections, 
we will use Eqs. (3.5.5) and (3.5.6) to determine the effect of errors on the DF 
correction algorithm. 

3.5.3.2 BPM PRECISION 

The BPM precision errors will limit the accuracy with which we can correct the 
difference orbit. Assuming that the BPMs have random precision errors with an 
rms of ffprecj the measured difference orbit will differ from the actual difference orbit 
by an rms error of i/2crplK. We can estimate the residual dispersive error, after 
correcting this measured difference orbit, by considering a simplified example where 
one zeros the measured difference orbit at each of the BPMs. After correction, the 
actual difference orbit Ai/j would be equal to the negative of the BPM precision 
errors. 

Given this residua] difference orbit AJI^. we want to solve for the difference orbit 
Aya created by an energy change of a(^), where a is the rms energy spread. This 
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will allow us to determine the emittance dilution due to the BPM precision errors 
using Eqs. (3.4.3) and (3.4.4). First, we use Eq. (3.5.5), with the change £ —> a, to 
express At/ f f, 

A j ^ A y i " , (3.5.7) 

where we have only included the first order term since o is assumed small. Next, 
we invert Eq. (3.5.5) to solve for Ay6 ' from the residual difference orbit Ays 

Ay{

i

1](s) = Ay6(s)-Y,6i(KM&y6(si)Ru(s,si) . (3.5.8) 
i 

Now, we need to relate Aya to At/J . The difference orbit Ay& is equal to the 
negative of the random BPM precision errors; it is constructed from sums of "de
flections" and coefficients Hn which oscillate, Eqs. (3.5.5) and (3.5.6). Thus, there 
are three length scales we need to consider: the length between "deflections" Lp, 
the betatron oscillation period L$, and the length over which <r(s) changes L„. 
Provided that LD,L& <£ La, we can treat a and <S as constant over the correlated 
"deflections". This allows us, using Eq. (3.5.6) and performing ensemble averages 
over the random deflections, to find the relation: 

< A ^ ) = ^{Ayf) , (3.5.9) 

where a- is the average of a2{s) over o>. Now, using this result and Eqs. (3.5.7) 
and (3.5.8), we find that after DF correction the BPM precision errors cause an rms 
residual dispersive error of 

(3.5.10) 

To evaluate the sum in the second term in Eq. (3.5.10), we need to assume a 
mode] linac. We use the NLC model described Appendix D, where the phase advance 
per cell is constant while the beta functions and the cell lengths increase with the 
square root of the beam energy. In addition, wc Assume that the uncorrelaled energy 
spread of the beam decreases inversely with the beam energy. Using this model, we 

( A ^ B P M W ) ) = 2 l T precp- + 2<7^ e c(7 2 ^ ( A'j i , ) f fll2(s/, 5,') 
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can evaluate the sum in Eq. (3.5.10) by approximating it with an integral. In this 
manner, we find an expected dispersive error due to the BPM precision errors of 

<Ay4pM(*/)> * 2 4 e c M + \<rlKCNSPUWa

2(KiLMff - (3-5-11) 

Here, /?o, (KiLq)o, and CTQ are the average beta function, the integrated quadrupole 
strength, and the energy spread at the beginning of the linac. 

Finally, we can use Eqs. (3.4.3) and (3.4.4) to solve for the dispersive emittance 
dilution due to this error. We will not perform the explicit substitutions here, but we 
will instead discuss a few implications of Eq. (3.5.11). First, Eq. (3.5.11) indicates 
that there will bti a minimum dispersive error, due to the BPM precision errors, 
for some value of 6. The first term of Eq. (3.5.11) deceases rapidly with S while 
the second term remains constant; if we had included higher orders of 6, we would 
find terms that increase witli 5. Secondly, notice that both terms in Eq. (3.5.11) 
can be reduced by decreasing crPreo *-e-i t n e measurement error; the rms of the 
BPM precision errors will tend to decrease with the square root of the number of 
measurements when the separate measurements are averaged together. We will see 
this behavior in the results of simulations discussed in Section 3.5.4. 

3.5.3.3 BEAM J I T T E R 

In a linac there are many sources of jitter which cause the beam position to 
fluctuate. For example, injection jitter, ground motion, and power supply fluctu
ations all have this effect. To prevent these from degrading the performance of a 
linear collider, this beam jitter must be constrained to be much less than the beam 
size; the beam jitter will directly increase the time average of the emittance since 
the beam changes position with time, thereby, increasing the effective phase-space 
volume occupied. In this section, we will estimate a secondary effect of the beam 
jitter, namely, its effect on the performance of the DF correction algorithm. 

The beam is most sensitive to dispersive errors when the beam energy spread 
is large and thus we will only consider jitter of the injected beam; the beam energy 
spread is typically largest at injection. Of course, if desired, our result could easily 
be generalized by summing over all the sources of the jitter. In fact, this will be 
done when analyzing the efTect of .nagnet scaling errors which are treated in an 
analogous manner to the beam jitter errors. 
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In the case of injection jitter, the measured difference orbit will differ from the 
actual difference orbit by a betatron oscillation caused by the jitter in initial condi
tions. After correcting the measured difference orbit to zero, the actual difference 
orbit Ays will be the negative of this betatron oscillation. To estimate the magni
tude of Aya, we use Eqs. (3.5.7) and (3.5.8) derived in the previous section on the 
BPM precision errors. This case differs from the case of the BPM precision errors in 
tha» 'he deflections that create the difference orbit, i.e., the summand of Eq. (3.5.6), 
are only non-zero near the beginning of the linac. Thus, instead of Eq. (3.5.9), we 
have the relation 

^ = ^ A y < ] > (3.5.12) 

where CTO is the rms energy spread at the beginning of the linac. Using this and 
Eqs. (3.5.7) and (3.5.S), we find an expected dispersive error due to the beam jitter 
of 

(Ay^isf)) = 2<r;itpf J~+ ( f X ^ 0 ' K}Lq),R12(sf,s,)[yoRn(s„!ia) 

+ w#i](6;-s,,so)] 

(3.5.13) 
where CTJII is the rms jitter measured at the beginning of the linac and the factor of 
two appears in the first term since two trajectories must be measured to calculate 
a difference orbit. The angle brackets denote an ensemble average over the jitter. 
This is represented by ya for jitter of the on-energy trajectory and ys for jitter of 
the trajectory after making the energy change of 6; note that for simplicity we have 
only included position jitter in these terms. 

The expression in Eq. (3.5.13) differs from the expression found for the BPM 
precision errors, Eq. (3.5.10). The BPM precision errors are uncorrected and thus 
the error (Ay0

2) depends upon A'BPM. In contrast, beam jitter leads to a difference 
orbit that oscillates like a betatTon oscillation. Thus, the error due to the nonlin-
earity, the second term of Eq. (3.5.13), will be correlated with the betatron phase 
advance and (Aj/c") will depend upon the square of A'„. 

When performing the sums in Eq. (3.5.13). we treat jitter of the on-energy 
trajectory and the off-energy trajectory sr ,>arately because the induced betatron os
cillations will have different phase advances: the phase advance is energy dependent. 
In particular, after changing the effective beam energy, the different phase advance 

" 
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will cause the correlation between the injection error and the dispersive error to 
breakdown. Thus, we would find that jitter of the off-energy trajectory contributes 
far less than jitter of the on-energy trajectory; for this reason, we will only estimate 
the on-energy jitter. 

Using the NLC model linac, we can evaluate the sums in Eq. (3.5.13) by approx
imating them with integrals. After DF correction, we find an expected dispersive 
error due to beam jitter of 

n i 

(Ay^{sf)) » 2 a j | , | | + 4A£ 1 1 (7jU 0

2 tan 2 4>c/2j^ , (3.5.14) 

where we have simplified the expression with Eq. (D.1.3). 

Again, one can solve for the dispersive emittance dilution due to this error using 
Eqs. (3.4.3) and (3.4.4). As in the discussion of the BPM precision errors, we will 
not perform the explicit substitutions here, but instead we will discuss Eq. (3.5.14). 
Similar to the error due to the BPM precision errors, the first term of Eq. (3.5.14) 
decreases rapidly with 6 while the second does not, indicating that the residual 
error due to the beam jitter will have a minimum as a function of 6. Also notice 
that, like the error due to the BPM precision errors, this contribution depends 
upon the measurement errors, and thus it can be Teduced b;' averaging multiple 
measurements of the trajectory. We will estimate the effects of the beam jitter at 
the end of Section 3.5.4, after discussing results from the simulations. 

3.5.3.4 MAGNETIC SCALING ERRORS 

Magnetic scaling errors occur when one changes the effective beam energy by 
scaling the magnetic fields. The errors arise because different magnets will scale 
slightly differently with the power supplies and because the power supplies have 
finite precision. Thus, one cannot reduce all of the magnetic fields by exactly the 
same percentage. Typically, it is possible to specify the magnetic field strength with 

r an accuracy of roughly 10~ 3 . 

The effect of these scaling errors is analogous to the effect of beam jitter. When 
» measuring a difference orbit created by scaling the magnetic fields, one changes the 

fields, measures the off-energy trajectory, resets the magnets and measures the on-
energy trajectory. We treat the final magnet values as the reference values and thus 
the scaling errors only cause errors when measuring the off-energy trajectory We 
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should emphasize that the order in which one measures the trajectories is important. 
If we measure the on-energy trajectory before the off-energy trajectory, the scaling 
errors would cause errors m both measurements, 

If a magnet deflects the central trajectory by an angle 0 and its magnetic field 
can be specified with an rms accuracy of A, the off-energy trajectory will have an 
rms deflection error of (1 — 6)&8. These deflections will drive betatron oscillations 
which will add to the measured difference orbit just as beam jitter does. After 
correction with the DF algorithm, the actual difference orbit will be corrected to 
the negative of this (off-energy) betatron oscillation. Thus, 

A w ( s ) = - ^ A J f l , f l ] 2 ( 6 ; * , s i ) , (3.5.15) 
i 

where we have neglected the factor (1 — i5). Now, since the deflections A8 are 
random, we can use Eqs. (3.5.7), (3.5.S), and (3.5.9) to find Aya. Using the NLC 
model linac, we find a residual dispersive error of 

( ^ m a g n e t ( S f ) ) =S A' ^ 3 " ~ 

/ / "' s2, (3.5.16) 

1 j ' 

Here, A' is the number of magnets and OQ is the deflection due to the magnets at 
the beginning of the linac. In addition, we have assumed that the deflection errors 
0 are random and that they decrease in strength inversely with the square root of 
the beam energy; this models quadrupolc scaling errors in our example linac. In 
the case of quadrupole errors. 6 is proportional to the integrated strength of the 
quadrupoie and the distance of the trajectory from the magnetic center. T.ius, 

{«o2) = {A'ii«)5({»m) + (K)) . (3.5.17) 

v. here ym and yc are the rms values of the quadrupole misalignments and the beam 
trajectory. Alternately, for dipole correctors, 0 can be estimated by assuming a 
uniform distribution of kicks. Thus, (<5jj) is equal to one-third of the initial peak 
deflection. 
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It is important to note that as described the magnet scaling errors only con
tribute to the error of the off-energy trajectory. The nonlinear term, i.e., the second 
term of Eq. (3.5.16), will be small because the off-energy phase advance differs from 
the on-energy phase advance and thus we can neglect it. A similar situation occurs 
in the case of beam jitter errors as discussed in the previous section. Of course, if 
the difference orbit is not measured using the procedure described at the beginning 
of this section, the magnet scaling errors could also affect the on-energy trajectory. 
In this case, Eq. (3.5.16) would have a term proportional to N x A r ^ u a d ; obviously 
this should be avoided. 

Finally, we should note that the effect of the magnetic scaling errors does not 
depend upon measurement errors which can be reduced. Thus, these errors could 
limit the performance of our correction algorithm. In Section 3.5.4, we will use 
Eq. (3.5.16) along with Eqs. (3.4.3) Mid (3.4.4) to estimate the magnitude of the 
errors; fortunately, they cause only a small error. 

3.5.3.5 RF DEFLECTIONS 

The RF is provided to accelerate the particles longitudinally. As discussed in 
Section 3.4.3, there is typically a small coupling between the accelerating field and 
the transverse planes. The RF deflections present a problem for our algorithm 
because, unlike magnetic deflections, the RF deflections remain constant as the 
effective beam energy is changed. Thus, they cause the measured difference orbit to 
differ from the actual dispersive error. 

As expressed in Section 3.4.3. the RF deflections are a sinusoidal function of the 
RF phase, typically offset in phase relative to the longitudinal acceleration: 

*YRF 
0RF = 9-~7sm(zkRr + 4>a) • (3.5.18) 

-y(s) 

Here, g is the longitudinal-transverse coupling of the accelerating structure, 7RF is 
the energy gain from the structure, and 7(5) is the beam energy. In addition, #0 is 
the phase of the deflection relative to the bunch. 

There are two methods of changing the effective beam energy when measuring 
the difference orbit: one can either change the magnet strengths or the actual beam 
energy. For either method to work properly, all of the deflections should scale with 
the change in effective energy. Unfortunately, if one changes the magnet strengths, 
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the RF deflections are not affected. Likewise, if one scales the RF to change the 
beam energy, the RF deflections also scale and the effect on the beam does not 
change. 

Since the RF deflections do not change when varying the effective beam energy, 
the measured difference orbit will be independent of the RF deflections. The dis
persive error in the beam resulting from the RF deflections and the beam energy 
spread can be directly calculated from Eq. (3.5.5) with the substitution 6 —v tr{s). 
Assuming that the RF errors are random and using the same model linac described 
earlier, we find a residua! dispersive error of 

(AyAF(sf))*^(92c°sH60-<pd))clti^M • (3-5.19) 

Here, ArRF is the number of accelerator sections. 

Notice that the RF errors do not depend upon the effective energy change 8 
used to create the difference orbit. Furthermore, this effect cannot be reduced by 
making multiple measurements of the trajectory. Thus, the RF errors could provide 
a serious limitation on the performance of the correction algorithm. We will use 
Eq. (3.5.19) along with Eqs. (3.4.3) and (3.4.4) to estimate the importance of these 
errors in both the SLC and NLC linacs after describing the results of the simulations 
in Section 3.5.4. 

3.5.4 DF Simulations 

A computer program was written to test the DF correction technique against 
the one-to-one correction algorithm. The program simulates random transverse 
misalignments of the quadrupoles and BPMs, random quadrupole strength errors, 
and BPM precision errors. The effects of RF deflections and beam jitter have not 
been directly included; these are discussed at the end of this section using the results 
of Section 3-5.3. Finally, the effect of the wakefields are neglected; these are discussed 
in the section describing the WF technique. 

All of the simulations were performed on the 250 GeV NLC linac described in 
Appendix D. To simulate correcting the orbit in the NLC, we use twenty different 
sets of random errors. The errors are found from gaussian distributions which had 
been cutoff at two sigma. The quadrupoles are misaligned 70/<m rms relative to 
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the linac centerline and the BPMs are misaligned 70 fim rms relative to the quad-
rupoles; thus, the BPMs are misaligned with an rms of roughly 100 ̂ im relative to 
the linac centerline. Furthermore, BPM precision errors of 2/im are assumed since 
a measurement precision the order of the beam size will need to be achieved in the 
NLC. Finally, 0.1% rms quadrupole strength errors are also included, simulating 
calibration errors; the errors do not change from measurement to measurement as 
power supply fluctuations would. 

In the NLC, the trajectory is assumed to be corrected by moving the quadru-
poles horizontally or vertically to achieve the desired deflection. Both the focusing 
and defocusing quadrupoles are used for correction. When correcting with the DF 
algorithm, the linac is divided into eleven sections, each containing twenty cells. 
The algorithm is then used to correct each section instead of correcting the entire 
linac at once. While correcting the linac in sections will not minimize the dispersion 
as well as correcting the entire linac at once, this procedure reduces the sensitivity 
to discrepancies between the machine and the model one uses for correction. In all 
cases, the solutions are calculated with a single iteration of the DF algorithm. 

Table 12. Results of DF simulations in the 250 GeV NLC linac. 

1-to-l DF 

Orbit rms 89 ± 1 //m 54 ± 1 fim 

BPM rms 3 ± 0 . 1 p m 80 ± 1 (im 

Dilution Aty C.20±O.Sej,o 0.02 ± 0.01 £so 

Results from correcting the twenty sets of errors with the two correction schemes 
are listed in Table 12; the error on the data is equal to one standard error. The Orbit 
rms data is the rms of the trajectory relative to the linac centerline, while the BPM 
rms data is the rms of the BPM measurements. Notice that the one-to-one algorithm 
zeros the BPM readings (within the BPM precision) while the actual trajectory is 
relatively large. In contrast, our method corrects both the actual trajectory and the 
measured BPM readings. In fact, the DF correction algorithm does better correcting 
the actual trajectory than does the one-to-one method. 

Of course, we are interested in more than just correction of the trajectory. The 
dilution of the vertical emittance due to the dispersive errors is listed in the bottom 
row of Table 12; the dilution of the horizontal emittance will be much smaller than 
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Fig. 31 Difference orbit in the NLC after (a) DF correction and (b) 1-to-l 
correction. 

the vertical since the initial emittance is one hundred times larger. Obviously, 
the one-to-one correction technique leads to a large (factor of six) increase in the 
vertical emittance. Furthermore, this emittance will continue to filament and thus 
the effective emittance growth may be much larger. In contrast, the new technique 
performs very well, virtually eliminating the dispersive dilution. 

The difference in correction techniques is illustrated in Figs. 29-33. Figure 29 
compares the trajectory after DF correction (upper plot) with the result of one-to-
one correction (loiver plot) and Fig. 30 compares the BPM readings in the same 
manner. One can see that the one-to-one method zeroes the BPMs, but does not 
correct the actual trajectory as well as the DF method. Finally, Fig. 31 shows the dif
ference between the trajectory of an on-energy particle and a particle whose energy 
differs from the design, the energy difference being equal to the rms uncorrected 
energy spread which is \% at injection and decays inversely with energy. Obviously, 
the dispersive error, i.e., this difference orbit, and therefore the dispersive dilution, 
is much smaller in the case of the DF correction. 

Figure 32 is a plot of the y-y' phase-space at the end of the NLC linac after 
correction with *he one-to-one algorithm. The curve plots the endpoints of particle 
trajectories having energies between +a( and -cr t . Also, for reference, the RMS 
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beam size, excluding the chromatic errors, is piotted about the design energy tra
jectory. Obviously, there is a large dispersive dilution in Fig. 32; the emittance 
dilution is .oughly eight times the initial emittance. For comparison, we plot, in 
Fig. 33, the y-y' phase-space at the end of the NLC after DF correction. This is the 
same phase-space, although with different scales, as Fig. 32. After DF correction, 
the emittance dilution is cuite smalt, roughly 1% in this case. 

It is evident from Table 12 and Figs. 29-33 that the DF correction technique per
forms substantially better that the one-to-one method. In all of the data shown, the 
effective energy change used by the DF algorithm was AE/E = +10%. Changing 
the beam energy, or equivaiently changing the magnet strengths, is not necessarily 
easy and can in itself introduce errors. For this reason, we wish to limit the energy 
change used by the correction algorithm. Unfortunately, as the energy difference is 
decreased, the measurement of the difference orbit, used by the DF algorithm, will 
be lost in the noise of the BPM precision errors. Thus the correction technique will 
rot perform as well. 

In Fig. 34, we plot results of the DF correction technique, again found from 
the correction of twenty sets of random errors, versus the change in effective energy 
AE/E. There are three curves: the dotted is the emittance magnification which 
has a scale on the right, the solid is the rms of the actual trajectory, and the dashed 
curve is the rms of the BPM measurement of the trajectory. Notice that both the 
emittance magnification and the rms of the trajectory have broad minimums. The 
increase which occurs as AE/E increases is due to the nonlinearity of the dispersion. 
In contrast, as AE/E decreases, the BPM precision errors reduce the effectiveness 
of the algorithm. Our estimate Eq. (3.5.11) is in good agreement with both the 
behavior and the magnitude of this residual error. Finally, notice that the minimum 
in the residual emittance will shift towards larger AE/E when one includes other 
errors since the measurement resolution increases as AE/E increases. 

Finally, in Fig. 35. we compare the result of the DF correction technique versus 
the magnitude of the BPM precision errors; the errors are varied from 2 ;im to 40 ^im. 
As before, the data was found from the correction of twenty sets of random errors. 
As in Fig. 34, the three curies: solid, dashed, and dotted, are the actual trajectory 
rms, the measured trajectory rms, and the vertical emittance dilution; the first two 
curves have scales on the left and the emittance dilution has a scale on the- right 
side of the plot. Notice that the omittance dilution is still less than 25% when the 
BP.M precision errors have been increased to S^im, which is roughly eight times the 
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vertical beam size. Also notice that the rms of actual trajectory decreases rapidly 
as the magnitude of the BPM precision errors is decreased. In fact, the decrease in 
the trajectory rms, which is important for controlling wakefield effects, may be the 
most significant gain from decreasing the BPM precision errors. 

3.5.4.1 ERRORS 

In this section we estimate the effects of errors not included in the simulations. 
Specifically, we discuss the effect of beam jitter, RF deflections and magnetic scaling 
errors. In the NLC, we estimate the effect of the RF deflections using the same 
transverse-longitudinal coupling g that was measured in the SLC: m j = 4 x 10~ 4. 
We further assume that the accelerator sections in the NLC are one meter in length 
and each gives an energy gain of 100 MeV. In this case, Eq. (3.5.19) yields an 
estimate of 

A j / f f R F w0.3/mi (NLC) . (3.5.20) 

This residual dispersive error is comparable to the KLC vertical beam size. Using 
Eqs. (3.4.3) and (3.4.4), we find that it would lead to an emittance increase of 
roughly 5%. Of course, as discussed in Section 3.4.3, the actual tolerances on the 
RF accelerator sections in the NLC need to be much tighter than those in the 
SLC. If the tolerance on the transverse-longitudinal coupling were reduced from 
g ~ 4 x 1 0 - 4 , this error should not be significant; the residual dilution scales with 
the square of g. 

We also estimate the effect of the magnetic scaling errors using random 1% 
absolute errors of the magnetic field strengths after scaling the magnets by 10%. 
Using Eq. (3.5.16), we find 

A»»,n«. et*0-5**m . (3.5.21) 

This causes a 13% emittance dilution. Of course, again, we believe that we have 
overestimated the error. In principle, one could reduce the absolute scaling error to 
0.1% by cycling the magnets on a specified path through their hysteresis curves. In 
this case the dispersive dilution would be negligible. 

Next, we consider the effect of beam jitter. Here, we estimate the effect cf 
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injection jitter that is 25% of the vertical beam size. Using Eq. (3.5.14), we find 

A j , ( , j i u e t » 0 . 3 / m i (KLC) , (3.5.22) 

when using an effective energy change of 10%. This error causes an emittance 

dilution of 4%. 

Finally, to verify our estimates, we simulated both random magnetic scaling 
errors and jitter of the injected beam. Random 1% absolute errors were added 
to the magnetic fields strengths when scaling the magnets by 10%. We found an 
emittance dilution of 10.0±2.7% due to the scaling errors; this is in fairly good 
agreement with our estimate of 13%. 

The injection jitter was simulated by adding a random initial position offset to 
the trajectories used to measure the difference orbit; the position offsets have an rms 
equal to 25% of the initial beam size. In this case, we found an emittance dilution 
of 3.1 ±0.fiC i f when making an effective energy change of 10%. Again, this is in good 
agreement with our estimate of 4%. 

3.5.5 WF Correction and Simulations 

Given the performance of the DF algorithm, we have extended its use to also 
correct vakefield dilutions that result from the corrected trajectory. In this section, 
we will describe the WF algorithm and then present the results of simulations. 
Because the WF technique is a simple extension of the DF method, this discussion 
will be brief. In particular, we will not reiterate the error analysis of Section 3.5.3; 
the analysis for the WF algorithm is very similar, 

3.5.5.1 W F ALGORITHM 

The goal is to find a new trajectory along which both the wakefield and the 
dispersive effects cancel. The wakefields aie caused by trajectory offsets in the 
accelerator sections which are due to both misalignments of the accelerator sections 
and a non-zero trajectory. If we ignore the accelerator misalignments, the effective 
offset in a section is just the average of the position in the two adjacent quadrupoles. 
By varying the quadrupole strengths in a specified manner, one can measure a 
difference orbit where the orbit in the quadmpoles will mimic the effects of the 
wakefields due to the trajectory. 
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We can understand this by examining Eq. (3.4.17), derived in Section 3.4.2. Both 
the quadrupoles and the dipole wakefields cause a deflection that is proportional to 
the trajectory offset in the respective elements. But, the wakefield always deflects 
away from the structure centerline while the quadrupole deflection depends upon 
the sign of K\. Assuming periodic FODO cells with accelerator sections centered 
between the quadrupoles, we find that, to mimic the wakefield effect, the quadrupole 
strengths must be varied as 

T~ •* ( \r T u\\lTcosA^ > (3.5.23) 
Aj -y(s)A]Lg(s) V £j 

where 0 and flg are the beta functions at the middle of the accelerator sections 
and the adjacent quadrupoles and Â fr is the betatron phase advance between the 
two. In addition, Licc and Lq are the lengths of the accelerator sections and the 
quadrupoles. Finally, note that because the correction is local, this condition can 
fluctuate slowly with s. 

Condition (3.5.23) specifies that the quadrupole strength variatiou 6 has oppo
site signs at focusing (QFs) and defocusing quadrupoles (QDs). In contrast, when 
creating the difference orbit to measure the dispersive error, 6 has the same sign 
at both the QFs and the QDs. To correct both the wakefields and the dispersive 
errors one minimizes both of these difference orbits along with the actual trajectory. 
Unfortunately, it is not necessarily possible to increase some magnets while decreas
ing others since the quadrupoles are usually run close to their maximum strength. 
Thus, one can use an equivalent procedure where one minimizes a difference or^i 
created by varying only the QFs and a difference orbit created by varying only the 
QD magnets. In addition to being feasible, this later procedure also benefits from 
being simpler. 

Strictly, by examining Eq. (3.4.17), we can see that minimizing these two dif
ference orbits will reduce the wakefieJds if the accelerator sections are aligned to 
the centers of the quadrupoks, not the machine centerline. This can be remedk- ' 
by varying the dipole correctors when varying the quadrupoles. Thus, the di^ 
correctors (partially) cancel the effect of the quadrupole misalignments; they ir 
or the trajectory would tend to grow. In practice, the correction technique wo -s 
best when the accelerator structures are fligned to the quadrupoles, but, as will I 
demonstrated, it still works very well when the accelerator sections are aligned to 
the ideal centerline. 
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Table 13. Results of WF simulations in the 250 GeV NLC linac. 

Method *v Trajectory rms 

1-to-l 22.9 ± 4.8e y 0 72 ± 1 nm 

DF 9 .3*1 .6^0 55 ± 1 iim 

WF 1.09 ± 0.01 ty0 44 ± 1 fira 

To recapitulate, the correction algorithm is: (1) measure a difference orbit 
AXQP(S) created by varying the QFs and the associated dipole corr tors, (2) mea
sure the difference orbit &XQQ(S) created by varying the QDs and the associated 
dipole correctors, (3) measure the actual trajectory x(s), and finally, (4) one mini
mizes all three of these orbits. When developing the DF algorithm, it was found that 
a weighted least-squares is the best minimization procedure. Thus, in this variation, 
one minimizes the sum: 

]€{BPM) ~ P K C 
9 f f 2 7BPM + °prec 

(3.5.24) 

where ea .1 term is weighted by the accuracy of the respective measurement: ITBPM 
is the estimated rms of the BPM misalignments and <7 p r e c is the rms precision 
(reading-to-reading jitter) of the BPM measurements. Although it does not correct 
the wakefields due to the accelerator section misalignments, this technique will be 
referred to as Wake-Free (WF) correction because the corrected trajectory does not 
cause wakefield or dispersive dilutions. 

3.5.5,2 SIMULATIONS 

In Table 13, the performance of the DF and WF techniques is compared against 
the one-to-one algorithm in the 250 GeV NLC linac. The one-to-one algorithm 
adjusts the trajectory to zero the BPM measurements using only the BPMs and 
correctors located near the focusing quadrupoles. The results in Table 13 are the 
average of correcting 20 sets of random error distributions and the errors are the 
standard error on the results. In all cases, (he trajectory is corrected at low intensity 
and ther the intensity is increased to the design value. 

The misalignment error distributions are the same as those used in the DF 
simulations described in Section 3.5.4, namely, 70/mi rms vertical quadrupole and 
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BPM misalignments, and 2fim rms BPM precision errors; the accelerator sections 
were aligned to the ideal machine centerline. In addition, the wakefields have been 
included and the optimal BNS energy spread has been added to the beam in all 
three cases. Finally, the initial conditions (yo,y'0) were optimized after one-to-one 
correction to further reduce the dilution; while this procedure reduces the dilution 
from nearly 50 tyo when using the one-to-one algorithm, it yields little improvement 
when using DF or WF correction. The WF technique performs extremely well; it 
virtually eliminates all of the dispersive and wakefield emittance dilution and it does 
a better job correcting the actual trajectory than the other two methods. 

Figures 36 and 37 illustrate the differences between the one-to-one correction 
technique and the WF method for one of the twenty cases used to calculate Table 13. 
Figure 36 compares the trajectory after WF correction (upper plot) with the tra
jectory after one-to-one correction (lower plot). Likewise, Fig. 37 compares the 
emittance dilution after \ F correction (upper plot) with the dilution after one-to-
one correction (lower plot). One can see that, after WF, the trajectory has a smaller 
rms and is "smoother" than after one-to-one correction and, more impo tantly, the 
emittance dilution after WF is much smaller than after one-to-one correction. 

In the DF/WF techniques, the emittance dilution is "measured" by varying the 
quadrupole magnets. This measurement is then corrected to the level of the BPM 
precision. Thus, provided that the measurement resembles the emittance dilution, 
the dilution is constrained to the level of the BPM precision errors and does not 
increase along the length of the liuac. This is illustrated in Fig. 37; the large spikes 
that occur in the emittance dilution arise because linac is corrected in sections and 
there ij insufficient resolution at the beginning of each section to adequately correct 
the dilution. 

Finally, Fig. 3S shows plots of the beam distribution after (a) one-to-one, (b) 
DF, and (c) WF correction for one of the twenty cases in Table 13. The scatter-
plots on the left are the projections of the beam distributions in the y-y' phase space 
while the right-hand plots are projections onto the y-z plane; in both cases, we have 
represented the beam with 1000 macro-partic'es. One can immediately see that the 
beam emittance is seriously diluted after one-to-one correction; this is primarily due 
to dispersive errors. Next, after DF correction, the dispersive errors are corrected, 
but the distribution displays the tails characteristic of transverse wakefields; these 
arise from the random trajectory. Finally, after WF correction, one can see that t> 
dilution due to both the dispersive errors and the wakefields is negligible. 
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Obviously, the WF technique reduces the emittance dilution due to misaligned 
BPMs, quadrupoles, and a non-zero trajectory extremely well. Since the technique 
is very similar to the DF method, we know that it is a robust algorithm and it is 
not sensitive to effects such as jitter and calibration errors. 

3.5.6 Further Extensions 

The WF correction technique does not correct the effect of misaligned accelerator 
sections. In fact, the WF method never actually measures the wakefields: it simply 
adjusts the trajectory such that any wakefield effects cancel. But, as noted in 
Eq. (3.5.23), the wakefields will shift the bunch centroid and thus it should be 
possible to measure the effects on the trajectory directly. 

In theory, this could be performed by measuring a difference orbit where the 
bunch length, bunch intensity, or beam energy and magnets are changed. Unfortu
nately, this becomes complicated because the beam loading changes the beam energy 
and energy spread, and thus, it is difficult to unravel the wakefield effects from the 
dispersive effects. Furthermore, the effect of the wakefields on the bunch centroid is 
much smaller than the effect on the beam tail where most of the emittance dilution 
occurs. Thus, it is difficult to make significant measurements. 

We have performed some initial simulations of this technique; s ' more work is 
still needed to determine the feasibility of the approach. 

3.5.7 Tolerances with DF/WF 

The scaling of the emittance dilution with the misalignments can be found 
from the emittance dilution Eqs. (3.4,3) and (3.4.4). Furthermore, in Sectio.is 3.1.1 
and 3-4.2, we found that, when correcting the trajectory with the one-to-one tech
nique, the dispersive and wakefield errors: Ai/^ and &yw, depend linearly upon the 
magnitude of the misalignments. Thus, the emittance d. ution depends quadrati-
cally upon the magnitude of the misalignments when the dilution is small, less than 
100%, and the emittance dilution a linear function of the misalignment magnitude 
as the dilution increases. 

In contrast, the dilution when correcting with the DF/WF techniques is roughly 
independent of the misalignment magnitude. We have removed this dependence by 
scaling the trajectory measurements in Eqs. (3.5.3) and (3.5.24) by the estimated 
rms of the misalignments. Thus, the omittance dilution should only depend upon 
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Fig. 39 One-to-one and DF correction versus the rms misalignment mag
nitude. 

the other errors, namely, BPM precision, beam jitter, magnet scaling errors, and 
the RF defections; these effects were discussed in Section 3.5.3. 

The dependence of the trajectory correction techniques on the misalignment 
amplitude is illusl ^.ted in Fig. 39. Here, we have varied the rms magnitude of the 
vertical BPM and quadrupole misalignments from 7/zm to 350 /im; note that all of 
the axes in Fig. 39 have logarithmic scales. The points plotted were found from 
the average of correcting twenty sets of random errors. The solid and dashed lines, 
at the top of the plot, are the rms values of the actual trajectory after correction 
with the one-to-one and DF techniques, respectively; these curves have scales on the 
left side of the figure. The DF technique is slightly better at correcting the actual 
trajectory, but the two curves are similar; in both cases the rms of the ti jectory is 
roughly proportional to the rms of the misalignments. 

The two other curves, the dotted and the dot-dash lines, are the emittances 
after correction with the one-to-one and DF techniques. The dilution after one-
to-one correction is strongly dependent upon the misalignment magnitude. Here, 
the dilution varies from roughly 25% to over 3100% as the misalignments increase. 
In contrast, the dilution after DF correction is only weakly dependent upon the 
misalignment magnitude; it increases slowly from roughly 1% to 6% of the initial 
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emitunce as the misalignments become larger. 

Thus, when using the DF/WF correction techniques, the emittance dilution is 
effectively uncoupled from the magnitude of the transverse magnet misalignments. 
Instead, the DF/WF correction techniques impose relatively straight-forward toler
ances on the BPM precision, beam jitter, RF deflections, and magnet scaling. 

3.5.8 Discussion 

In this section, we have described two trajectory correction algorithms that 
can significantly reduce the emittance dilution due to a corrected trajectory. To 
fully determine the utility of these correction techniques, they need to be compared 
against the various alignment techniques. We will not perform such an analysis 
since it requires detailed knowledge of the sources of error and is machine specific. 
Instead, we will describe the difference between the DF/WF approach and that of 
the beam-based alignment of Refs. 3 and 67. 

The DF/WF technique is similar to the beam-based alignment of Refs. 3 and 67 
in that the alignment errors are detected by varying the effective beam energy, 
but, the approaches differ in the analysi " the data. The beam-based alignment 
technique uses the data to determine the individual BPM and quadrupole misalign
ments. Because the data has errors, these misalignments can only be determined 
with finite precision. Thus, large effective energy changes are used to increase the 
sensitivity to the individual misalignment errors. But, because the effective energy 
change is large, the beam-based technique is not especially sensitive to errors at the 
betatron frequency; this is the component that drives the wakefield and dispersive 
dilutions. 

In contrast, f be DF/WF technique finds a global solution to constrain the emit
tance dilution, ^mall effective energy changes are used so that trie measured dif
ference orbit resembles the actual emittance dilution. Thu=, although the DF/WF 
is less sensitive to the individual misalignments, it is very sensitive to errors at the 
betatron frequency which cause the emittancedilution. This is illustrated in Fig. 40 
where we have plotted tiie frequency spectrum of the trajectory after (a) WF correc
tion and (b) one-to-one correction; the respective trajectory rim's are ycrms — 51 pm 
and 3/<-ims = 94ftta. Notice that, although the WF technique only reduced the tra
jectory rms by a factor of two. the component at the betatron frequency is reduced 
by roughly a fac-or of ten. Of course, using a smaller effective energy change may 
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Fig. 40 The frequency spectrum of the trajectory after (a) WF and (b) 
one-to-one correction versus frequency in units of the betatron oscillation 
frequency; the trajectory rms's are yams = 51/im and jfcrms = 94/<m after 
WF and 1-to-l correction, respectively. 

make the DF/WF algorithm more sensitive to additional sources of error. Thu=. 
the utility of the technique needs to be verified experimentally. Ultimately, it is 
LkeJy to be found that the two techniques, the DF/WF trajectory correction and 
the beam-based alignment, are complementary. 
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ADDITIONAL CORRECTION METHODS 

In this section, we will discuss two additional techniques of correcting the emit-
tance dilution due to transverse wakefields and RF deflections. Specifically, we 
will describe the use of RF deflecting cavities and then we will describe the use of 
trajectory bumps. 

3.6.1 RF Deflecting Cavities 

We can use an RF deflecting cavity to correct the emittance dilutions due to 
both the RF deflections from accelerator sections and the transverse wakefields; ar. 
RF deflecting cavity, like the transverse wakefield or an RF deflection, provides a 
transverse deflection that is a function of z, the longitudinal coordinate in the bunch. 
To correct the dilutions, we use the RF cavities to remove any correlation between 
the transverse planes and z. This is simple, when correcting the RF deflections, 
since the time structure of the correcting fields can be adjusted to be similar to 
that of the RF deflections, but, it becomes more complicated when correcting the 
transverse wakefields; the wakefield deflecting forces are highly nonlinear functions 
of z. Thus, to fully correct these dilutions, the deflecting cavity fields need to be 
shaped appropriately. 

In the NLC, the wakefields appear to be a more serious limitation than the Rf 
deflections, and thus, we will not discuss this technique further except to note that 
the correction cavities need to be distributed along the linac. The correction needs to 
be applied quasi-locally or the dilution will start to filament and thus becomes much 
haruer to remove; this issue is illustrated when discussing the trajectory bumps in 
the next section. 

3.6.2 Trajectory Bumps 

The idea of using the beam trajectory to correct the wakefield dilutions \vu^ 
first suggested in Ref. 31. There, the authors calculate the effect of inducing a 
coherent betatron oscillation to reduce the emittance dilution due to misalignments; 
the wakefields due to the betatron oscillation are used to cancel, on average, the 
wakefields due to the misalignments. 
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Unfortunately, this approach does not work well in the NLC linacs since (1) 
BNS damping reduces the wakefields generated by the coherent oscillation and (2) 
the dilution partially filaments and thus needs to be corrected quasi-Iocally. The 
solution is to use multiple "non-dispersive" (ND) bumps to cancel the dilutions due 
to wakefields and RF deflections. In addition, dispersive bumps, i.e., closed betatron 
oscillations, can be used to cancel the dispersive emittance dilutions if desired. 

The ND bumps can be created by deflecting the beam so that there are large 
offsets in the defocusing quadrupoles and smaller offsets in the focusing quadrupoles 
while the period of oscillation is equal to that of a betatron oscillation. In this way, 
the dispersive and BNS effects are cancelled while the wakefield deflections add. We 
can find an equation for the detailed trajectory using the equations for the dispersive 
error, Eqs. (3.4.1) and (3.4.2). Assuming that the energy spread is small so that we 
can neglect the chromatic phase advance, we have the condition 

5 3 

Q= fds'6(lGy-I<iLg)Rn(s',s)+ fds'SKiycRu{s',s) , (3.6.1) 
o o 

where s is usually chosen to be equal to the betatron wave length. 

An example of an ND bump in the 250 GeV NLC linac is shown in Fig. 41. The 
bump consists of five oscillations so that it will have a strong effect on the wakefield 
dilutions. Although the bump is not perfectly closed, the dispersive emittance dilu
tion is less than 1% while the wakefidd effects are large; they increase the emittance 
of an undiluted beam by a factor of 3.6. In Fig. 42, a single oscillation of this bump 
is compared with a betatron oscillation; the ND bump is the solid line while the 
betatron oscillation is plotted as a dashed line. Although, the period of oscillation 
is the same, the trajectories in the quadrupoles is quite different; the ND bump is 
created with dipole correctors at both the focusing and defocusing quadrupoles. 

We have simulated the use of ND bumps in reducing the emittance dilution due 
to misaligned accelerator sections in the 250 GeV NLC linac. The averages of twenty 
simulations with 70fim rms accelerator section misalignments are listed in Table 14; 
the errors listed are the standard error. Without any correction, the emittance is 
increased by over a factor of 11. Optimizing the launch conditions (yo, y'0), to induce 
a coherent betatron oscillation, yields little improvement. As discussed, this occurs 
because the BNS damping reduces the wakefield dilution due to the oscillation but 
not the dispersive dilution. 
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Fig. 41. Trajectory of a "non-dispersive" bump in the 250 GeV NLC linac; 
the bump is slightly mismatched and does close perfectly. The lower window 
shows the locations of the quadrupoles. 
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Fig. 42. Blow-up of Fig. 41 comparing the ND bump (solid line) with a 
betatron oscillation (dashed line); the vertically focusing magnets are plot
ted in the lower window as negative bars while the defocusing magnets are 
positive bars. 
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Table 14. Simulations of ND bumps in the NLC linac. 

Uncorrected dilution 11.7 ± 2.1 £j,0 

Initial conditions (ya,y'o) 9.S± 1.2cj,o 

2 ND bumps 2.6 ± 0.22 £jo 

4 ND bumps 1.40 ± 0.07 eso 

6 ND bumps 1.12 ± 0.02 £j,0 

In contrast, the ND bumps are very effective at cancelling the dilution. Just two 
bumps, located near the beginning of the linac where the wakefields are the most 
severe, reduces the emittance to 2.6€yo from 11.7evo; the two bumps are separated 
90° in phase to provide orthogonal controls. Of course, because of the filamentation, 
bumps near the front of the linac are not very effective at correcting the dilution 
originating at the end of the Jinac. Thus, we find improvement when we add another 
pair slightly further back, and even mote improvement when we add a final pair at 
the end of the linac. 

Finally, we need to discuss the algorithm used to optimize the emittance. In 
the simulations, we calculate the ND bump corrections by optimizing theemittance 
at the end of the linac with the bumps. This is a time intensive procedure, and, 
in a real linac, it would likely be impossible. Instead, one should break the linac 
into sections and use two orthogonal bumps to optimize each section. Although this 
requires multiple emittance measurements along the length of the linac, the final 
solution will be found much more quickly and accurately. 

Thus, to summarize, these ND bumps can be used to effectively correct the 
Wakefield dilutions; these dilutions may be due to misaligned accelerator sections or 
a corrected trajectory. Furthermore, the ND bumps can atso be used to partially 
correct the dilutions due to RF deflections. Finally, although multiple bumps are 
needed to correct the dilutions before they begin to filament, these ND bumps would 
likely be easier (and cheaper) to implement than having independent movers on all 
of the accelerator sections as suggested in Ref. 106. 

177 



CHAPTER 3.7 
MAGNETIC FIELD TOLERANCES 

In this section, we will calculate the effect of static magnetic field errors in the 
linacs. We assume that only the quadrupoie magnets have field errors. These errors 
have three effects: (1) there are betatron mismatches due to the quadrupote errors, 
(2) there is transverse coupling due to the skew quadrupoie fields, and (3) there is 
rms emittance dilution due to strong nonlinear fields. 

The equation for the vertical motion for generalized transverse magnetic fields 
can be written: 

OO CO 

^ - 5 Z A ' „ l m ( j - + ^ ) " + ^ A ' I 1 R e ( z + ^ r = 0 , (3.7.1) 

where A'„ and K„ are the normal and skew field components analogous to K\ and 
A'i, and x and y include both the betatron motion, xp and y<j, and the central 
trajectory. In the NLC, where the closed orbit is much greater than the betatron 
amplitude, the quadrupoie field, found by expanding the higher order multipole 
fields about the central trajectory, usually has a. more significant effect than the 
actual nonlinear fields; in essence, the beams are so small that the fields always 
appear linear. This is one of the problems in attempting nonlinear collimation; 
the nonlinear fields must be extremely large to have any nonlinear effect. For this 
reason, we will only consider the effect of the quadrupoie and skew quadrupoie field 
errors. 

Finally, we should note that in making our estimates, we will neglect filamen-
tation. Filamentation will make these effects worse and thereby force tighter toler
ances. The reason for this is that once the beam filaments, the dilution is effectively 
not recoverable. Fortunately, the NLC linacs are in the partial filamentation regime 
and thus our estimates should be accurate. 
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3.7.1 Quadrupole Tolerances 

Quadrupole errors introduce beta mismatch errors. These are given by: 

s 

^Q = J<UfAK0«n2(1>(s)-+(J)) . (3.7.2) 
o 

where AK is the quadrupole error: AA' = AA'i + 2I<2Xc + 2K2yc +' • • • In addition, 
there are higher-order contributions, 1" 1 but these will be negligible in a linac where 
the design dispersion functions are zero. 

Random Errors 

Random quadrupole errors will cause a beta mismatch of: 

{ ( ^ ) > = J ds'(AK2}p- sin2 2(^(3) - *(,')) , (3.7.3) 
o 

where in a FODO cell the minimum and maximum beta functions are given by 
Eq. (D.1.1). Now, the integral can be expressed as a sum over the FODO cells. In the 
NLC linac, K\Lq0 is constant; the integrated quadrupole strength decreases as 7~a 
while the beta function increases with the square root of the energy. Furthermore, 
with this scaling, the phase advance per cell remains constant. Thus, the sum 
becomes 

( ( ^ ^ ( ( ^ ^ ^ ^ [ ( l + s i n ^ / ^ s i n - ^ ) - , , ^ 

+ (1 - sin ^ c / 2 ) 2 sin 2 2{ip(s) - n ^ - V-/2)] . 
(3.7.4) 

For reasonable phase advances, i.e., between 60° and 120° per cell, we can 
express this as 

/ A 0 V ' Y A A ' \ 2 . A + s i n i / . c / 2 \ 2 

< ( T ) > ^ e „ < U - ) > ( — ^ r ) • (3.") 
For the NLC main linac, a 1% tolerance on the quadrupole field yields an rms beta 
error of roughly 10%; this is a relatively loose tolerance. 
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Systematic Errors 

The systematic quadrupole errors have a small effect unless the phase advance 
per cell approaches 180°. For cells with a phase advance of 90°, the systematic 
tolerance is roughly a factor of N /AGI looser than the random tolerance and thus 
we will neglect it. 

3.7.2 Skew Quadrupole Tolerances 

In the case of skew quadrupole errors, we solve the equation for the vertical 
motion using the Hi? matrix element and the horizontal betatron motion. This 
yields 

| 3 

V T. s) J (3.7.6) 
u 

x s i n ^ r ( i ' ) - <f>to) s\n(ipy(s) - ipy(s')) , 

i ';°re 70 is the initial relativistic factor, Jta is the initial horizontal single particle 
invariant, 4>zo is the initial horizontal phase, and A' = A'] — 2Kiyc -+ • • - . 

Random Errors 

To calculate the effect of random errors, we square Eq. (3.7.6) and calculate 
the expected skew quadrupole strengths. Thus, the double integral condenses to a 
single sum. Next, we perform an ensemble average over the beam particles, yielding 

f(»)iS-^R = tex^2 ( (A%) 2 )A/W(^(*) -^K)) • 0.7.7) 

At this point, we use the expression for the beta functions in a FODO lattice, 
Eq. (D.1.1); note that the horizontal and vertical beta functions are 180" out of 
phase, when one is maximum the other is minimum. Then, we calculate the sum, 
finding 

A £ y ^ £ , : Y £ d , { ( | - ) ) . (3.7.8) 

Finally, if the skew quadrupole component is due to small rotations of the quad
ruples , where K = 2Q f f7v], we find a tolerance to limit the vertical emittance 
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increase to 6% in the NLC main linac of 

0 , ims£O.3mrad ; (3,7.9) 

this yields a 3% luminosity reduction and is a fairly loose tolerance, Furthermore, 
notice that we have expressed the beam size increase in terms of an emittance 
increase. Actually, the coupling does not cause a real emittance increase; it increases 
the projected emittance. Thus, if the beam does not filament, the coupling can be 
corrected with four independent skew quadrupoles. 

Systematic Errors 

To estimate the effect of systematic errors, we start from Eq. (3.7.6) again, 
but now, we calculate the integral over the errors before squaring the expression. 
Assuming that the horizontal and vertical phase advances are similar and are not 
close to ISO0, we find 

V "S> - 11=0 
(3.7.10) 

Now, we calculate the sum and average the square over the beam distribution. 
This yields an emittance increase 

* . . . . (A"Qr + A'QD) 2 sin 2 A r

c e | )A V V2 
Af sin Avv/2 

where A ^ c = ij>IC — il>yc and A'QQ and A'QF are the skew quadrupole fields at the 
focusing and defocusing quadrupoles. 

Notice that this expression depends upon the sum of the skew quadrupole fields 
at the focusing and the defocusing quadnipoles. Thus, if the quadrupoles have the 
same error, i.e., the same rotation or the same pole error, the emittance dilution 
will be small because the errors cancel. But, also notice that this expression goes 
as A^ e U when Ai£ c ^ 2/A r

c en. Thus, it is desirable to separate the horizontal and 
vertical phase advances. In the NLC linacs, we are separating the phase advances 
by roughly six degrees per cell and thus this systematic tolerance is smaller than 
the random tolerance. 
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CHAPTER 3.8 
PULSE-TO-PULSE JITTER 

In this section, we will calculate the pulse-to-pulse jitter which could be a severe 
limitation for future linear colliders since the vertical beam sizes are very small. This 
discussion will be similar to discussions found in Refs. 53, 97, 98, and 99. We have 
improved the accuracy of the estimates by using the correct scaling as is discussed 
in Appendix D; in general, this leads to tolerances that are less than a factor of 
\/2 tighter. In addition, we have improved the estimate of the jitter due to ground 
motion finding that it is almost as severe as the effect of purely random jitter. 

When discussing the jitter, we need to consider two regimes: rapid filamentation 
and no filamentation. In the case of rapid filamentation, the beam rapidly loses it's 
"memory" of the deflection and thus the kicks from different sources of jitter add 
linearly. In the other case, that without filamentation, the random sources of jitter 
cause the beam to perform a random walk and thus they add in quadrature, i.e., as 
the square root ot the number of sources. The beam will ©rvly partially filament in 
the NLC linacs and thus we neglect the filamentation when calculating tolerances. 

In the case of weak filamentation, the jitter shifts the beams centroids and thus 
the colliding beams do not fully overlap at the IP, In the limit of small beam currents, 
the luminosity reduction is given by 

£ = e-* a / *"l£o , (3-8.1) 

where A is the vertical offset between the two beams and Co is the full luminosity. 
As the beam charge increases, the luminosity reduction decreases; this occurs be
cause the two oppositely charged beams attract each other. 3 For our purposes 
in the NLC, we will neglect the beam disruption and use Eq. (3.8.1) to estimate the 
reduction. Specifically, we will calculate tolerances to limit the jitter of each beam 
to less than 0.25<7S; this corresponds to 3% luminosity reduction which is consistent 
with our other tolerances. 

There are three primary sources of jitter; injection jitter, where the injected 
beam varies from pulse-to-pulse, trajectory changes due to movement of the quadru-
pole magnets, and trajectory changes due to power supply fluctuations. In addition, 
there are also effects that can arise from movement of the accelerator sections or 
variations of the R.F power. 

182 



Chapter 3.S.2 

We will start by estimating tolerances on the injection jitter. Then, we calculate 
the effect of random movement of the quadrupoles and the accelerator sections. This 
will lead to extremely tight tolerances. Fortunately, most sources of vibration lead 
to correlated motion of the magnets and accelerator sections and thus we discuss 
these effects next; unfortunately, these tolerances are similar. Finally, we calculate 
the effect of power supply fluctuations and then we discuss some of the feedback 
methods that may be used in the linac. Throughout, we only discuss the direct 
effect of the jitter, namely, the centroid shift. 

3.8.1 Injection Jitter 

If the beam does not filament, injection jitter directly causes position jitter at 
the IP. Since the jitter is demagnified along with the beam, the injection jitter 
tolerance, in units of the beam size, is the same as the IP jitter tolerance: 

KjU £ 0.25v^(7, , (3.S.2) 

where, since we do not know the phase of the jitter relative to the IP, we included a 
factor of \/2. This imposes stability tolerances on the damping rings and the bunch 
compressors. In the NLC main linac, we find a tolerance on the initial jitter of 
i/jit £ 0.7 ^m. Notice that this is the same as the tolerance due to the dispersive 
filamentation. 

3.8.2 Random Jitter 

Magnets 

Here, we will consider the effects of uncorrelated motion of the quadrupoles and 
the accelerator sections. Transverse movement of the quadrupoles will deflect the 
beam trajectory. Assuming that there is negligible filamentation, these deflections 
simply add: 

A',-i 

Vc = Yl A'ii^Jfju/fiaC^n,•*/) , (3.8.3) 
n=Q 

where yjit(^) is the movement of the nth quadiupole, LH is the length of the magnet, 
and N9 is the number of quadrupole magnets. 
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Assuming random jitter and using the NLO scaling, where the quadrupole 
strength decreases inversely with the beam energy while the length of the quad-
rupoles and the beta functions increase with the square root of the beam energy, we 
find 

^ = ( A ± M { K l L q ) l y / r o

N f ^ { y 2 i ) ^ , (3. S .4) 
/»/ n=0 

where the subscripts o and f are used to denote the value at the beginning and end 
of the linac, and $a and /?o are the initial vertical beta functions at the focusing and 
defocusing quadrupoles. 

Finally, using the relation between f and the quadrupole number, Eq. (D.1.7), 
we can evaluate the sum, finding 

where Vc is the phase advance per cell and we have used Eq. (D.1.3) to simplify the 
result-

Using parameters for the NLC 500 GeV linac, we find that a random magnet 
jitter of 5nm leads to a trajectory jitter equal to one quarter the beam size; this is 
a tight tolerance. Of course, only a small portion of the magnet jitter is actually 
uncorrelated; most of the jitter is due to ground motion which we discuss next. 
But, turbulence in the magnet cooling water or other local sources of noise can 
cause uncorrelated vibrations and thus these effects need to be examined in detail. 

Accelerator Sections 

If the jitter moves the ends of the accelerator sections so that the section is tilted, 
the beam will be deflected. We can estimate a tolerance following the procedure" of 
the previous section. To limit the jitter to a quarter of the rms beam size, we find 
a tolerance of 250nm on the random jitter of the ends of the sections, assuming a 
gradient of 100 MeV/m in the 500 GeV NLC linac; this is negligible. 
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3.8.3 Ground Motion 

As discussed in Section 2.4.1, the ground noves at the micron level at frequencies 
between roughly 0.1 Hz and 100 Hz;'" the high frequency components of the motion 
are primarily due to cultural noise. Motion of the ground will cause correlated 
motion of the quadrupoles magnets which then deflect the beam trajectory. The 
effect of this ground motion has been estimated using the smooth approximation. 
Unfortunately, the smooth approximation can only estimate the lowest frequency 
resonance; it neglects the effect of the higher frequency resonances which are actually 
stronger. In general, resonances occur whenever 

*gr = </>«/£*, (2* ± tfr)/£c (4T ± 0 e ) /£« , • • • (3.8.6) 

where k&, is the wavenumber of the ground motion, ipc is the phase advance per cell, 
and Lc is the length of the cell. 

We neglected the higher frequency resonances in the damping ring since they are 
far too high to be relevant; the power spectrum of the ground motion decays as l / / 2 . 
But, in the NLC linacs, the betatron wavelength varies from 20m to roughly 120 m. 
Assuming a phase velocity of 300 m/s, which is similar to the values measured at the 
SLAC and DESY sites,"'*' the lowest resonance occurs at frequencies above 2.5 Hz 
while the next two resonances occur at frequencies above roughly 8 Hz and 14 Hz, 
assuming a 90° phase advance per cell; these are still low enough to be important. 

The motion of the quadruples in the three iowest frequency resonances is shown 
schematically in Fig. 43 where the lattice has a phase advance of 90° per cell. Since 
the strengths of the focusing and defocusing quadrupoles are of opposite signs, it 
is apparent that the higher frequency resonances have a greater effect than the 
lowest resonance; in the higher frequency resonances the kicks from the focusing 
and defocusing quadrupoles add while in the iowest resonance the kicks subtract. 

We will estimate the effect of the ground motion by considering the response to 
a plane wave traveling at an angle to the linac 

!fer(*) = j/grcosf frBrscos* + ^ J , (3.8,7) 

where 5 is the distance along the accelerator, $ is the angle between the ground 
wave and the linac, and o is the wave plia.se. 
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Fig. 43. The quadrupole motion in the three lowest frequency ground mo
tion resonances where the phase advance per cell is 90°. 

The response of the central trajectory is found from 

.L 

yc(L) = J <feA',(a)srg,(a)Jli2(a,£) . (3.S.8) 

Assuming the NLC fcaling, where 7\"i decreases inversely with the beam energy 
while 0 and the length of the drifts and magnets increase with tlu: square root the 
energy, this can be written 

•— ^ - ' / - v 1/4 s v 
Vz= (KlLq)oygrJ— JJf ^ (—) COS (fcg rS„ COS $+(?$) 

V V „ = o V - 1 ' a / ^ f (3.6.9) 

where sn and -y„ are the position and energy at the nth quadrnpole and K\/\K\] 
changes sign between focusing and defociising quadrupoles. Using simple trigono-
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metric relations, we can express the time averaged value of yl as 

„2 „ iV„ii-l / \ 1/4 

(3.8.10) 

where Pa and /?o are the initial maximum and minimum beta functions, ^Vee|i is the 
number of cells, Ln is the length of the nth cell, and the sum over ± is a sum over 
both the sum phase and the difference phase. 

In general, a sum of this form will exhibit resonances when kv cos$Z c ± ipc = 
2irp, where p is an integer. In the NLC, the cell length scales with the square root of 
the beam energy and thus the resonance only occurs over a short distance. One can 
express the exact solution to this problem in terms of the Jacobi Theta functions; 
unfortunately, these are no simpler to evaluate. Thus, to evaluate the sum, we will 
use the method of stationary phace. In general, the method of stationary phase can 
be applied to an integral of the form ' 

= fdsf(s)t ig(s) (3.8.11) 

where / ( s ) is "slowly" varying and \g(s)\ is large. The method approximates the in
tegral assuming that the only significant contribution comes when g[s) is stationary 
and yields a result 

'"""""""VVKS (3.8.12) 

where so is the point at which the first derivative of g goes to zero and we have 
assumed that g"(so) / 0. 

To apply this method in our case, we simply note that the phase is stationary 
whenever 

fcplr ± tfr = 2*p (p = 0,1,2,---) . (3.S.13) 

Now, using the NLC scaling, E<j. (D.1.7), and treating all of the resonances sepa-
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rately, we find a tolerance 

2 i rA^tan^ c /2 7 o / ygc V 
W ~ 2LI VW«»*) ( 3 . s . 1 4 ) 

x ^ ( 2 f f p ± w ( y s - t - i ) p \ / ^ ) 2 , 

where Lo is the initial cell length and the sum only includes the resonances encoun
tered for a given wavelength. 

Equation (3.8.14) shows that the long wavelength ground motion, which is res
onant at the high energy end of the linac, is the most severe; the effect of any single 
resonance decays inversely with the frequency. There are two reasons for this: first, 
the adiabatic damping reduces the effect at the beginning of the linac, and second, 
when the resonance occurs at the end of the linac, the resonance condition includes 
more cells than when resonance occurs at the front of the linac. 

At this point, we need to examine the scaling of our result. Eq. (3.S.14) explicitly 
depends inversely upon the cell length Lj , implying that longer cells greatly reduce 
the response to the ground motion. This is misleading. Using the relations 

^ « r ? . V <*, 1 , Acc-is- i ( 3.8.1 5 ) 

we find that the response scales as 

< ! & « * — £ b ^ . (3.8.16) 
cos- i/v/2 LaQ 

Although, the effect of the ground motion is still eased by using longer cells and 
weaker focusing (larger beta functions), the dependance is seen to be much weaker. 
Furthermore, the effect depends inversely upon the accelerating gradient. 

Now, we can use Eq. (3.8.14) to calculate tolerances. Assuming a worst case 
situation where the waves are parallel to the linac, i.e., cos $ = 1, the first resonance 
in the 500 GeV NLC linac occurs at roughly 2.5 Hz. To limit the closed orbit jitter 
to 25% of the beam size, we find a tolerance on this component of the ground motion 
of 6 nm. This is comparable to the effect of random jitter. 

This tolerance will decay inversely with frequency until we encounter the next 
resonance at 8Hz. At this point, the first lattice resonance must be included and 
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Fig. 44. Response function H = \yy,t/y&T\ for ground motion in the 500 GeV 
NLC linac. 

we find a tolerance for jitter of Turn at 8 Hz. Finally, t! s will also decay until we 
find the next resonance at roughly 14 Hz. Here, we find a tolerance of 5 nm for jitter 
equal to 25% of the beam size. These tole.ances are roughly a factor of twenty 
tighter than the estimates found in Itefs. 97, 98, and 99. 

To verify these results, we have simulated ground motion in the 500 GeV NLC 
linac. The response of the trajectory to the ground motion is plotted in Fig. 44, 
where the response is defined as R — lycrnis/Vgcl- Notice that, as predicted, there 
is an obvious resonance near 2 Hz, another at 8 Hz and another at 14 Hz. Above 
roughly 20 Hz, many resonances interfere and the higher frequency resonances are 
not distinct. In the NLC linac. the final beam size is roughly 0.8 îm and thus the 
tolerances found from Fig. 44 are very close to our estimates from Eq. (3.8.14). 

To calculate a tolerance on the ground motion, we need to multiply the response 
function with the power spectrum for the ground motion. Instead, we simply note 
that the response is roughly 40 for frequencies above 8 Hz. This implies a tolerance 
of 5 nm for all ground motion with frequency above 8 Hz and suggests that the 
ground motion will be a severe limitation in the future linear colliders. 

Of course, we should note that our model for the magnet motion is rather 
simplistic: we have neglected the response of the magnet supports and we have 
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treated the ground as an ideal material, without attenuation or inhomogeneities. 
In addition, we have assumed the worst case, where the ground motion is collinear 
with the linac. These effects should be included in future calculations; some will 
ease the tolerances and soma will make them tighter. 

Finally, there are a few methods of reducing the tolerances. One is to use 
feedback; we will discuss this in Section 3.8.5. In addition, one obviously wants to 
strive for a low noise site; most of the high frequency ground motion is cultural 
(man-made), and thus, it is highly site dependent. Furthermore, one wants to 
choose a site where the phase velocity of the ground waves is large; although this 
does not decrease the response, it shifts the resonances to higher frequencies where 
the amplitude of the ground motion is smaller. Lastly, if the ground motion has a 
distinct source, one can build the linacs perpendicular to the ground waves so that 
cos $ w 0. 

3.8.4 Power S u p p l y F l u c t u a t i o n s 

Magnets 

We will estimate three effects of power supply fluctuations: random variation of 
individual quadrupole power supplies, variation of a string of quadrupoles, assuming 
multiple quadrupoles per power supply, and finally, random variation of the dipole 
corrector power supplies. In all cases, we will only be concerned with the orbit offset 
caused by the fluctuation and we neglect the effect of the filamentation. 

In the first case, the equation for the orbit offset is 

J/c= 51 (-j^JA'|£ v!y 0(r i e l#i2(s n )

J J/) - (3.8.17) 

where i/oflset >s the orbit offset in the quadiupole. This equation is virtually identical 
to Eq. (3.8.3). Thus, for the NLC scaling, we find 

Nq / A A ' 2 , \ 
( ^ " c o ^ f e \ - # ^ ' ) • <3-8.18) 

In the 500 GeV NLC linac, an rms power supply fluctuation of AA'i/A'i = 10~4 

leads to an orbit jitter of one quarter the vertical beam size, assuming 50^m orbit 
offsets and individual power supplies for each quadrupole. 
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This tolerance can be eased by connecting multiple quadrupoles to a power sup
ply. In this case, we start from an equation similar to Eq. (3.8.17) except that &K\ 
does not vary between quadrupoles. If the trajectory were purely random, this tol
erance would be identical to the previous one. But, as discussed in Section 2.2.4, a 
purely random trajectory in the quadrupoles will create a huge dispersion, Fortu
nately, the orbit correction that reduces the dispersion will also reduce the effect of 
the power supply fluctuations. 

Finally, we need to consider the effect of fluctuations in the dipole corrector 
power supplies. As mentioned in Appendix D, there are two possible configura
tions for the dipole correctors: we could physically move the quadrupole magnets 
or we could use electromagnets. Although, moving the magnets sounds more com
plex, there are disadvantages to the electromagnetic correctors; the power supply 
tolerances are one of them. 

We will estimate a tolerance assuming that every quadrupole has an associated 
vertical dipole corrector which is individually powered. In this case, the tolerance is 

where we have assumed that the strength of the correctors decreases with the square 
root of the beam energy as does the integrated quadrupole strength. 

In the 500 GeV NLC linac, assuming that maximum corrector strength must be 
at least 2y0ffsetKiLq, we find a tolerance of A0/0 = 5 x 10~ 5 to limit the jitter to 
one quarter of the beam size. 

Accelerator Sections 

Unlike the magnet power supplies, it is much harder to regulate the RF power 
to the structures. Since, as described in Sect: >n 3.4.3, the RF sections deflect the 
beam, RF power jitter can lead to vertical beam jitter. 

The RF deflections can be expressed as in Eq. (3.4.35) and the effect of jitter in 
the RF power can be written: 

where A7RF is the energy gain per accelerator section, g is the longitudinal-trans
verse coupling in the structure, and we have assumed the NLC scaling. At this 
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point, we calculate the sum noting that -y increases linearly with the number of 
accelerator sections. This yields a tolerance 

M*g™{-y2-)-^- > (3-8.21) 

where /?o is the initial average beta function in the accelerator sections; see Ap
pendix D. 

In the 500 GeV NLC linac, we find a tolerance on the jitter of the accelerating 
voltage of AV/V S 3% to limit the jitter to one quarter of the beam size, assum
ing that gsmt — 31 ̂ rad which is the tolerance determined in Section 3.4.3. This 
tolerance on the RF power jitter should be relatively easy to achieve. 

3.8.5 Feedback 

Obviously, these jitter tolerances are severe. One solution is to use feedback sys
tems. Unfortunately, beam-based feedback in a linac is limited because the sampling 
rate, which is determined by the repetition rate, is usually low. In general, a broad
band feedback system is only effective at frequencies much less than / £j /rep/6- For 
example, numerous beam-based feedback systems have been implemented in the 
SLC. s" Here, the systems have been optimized to respond to a transient. A typical 
frequency and transient response are shown in Figs. 45 and 46 where the sampling 
rate is 60 Hz. In this case, the crossover point, where the system response is 0 DB, 
occurs at 2 Hz; this is at / l e p / 3 0 . 

If this is extrapolated to the NLC, with a repetition rate of 180 Hz, we find a 
crossover point of 6 Hz. This will not be sufficient to damp much of the ground 
motion. Fortunately, in any portion of the linac, the ground motion response is 
only resonant at a few narrow frequency bands. Thus, it may be possible to de
sign narrow-band beam-based feedback systems that are effective at damping much 
higher frequencies than the broad-band systems; in theory, one should be able to 
damp frequencies approaching the Nyquist frequency with a narrow-band system. 

Alternately, one can design an active damping system for each of the compo
nents. Here, the sampling rate is determined by the component position detectors 
and not the beam repetition rate. Although, such systems are currently available, 
they tend to be expensive and complicated; developing systems suitable for a linear 
collider is a current topic of research. 
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Fig. 45. Frequency response for SLC feedback system: / r e p = 60 Hz; from 
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CHAPTER 3.9 
ADDITIONAL EFFECTS 

In this chapter, we will discuss some additional sources of emittance dilution 
that have been neglected. Specifically, we will calculate the effect of the direct space 
charge field, synchrotron radiation, and scattering processes. In the NLC design, 
these all have negligible effect on the beam emittance. 

3.9.1 Space Charge 

As discussed in Section 2.3.3, the direct space charge field contains a factor of 
I / 7 3 and thus the effects should decrease rapidly as the beam is accelerated. But, 
the space charge field also depends upon the bunch density. This is increased by 
the bunch compressions and by the adiabatic damp'"^ that occurs as the beam is 
accelerated. Thus, the effect of the space charge field actually only decreases as 
1/7 2 and because of the bunch compressions, the space charge field is roughly ten 
times more intense at the beginning of both the low and the high energy linacs than 
in the damping ring. 

Fortunately, these forces axe still weak compared to the external transverse 
focusing. Specifically, in the NLC damping ring, the space charge force caused 
a relative tune shift of &.vyjvv = —0.001. At the beginning of the low energy 
linac, the space charge phase shift is &.vvJi>y = -0.013 and at the beginning of the 
high energy linac we find Avs/vy = -U.007; this is comparable to the effect of the 
incoherent energy spread and should not pose a problem. 

In Section 2.3.3, we also estimated the effect of the space charge driven betatron 
coupling resonances 2i/ r ± 2vv when far from resonance. In a linear accelerator, the 
horizontal and vertical phase advances are usually similar. Thus, in this section, we 
will re-analyze the coupling assuming that we are near resonance. In the smooth 
approximation without acceleration, the equation for the vertical motion can be 
written 

jg + k2

yy = Fy(ny + Fy21x2y , (3.9.1) 

where ky = \/fjy and the coefficients Fyij are defined in Eq. (2.3.10). 
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In the flat beam limit, where the horizontal motion is not perturbed, we can 
express Eq. (3.9.1) as 

k\ - Fyox - F„2iJx0x - Fy2iJxP~z cos(2skt + 28x) jr = 0 , (3.9.2) 

where Jx is the single particle invariant, Bx is the initial phase, and kx = l//3j;. This 
is an example of Mathieu's equation, also referred to as a parametric oscillator, and 
it has a resonance when ky = kX: i.e., equal horizontal and vertical phase advances. 

When close to the ky = kx resonance, the solution to Mathieu's equation can be 
written 

y = ae'K cos(skx + 8i) + be~SK cos(skt + 62) , (3.9.3) 

where a and b are constants of the vertical motion, 0\ and 8% depend upon K, 8X, 
and the space charge force, and 

Here, A equals Fy2\Jx@x and k*~ includes all of the constant terms with the square 
bracket of Eq. (3.9.2). 

The vertical motion is unstable if K is real; one term grows exponentially. We 
can express this stability condition as 

U r & A i / s c I |4Af/|at 4AfsC 2£vsCJxPi (3.9.5) 

where Acsc is the shift in the phase advance due to the space charge and Af) B t = 
Vy — vx is the difference between the vertical and the horizontal phase advances. This 
stability condition implies that it is desirable to have the vertical phase advance 
greater than the horizontal by an amount in excess of the space charge tune shift. 
By making the vertical phase advance greater than the horizontal, particles never 
encounter resonance, even as Jz increases; this condition is also noted in Ref. 75 
where the problem is solved including the perturbation to the horizontal plane. 

Now, to determine the severity the coupling, we need to calculate the growth 
rate when on resonance. This is simply found from Eq. (3.9.4) and is given by 
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K = A/4kt which is: 
Nr0 1 Jx& 

To find the expected growth, we need to integrate K over the length of the linac, 
i.e., we replace eSK in Eq. (3.9.3) with e$itK. This integral can be written 

J%* where Q = ?Lp. , (3.9.7) 
10 

and L is the length of the linac. 

In the NLC low energy linac, we find a maximum growth in amplitude of 30% 
for a particle with JxPz = a"i\ the increase in Jy of particles with larger amplitudes 
Jx is greater. This is significant growth anil indicates that we should stay far from 
the resonance. In the NLC linacs, a difference in phase advances of 6° per 90° cell 
should be sufficient to remove all growth. 

Finally, we note that since this coupling is a potential limitation, at least in 
higher current linacs such as the VLEPP design, the problem should be solved 
properly. This could be done by solving the Vlasov equation and examining the 
transient solution. 

3.9.2 Radiation 

Synchrotron radiation is emitted whenever the beam is deflected. Since the 
synchrotron radiation is a source of stochastic noise and can lead to emittance 
growth, the radiation could impose a tolerance on the trajectory offsets in the linear 
accelerator. In this section, we will calculate the vertical emittance dilution due 
to the opening angle of the radiation and the presence of vertical dispersion. In 
addition, we will calculate the increase in energy spread due to the radiation. In all 
cases, we will neglect the effect of the damping that is also due to the radiation; in 
general, this will be small provided that the radiation comprises a small percentage 
of the beam energy. 

The effect of synchrotron radiation in a transport line is discussed in Refs. 69 
and 105. We will use the results of Ref. 105 to calculate the emittance dilution due 
to the residual dispersion. In this case, the change in the vertical beam size is given 
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by 

&Q2L = C2 [dsE^G^HyCos1* , (3.9.8) 
Py J 

0 

where C? = 4.13 x 1 0 _ u m 2 /GeV 5 and the phase advance is $ = 4>y{L) — ij>v{a) -
tan - 1 (Q[, + ftyij'y/Tly)- In our treatment, we will average over $ assuming that the 
radiation is emitted uniformly. Thus, we find an emittance dilution 

L 
Ae,, = ^ JdsE^G^-Hy . (3.9.9) 

Now, we need to find expressions for G and E in the linac. We assume that the 
trajectory is randomly offset in every quadrupole. Furthermore, we assume that the 
dipoie correctors are located at the quadrupoles. In this case, the angular deflection 
at each quadrupole is given by 

0 = r i — rj 7*2 — fi 

-^drift ^drift . 
(3.9.10) 

where idrift ' s the distance between quadrupoles and rj is the radial position at three 
sequential quadrupoles. This yields an n i s value for the inverse bending radius GlmB 

of 

r> — VXrms +ffrms /„ n , , , 
Urms — J—j , (3.9.11) 

where Lq is the length of the quadrupoles. 

Next, we use the scaling for the lengths and the beta functions discussed in 
Appendix D; in the NLC linac th«y both scale with the square root of the beam 
energy. Thus, we can express the integral as a sum over quadrupoles 

A T — C/"1 V ^ LtjO ,_2\ •£'o-£"(Trni5 + Vims) „ „ , „ 
Aey = SC-2 2_, - T " ( V TTTi . (3.9.12) 

„ = ] 00 ^O^driUO 

where we have assumed that the dispersion is random and has a constant amplitude 
down the linac and the subscript Q denotes values at the beginning of the linac. 
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Finally, we use Eq. (D.1.7) to express the energy as a function of the quadrupole 
number and we assume Nq » 1 so that we can replace the sum with an integral 
over the quadrupole number. This yields 

A«, = W g 0

3 4 ^ ( * 7 + ^ " s ) 3 / 2 . (3.9.13) 

In the 500 GeV NLC linac, we find that an rms vertical dispersion of 3 mm with 
100 ^m orbit offsets increases the vertical emittance by only 1%. This is a loose 
tolerance; we need to keep the vertical dispersion below a few hundred microns for 

3/2 

other reasons. Furthermore, the relative emittance dilution only increases as EJ 
and thus it should not become a significant limitation even at a much higher final 
energy. 

Next, we can estimate the emittance contribution from the opening angle. Using 
the results of Section 2.2.3, we can express the emittance dilution as 

^y=l-^Jds\G>\E^ . (3.9.14) 

Following the procedure used to calculate the dispersive dilution and using the NLC 
scaling, we find 

Atj, = — G 2 A , , / ? 0 5 ry-Tj . (3.9.15) 
1 6 5 TO L<iOLdnilO 

In the 500 GeV NLC Hnac, the opening angle contributes a relative emittance dilu
tion of ]0~ 6 for 100//m orbit offsets; this is a negligible effect. 

Finally, we can calculate the exppcted increase in the energy spread: 

I 

^; = ^Jds\G3\E7 . (3.9.16) 

With the NLC parameters, we find 

Aa2 = lciNqE2E}£™\y

i

nm} . (3.9.17) 
5 L qQ Adrift 0 

In the 500 GeV NLC linac, this predicts an increase in the relative energy spread of 
1 0 - 5 which, again, is negligible. 
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3.9.3 Scattering 

So far we have neglected all of the scattering effects such as intrabeam and 
Touschek scattering, ion trapping, and beam-gas scattering. These phenomena are 
discussed in reference to the damping ring in Sections 2.3.1, 2.3.2, and 2.3.6. In 
general, the cross sections of these effects are too small to be relevant for emittance 
dilution in a linac and thus it is valid to ignore them. 

As an example, we will estimate the transverse emittance growth due to elastic 
beam-gas scattering. We start from Eq. (2.3.36) to calculate the rate the rms angle 
is increased by the scattering. This yields 

L 

A-ft, = Jd3*xnsaZ(Z + l)rg& l n ( ^ ) " \ • (3.9-18) 
o 

Strictly, 0mhx and 0 m i n are functions of 7, but the dependence is weak and thus 
we simply estimate the factor within the square brackets as 20. Furthermore, both 3 
and 7 are functions of s. In the NLC linac, the beta function grows with the square 
root of the beam energy and thus the integrand decreases as 7 " . We assume that 
7/ ~S> 70 and find 

A-fey = 160jrLn g a sZ(Z + l ) r g — = . (3.9.19) 
v/707/ 

Assuming 5000 meters of linac starting at a an energy of 2 GeV and having a 
residual gas of carbon monoxide with a pressure of 1 0 - 7 Torr, we find an emittance 
dilution of roughly 1%. Furthermore, we need to remember that it is dominated 
by the large angle scattering events; see the discussion in Section 2.3.6. This may 
have implications for the collimation that will be needed, but it does not represent 
a dilut;'".ij of the core emittance. 
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CHAPTER 3.10 
ACCELERATION SUMMARY 

In this chapter, we have discussed and evaluated most of the effects that can 
dilute the vertical emittance during acceleration in a linac. The primary sources of 
dilution are conservative dilutions and pulse-to-pulse beam jitter. The conservative 
dilutions increase the projected vertical emittance by coupling the vertical phase 
space to the longitudinal and horteontal emittances. This coupling does not actually 
increase the beam emittance; in theory, it is always correctable. Unfortunately, in a 
linac the dilution filaments, becoming extremely difficult to correct and effectively 
equivalent to an emittance increase. 

These conservative dilutions impose tolerances on the magnitude of coherent 
betatron oscillations and the transverse alignment of the magnets, BPMs, and accel
erating structures. We have derived analytic expressions to estimate the tolerances, 
assuming that the linac is composed of FODO focusing cells that are scaled with 
the square root of the beam energy and neglecting the filament at ion; this is valid for 
designs in the partial filamentation regime but will under-estimate the tolerances 
for machines with strong filamentation. These derived expressions were used to 
calculate tolerances for the NLC linacs and they were confirmed with simulations. 

Tolerances for the 500 GeV NLC main linac are listed in Table 15. The tolerance 
on a coherent oscillation specifies a tolerance on the BPM precision; currently, BPMs 
with sub-micron precision are being developed. In addition, the dispersive dilutions 
and wakefields set the alignment tolerances; without any form of special correction, 
these are only a few microns. The beam-based alignment techniques may be able 
to achieve such tolerances. Alternately, the emittance dilutions can be corrected, 
provided that the correction is performed before the dilution filaments. We have de
scribed two styles of correction: DF/WF trajectory correction and non-local bumps. 
One can see, in Table 15, that these techniques can substantially ease the required 
alignment tolerances. Of course, these tolerances are not final; detailed simulations 
need to be performed including all of the error effects. But, the implication is that, 
in a machine with weak filamentation, we can use correction techniques to ease the 
alignment tolerances by roughly one order of magnitude. 

The other important source of dilution is pulse to-pulse jitter, which affects 
both the beam centroid and beam size. We have estimated the centroid jitter, again 
neglecting the filamentation; the beam size jitter is primarily due to filamentation 
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Table 15. Summary of conservative dilutions and tolerances in the 
500 GeV NLC main linac. 

Source Tolerance Dilution Aty 

Injected betatron oscillation 
with BNS damping 

yo ^0 .7 / im Dispersive 

Wakefield 

6% 

0% 

BPM and quad, misalignments 
with 1-to-l traj. correction 

ym £ 4 ftm Dispersive 

Wakefield 

6% 

3% 

BPM and quad, misalignments 
with special collection 

ym & 50 nm Dispersive 

Wakefield 

10% 

10% 

Ace. section misalignments 
without correction 

ym £ 4 / / m Wakefield 

RF Deflect. 

6% 

0% 

Ace. section misalignments 
with ND bumps 

y m & 50 fim Wakefield 

RF Deflect. 

10% 

4% 

Quadrupole rotations 0 S 0.3 mrad /? coupling 6% 

Table 16. Summary of jitter tolerances in the 500 GeV NLC main linac. 

Source Tolerance AC 

Uncorrected quad, movement yjit & 5 nm -3% 

Correlated quad, movement at 
frequencies f ^ S Hz 

2/jit £ 5 nm 
(worst case) 

-3% 

Quadrupole power supply jitter AKi/Ki & It)-* -3% 

RF voltage jitter AV/V £ 3 % -3% 

of the centroid jitter. Tolerances are listed in Table 16; they correspond to 3% 
luminosity reduction, which is similar to a 6% emittance increase. The tolerances 
on the power supplies are not severe, but the tolerances on the quadrupole vibration 
are tight and may be difficult to achieve. One may be able to use feedback to ease 
the tolerances. Unfortunately, beam-based feedback will be difficult at the relatively 
high frequencies, and thus, we may need to develop active and passive damping 
systems for the individual quadrupole supports. 
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Thus, to conclude, we note that tlie fundamental emittance dilutions are very 
small. Instead, the primary sources of emit tance dilution depend upon the alignment 
tolerances and the pulse-to-pulse stability. Furthermore, in a machine with weak 
filamentation, correction techniques can br used to substantially ease the alignment 
tolerances. 
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CHAPTER 4 
CONCLUDING REMARKS 

Many future linear colliders are calling for normalized vertical emittances of 
ftv = 3 x 10 - 8 m-rad with aspect ratios ex/ev of 100. In this dissertation, we 
have investigated the tolerances and fundamental limitations on generating and 
preserving these very small vertical emittances; the results are then applied to the 
NLC linear collider design. 

We have considered sources of emittance dilution in only two of the major sub
systems of the linear collider, namely, the damping rings and the linear accelerators; 
we have neglected dilutions that can occur in the bunch compressors and the colli-
mation/final focus regions. Furthermore, we have neglected all multi-bunch issues; 
the NLC design calls for ten closely spaced bunches and thus multi-bunch effects 
are potentially very important and need to be examined. 

We have treated these two subsystems, the damping rings and linacs, separately, 
dividing this dissertation into two major sections. Although the driving physics is 
the same in both regions, the sources of dilution differ in importance. Specifically, 
in the damping rings, the main sources of emittance dilution are non-conservative 
processes while, in the linacs, the primary limitations are due to conservative dilu
tions and pulse-to-pulse jitter; detailed discussions can be found in the respective 
summaries. 

To conclude, we address the question: is it possible to generate and accelerate 
bunches with vertical emittances of fty = 3 x 10 m-rad? The answer is certainly, 
yes; in the NLC design, the fundamental limitations are much smaller. But, the more 
important question, is it practical? The answer here depends upon the state of the 
hardware. But, it does seem practical, although some advances in hardware will 
be needed. In particular, to correct the emittance dilutions due to misalignments, 
we will need BPMs that have micron precision (reading-to-reading jitter) and we 
will need the ability to measure these beam emittances. In addition, we will need 
to develop a (cost-effective) method of reducing the pulse-to-pulse jitter; (his will 
likely include feedback on the beam and the individual components. 

Finally, we again note that dilutions in either the bunch compressors or the final 
focus regions were not considered. Furthermore, we have not examined the limita
tions due to multiple bunches and we have only considered the weak filamentation 
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regime. All of these effects will increase the emittance dilution and need to be in
cluded in future work. In addition, many calculations throughout the dissertation 
were made using simple models which could be improved. This includes: the effect 
of ground motion in both the linacs and the damping rings, the wakefields in the 
damping ring, effects on the injected beam in the damping rings, the space charge 
coupling in the linacs, and finally, detailed simulations of the correction techniques, 
including "alF sources of error. 
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Appendix A 
BEAM DYNAMICS: SURVEY 

In this appendix, we will briefly review the dynamics in an e+/e~ accelerator. 
Detailed derivations of the equations and discussions of the particle motion can be 
found in any textbook on charged particle optics. Here, we will describe the salient 
physics and provide the necessary definitions so that one can follow the body of this 
dissertation. In particular, we will discuss the linear tidusverse and longitudinal 
motion and then we will consider the effects of the synchrotron radiation. Finally, 
we will discuss some of the issues pertinent to damping rings. The first portion 
of this appendix, Sections A.1-A.5, is a summary of Refs. 23, 62, and 104 while 
Section A.6 is mostly taken from Ref. 90. 

A.l COORDINATE SYSTEM 

We will use a right-handed coordinate system: (x,y,s), where s is the distance 
along the accelerator and x and y are the horizontal and vertical coordinates. We 
always chose y in the upward direction and s in the direction of propagation; these 
then determine the x direction. In addition, we will use the coordinate z to describe 
the longitudinal position of particles within a bunch; z has the same orientation as 
s, but it is referenced to the center of the bunch. 

A.2 TRANSVERSE M O T I O N 

In this section, we will describe the transverse motion of the particles in a 
storage ring or transport line. We start by introducing the equations of motion 
and separating them into a closed orbit, the first order energy dependence, and the 
betatron motion about the central trajectory. Then we introduce the beta function, 
the phase advance, and the single particle invariant. Finally, we describe the beam 
ellipse which parameterizes a particle beam. 

Equations of Motion 

In a high energy accelerator, transverse magnetic fields are used to control the 
charged particle beam. The primary components are dipole, quadrupole, and sex-
tupole magnets; pole and field profiles for these magnets are illustrated in Fig. 47. 
Dipole magnets have a uniform field and are used to direct the beam trajectory 
while quadrupole magnets have fields that increase linearly with distance from the 
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Fig. 47. Accelerator magnets. 

magnetic center and thus they provide linear focusing. Finally, sextupole magnets 
and higher multipole magnets are used to correct nonlinear dependencies In partic
ular, sextupole magnets are used to correct the energy dependence of the focusing 
due to the quadrupoles. 

In an accelerator, the longitudinal motion within the beam, referred to as the 
synchrotron motion, is usually much slower than the transverse. Thus, we can solve 
the transverse equations while holding the longitudinal motion fixed: the compli
cations neglected in this approximation are discussed in Section 2.2.6. With this 
approximation and in the absence of synchrotron radiation and longitudinal accel
eration, the equations of motion for a single particle can be written 

x " + ( l - A ) (fiW + C W l i + ^ - j 1 ) 

y" - ( 1 - A) A'I(JS)J/ + Kodjxy 

M ( , ) + ( l - i ) G „ ( j ) ( A 2 

a-A)Gyc(s) , 

1) 

where the primes denote derivatives with respect to s, the azimuihal coordinate, and 
•̂  is the relative energy deviation: A = {p-po)/p where p is the particle momentum 
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and po i s the design momentum; to first-order A equals the more common parameter 
S = (p-pa)fpO' In addition, G is the main horizontal guide field which is the inverse 
of the local bending radius, Gxc and Gyc are the inverse bending radii of additional 
corrector or error dipole fields, and I\\ and Ai a f e the normalized quadrupole and 
sextupole fields: 

G[s) = - p r = - B , 
p(s) po 

A 2 (s) s 
po 6a-2 (A.2.2) 

With these definitions, positive Gxc,yc causes a deflection in the positive x or y 
direction and positive A'j corresponds to focusing in the horizontal plane. 

At this point, we can separate the solutions into: (1) the on-energy (A = 0) 
inhomogeneous solution, referred to as the central trajectory, (2) tht first-order 
energy dependence of the central trajectory, referred to as the dispersion function, 
and (3) the homogeneous solution which is referred to as the betatron motion. Thus, 
x = Xc+SrjfVxg where xc is the central trajectory, r)x is the dispersion function, and 
xg is the betatron motion, and the vertical motion is similar. With this substi ,ution, 
the equations for the central trajectory are: 

x « + (K1+G*)xc + ̂ (xl-f;) = Gxc 

it" - K\VC - KlXcVc = GyC 

(A.2.3) 

Next, linear equations for the dispersion function and the betatron motion can 
be found by expanding about the central trajectory: 

t)" + (Ai + G2)7]x + K-i(xcnx - ycT)y) = 
A'o 

G - G„ + (A'i + C ' ) * c + -j(xi - yi) 

v'y ~ A'lVy - A'2(zc7?j, + Jcfi) = -Gyc - Kiyc - A' 2 x c y c • 

(A.2.4) 

and 

4+ (!-&) (A'I + G2)xj3 + h'2(xcxfi - ycy 

2 # - ( l - A ) Kiyg + i<2[ycxs + xcyff) 

+ &K2(VzXfl - Wjj) = 0 

(A.2.5) 
In this appendix, we will neglect I lie complications due to the sextupoles; these 
effects are discussed in Section 2.2. 
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pptatron Motion 

If we neglect the sextupole terms, the equations for the betatron motion are 
similar to those of one-dimensional harmonic oscillators and can be expressed in an 
analogous form: 

xg = v/2Jx/?i(s)cos{^(s) + <t>x) 

ve = y^JMs) cos^y{s) + 4>y) 
(A.2.6) 

Here, J j l 9 and <j>z,y are constants of the motion, 0x,y(s) are the beta functions, and 

ipx,i/(s) a r e the phase advances given by: 

s 

Wz.y(s) = f 
dS' (A.2.7) 

0 

In a storage ring, the beta function is chosen to be periodic but in a transport 
line there is room for ambiguity since one needs to define initial values or boundary 
conditions; we will discuss this further in Section 3.3.1. 

Similarly, a storage ring has a well defined tune; the tune equals the phase 
advance around the ring divided by 2r: 

^ f 5 ^. ,(C)-fe„(0) ^ ( A 2 8 ) 

where C is the ring circumference. The tunes are very important in a storage ring 
since they locate the proximity of destructive resonances. In general, there is a 
resonance whenever kvx + lvy -j- mi/, = n. where &, /, m, and n are integers and e s is 
the tune of the longitudinal motion. 

In addition to the beta function and the phase advance, there are two other 
parameters that are used to describe a focusing lattice. For systems without accel
eration, these are: 

1 d$, „ 1 + cti,, 

°- S "2T ' n d ^ S ^ f • (A'2-9) 

Note that one needs be careful since the symbols used to denote these functions 
also refer to the transverse damping rates and the relativistic factor 7; the context 
should clarify the meaning. 
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Finally, we can also describe the linear betatron motion in terms of transport 
matrices R: 

\x'(s)) " \R2i(Q,a) R22(0,*)J \A0)) 
(A.2.10) 

This form is useful because the individual transport matrices can be constructed 
directly from the linear lattice elements: drifts, dipoles, and quadruples, and then 
multiplied together to form the transport matrix for the structure. We will fre
quently refer to the Ru and R%o matrix elements which, in terms of the lattice 
parameters, are 

Ru(si,S2)= Jj-J^(cosAiJ> + aismAil>) 

(A.2.11) 

Here, the relativistic factor 7 has been used to include the adiabatic damping that 
occurs as the beam is accelerated. Adiabatic damping occurs because as the beam 
is accelerated po increases while the transverse momenta remain constant. Thus, in 
x-x' and y~y' phase spaces there is damping since x' == (1 +Gx)pt/pQ decreases. In 
this case, the betatron motion is still described by Eq. (A.2.6), but the definition of 
a must be changed to 

ldfix,y pxvd-y 

and the single particle invariant decreases inversely with the beam energy. 

Central Trajectory and Energy Dependence 

At this point, we can find the central trajectory about which the particles per
form betatron oscillations. In a storage ring, the central trajectory is periodic and 
is referred to as the closed orbit. In an e + / e ~ ring, the particles damp towards this 
closed orbit. Neglecting the sextupoles, the periodic solution for xc is 

• . ...... t+C 

xc(s)=^M^- f ^J%[^)cos(fz(s)-4'IXs') + ^I)GIc(s,)dS' , (A.2 
2s\uin/x J 

13) 

with an analogous result for the vertical plane. In a transport line, the central 
trajectory depends upon the initial conditions (xo,x'Q). Typically, these are chosen 
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to be zero, in which case the central trajectory is 

*c(a) = / VA(*)A(a')t/S s i n M 5 ) - *U'))G^)dJ ; (A.2.14) 
0 ' 

the trajectory is the integral of the Ru matrix element and the deflections Gxcds. 

Now, we can calculate the dispersion function T}X,B- This is the first-order change 
of the central trajectory with A (or 6). In a storage ring, we have the periodic 
solution 

*»*(*) = ^ T 
&(') 

3+C 

J ->/0z(s')cos(il>x{s) - 4>z(s) + irvx) 2sxnrux J v s ' " * " ' ^ ' ' *, (A.2.15) 

x[G-Gxc + (Ki+G-)xc]ds' . 

while in a transport line we have 

n * 

[G-Gtc + (Ki+G2)xc}ds' , 

(A.2.16) 
where we have assumed that the initial values {r)zo,i}'to) a r e z e r o - Again, there are 
analogous results for the vertical plane. 

Finally, we calculate the variation of the phase advance with energy; this is 
referred to as the ckromaticiiy. As the particle energy increases above the design 
energy, the focusing, and thus the phase advance, becomes weaker. In a storage 
ring, the uncoupled chromaticity is 

^ ^ ^ i = ^ h ' ^ K 2 , l i ) ^ d s ' • (A/217) 

where the integral is calculated around the ring and the ( —) sign applies to £x 

and the (+) sign applies to (y. Without the sextupoles, a storage ring naturally 
has a negative chromaticity, This can lead to coherent instabilities and thus the 
chromaticity is corrected to be zero or slightly positive with the sextupole magnets 
located in regions of horizontal dispersion. 
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Emittance, Beam Ellipse, and Machine Ellipse 

So far we have only discussed the trajectory of a single particle. Actually, we 
have a beam of particles which all have different amplitudes and phases. We quantify 
the phase space volume occupied by the beam in terms of the normalized emittance 
ft. The normalized emittance is a useful quantity because in a conservative system, 
which a linear accelerator approximates, the six-dimensional phase space volume 
(x,px, y,py,z, A £ ) enclosing the beam is invariant. Furthermore, if the three degrees 
of freedom are uncoupled, then the phase space area of each degree of freedom is 
also conserved. 

Throughout this dissertation, we will refer to the rms emittance. This is a 
parameterization of the phase space volume using the second moments of the beam 
distribution. If the forces are linear, the six-dimensional rms emittance is conserved 
and, if the planes are uncoupled, each two-dimensional rms emittance is conserved. 
In the transverse planes, the two-dimensional normalized rms emittance is equal to 

7£*=7V/<4}<42>-<*/>*;3)2 . (A.2.18) 

where the angle brackets denote an average over the beam particles. More generally, 
the rms emittance can be expressed as the determinant of the beam matrix B: 

7£ = 7det<T t?ij = (xjXj) , (A.2.19) 

where a:, are components of the vector: (xg,x'a,y0,y'g,z, &)• 

The moments of the beam distribution, (x^), {x'g }, and {xpx'a), define the beam 
ellipse in the x-x' phase space that can be used to further parameterize the beam. In 
particular, the area of the beam ellipse is related to the rms emittance as Area = jre. 
Furthermore, e + / e ~ beams usually have gaussian transverse distributions in which 
case the beam ellipse describes a contour of constant density that encloses 39% of 
the beam. 

In general, we can express these moments in terms of the beam parameters o.4, 
/?*, and 7*: 

(x}} = PleI {x'gi) = tftx fax'0) = -altx , (A.2.20) 

where the beam parameters are similar, but not necessarily equal, to the lattice 
parameters; the lattice parameters describe the focusing lattice while the beam 
parameters describe the beam. 
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Machine Ellipse 
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Area = TTE 

Fig. 48. Beam and machine ellipses for an unmatched beam. 

At this point, we introduce the machine ellipse. The single particle invariant, 
introduced in Eq. (A.2.6), can be expressed in terms of xg and x'# the lattice pa
rameters: 

Jx = 5 [ixx} + 2aTX0x'0 + 0xx'f,~] (A.2.21) 

and Jy is similar. Thus, particles with constant JIiV are distributed on an ellipse 
in x-x' phase space which is defined by the single particle invariant and the lattice 
parameters; this is referred to as the machine ellipse. 

In general, the beam ellipse is inscribed in the machine ellipse. If the beam is 
matched to the focusing lattice, then the beam and the machine ellipses are equal. 
In this case, the beam parameters are equal to the lattice parameters and we can 
express the emittance in terms of the single particle invariant: eXtV = (Jx,y)-

This parameterization is not valid if the beam is not matched to the structure. 
In such a case, the beam ellipse is inscribed in the machine ellipse; this is illustrated 
in Fig. 48. If all particles in the beam have the same phase advance, then the 
beam ellipse rotates coherently within the machine ellipse, but if there is a spread 
in the phase advance, the beam will filament and fill all of the machine ellipse and 
there is a co.responding rms emittance growth; filamentation is discussed further in 
Section 3.3.1. 
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Finally, it is important to realize that the rms normalized emittance is not nec
essarily conserved; filamentation is one illustration of this. In particular, nonlinear 
fields or coupling can distort the beam ellipse so that the second moments do not 
accurately reflect the phase space volume. Regardless, accelerators are fairly lin
ear machines and the rms emittance provides a useful measure of the actual beam 
emittance. 

A.3 LONGITUDINAL MOTION 

Now, we need to discuss the longitudinal motion. There are two ways for the 
particles to change their relative longitudinal positions: velocity differences and path 
differences. The velocity difference between two ultra-relativistic particles leads to 
a longitudinal position change of 

s6 
A s ~ — , (A.3.1) 

7" 

where 6 is the relative energy difference, f is the relativistic factor, and s is the 
distance traveled. When 7 is large, this tends to be a negligible effect. 

The path length for a particle can be written 

- / (<^)N£)°+(S)T- • <*•»> 
where we have assumed that the only significant bending occurs in the horizontal 
plane. To first-order, only the curvature term is important and thus the path length 
difference is 

where Ax can be due to a betatron oscillation or the dispersion. Notice that Az 
depends upon the bending radius and thus the longitudinal position is essentially 
fixed in a linear accelerator where p —* 00. 

The dependence of Az on the betatron amplitude couples the longitudinal plane 
to the transverse. This will be discussed further in Section 2.2.6, but, on average, 
the effect of a betatron oscillation is small; the betatron oscillation has a different 
phase every turn and thus the effect averages to zero. This leaves the effect of 
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the dispersion which can be written: As = tfamC, where am is the momentum 
compaction factor: 

C 

o 

At this point, we need to discuss the radio-frequency (RF) acceleration system. 
The RF system provides longitudinal electric fields that can accelerate or decelerate 
the particles. In an e + / e ~ ring, the RF system is needed to replace the energy 
emitted as synchrotron radiation while in a linac the RF is used to accelerate the 
beam. Usually, the system consists of resonant RF cavities that ar-? powered by 
microwave sources. Assuming a sinusoidal RF, the accelerating voltage across a 
cavity can be written 

VRF = MisinwRF* , (A.3.5) 

where WRT is the RF frequency. 

In a high energy Hnac, the longitudinal positions of the particles do not change 
since there is no bending. Thus, the particle energy depends upon the longitudinal 
position and the phase of the RF voltage seen by the beam; usually the beam is 
being accelerated and it is placed near the crest of the RF voltage. We can express 
the voltage as 

VRF = V'o sinM'RF + <j>s) , (A.3.6) 

where A-RF is the RF wavenumber and 4>, is the synchronous phase: <j>s — rc/2 for 
maximum acceleration. 

In a storage ring, the situation is different. Here, WRF is chosen to be an integral 
multiple of the revolution frequency. Thus, we can express the voltage seen by a 
circulating particle as Vbsin(;r(2„)A'RF + <£.,) where tn is time at which the particle 
passes the cavity on turn n. Thus, the change in z depends upon the energy and 
the change in energy depends upon z. Since the changes per turn are very small, 
we can write a differential equation for the longitudinal motion: 

Z ~ C ~ E ~ ^ ' R F ~ ^ = ~C—E— ' (A.3.7) 

which we can express as 

u , (omeVa \ a m ( l ' o . amAEIS,i , . , „ , 
Z + I "c~ £ ^ R F C O S i ; 6 s , r = — p r - r ~ * R F s i M s + - £ ; — £ — . (A.3.8) 
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Here, AEI3a is the average energy lost on one turn. 

The r.h.s. of Eq. (A.3.8) determines the synchronous phase while the l.h.s. de
termines the synchrotron motion. If we linearize tin's and make a smooth approxi
mation, which is valid because the synchrotron mot"/:a is slow, we can express the 
synchrotron motion as 

S(s) = SQCOSI 'l*vs-~ + $o ) 

(A.3.9) 
z(s) = 7T~£osin(27r!/a— + 4>o ) , 2irv3 \ C / 

where 6a and <?o are the constants of the motion and ua is the synchrotron tune: 

^ = ^ { Q " > C ^ R F C o s ^ J . (A.3.10) 

A.4 RADIATION D A M P I N G 1 " " 1 

When an ultra-relativistic particle is accelerated, it emits synchrotron radiation. 
The emission of the radiation is intrinsically a quantum mechanical phenomena and 
the time of emission and the energy of the emitted photon are random. However, 
provided that the expected energy of the photons is small compared to the particle 
energy, the photon distribution can be accurately calculated using classical electro
magnetic theory. In this section, we will only consider effects of the average power 
radiated. Thus, we neglect the discrete nature of the photons and treat the radiation 
as a classical field that is emitted continuously; the quantum nature of the radiation 
is discussed in the next section. 

As the particles orbit the ring, they are deflected by the dipole magnets and 
they radiate. The average power radiated around the ring P-, can be expressed 

P, = ^ £ 2 B ^ ) . (A.4.1) 

where m is the electron mass, E is the particle energy, and B- is the average value 
of the magnitude of the transverse magnetic field squared. 
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In general, particles with higher energies radiate more than particles with lower 
energies. This leads to an exponential damping of the longitudinal phase space. The 
longitudinal damping rate is 

1 dAE 1 d!\ 

When evaluating the derivative of P., we have to include ,',hree effects: the 
dependence on the energy of the particle, the dependence on the revolution time 
which varies with energy, and the dependence on the magnetic field which varies with 
the orbit which is also a function of the energy. When all the terms are included 
correctly, we find 

0 t = L = J,£l = J,£l$ lG-ds , (A.4.3) 
r, 2 £ 4-rr T 0 / v ' 

where Cy = S.S5 x 1 0 - 5 m-GeV - 3 , To is the revolution time, and Jt is the longitu
dinal damping partition number: 

yU-as 

Note that Q { is the damping rate of z or 6: the longitudinal emittance damps at a 
rate of 2o f . 

Jn the transverse planes, the radiation decreases the transverse momenta px and 
py and again leads to an exponential rhmDing. In this case, the damping rates are 

1 P~ C E3 t 
Ox., = — = J:.,^ = J*.,-7Z^T f G ' d S ' ( A - 4 ' 5 ] 

Ti,y ±t. AT! JU J 

where JttS are the transverse damping partition numbers which, if the ring is built 
in the horizontal plane, are 

4>hG(G2 + 2I<i)ds 
Jz = i - y \ G 2 d , a , l d 3V = \ • (A.4.6) 

Notice that the sum of the dam])ing partitions is a constant: J, -f Jx + Jy — 4. 
Tilis is a statement of the Robinson theorem '" and is valid whenever a negligible 
quantity of synchrotron radiation is emitted in regions where the external fields are 
time dependent, i.e.. the RF cavities.'3 
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A.5 QUANTUM EXCITATION" 0 " 

The synchrotron radiation is actually emitted as a series of photons which change 
the particle's energy in discrete steps; the emission can be considered instantaneous 
in comparison to the particle motion. Since the emission of a photon is a stochastic 
process, the radiation will introduce noise which leads to diffusion. This causes the 
beam emittances to grow until the diffusion is balanced by the radiation damping. 

As discussed, the radiation damping is due to the mean synchrotron radiation 
power emitted. In contrast, the quantum excitation is due to higher moments of the 
photon distribution. We can express the synchrotron radiation power as the rate of 
emission multiplied by the expected photon energy: 

,V<«) = P 7 (s) , (A.5.1) 

where N is the rate of emission, u is the photon energy, and P-, is given by 
Eq. (A.4.1). To calculate the diffusion effects, we will need the second moment 
{w) which is 

^I> = ^ f ^ ' W ) ' ( A-5-2 ) 

In the longitudinal plane, these fluctuations directly increase the energy spread. 
The particles are performing synchrotron oscillations, obeying Eq. (A.3.9), and if a 
particle emits a photon, the oscillation changes to 

6(a) = 60r.->s( 2JTJ/3— + 0o J + £ r a d c o s ( 2irv3— + <£rad J , (A.5.3) 

and the amplitude of the oscillation becomes: 61 = b\ + &fid + 2^o6rad cos(<fo — 0 r a d). 
Since the time of emission is not correlated with the synchrotron phase 4>a, the 
expected amplitude grows at a rate 

<I{62) M(u2) 
dt El 

(A.5.4) 

Now, we can find the equilibrium amplitude by equating the expected growth with 
the radiation damping: 

Final!}', we average around the ring and we find the rms energy spread by aver
aging over all of the particles. This introduces a factor of one half, yielding an rms 
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energy spread and an rms bunch length of: 

3 _ c t 2 fields a „2s£a ( A 5 6 ) 

where Cg is nearly equal to the Compton wavelength of the electron: Cq = 3.84 x 
1 0 " 1 3 meters. 

In the transverse planes, there are two effects: (1) the transverse planes are 
coupled to the longitudinal through the dispersion function and (2) the radiation 
has a finite opening angle that gives the particle small transverse kicks. Here, we 
will only discuss the horizontal plane; the vertical plane is discussed in Section 2.2. 

In the horizontal plane, the effect of the radiation opening angle is insignificant 
compared to the coupling due to the horizontal dispersion. When a particle radiates 
a photon, it's energy changes. Since the periodic trajectory around the ring is energy 
dependent, this implies that the particle oscillates about a new centrai trajectory. 
Furthermore, since the particle's physical transverse position does not change, the 
amplitude of the betatron oscillation must change. Specifically, if a photon of energy 
u is radiated, the change in the betatron motion is: 

A x 0 = ~Y(s

1}l A x * = ~^ 1'* • ( A - 5 - 7 ) 

At this point, we find the change in the single particle invariant JT. Since the 
photon emission is not correlated with the betatron phase, we find an expected 
change 

<AJ*> = 5 ^ « . , (A.5.8) 

where 

•Hx = lxi)l + 2atw'L + 0Z7,'X

2 . (A.5.9) 

Now, the procedure is identical to that used in the longitudinal plane; we find the 
equilibrium value by equating the damping with the diffusion and then average over 
all the particles to find the rms value. This yields 

_ 7/.V{t.a)7<,rf« = 7

3 §\G3\nTds 
4 EiaxTDc qJz §G2ds 

Finally, we need to discuss the equilibrium particle distribution resulting from 
the synchrotron radiation. Many photons are radiated within a damping time; 
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roughly -y/100 photons are radiated per radian of curvature while the damping times 
are usually many hundreds of turns. Thus, using the Central Limit Theorem and 
assuming linear forces, we find that the equilibrium beam distribution is gaussian 
in each of the six coordinates: (xg,£a,y#,y'a,z.,S). Alternately, this can expressed 
in terms of the single particle invariants which have exponential distributions: 

P — •'x.yA*.!/ 
PSK(JT.V)= • (A.5.11) 

A.6 DAMPING R I N G PARAMETERS 

At this point, we will specialize to the case of damping rings. The two main 
parameters of a damping ring are the equilibrium emittance and the damping times. 
These determine the emittance of the extracted beam: 

e{t) = £ , e - 2 ' / r + ( l - e - 2 ' / r ) e o , (A.6.1) 

where e; is the emittance of the injected beam and eo is the equilibrium ring emit
tance. Here, r is the horizontal or vertical damping time, and t is the time the 
particle bunch is in the ring. 

To illustrate the determination of these parameters, we will use numbers from 
the NLC design described in Appendix B. The design requires that the extracted 
beam have normalized emittances of ftz < 3 x 1 0 - 6 and ~/ts < 3 x 10~*. Here, 
we assume an injected beam emittance of fe, = 3 x 10~ 3 , which is realistic for a 
positron beam and over an order of magnitude too large for an electron beam. Thus 
the vertical emittance needs to be decreased by five orders of magnitude. Damping 
the bunch for seven vertical damping times will reduce the first term of Eq. (A,6.1) 
by six orders of magnitude; we damp excessively to ease the tolerances on the 
equilibrium vertical emittance. The limit on the vertical equilibrium emittance of 
the ring is then 

-iey0 < 2.7 x 10~ 8 m-rad . (A.6.2) 

In a storage ring built in the horizontal plane the vertical emittance is mainly deter
mined by the coupling between the horizontal and vertical planes. The tolerances 
necessary to achieve this limit are discussed in Chapter II. 
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The damping times required in the ring are determined from the desired repe
tition rate (3fQ Hz), the number of damping times per bunch (7), and the number 
of batches of bunches stored in the ring at once (Art): 

* z , T , < - i - N \ - =Nb0.W7ms . (A.6.3) 
/rep # of damping times 

The maximum number of batches stored in the ring is limited by the kickers needed 
for injection/extraction. We assume that the time for the kickers to turn on, ex
tract/inject a batch, and turn off is less than 100 ns. ' Thus the batches must be 
separated by at least 50 ns. Since the number of batches is roughly proportional to 
the size of the ring we can define an effective damping time as 

T e f f = T ^ < 0.397ms , (A.6.4) 
Jo 

where TQ is the revolution time of the ring and Tsep is the separation of the batches. 

In genera], the horizontal damping time is less than or equal to the vertical, 
J7i > 1. Thus, only the vertical damping time is limited by Eq. (A.6.3) and the 
horizontal emittance of the extracted beam is very nearly equal to the horizontal 
emiUance of the ring: 

~,6l0 < 3 x 10~6 m-rad . (A.6.5) 

Equations (A.6.4) and (A.6.5) determine the basic parameters. Initially, to study 
these parameters, we ignore the option of damping wigglers and reversed bending 
magnets and we ignore the effect of intrabeam scattering. In this case, we can write 
simple expressions for yexo and r y efr, the two quantities we want to minimize: 

Jz TyefT J i 

Here, GB is the inverse bending radius of the bend magnets, 7ix is the average of 
Hi over the bending magnets. Bo is the magnetic field in kilo-gauss, and we have 
assumed that J^ = 1. Finally, r s e p is the batch separation which is determined by 
the fast injection/extraction kickers. 

220 



Appendix A.6 

Equations (A.6.6) and (A.6.7) show that the emittance of a ring can be decreased 
by reducing the dispersion in the bend magnets, reducing the strength of the bends, 
or decreasing the energy of the ring. Unfortunately, the damping times are increased 
by reducing the bend magnet strength or decreasing the energy of the ring. This 
implies that the dispersion in the bends is the only free parameter. Unfortunately, 
as we will see, it is also constrained. 

At this point, we need to discuss three additional parameters which constrain 
the design: (1) collective limitations, (2) the energy of the ring, and (3) the dynamic 
aperture. In general, the collective limitations are eased when the momentum com
paction factor a m is large. For example, the threshold for the longitudinal microwave 
instability, also called turbulent bunch lengthening, occurs at a bunch intensity 

A'thresh te o / 7 ; „ i ' (A.6.8) 
e-c(Z/n)efF 

where {Z/n)tft is the effective longitudinal impedance. To maximize the charge per 
bunch, one wants to reduce the impedance and increase the longitudinal emittance, 
the beam energy, and the momentum compaction factor. Of course, the longitudinal 
emittance is constrained by the linear collider requirements, and, as we will discuss, 
the energy is also. Thus, this only leaves the momentum compaction factor which 
needs to be maximized. 

Next, we would prefer to have the ring energy low. There are several reasons 
for this: (1) it keeps the ring cost lower, (2) it keeps the normalized longitudinal 
emittance small, and (3) it makes bunch compression easier. The NLC requires that 
the damping ring bunch be compressed longitudinally by, roughly, a factor of 100. 
Since one does not want an uncorrected energy spread much greater than 1% in the 
linac, we need to perform at least a portion of the bunch compression at an energy 
10 times that of the damping ring. Unfortunately, at higher energies it becomes 
more difficult to perform the compression without degrading the beam emittances. 

Finally, we need to mention the dynamic aperture. The dynamic aperture of 
the ring is a function of the sextupoles needed to correct the chromaticky. To 
prevent particle losses the dynamic aperture should be many times the injected 
beam size. Unfortunately, rings with small emittances tend to have high tunes and 
large uncorrected chtomaticities. This makes the desired dynamic aperture difficult 
to achieve, and we would like to cliooso a focusing lattice which naturally lias a large 
dynamic aperture. 
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Obviously, these constraints are not necessarily consistent with achieving the 
required emittances and damping rates. For example, in the NLC design, the ring 
energy must be greater than 2.2 GeV to achieve the damping, assuming iron magnets 
(non-superconducting) with saturated magnetic fields of 20 KG; this is higher than 
the desired energy. Fortunately, the damping requirements can be eased by using 
damping wigglers, reverse bending magnets, or a pre-damping ring to reduce the 
incoming emittance. In addition, it is common practice to use combined function 
bending magnets to increase Jz at the expense of J(; this decreases the horizontal 
emittance. Detailed discussions of these choices in damping ring designs can be 
found in Refs. 13, 22, 36, 37, 90, 119, and 130. 
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Appendix B 
NLC DAMPING RING DESIGN 

Details of the current NLC damping ring design are described in Refs. 90 and 
91. In addition, Ref. 90 also discusses the considerations that led to the design. 
Here, we will summarize the current state of the design. To do so, we first list the 
original design goals and then we briefly describe the current lattice. Finally, we 
will comment on a few of the potential limitations of the design. 

B.l ORIGINAL DESIGN GOALS 

• fft ;£ 3 x 10~ 6 mrad and fev ;£ 3 x 1 0 - 8 mrad. 

• Operation at 360 Hz. 

• 7£j = 3 x 10~ 3 mrad @ injection - this necessitates damping for w 7 vertical 
damping times. 

• Separate batches by k, 50 ns for the injection/extraction kickers. 

• Minimize wigglers due to cost and non-linearity. 

• Leave more space between magnets than in the SLC damping rings. 

• Achieve a conservative design. 

Some of these goals are summarized in Table 17, which compares the goals of the 
NLC damping ring with the SLC positron damping ring design. The primary dif
ference between the two rings is that the NLC ring needs to achieve a vertical 
emittance almost three orders of magnitude smaller than the SLC ring at twice the 
repetition rate. To achieve this damping rate, the ring needs to damp many batches 
of bunches at the same time. A single batch of 10 bunches is extracted on one 
kicker pulse while the remaining batches continue damping and an additional batch 
is injected to replace the extracted one. 

The other main difference between the SLC and NLC damping rings is the very 
small vertical emittance specified for the NLC ring. This small vertical emittance 
sets limits on the alignment tolerances of the damping ring. While these tolerances 
are small (50 - 100 ^m vertical alignment), they are not thought to present a serious 
limitation. 
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Table 17. Basic parameters of the SLC and NLC damping rings. 

NLC SLC 

Energy 1 ~ 2 GeV 1.15 Gev 

Injected emittance, 7c, 3 mmrad 10 mmrad 

Extracted emittance, ftz 3.0 ^xmrad 26 /imrad 

Extracted emittance, ^ty 30 nmr&d 26 umrad 

Repetition rate 360 Hz 180 Hz 

Bunch length 4-5 mm 5 mm 

B.2 C U R R E N T DESIGN 

The basic layout of our current damping ring design is shown in Fig. 49. Notice 
that there are several insertions which contain wigglers. In order to obtain the 
high repetition rate, we increased the damping rate with the addition of wigglers in 
straight sections. 

5 0 M e t e r s 
Fig. 49. Schematic of the NLC damping ring 

The basic parameters for the ring are listed in Tables IS, 19, and 20. J h« 
lattice is a FODO lattice with combined function bends which change the damping 
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partitions, increasing the horizontal damping rate at the expense of longitudinal 
damping. The RF frequency is 1.4 GHz since the bunch spacing in this example 
is about 20 cm. To meet the repetition rate requirements, ten batches of bunches 
must be damped at the same time. Unfortunately, this leaves only 45 ns between 
the batches for the injection/extraction kickers to turn on or off. 

Table 18. NLC damping ring parameters. 

Energy E0 - 1.8 GeV 

Length L = 155.1 meters 

Lattice FODO with CF bends and 
22 meters of wiggler 

Tunes vx = 24.37, vy = 11.27 

Momentum compaction a = 0.00120 

Design 
Current 

10 batches of 10 bunches 
of 2 x 10 1 0 e+ /e -

Tables 19 and 20 list the transverse and longitudinal ring parameters when 
the damping wigglers are both on and off. The wigglers do not strongly effect the 
emittances of the ring; they are primarily used to decrease the damping times. Thus, 
the ring can operate without the wigglers at a reduced repetition rate. 

Table 20. NLC damping ring longitudinal parameters. 

Wigglers Off Wigglers On 

Radiation/turn, Ua 203 KeV 468 KeV 

Energy spread, ac 0.00128 0.00104 

Bunch length, az 5.1 mm 4,6 mm 

RF Frequency 1,4 GHz 1.4 GHz 

RF Voltage .75 MV .75 MV 

Synch, tune, us 0.0075 0.006S 

(2/»)eff 0.32ft 0.20J1 
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Table 19. NLC damping ring transverse parameters. 

Wigglers Off Wigglers On 

Natural -ytx 2.46 ^mrad 2.00 jzmrad 

ytz at design current 3.33 /xmrad 2.74 ^imrad 

Damping, rz 3.8Sms 2.50 ms 

Damping. TV 9.19 ms 3.98 ms 

Damp, partition, Jx 2.37 1.59 

Rep. rate, / r e p 155 Hz 360 Hz 

Extracted fex 3.33 /imrad 2.74 /imrad 

Extracted 7£ y 0.035 ^mrad 0.029 pmrad 

Natural chrom., fr -28.35 -28.07 

Natural chrom., £y -25.10 -22.27 

The threshold impedance {Z/n)^ is that for the microwave instability at the 
design current. It is quite small due to the small momentum compaction factor, but 
is only about a factor of 4-5 below that obtained in the SLC damping rings. 

The m».gnet parameters are listed in Table 21. The bending magnets have a 
length of 20 cm and a bending field of 13.1 KG with a horizontally defocusing gra
dient of 300 KG/m. Preliminary POISSON calculations indicate that the gradient 
and bending field are achievable, but the short length of the magnets may make 
end-effects a serious difficulty.38 

For this reason we have re-designed the basic cell. The original cell was a FODO 
cell with small defocusing quadrupoles; much of the vertical focusing was done in the 
bends. In the new cell, the defocusing quadrupoie is removed and the two bends are 
joined. Thus, the bending magnet now is 40 cm long — a more reasonable length. 
In addition, we elongated the cell and inserted two extra small quadrupoles. These 
(optional) additional quadrupoles provide another degree of freedom for control of 
the tunes. The parameters of the two cells are compared in Table 22. 

For our design, we chose a wiggler with a peak field of 24 KG, a 50% filling 
factor, and a period of 20 cm. This is within 1 5 % M of the limits for Nd-Fe-B 
hybrid wigglers as specified in Ref. .50. If such high peak wiggler fields are not 
possible, the required peak field can be dropped to 21 KG by increasing the ring 
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Table 21. NLC magnet and wiggler parameters. 

Bends Bo = 13.1 KG 
Bi = 300 KG/m 

Quadrupoles Bi < 942 KG/m 
pole tip field < 11.3 KG 

Sextupoles SF jB2ds = -3120 KG/m 2 

SD / Bids = 4125 KG/m 2 

Wigglers Length Itotal = 22 m 
Period X = 20 cm 

Gap g = 2 cm 
Field B p M k = 24 KG 

Table 22. Comparison of basic cells. 

7 « i J« icdl a m for ring 

Original FODO 2.5 x 10 _ 6 m-rad 2.4 1.2 1.2 x 10" 3 

Modified 2.5 x 1 0 - 6 m-rad 1.9 1.5 0.8 x 10" 3 

energy to 1.9 GeV. Although it would be possible to achieve much higher peak fields 
with superconducting wigglers, it appears that the non-linear effects increase with 
the cube of the magnetic field strength. 

Finally, the chromaticity is corrected with only two families of sextupoles. The 
sextupoles are assumed to be constructed with permanent magnets and have lengths 
of 4 cm, keeping the fields similar to the SLC damping ring sextupoles. After 
chromatic correction, the dynamic aperture of the perfect machine is just outside 
the beam pipe. Errors and wiggler non-linearities will reduce the aperture, but 
hopefully, it can be recovered with a more sophisticated chromaticity correction 
scheme. Obviously, extensive tracking is needed to determine the dynamic aperture 
with errors and detailed comparisons with other lattices should be performed to 
search for superior dynamic aperture characteristics. 



B.3 F U T U R E MODIFICATIONS 

The primary modifications to the ring arise from changes in the desired parame
ters: first, the desired repetition rate has decreased a factor of two to 180 Hz because 
of limitations on the position target, and second, more realistic initial emittances 
should be used: fte- ~ 3 x 1 0 - s m-rad and 7£e+ ~ 1 0 - 2 m-rad. The electrc n ini
tial emittance is comparable to that achieved in the current generation of electron 
injectors while the increase in the initial positron emittance was suggested to ea& 
the requirements on the positron creation system. 

The current design without the wigglers will easily achieve the necessary damp
ing for the electron beam. In fact, one might want to decrease the damping rate 
by decreasing the main bending field while decreasing the number of cells to keep 
the emittance constant; this will reduce the size, cost, and complexity of the design. 
But, the wigglers will be needed if a single ring is to achieve the positron require
ments. The alternate, and more desirable solution, is to use a pre-damping ring to 
rapidly damp the positrons to an emittance comparable to that of the initial elec
tron emittance. Then, both the electron and positron main damping rings would 
be similar. This is the solution currently being employed in the JLC design. 

B.4 LIMITATIONS 

The limitations on achieving the vertical emittance in the damping rings is the 
subject of Section il of this dissertation. Here, we will briefly list a few of the other 
potential problems that will likely be encountered when designing these future rings. 

Dynamic Aperture 

To achieve the required horizontal emittances, the damping rings have strong 
focusing and strong sextupoles to correct the chromaticity. Unfortunately, these 
sextupoles limit the effective aperture of the ring; particles with large amplitudes 
are lost due to the nonlinear fields. There are two solutions to this problem: (1) 
design a ring with large dynamic aperture, and (2) reduce the aperture requirements 
of the incoming btam. 

Increasing the dynamic aperture is currently a topic of considerable research. It 
is an issue in most of the synchrotron light sources as well as man3' of the larger 
colliding beam rings. It is suggested in Refs. '22 and 40, that substantial gains in the 
dynamic aperture can be realized by using a discrete sextupole arrangement rather 
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than the distributed arrangement that is common. This technique may prove to be 
important for these future rings. 

' While increasing the dynamic aperture is desirable regardless, the second solu
tion also has many attractive features. The large aperture requirement is dictated 

J by the incoming positron beam which has an initial emittance one-to-two orders of 
magnitude larger than the electron beam. It was suggested that a pre-damping ring 
could ease some the damping ring requirements. 1 '" This has been incorporated 
into the JLC design, where it is shown that, in addition to easing the dynamic aper
ture and the damping requirements, a pre-damping ring also eases the tolerances on 
the extraction kicker magnet. 

Single Bunch Instabilities 

The single bunch currents in the damping rings are not very large, but because 
of the small momentum compaction factor and the small synchrotron tunes, single 
bunch instabilities could present a problem. The longitudinal microwave instability, 
which is discussed in Appendix A.6, usually has the lowest threshold current. To 
avoid this benign instability, the rings must have longitudinal impedances {Z/n)eg ~ 
0.2fi-Q.5fi. This is well over a factor of two smaller than that measured in the SLC 
ring and requires a very careful vacuum chamber design. 

Multi-Bunch Instabilities 

In addition to the single bunch instabilities, there are multi-bunch instabilities 
that may be severe since many of the designs call for many closely spaced bunches. 
For example, there are ten batches of ten bunches in the NLC design. The batches 
are separated by roughly 50 ns but the bunches within a batch are only separated 
by about 1 ns. This has been investigated"" 1 and it was determined that the NLC 
ring will need specially designed RF cavities. In addition, the ring will likely need 
feedback systems to further control the instability. 

RF System 

In addition to multi-bunch instabilities, the NLC RF system will need to handle 
five times more current than in the SLC rings. This requires careful attention to 
the higher-order modes. Furthermore, when the bunches are extracted from and 
injected into the ring thjre will be large beam loading transients that need to be 
carefully considered. 
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Fast Kicker Magnets 

Fast kicker magnets are used to extract or inject the batches of bunches into the 
damping ring. The kickers need to have very fast rise and fall times so that they 
do not affect the other stored batches of bunches. The SLC damping rings use a 50 
ns bunch separation, but the kickers are a source of problems. Currently, the JLC 
design assumes a 70 ns batch spacing while the NLC and CLIC designs call 
for a 50 ns and 22 ns batch separation, respectively. 

The kickers need to have flat pulses so that all bunches within a batch are 
injected/extracted on the same trajectory. The jitter and flatness tolerances on 
the extraction kicker are related to the kick needed to extract the beam, typically 
^ 5mrad, compared to the beam divergence ax> ~ 20/trad. This implies a tolerance 
of roughly A8/0 ^ 4 x l O - 4 for a jitter of one tenth the beam size. Such a tolerance 
will be difficult to achieve. 

One suggested solution of easing this tolerance is to use two kickers, driven 
from the same pulsed power supply, that are separated by ISO0 in betatron phase. 
The first kicker would reside in the ring while the second kicker would be in the 
extraction line; the second kicker applies exactly the same kick, including jitter, to 
the beam, removing the jitter from the first kicker. 

Synchrotron Radiation Power 

The damping rings operate by radiating extensive amounts of beam power. This 
radiation has three effects: (1) it heats the vacuum chamber. (2) it can damage 
the magnets and electronic equipment, and (3) it frees gas molecules causing a 
"dynamic" background gas pressure which can increase the vertical emittance as 
discussed in Section 2.3.6. All these problems are exacerbated at the damping 
wigglers, which generate copious quantities of photons in a small region. 
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Appendix C 
COUPLING DERIVATIONS 

In tLis appendix, we will discuss two issues related to coupling of the emittance; 
both are relevant to Section 2.2 of this dissertation. In the first section, we discuss 
the independence of the various contributions to the vertical emittance and then, 
in the next section, we explicitly perform the algebra needed to derive some the 
coupling formulas. 

C.l INDEPENDENCE O F CONTRIBUTIONS TO tv 

In Section 2,2.2, we state that the contributions from the opening angle of the 
radiation, the vertical dispersion, and the betatron and synchro-betatron coupling 
are ali independent and thus they simple add to the emittance/beam size: (y$)//?j,. 
First, we will consider only contributions to the emittance, and then we will discuss 
the contributions to the beam size. 

There are three contributions to the vertical emittance: the opening angle of 
the radiation, the vertical dispersion, and the betatron coupling; as discussed in 
Section 2.2.6, the direct synchro-betatron coupling has a very small contribution 
to the emittance. These effects increase the vertical emittance by causing random 
changes in the betatron motion. These changes can be written 

y$ = ypo + TlyUJEa + c^u/Ea + c'^u/Eo 

y'e = y'f>a + M W £ o + <iVzu/E0 + Ai«/£o , 

where By is the opening angle of the radiation and the coefficients c, c', d, and d' 
represent the rotation of the eigenvectors due to the betatron coupling; these are 
functions of the coupling coefficients Q±. 

Thus, these contributions will add independently to the emittance if 

{uOv) = r,lVyc(u2) = T,TT}'SC{U7) = wyJ(rx2) = ^ V ) = 0 ; (C.1.2) 

we have assumed that all of the effects are independent of the initial position and 
angle (ygcry'ffo)- The first term is zero since the expected angle of the radiation is 
zero, but the other terms are not as obvious since the expected value of (ir) is not 
zero. 
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In this case, we have to consider the average of r\xf)yC through all the bending 
magnets; the emittance would depend upon this average. In general, tjx has a 
periodicity determined by the lattice cells. Thus, T}Z is constant from cell to cell. 
In contrast, ijv and the coupling have periodicities determined by the tunes. The 
vertical dispersion oscillates at the vertical tune (or the integral portion) while the 
coupling oscillates at vx + fy and ux - vy. Provided that vT ^ 2vy and t/y ^ 2ut, 
these averages will be zero. Thus, it is valid to simply add these contributions. 

C.2 DERIVATION OF Eqs. (2.2.65) AND (2.2.107) 

In this section, we will derive Eqs. (2.2.65) and (2.2.107) from Eq. (2.2.64). We 
will only explicitly calculate the contributions from the individual coupling reso
nances; these come from the cos(0i(s) — ^ ( J ' ) ) cos(t/iy(2) — V'SP( 2 ')) term which is 
found when one expands the trigonometric functions in Eq, (2.2.64). The deriva
tion of the cross term is similar except one needs to include all of the trigonometric 
functions; this is easily accomplished using exponential notation, but, because of 
the large number of terms, the calculation is quite tedious. 

First, we expand the square of the bracket in Eq. ''3.2.64), keeping only the 
terms that depend upon the differences of the phases ^(2) and V'(s') : 

A V ) W , ( 2 i ) J J ^ ' ^ ) f c ( r ' ) • • • c o s ( ^ ) - ^{z')) «*(* , (* ) - ik(*')) -

(C.2.1) 
where trigonometric identities have been used in the expansion. Now, we can use 
additional trigonometric identities to express this result as 

- 0 0 * z. 

+ \ 
2, 

(C.2.2) 
where the sum over ± represents a sum over the ipr + 4'y phase and the v\r — tf'j 
phase. 

Next, we can condense this into a single integral using complex exponentials and 
we separate the integral over c into a portion over an integral number of turns of 
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the ring and a portion over the remaining segment. Thus, the result has the form: 

3-nC 

- c o z, " 9 - C ' s-C z,-nC 

where • • - is used to represent the •ntegrand. Explicitly, this yields 

, (C.2.3) 

°l(s) 

J q±U)dz -navTa-ii>2iebv± 

where 

«±( = ) = vOT^****'1 

(C.2.4) 

(C.2.5) 

In addition, Ai/± = (ux ± vy). To is the revolution lime, and it was assumed that 
the damping per revolution is small compared to tl^e betatron tunes. 

Now, we perform the sum over j . The expression within the absolute value signs 
becomes 

2 sin 7r Ai/± \ 
>-C 

(C.2.6) 
? 2 

— nauTo — in2icAv 

+ e" 

q±(-)dz 

At this point, we can calculate the case where the local coupling is zero at 
location 5. When the local coupling is zero, the first integral over q is zero and we 
are left with only the second term. Thus, 

^y( 5 )g]obal 
(C.2.7) 

Now. we perform the final summation, shifting s —> s + C, and assuming that the 
photons are radiated uniformly around the ring, this yields Eq. (2.2.107). 
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If the local coupling is not zero, we can group the terms in Eq. (C.2.6) as 

•T,G£Si/'*H 
JTAH± 

(C.2.8) 

+ eWo-—„±(_£_£_ j q±[z)dz + j q ± ( z ) d 2 } 
3~C 2. 

When the absolute value sign is calculated, the cross term will have an oscillatory 
term due to the complex exponential. Assuming that 2n,Ai/± S> QTQ, this cross term 
will go to zero when the final sum over n is performed. Thus, we are left with the 
separate absolute values of the two terms in Eq. (C.2.8), The first term is simple; 
the absolute value is 

-2no,To 

4sin" 7rAi/± 

a+C 

! / 
q±{z)di (C.2.9) 

After performing the final sum over n and substituting with the equilibrium emit-
tance, this yields the first expression in Eq. (2.2.65). 

Finally, we have the second term of Eq. (C.2.8). Let us express this as 

4 sin" wAu± 
fie'^"^ + 2sirnrA^ J q±(z)dz + ie"A"* f q±(z)di 

~. 3-C 
(C.2.10) 

Next, we express the sine in exponential form and shift the second integral by C. 
When we shift the limits by C, we have to include a phase shift of e , - T A " ± . Thus, 
Eq. (C.2.10) becomes 

-2nory!lo 

4sin' :7rAf± 

z.+C 
•V"A"±y 9 ±(*)<fc+ «-»*«'* j q±(z)dz (C.2.11) 

Now, we add these two integrals and perform the final summation over n; this yields 
the second expression in Eq. (2.2.65). 
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Appendix D 
NLC LINEAR ACCELERATORS 

D.l BASIC SCALING 

As illustrated in Fig. 1, the proposed NLC is to consist of two linear accelerators: 
a preliminary linac that accelerates the beam from the damping ring to the final 
bunch compression, and a main linac tiiat then accelerates the beam to the final 
energy. The current design calls for the main linac to operate at an RF frequency of 
11.4 GHz with a large accelerating gradient. In contrast, the low energy linac would 
operate at 2.8 GHz with a lower gradient; the low energy linac would be comparable 
to the SLC linac. 

The higher frequency RF is used in the main linac to reduce both the a- drage 
power consumption and the length of the linac. But, before the second bunch com
pression, the wakefields in a high frequency linac would rapidly dilute the transverse 
emittance; the transverse wakefield increases with both the bunch length and the 
RF frequency. Unfortunately, the second bunch compression can not be performed 
at low energy since the relative energy spread would then be the order of many 
percent and the transverse beam emittance would be diluted by the dispersive and 
chromatic errors. 

Both the preliminary and main linacs are assumed to be constructed of FODO 
cells that are scaled as the beam is accelerated. A basic FODO cell is composed of 
a focusing quadrupole, a drift, usually filled with accelerator sections, a defocusing 
quadrupole, and another drift section. An example FODO cell with lattice functions 
is illustrated in Fig. 50. In the "thin-lense" approximation where the length of 
the quadrupole magnets is neglected, one can find simple expressions for the beta 
functions: In particular, the maximum and minimum beta functions are 

e=Lcl±**Ml ^ & = Lelz$th!l , ( D . U ) 

sin ipc sin tpc 

where Lc is the length of the cell and ipc is the phase advance per cell. Finally, the 
cell length and the phase advance can be simply related to the integrated quadrupole 
strengths as 

4 
L,= s i n ^ c / 2 , (D.1.2) 

K\Lq 

where K\ is the normalized quadrupole strength and Lq is the quadrupole length. 
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Fig. 50. Lattice functions for a basic FODO cell; the solid and dashed 
lines are flz and fly, respectively. QF and QD represent the focusing and 
defocusing quadrupoles. 

Alternately, we can use the beta functions to find the relations 

1/1,^103-/3) = 4 tan ^ c / 2 and \I<iL„\0 + fl) = 
cos^ c /2 (D.1.3) 

As the beam is accelerated, the normalized quadrupole gradient A'] of a given 
magnetic field decreases inversely with the beam energy. If the cells are not scaled, 
the beta function will increase linearly with energy while the phase advance per celt 
decreases. Since many of the tolerances depend upon the local value of the beta 
function, this is not a good choice. Instead, a scaling is typically chosen where the 
magnetic field strength is kept constant, but the cell lengths and the quadrupole 
magnet lengths increase with the square root of the beam energy? 0 1 ' Such a lattice 
has beta functions that increase with the square root of the beam energy while the 
phase advance per cell remains constant. Thus, 

A ] = A jo — 

La — LQQ * / 
VTo 

0 = A. 
(D.1.4) 

This lattice has the advantage that it makes "optimal" use of the quadiupole 
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Appendix D.l 

magnets. Unfortunately, such a scaling will cause extensive complications because 
every magnit, drift, and accelerator section is different. Instead, one could scale 
the lattice in a number of small discrete steps to approximate the ^/y behavior. 
Regardless, we will adopt this scaling because it simplifies the analytic treatment of 
the lattice. 

At this point, we need to describe how this scaling is used. First, Eq. (D.l.4) 
gives the basic scaling of the parameters. Furthermore, many oi the calculations in 
Section III of this thesis will involve sums over the quadrupole magnets having the 
form: 

N, 

£ / ( 7 n ) , (D.1.5) 
n = l 

where Nq is the number of quadrupoles and 7„ is the beam energy at the nth 
quadrupole. To evaluate these sums, we will replace them with an integral 

jdnfi^n)) , , (D.1.6) 
o 

which is valid provided that Nq is large and 7(n) varies slowly as a function of n, 
Now, for the scaling derived above, 7(11) can be expressed as 

7("J = (- + Vw) , where c = -=J^~-= . (D.1.7) 

This dependence of 7 on n will give slightly different numerical results than the 
linear dependence implicitly assumed in Refs. 99, 98, 97, and 53. 

Finally, we also need to describe our approximation of the Wakefield deflections. 
As discussed in Section 3.4.2, the dipole Wakefield occurs when the beam travels 
off-axis in an accelerator structure and it deflects the tail of the beam. In the two 
particle model described in Section 3.4.2, the deflection of the tail particle can be 
written 

0 
s 

*»»(*) = jds'?T0™iLyc{s')Rn{s\ s) , 

(D.1.8) 

where A0m and Ayw are the change in angle and position due to the wakefield. 
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We will approximate this with a delta-function deflection located at the center 
of the structure where the deflection depends upon the average trajectory offset 
through the structure. In this approximation, ASW is calculated correctly but there 
is a smaller error in calculating Ay ,̂,. At the end of the structure, Ayu, should be 

Ai/ U 

NroWi 1± 
47 •'ace I 2 12 ) • 

(D.1.9) 

but our approximation neglects the y'a dependence; this causes a small error when 
calculating the effect of a random trajectory. 

Table 23. Average beta functions for various cell phase advances. 

& 0 ? 
60° Ic/1.01 10.9° 

75° le/hl9 12.2° 

90° Lc/1.34 12.8° 

105° It /1.41 12.6° 

Lastly, we need to know the beta function at the center of the structure. As
suming the structure is centered between the two adjacent quadrupoles, we find 

-S_ ( Lc \ 2 s in& 
\4sintf>/ I c ( l + s i n ^ c /2) 

(D.1.10) 

where i{< is the phase difference between the center of the structure and adjacent 
focusing quadrupole. This can be written 

tan tp = 
s i n il>c 

4(1 +sin , ! - c / 2 ) ( l - • " £ # ) 
(D. l . l l ) 

Values of j3 and ip are listed in Table 23 for various cell phase advances. Notice that 
the beta function at the center of the cell decreases as the phase advance per cell 
increases. Also note that 0 is slightly different from the average beta: (/? + >3)/2, 
although this is a commonly used approximation. 
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Appendix D.2 

Table 24. Parameters for the preliminary NLC linac. 

Version 1 Version 2 

Energy 1.8-+16.5 GeV 1.8-+16.5 GeV 

Gradient 20 MeV/m 20 MeV/m 

Structure length 1.5 m 3.0 m 

# of ace, sections, Nacc 500 250 

Linac length 1000 m 900 m 

# of cells, Nce\\ 125 62 

h 6.5 m 13 m 

00 1.1 m 2.2 m 

Wo 2.8 m 5.7 m 

4'x per cell S6° 86" 

ipy per cell 94" 94" 

Initial cell length 3.8 m 7.6 m 

Initial beam size, ayi 5.5/im 7.8 /an 

Final beam size, ayf 3.0 urn 4.3 jim 

Bunch length. az 500 urn 500/im 

D.2 PRELIMINARY LINAC 

The preliminary NLC linac will accelerate the beams after the first bunch com
pression at 1.8 GeV to the second bunch compression at 16.5 GeV. In Table 24, we 
list parameters for two versions of this linac which differ in the degree of focusing; 
detailed parameters have not been determined yet. 

Both linacs are assumed to be constructed of FODO cells that are scaled with 
the square root of the beam energy &s described in Section D.I. In addition, the 
linacs are assumed to have an RF frequency of 2.8 GHz with accelerating gradients 
of 20 MeV/m; this is similar to the SLAC accelerator structures. 
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Table 25. Parameters for the main NLC linac. 

Low energy High energy 

Energy 16.5->250 GeV 16.5-»500 GeV 

Gradient 100 MeV/m 100 MeV/m 

Structure length 2.3 m 1.8 m 

# of ace. sections, Nacc 1000 2700 

Linac length 2900 m 5700 m 

# of cells, Ncea 210 380 

Po 9.5 m 7.5 in 

0o 1.6 m 1.3 m 

Wo 4.2 m 3.3 m 

^ / c e l l 86° S6C' 

^sr/cell 94° 94° 

Initial cell length 5.6 m 4.4 m 

Initial beam size, ayt 2.0/tm 1.7 ^im 

Final beam size, asf 1.0/im 0.7 fim 

Bunch length, <r2 100 ptm 100 ^ m 

D,3 M A I N LINAC 

The main NLC linac will accelerate the beams after the second bunch compres
sion tc ihe final energy. In Table 25, we list parameters of two linacs that are used 
for discussion in this dissertation. These are only illustrative examples; detailed 
parameters have not been determined. 

Both linacs are assumed to be constructed ot FODO cells that are scaled with 
the square root of the beam energy as described in Section D.l. In addition, it 
is assumed that the linacs have an RF frequency of 11.4 GHz with accelerating 
gradients of 100 MeV/m. Wakefields for an 11.4 GHz structure with an iris size 
<z/ARF = 0.20 are illustrated in Fig. 5l!"" 
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Appendix D.3 
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Fig. 51. Longitudinal (solid) and transverse (dashed) wakefields for 11.4 
GHz NIC main linac accelerator structure; the iris radius is O/ARF = 0.2. 
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