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I offer a pedagogical review of the homotopy arguments for fractional statistics

in two dimensions. These arguments arise naturally in path-integral language since

they necessarily consider the properties of paths rather than simply permutations.

The braid group replaces the permutation group as the basic structure for quan-

tum statistics; hence properties of the braid group on several surfaces are briefly

discussed. Finally, the question of multiple (real-space) occupancy is addressed; I

suggest that the ''traditional'' treatment of this question (ie, an assumption that

many-anyon wavefunctions necessarily vanish for multiple occupancy) needs reex-

amination.



I. Introduction

It is well-known (though perhaps not woll-noticed) that, in dealing with identical

fermions, the simple sum-over-paths prescription for quantum mechanics must be supple-

mented by an extra rule, namely, that paths involving P permutations of identical fermions

should receive the weight ( —1)̂ * • exp iS/h. This apparently trivial and obvious rule may-

be restated in more interesting form: distinct classes of paths should be added with a

relative weight factor—which should be unitary, but may be different from unity—for each

class. This more general language suggests more general possibilities beyond (—1)̂ " for

the weights.

Laidlaw and DeWitt1 showed in 1971 that, homotopy theory could be used to classify

the paths in the path integral, thus obtaining a clean and intellectually satisfying derivation

of the ( — l)p rule for fermions. Yong-Shi Wu^ pointed out, thirteen years later, that the

group for the classes of paths in two dimensions was the braid group. This group allows

for more interesting representations than ( —1) since it contains information about the

relative winding of identical particles, rather than merely the number P of permutations.

Specifically, it allows for the exchange phase for identical particles in a plane to be given

as e'® where 6 may take any value. That is, anyons are allowed in 2D. [The value of 8 is

however constrained if the surface is compact.] "Fractional statistics" then simply means

that 9/TT is not an integer: the integer cases are of course bosons and fermions.

I will flesh out this skeletal outline below. The homotopy arguments have been reviewed

in Ref. 3. For other treatments of the braid group on compact surfaces, see Ref. 4 and

references therein.

Finally, I will briefly discuss the question of the "diagonal"—the set of particle coor-

dinates {rj,C2,... ,SJV} where two or more coordinates coincide. Recent work from two

independent directions^ suggests that complete exclusion of the diagonal, although cor-



.1

root for fermions, may be inappropriate for fractional statistics. Since the1 anyon models

that are typically used in calculations (see for example Refs. 4 and 7) do exclude the di-

agonal, this question deserves some attention. If in fact some sort of "partial exclusion

principle" is correct for fractional statistics, it is likely to give rise to physical behavior

which differs from that of the aforementioned models.

II. Path integrals and homotopy

We start with the path integral itself. Since I will only pay minimal attention to

the properties of this object, I will write it schematically as a sum. Letting R be some

multidimensional vector for many particle coordinates, the propagator can then be written

K(R.it)= y e'
5M , (i)

p.it'llS '*/

with the obvious constraint that u.' goes from R to R'. For the purpose of classifying the

paths it is convenient to consider closed paths. The propagator then gives the amplitude

the "be" at R. To introduce the concept of classes of paths with distinct weights let us

write the fermion case:

K(R,R) = y{-l)P Ye<sM . (2)

Finally, let us consider Eq. (2) as an instance of a more general rule for path integrals:

classes a •&&

For a single class we can let \ = 1 and thus recover (for R = R') Eq. (1). However,

we have known since the work of Schulman in 1968 that the more general rule [Eq. (3)]

is possible if the space of R is multiply connected—that is, if the space is such that not

all paths in it can be smoothly deformed into one another. Those paths which can be

smoothly deformed so as to coincide are in a single homotopy class; and the classes a can

then be identified with the distinct homotopy classes. The implication of these definitions
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is that, if the space is not multiply connected, there is only one homotopy class, and the

use of Eq. (3) is pointless.

The alert reader may object as follows: We use Eq. (2) for fermions invariably, without

concern as to whether or not the space in which the fermions live is multiply connected.

Yet, Eq. (2j clearly implies the use of (at least) two classes for the paths.

Let us answer this objection carefully. It is implicit in Eq. (2) that a closed path could

involve a nontrivial permutation of the fermions. We can only consider such a path to be

closed if we explicitly recognize the identity of the fermions. This is formally accomplished

by defining a "'configuration space" in which points which differ only by a permutation of

the particles are considered to be the same point.

This configuration space is difficult to picture. It is apparent that the act of identify-

ing permuted points introduces further "connectivity" into the configuration space. Yet,

perhaps surprisingly, the resulting space is not multiply connected for any number .V of

particles!

So. in answer to the objection that spaces for many fermions are not in general multiply

connected, we invent a configuration space: but it is not multiply connected either! To

remedy this, we take one more step: we exclude from the configuration space the points

where two or more particles coincide, ie, the "diagonal". How do we justify this? A clear

statement of the meaning of this step was offered by Laidlaw and DeWitt:1 "Whether or

not two point particles can simultaneously occupy the same point in space is not a question

that we wish to settle here. We are only saying that by excluding points of coincidence

from the configuration space, the resulting topology leads to meaningful physical results

without any further assumptions."

Specifically, removing the diagonal from the configuration space gives a multiply-

connected space, thus allowing us to consider a nontrivial set of weights \(a) in the path



integral. Even more specifically, we can with this step show that there can be fermions a.s

well as bosons in three dimensions, as follows. Let Y(N,d) be the configuration space for

.V distinguishable particles (no identification of configurations that differ only by a per-

mutation), with however the diagonal excluded, d is the dimension of the single-particle

space. Then the configuration space for identical particles is A'(.V, d) = Y(X. d)/Sy where

S\- is the permutation group, and " / ' implies the identification described above. 1"(.V,3)

is simply connected, but A"(.V, 3) is doubly connected.3 Paths in A*(.V,3) fall into one of

two homotopy classes: those paths homo topic to no exchange of identical particles (this

class includes paths with any even number of exchnnges); and paths homotopic to one

exchange (odd number of exchanges).

It is not hard to show1 that the weights \ must reflect the group structure of the classes

of paths. That is, for two classes a and 3, there is a class we can call a o 3 whose paths

consist of one from a joined to one from 3. (Such a composition rule is easy to define

once we restrict our considerations to closed paths!) Thus if the composition of classes is

7 = a o 3. then the weights must reflect this:

x(l) = X(aoi3) = \(a)X(3) . (4)

In other words, the homotopy classes form a group [the fundamental group of the space X.

denoted IIi(X)}: and the weights must form a representation of that group. Furthermore,

they must form a unitary representation. \\\ = 1.

As noted above, IIi(X(N,Z)) has two elements; call them 6 and 1. Clearly 1 o 1

(exchange followed by exchange) equals 6 (two exchanges). Letting \(6) = 1, we then get

[\(i)]2 = \(6) = 1. Thus \(l) = ± 1 . Since \{l) is just the exchange phase, we find, for

d = 3, that our identical particles can be bosons or fermions.

Thus the heuristic step of excluding the diagonal is justified by its result: it tells us

that there are both bosons and fennions in d = 3. It is further justified by the fact that
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many-fermion wavefunctions vanish on the diagonal by thoir antisymmetry.

So we embrace this homotopy argument, and apply it to d = 2. The results arc-

not the same as the case d = 3: the space A"(.V,2) is infinitely connected, so that the

group II\{X(X,2)) has an infinite number of elements (homotopy classes). 17\(X(X. 2))

is isomorphic to the "braid group on -V strings" .9 By. Hence, for two-dimensional particles,

the weights \ must form a unitary representation of the braid group By.

To general the braid group one chooses some arbitrary scheme for ordering the parti-

cles in the plane. The generator cr, then exchanges particles i and i + 1 with some definite

hnudedness; the handedness is important since, in 2D, &~ ^ CTJ. The corresponding braid

is the set of world lines in 2 + 1 dimensions. Braids that can be smoothly dofor.-ned into

one another are equivalent; the exclusion of the diagonal is reflected in the fact that no

two world lines can coincide, ie, braids cannot pass through each other.

The set {<r,-, i = 1 N — 1}, plus the identity, form a complete set of generators for

S v- The constraints on these generators, for particles living on a plane, are:" cr;<7j = <7,<7j,

for \i — j \ > 2: and <7[-<Tj-j_i<7,- = <7I-+I<7:-
<7V-I-I- Choosing \(o"j) to be a (unitary) scalar, the

former relation is trivially satisfied, and the latter constraint reduces to a constraint we

would have been happy to assume: \(<7i) = \(<7"i+i).

Thus we find, for the case d = 2, that \ [single exchange] is unconstrained: it can be

any unitary scalar eiS. The pretty argument deducing the existence of bosons and fermions

from the very topology of spacetime, when applied to 2D, gives anyons.

III. Braid groups

We now imagine that our identical particles live, not on a plane, but on some other

two-dimensional surface. In general changing the topology of the space will change the

structure of the braid group. The result is (possibly) further constraints on the exchange



phase \(cr) = eie.

The simplest case, the two-sphere, has been discussed by Thouless and Wu.'° We

note that encirclement of one particle by another is equivalent to two exchanges. (And

equivalent to doing nothing in 3D!) Then, if one particle encircles all the .V — 1 others, the

appropriate phase is exp [J2(.V — 1)0]. However, on the two-sphere, a trajectory encircling

all the other particles can be shrunk to a point, and so is in the same homotopy class as

doing nothing. Hence we get exp[i2(.V — 1)9] = 1 for the two-sphere, that is, the allowed

values of 8 depend upon N.

The braid group on the torus was analyzed by Birman11 in 1969. The application

to anyons was made much more recently by Einarsson. *" The braid group for the torus

is sufficiently complex that many words and pictures are needed to clearly convey its

structure. It is most easily studied, as noted by Birman herself, by constructing a physical

model of the torus (an inner tube, a roll of tape, etc) and attaching strings. One can then

:orm various braids and attempt to verify or deduce relationships among the generators

by smoothly deforming the braids.

Since the problem has been adequately treated elsewhere, I will iimit my discussion of

the braid group on the torus to a brief summary. There are additional generators on the

torus, arising from two new types of closed loops, namely, those in which a particle encircles

one bore or the other of the torus. We will follow tradition and call these generators pj

and TJ; there is one of each for each particle. There are many relationships among the set

of generators {CTJ, i = 1 , . . . , AT — 1; p,-, r,-, i = 1 , . . . . JV}. An important one is the following:

Here A{j is a compound of the s-'s formed by letting particle i completely encircle particle

j , with no others enclosed. Eq. (5) may be proved by drawing many pictures, while taking

special care with the time order of the operations and the exclusion of the diagonal:11
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however, it is most easily verified using a physical model with strings. For j = i -f 1, and

assuming the p's and r's are scalars and therefore commuti.ig, we get

°; = i (6)

from Eq. (5). Hence, for a scalar theory of quantum statistics on a torus, only bose

and fermi statistics are possible. A theory with fractional statistics on the torus can only

be consistently defined if one chooses a higher-dimensional representation of the braid

group, as discussed by Einarsson.1" The wave functions then become multicomponent

wavefunctions, and the \ 's become matrices. In this representation it is still possible to

let the <7i be e* times a unit matrix, so that the statistics is still in some sense scalar. The

constraints among the dimension .1/ of the representation, the particle number .V. and the

statistics angle 0 have been derived by Einarsson: exp(i2A"0) — exp(z'2A/#) = 1.

Anyons have also been studied1"*'14'1^ on the cylinder (which is topologically equivalent

to the annulus). The cylinder is useful for finite-size studies because it allows for a free

choice of the statistics angle 8. The braid group is relatively simple;'* it may be obtained

from that for the torus by discarding all the generators encircling one bore (say. the -,•).

The basic lesson from the cylinder (and from the torus) is that, for a fractional-statistics

representation, not all the p,- can be 1. This may be seen from the relation pi+\ = (JiPi^i

(which, along with the relations among the G{ quoted above for the plane, completes the

set of relations among generators for the cylinder). Thus an anyon which encircles the bore

and returns suffers in general a nontrivial phase shift, whether or not there is any gauge

(electromagnetic) flux through the bore. This question is discussed in detail in Refs. 4 and

15.

IV. The diagonal

In this section I leave comfortable and familiar results and instead speculate on the

one link in the chain which appears to be not well resolved: the question of the diagonal.
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My aim is not to answer the questions raised, but, more modestly, to suggest that the

common conclusion—that anyon wavefunctions must vanish on the diagonal—may not be

necessarily correct.

We recall that the exclusion of the diagonal was a heuristic device, justified by its

results: we obtained fermions in 3D and anyons in 2D. Without such exclusion the config-

uration space is simply connected, the fundamental group has only one element (homotopy

class), and the theory can orily give the bose representation.

Some confusion has arisen as a result oi* this need in the logic for exclusion of the

diagonal. For example, it has suggested to some (see eg Ref. 16) that the theory of anyons

is not selfconsistent unless one adds an interparticle potential V which diverges (to +cc)

when two particles coincide. This conclusion is however unwarranted, since, if it were

correct, it would apply also to fermions in 3D.

In fact, we are comfortable with a completely free choice of V{r{j) for fermions in any

dimension. The exclusion of the diagonal induces no further discomfort, since we know

that wave functions for identical fennions vanish on the diagonal. Hence we might claim

that the assumption that the diagonal be excluded is then validated by its results: wave

functions which vanish on the diagonal. In other words, the logic is sustained by internal

selfconsistency.

How then do we reconcile the choice of the bose representation—for which we wish

wavefunctions which are nonvanishing on the diagonal—with this logic? The simplest an-

swer is, for bosons, choose the configuration space which includes the diagonal. This allows

only one representation, but that is the one we want; so agai-i we have selfconsistency.

Now consider the case of fractional statistics. Apparently, we need to exclude the

diagonal in order to be able to obtain anyon representations via the braid group in 2D.

Hence we expect, again based on our preference for selfconsistency, that anyon wavefunc-
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tions should also vanish on the diagonal. Both of these statements are in fact commonly

ass\imed to be true.

There is some support from two-anyon results for this assumption. In general (barring

the infinite repulsion mentioned above) there are two-particle solutions* for noninteger

a — 8/TT which behave as r~a as the relative coordinate r —» 0. Such solutions are

normalizable (for a < 1); however, they can be excluded from the Hilbert space on the

grounds that such exclusion is needed to make operators representing observables (such

as the momentum) self-adjoint.1"'^ All other solutions for two anyons vanish at r — 0 (or

are not normalizable).

For N > 2, there is however to my knowledge no complete solution for fractional

statistics.1^ Hence let me emphasize what is not proven for anyons. Unlike the case for

ideal fermions, we do not have a complete solution for JV (> 2) ideal anyons which shows,

without prior assumption, that all eigenfunctions necessarily vanish on the diagonal. Fur-

thermore, I am aware of no proof tha+ exclusion of the entire diagonal is necessary to

give representations other than bosons in 2D. Hence there remains the interesting possibil-

ity that partial ("fractional") exclusion of the diagonal may be consistent with fractional

statistics in two dimensions.

Baker and Mulay6 have investigated the behavior of many-anyon wave functions in

the configuration space when the diagonal is not excluded from this space. Interestingly,

they showed that such wavefunctions must vanish whenever two and only two particles

coincide; however, they could not prove the vanishing of the wavefunction on the diagonal

for higher degrees of coincidence in general. They then suggested (but did not prove) that

the wavefunction does not vanish in general for this subset of the diagonal (ie, the diagonal

minus those points where two coincide). Hence, they claim that a "fractional exclusion

principle" in real space applies to particles with fractional statistics.
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Finally, I mention recent work by Haldane^ which may be related to the question

of the diagonal. Haldane showed that, for anyons arising as qunsiparticlc excitations

in confined condensed-matter systems—that is, for physically realistic anyons—there is

a partial exclusion principle in the Hilbert space of the quasiparticles. that is. that the

change in the number of states available to the quasiparticles changes by a fraction with

each quasiparticle added to the system. Haldane also pointed out that models of anyons

built from bosons or fermions with attached flux (which generates the exchange phases3

appropriate to anyons) do not. possess this property, and hence are not realistic models of

such quasiparticles.

It is tempting to conclude, by choosing a real-space basis for the Hilbert space of the

quasiparticles, that Haldane's result suggests a partial exclusion principle in real space

for fractional statistics. This conclusion may however not follow, since, as pointed out by

Haldane, a real-space basis for anyons as quasiparticles is necessarily overcomplete, due to

the nonorthogonality of localized one-quasiparticle states. This means that, for such quasi-

particles, there is not a one-to-one correspondence between points in real space and states

in Hilbert space; the correspondence is instead many-to-one. Thus the connection of Hal-

dane's "fractional exclusion principle" with the question of multiple real-space occupancy

remains to be established.

I conclude this section by restating a possibility which is not. as far as I am aware.

ruled out by any results presently known. It is possible that one can selfconsistently define

a configuration space for anyons which only partially excludes the diagonal. By "selfcon-

sistently" I mean that the resulting wavefunctions vanish on the excluded part, but do not

vanish on the subset of the diagonal which remains in the configuration space. In general

I expect this subset to be dependent on the statistics angle B of the representation—for

instance, the included subset of the diagonal must vanish for 9 = TT. Further investigation

is needed to rule out or confirm this possibility of a partial (real-space) exclusion principle:
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if ir. is confirmed, to pursue its consequences for the physics of many anyons; and to test.

for a connection to Hnldane's5 partial Hilbert-space exclusion principle.
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