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ABSTRACT

A birccurrent space is defined with its classification and studied with involvement of

Einstein, conformally flat, conformally symmetric and conformally recurrent spaces. A necessary

and sufficient condition that a birecurrent space be recurrent is found.
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1. INTRODUCTION

Let Vi, be an ^dimensional Riemannian manifold (n > 3) with metric tensor p =
and let Rhijk be the components of the Riemann curvature tensor.

We define a birecurrent space as a non-flat Riemannian Vi, the Riemann curvature tensor
of which satisfies a relation of the form

Rhijkjtm = (1)

where aim is a non-zero tensor of the second order called the tensor of recurrence or recurrence
tensor.

We also call an n-space of this type second order recurrent space or briefly 2-Recurrent
space and denote by 2 Kn.

An immediate consequence of (1) and the Bianchi identity

Rhijk,l + Rhiklj + RbUj,k = 0

give for a birecurrent space

QlmRhiji + QjmRhM + akn>RhU; = 0 (2)

In the case

Rhijk^m ~ 0 (3)

(1) and (2) are satisfied for o,;- = 0 and the space may or may not satisfy (2) for some non-zero
tensor oy. Thus Riemannian n-spaces satisfying either (1) or (2) and (3) form a class denoted by
2 K* similar to the one considered by Walker [6].

It has been referred to by Rong [4] that a 2 K„ is a proper subspace of 2 K*.

In this article an attempt is made to derive a variety of results on birecurrent spaces in
association with other class of spaces with curvature restriction.

2. TENSOR OF RECURRENCE

We know that the tensor of recurrence of a birecurrent space is symmetric.

It is to be noted that in view of the symmetry of the recurrence tensor, the curvature and

Ricci tensors of a birecurrent space have fascinating appearance. Some use will be made of the

typical forms of these tensors in latter sections.
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3. EINSTEIN BIRECURRENT Vh

An Einstein birecurrent Vn-space inherits the following
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Theorem 1. If a birecurrent space be Einstein then the Ricci curvature tensor vanishes.

Proof. We recall (2), transvect by ghig'} to get

<*tmR — Q;m g*' Rit — ikmQ Rht ~ 0 .

That is.
(4)

Let abirecurrent space be Einstein. Then making use of fly = &g,j, by which an Einstein
space is characterized, in (4), we get

R
aimR - 2ajmgl'—gu = 0

whence
( n - 2 ) Q , m f l = 0

Since agm i 0 and n > 2, R = 0 which is equivalent, in an Einstein space, to saying that ft;; = 0.
This completes the proof.

Theorem 2. In an Einstein birecurrent space the scalar gT'ara vanishes.

Proof. Transvecting (2) by gfc* and with the aid of Rij = 0, as proved in Theorem 1, we obtain

Transvecting (2) again by gCm yields

ijk - aimgtmRtihi + akmgemRtjhi = 0

where we have put the scalar gtm aim = 6.
The above one simplifies to

This, in virtue of (5), gives

0Rh>ik = 0

Hence, either 6 = 0 or Rhijt = 0.
The second one is not true, because the case of flatness contradicts the definition of a birecurrent
space. Therefore 9 = 0.

4. CONFORMALLY FLAT 2 Kn

We first define a conformally flat space. A Riemannian Vn is said to be conformally flat
[2] if and only if

Chijk = 0

and

where

2{RhiJ - RhJii) + r(9hjR,i - ghiR.j) = 0
n— i

1

(6)

+ Qi

R

and R is the scalar curvature.

It has been deduced [4] that (Lemma 1) the scalar curvature R of a conformally flat
2 K^(n> 3) is zero and the Ricci curvature tensor satisfies Ruj = Rhj.t-

We shall prove here the vanishing of the scalar curvature R in a simpler manner and cast
the lemma into a theorem as modified form.

By straightforward calculation we have

2R2

It is known [5] that in a second order recurrent space:

RpfRuit = R2

FPRH = \R2

(8)

(9)

Inserting (8) and (9) into (7) we find

C'">kChiJt = R2- - ^ V +
U— 2

2R2

n - 1

Now if a birecurrent space is conformally flat then it is obvious from (10) that R = 0.

(10)

On applying R = 0 to (6) it was shown that Rhij = H/,^. The latter relation on the
symmetry of covariant derivative of the Ricci tensor may be extended [3] as follows:

(11)

= Rjh,i (since Rkj is symmetric)

= RjiM (by use of (11))

= Rij.h (since Rji is symmetric)

These motivate



Theorem 3. The scalar curvature R of a conformally flat birecurrent space is zero and the Ricci
curvature tensor RM satisfies the relations R^j = fl,;ij, = Rjh,%-

5. CONFORMALLY SYMMETRIC 2 Kn

In this section we are able to establish

Theorem 4. If a birecurrent space be conformally symmetric then the scalar curvature is con-
stant.

Proof. For a conformally symmetric space [1],

It therefore follows from (10) that, for n > 3, R is constant.

Next, we note [4] that in a conformaliy symmetric 2 Kn:

Rm<Rhk - RmhRik = 0 .

We now write out [5] the curvature tensor of a 2 K„:

2
Rh,jk = -^(RhkRij - flftjfl,*)

it

On account of (12) and of the symmetry of the Ricci tensor this is expressed

(12)

(13)

The result thus obtained is formulated as

Theorem 5. If a birecurrent Vn is conformally symmetric then Vn is flat.

6. CONFORM ALLY R ECURRENT 2 K„

This section is devoted to a study of birecurrent spaces which are also conformally re-
current.

A conformally recurrent space is a Riemannian n-space (n > 3) whose conformal cur-

vature tensor Chijk satisfies

(14)

Theorem 3. The scalar curvature R of a conformally flax birecurrent space is zero and the Ricci

curvature tensor Rhi satisfies the relations Rhij = Hv;,* = Rjh.i-

5. CONFORMALLY SYMMETRIC 2 Kn

In this section we are able to establish

Theorem 4. If a birecurrent space be conformally symmetric then the scalar curvature is con-

stant.

Proof. For a conformalty symmetric space [ 1 ],

(ChijkChi!k\e = 0

It therefore follows from (10) that, for n > 3, R is constant.

Next, we note [4] that in a conformally symmetric 2 Kn:

- RmhRik = 0 .

We now write out [5] the curvature tensor of a 2 Kn:

Rhijk = T;(RhkR<j — RhjRik)it

On account of (12) and of the symmetry of the Ricci tensor this is expressed

ij - RhkR,j)

(12)

(13)

2
= ~R
_ 2_
~ R
_ 2
~ R~
= 0

The result thus obtained is formulated as

Theorem 5. If a birecurrent Vn is conformally symmetric then Vn is flat.

6. CONFORMALLY RECURRENT 2 Kn

This section is devoted to a study of birecurrent spaces which are also conformally re-

current.

A conformally recurrent space is a Riemannian n-space (n > 3) whose conformal cur-

vature tensor Chijk satisfies

r r



<rjm--M,0»^

where at, called the recurrence vector, is non-zero.

It is essential to note that Q^ is not a gradient. We now survey a proof, in an easier way,
of a theorem, due to Rong [4], which seems to be complicated.

Theorem 6. The scalar curvature of a conformally recurrent birecurrent space is zero.

Proof. On covariant differentiation of (10) it readily follows from (14) that

n— 1

This means that, when n > 3, either (i) R = 0 or (ii) 0£ = etc.

= gradfi (say)

It may be recalled that the recurrence vector a; of a conformally recurrent space is not a gradient.
Consequently, <ii) is not true and we arrive at R = 0.

7. CASE FOR BIRECURRENT TO BE RECURRENT

We are aware of the definition of a recurrent space. Evidently, a recurrent space is bire-
current, but the converse is not true. It will however be shown in the form of a theorem that under
certain conditions a birecurrent space becomes recurrent.

Theorem 7, A birecurrent space with aT'art = 0, g"ar, j 0 is recurrent when and only when
the space is Ricci-recurrent,

Proof. If a birecurrent space is recurrent then the space is Ricci-recurrent.

Conversely, if ar'aTS = 0 and g"ara -f 0 then, as shown by Roter [5], the curvature
tensor of a birecurrent space has the form (13).

We then consider those birecurrent spaces which are Ricci-recurrent having be as vector
of recurrence.
Equation (13) thus admits

Therefore the space is recurrent.
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