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ABSTRACT

In the framework of the canonical quantization of general relativity, quan-

tum field theory on a fixed background formally arises in an expansion in powers of the

Planck length. In order to renormalize the theory, quadratic terms in the curvature must

be included in the gravitational action from the beginning. These terms contain higher

derivatives which change completely the Hamiltonian structure of the theory, making not

clear the relation between the renormalized theory and the original one. We show that it is

possible to avoid this problem. We replace the higher derivative theory by a second order

one. The classical solutions of the latter are also solutions of the former. We quantize

the theory, renormatize the infinities and show that there is a smooth limit between the

classical and the renormalized theories. We work in a Robertson Walker minisuperspace

with a quantum scalar field.
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October 1991
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I . INTRODUCTION

The problem of finding a satisfactory quantum theory of the gravitational interaction

has been addressed from very different points of view. There are efforts directed to obtain

a weli defined quantum theory up to and beyond Planck scale, like superstrings and dis-

cretized gravity. Many works have also been done in the (old) canonical quantization of

general relativity, although it is well known that due to renormalizabihty problems some

modifications must be introduced at high energies. As it stands, the perturbative theory

can only be considered a low-energy effective theory of a more fundamental one.

The canonical approach [1] is still of interest for different reasons. On one hand,

there is some hope of giving a non-perturbative meaning to the theory through the use

of Ashtekar's variables [2]. On the other hand, this theory is a convenient framework to

investigate conceptual problems that arise when trying to build up a quantum theory of

spacetime. In fact, in the last years there has been a considerable progress in understanding

the semiclassical limit of the theory [3-4]. It is now widely believed that, expanding the

theory in powers of the Planck length, classical general relativity arises to lowest order.

To next order it is possible to obtain quantum field theory on a fixed background (in the

Schroedinger picture).

In discussing the classical or semiclassical limit of the theory, there are still some

points which need clarification. In order to analyze decoherence and correlations [5] (the

two important ingredients of classical behavior), it is necessary to introduce reduced density

matrices and Wigner's functions [6]. Up to now it is not clear which is the correct definition

of this objects [7j. This is undoubtedly due to the fact that we do not know how to interpret

the wave function of the Universe. When obtaining quantum field theory on curved spaces

from the full quantum theory, the formal derivations ignore the infinities which arise due

to the presence of quantum matter fields [3,8]. It is the aim of this paper to discuss the

regularization and renormalization of these infinities in a particular model of cosmological

interest. We will work within a minisuperspace describing a Robertson Walker Universe

plus a quantum scalar field.



The covariant renormalization program for quantum fields on curved spaces in the

Heisenberg picture is well known [9]. At first sight, it may appear that the problem we

want to address here is the Schroedinger picture counterpart of it. This is only partially

true. There are additional complications which take place because, to absorb the infinities,

quadratic terms in the curvature are needed [9].

The presence of higher derivatives changes completely the Hamiltonian structure of

the theory. At the classical level, a theory with higher derivatives contains more degrees

of freedom, since more initial data are needed to solve the dynamical equations of motion.

At the quantum level, the difference is even more dramatic. Non commuting variables in

the lower-derivative theory, as positions and velocities, become commuting in the higher-

derivative theory. Although the higher-derivative terms were supposed to be only small

corrections (as will be our case), it is clear that the transition between both theories

cannot be smooth- This situation also arises in other contexts. An example is Wheeler

Feynman electrodynamics [10-12). There, the electromagnetic interaction between two non

relativistic particles can be described by a non local Lagrangian or, alternatively, by an

expansion of the form
1 1

i _ i o + _ i , 1 + ? L 2 + ... (1)

where the term proportional to \/c2n may contain up to n derivatives of the coordinates

of the particles. The higher-order Lagrangian (1) contain unphysical 'runaway' solutions.

These are the solutions that cannot be expanded in powers of 1/c. A quantum theory based

on this Lagrangian will not reproduce neither the results of the non local Lagrangian nor

those of the fundamental theory, quantum electrodynamics. However, there is a way of

avoiding the undesired properties of the higher derivatives. If we are only interested in

classical solutions which can be expanded in powers of 1/c, the theory can be alternatively

described as a second order Hamiltonian system [11-13]. This system can be quantized

with usual methods and, as long as the particles are non relativistic, each successive term

in Eq.(l) only introduces a small correction to the previous one.

In the context of quantum cosmology, the Robertson Walker minisuperspace has also

been studied with quadratic terns in the curvature [14-16]. The Lagrangian

L = (2)

contains first and second derivatives of the scale factor. As we mentioned before, it is not

posible to take the a -> 0 limit in the Hamiltonian version of this theory. The Lagrangian

(2) also contain solutions which cannot be expanded in powers of a. These solutions imply,

for instance, the instability of Minkowski spacetime [16,17]. The Starobinski program of

^-inflation is also based on this type of solutions [IS]. At this point we cannot say if

they are unphysical or not. In the case of Wheeler Feynman electrodynamics, we know

the fundamental theory. As a consequence, we have a criteria to decide if a solution is

physically acceptable. In the case of gravity we do not know the fundamental theory. We

only know that general relativity is a good classical theory and that quadratic terms in

the curvature must be included in a variety of situations as small quantum corrections.

The conservative attitude should be then to consider only perturbative solutions, replace

the theory by an approximated second-order one, and quantize this reduced theory. In

this paper we will assume this point of view, and we will show that in this context it is

possible to handle the field theoretical infinities that occur when considering a quantum

scalar field.

The paper is organized as follows. Section II contains a brief review of the higher-

order theories and the method of reduction developed in Ref. [13]. In Section III we derive

the gravitational action in d dimensions for a flat Robertson Walker minisuperspace with

fl2-terms and a matter field. We also reduce this higher derivative theory into a second

order one. In Section IV we quantize the reduced theory. We solve the Wheeler DeWitt

equation using a WKB approximation and show that the infinities can be absorbed in the

bare constants of the theory. We discuss our results in Section V. The appendices contain

some details of the calculations.



II. HIGHER-DERIVATIVE THEORIES AND THEIR REDUCTION

Consider a Lagrangian depending on a single variable q(t) and its first N derivatives:

the Euler-Lagrange equation is

(3)

(4)

If the Lagrangian is non degenerate, this is a differential equation of order 2N.

The canonical formulation of higher-order theories was developed by Ostrogradski

[19] a long time ago. One considers q, q, . . V " 1 ' as independent variables and defines the

conjugate momenta as

N / , \ t-n-1

P =
t=n+l V '

dL
n = Q,,..N - 1

The Hamiltonian is defined, as usual, through the Legendre transformation

N - l J V - 1

H = Y , P n q < » > - L = Y,Pnql» + »-L

and the canonical equations of motion are

(5)

(6)

dH = , < " + " =

An alternative procedure, which has been used in the context of general relativity

[20] and quantum cosmology [14], is to substitute the Euler Lagrange equation (4) by a set

of N differential equations of order two. It is then possible to write a Lagrangian for this

set of equations. The new Lagrangian depends on JV variables and their first derivatives.

The usual canonical formalism can then be applied. This method is particularly useful in

Quantum Cosmology because one can choose as independent variables quantities like the

radius and the scalar curvature of the spacetime [14-16}.

In any case, we see that the phase space of the theory has 2N dimensions. This can

be traced back to the fact that 2JV initial values are needed to solve the Euler-Lagrange

equations. If we quantize the theory, using for example Ostrogradski's method, the wave

function will depend on q and its JV — 1 first derivatives

* = *(, ,?, . . . ,?"v ' -1 )) . (8)

Note that q and q, commuting variables in conventional theories, become non commuting

if higher-derivatives appear in the Lagrangian.

Consider now the case in which the higher derivatives occur as small corrections. To

be specific, assume that the Lagrangian is of the form

L = L0(q,q)+aL1{q,q,q)+a'iL2(q,q,q,q<V) + ... , (9)

where a is a small parameter. Higher powers in a imply the presence of higher and higher

derivatives. The number of dimensions of the phase space is then dependent on the order

considered. Let us further assume that we are only interested in classical solutions which

can be expanded in powers of a, that is

... . (10)

The Euler-Lagrange equation can be written, order by order in a, as follows

[dt {dq ) dq I _„

[dt{dqj dq\,^~W\dq) dt \ dq ) + Oq J ,= ,0 ' ^

To so!ve this set of second order differential equations, only two initial data are needed:

q(0) and <j(0) [21]. The phase space of the perturbative theory is then bidimensional. As

a consequence, it should be possible to find a perturbative {in a) canonical formalism

involving a single variable and its conjugate momentum. The problem is to find the

perturbative Hamiltonian and the perturbative definition of the momentum associated to

q. This was in fact done in Ref. [13].
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The Hamiltonian of our higher-order theory can be written as (cfr. Eqs (5) and (6) )

N n - 1

(12)

and of course is conserved. This energy depends in principle on the 2N initial data.

However, replacing a perturbative solution into Eq.( 12), we get a perturbative Hamiltonian

that is only a function of two initial data. Let us denote it by Hprrl. In the perturbative

formalism we are looking for, Hptrt must be the generator of time evolution, that is,

9 = (13)

where the brackets denote the Poisson brackets in the perturbative theory. Eq. (13) can

be rewritten as
• dq(q,P)dHvtr,

As a consequence, the momentum P{q,q) and the perturbative Lagrangian Lpcr, must be

given by

P(*i) =/*?%?• (15)
J 1 oq

Lpcrt = P{q,q)q-Hpert . (16)

It is easy to check that the Euler-Lagrange equation associated to Lf,,r, agrees with Eq.(Il),

The phase space is always biditnensional and the limit n - » 0 can be taken at any stage of

the calculation.

It is now straightforward to quantize the theory. As contrasted with Eq.(8), the

wave function will be only a function of q. The inclusion of higher orders in a (and as a

consequence of higher derivatives) does not modify this fact.

iH27

III. THE CLASSICAL ACTION

Let us now turn to quantum cosmology. The more general gravitational action con-

taining up to quadratic terms in the Riemann tensor is

where we have included a cosmological constant. We work in d + 1 dimensions in order

to regularize the theory. The generalized Einstein equations associated to this classical

action are

. = 0 (18)

whe

We will consider a flat Robertson Walker Universe with line element

ds2 = e'^dt2 - dx2) .

(19)

(20)

(21)

(22)

Here ( is the conformal time and a — e2* is the scale factor. As this metric is conformally

flat, without loss of generality we can set 7 = 0 in the classical action. Indeed, one can

prove that for conformally flat spacetimes (see Appendix A)

(23)

In d = 3 dimensions we have an additional linear relation between these tensors, the

generalized Gauss-Bonnet theorem, so H$ is proportional to H$. However, as we are

working in d dimensions we must keep f) / 0.



For the Robertson Walker metric, the gravitational action can be written as follows

Sgrav = G - 2e**A+

(24)

where we omitted a global volume factor. As expected, the classical action depends on the

first two derivatives of the scale factor. According to Eq.(12) , the Hamiltonian associated

to this action is

H = 2e4*A + d(d - l)[^d(9 - d) + ~
G Cr (25)

This Hamiltonian is proportional to the lhs of the temporal-temporal component of the

Einstein equations (18) for the Robertson Walker metric. Indeed, using the geometric

identities of Appendix B one can show that

H = • pnm ] (26)

H = 0 is a classical constraint, which we would have obtained including a lapse function

in Eq. (22) and varying the action with respect to this function.

As anticipated, we will treat the higher-derivative terms as small perturbations. The

constants ^ and ^ in the action (24) are our small parameters. All the formalism re-

viewed in the previous Section can be applied to the Robertson Walker Lagrangian without

changes. The perturbative energy can be obtained from Eq.(25). As we will work up to

the first order in g and ^ , all we have to do is to replace the higher derivatives appearing

in the exact Hamiltonian using the zeroth-order dynamical equation. This is given by

^ = — id — 1)<$ -(- ~ZT~: Ae (27)
2 d\d — 1)

and of course it coincides with the trace of the ordinary Einstein equations for a Robertson

Walker Universe. From Eqs. (25) and (27) we get

Hptrl = G{-d(d - l)e*(c(-1)^2 + 2Ae*l<(+')} + F,{</>) + F^)^ + F3(4>)<^ (28)

9

where the functions F,(4>) are linear in a, & and given by

K) d(d\y
,

(29)

Note that in exactly three spatial dimensions F3 vanishes and only a particular combination

of a and f} appears in the Hamiltonian. This is due to the relation Mj,J = 3-H ,̂, valid at

The canonical momentum conjugated to <̂> is, according to Eqs. (15) and (28),

* A = — iQ( fl — 1 |(jf m -|- Z.I.'2\0 )ty ~r~ — fgl'ipfip ( *JU )

In terms of the canonical variables <j> and P^, the perturbative Hamiltonian reads

(31)
t _

We stress again that we are neglecting terms quadratic in § and ̂ . The time reparametriza-

tion invariance of the theory is restored by imposing Hftrt = 0.

Before going to the quantum version of this constraint, let us add matter to our

model. For simplicity we will consider a free scalar field, minimally or conformally coupled

to the curvature. The action is

(32)

where f = 0 (minimal coupling) or f = 1 (conformal coupling). These two values simplify

the canonical structure of the theory [22]. Indeed, after the substitution \p —»

the action becomes

(33)

10



As there is no mixing between the temporal derivatives of y> and <j>, the matter canonical

Hamiltonian is proportional to the temporal-temporal component of the energy momentum

tensor. It is given by

« ' > < « j ' C V*)] (34)

where Tly, is the momentum conjugated to 9.

It is convenient to work with the Fourier modes defined by

The matter Hamiltonian can then be written as

HU = i e

(35)

(36)

where 11* is the momentum conjugated to the Fourier mode i

Our classical theory is denned by the perturbative gravitational part plus the matter

contribution (which of course does not contain higher derivatives). The classical constraint

associated to the reparametrization invariance of the complete theory is then

Hpert + = 0 (37)

In principle, the presence of the matter field modifies the Eq. (27). However, as we are

considering the scalar field as a quantum field, the corrections introduced in (27) will be

of the same order than those associated to the higher derivative terms. For this reason we

are not including them. Strictly speaking, this is equivalent to reduce the theory taking

G"1 as the parameter of expansion (the analogous of a in Eq. (9)).

11

IV. RENORMALIZATION IN THE WHEELER DE-WITT EQUATION

According to the Dirac's quantization procedure, at the quantum level the classical

constraint (37) becomes an equation on the physical states. That is, the wave function

^S/(4',<T>k) which describes the state of the Universe must satisfy

This is the so called Wheeler DeWitt Equation (WDWE). The operator Hptrt + HM is the

classical Hamiltonian with the usual substitutions

"
(39)

We will choose the simplest factor ordering, placing all the derivatives on the right.

In previous works, where the action (24) has been quantized without reduction, the

wave function has an additional dependence on derivatives of <f>. Moreover, the coefficients

in the WDWE are singular in the limit a,j3 -»0. Instead, in our case the only gravitational

variable in the wave function is <j>. In the limit a, (i -» 0, the WDWE (38) is well defined and

agrees with the one derived without including the higher order terms from the beginning.

We will look for WKB solutions of Eq.(38) :

where

(40)

(41)

The splitting Eq.(40) is ambiguous. For example, S[0) can be absorbed into \- To fix these

ambiguities we will impose the additional conditions

/n- x*x = < x,x >=
(42)

12



The first condition is necessary in order to obtain a Schroedinger equation for the matter

wave function \. The second one fixes the Berry's phase between the fast (matter) and

the slow (gravitational) degrees of freedom [23-25].

Inserting the ansatz Eq.(40) into Eq.(38) and using the conditions Eq.(42) we find,

up to 0(G~*) terms,

4d(d-l)G\

HM > = 0

and

) _ W ^ I } fdReS\2 _ 0{d - 3)e-W f
e \ d4> ) \92d?(d- I)2G* \

fdReSy (43)

HM (44)
2d(d- 1) d4> d$

The interpretation of the above equations is clear and has been discussed at length

in the literature. If we identify J ^ l s with the momentum P^, Eq.(43) is the classical con-

straint (31) modified by the backreactjon of the quantum field [26]. Moreover, introducing

a time variable through the above mentioned identification

dip
= -2d(d - (45)

Eq. (43) becomes the temporal-temporal Einstein equation

(46)

Here, the higher derivatives are replaced in terms of lower derivatives as in Eq. (28) .

Using the definition (45), Eq. (44) becomes

"-5T = (Bin- < HM >)Xat
(47)

which is the Schroedinger equation for the matter wave function.

As long as the backreaction is neglected, no renormalization is needed. However,

when considered, it is necessary to handle the infinities that appear in the mean value

13

< HM > for d —t 3. We expect the divergences to be absorbed into the bare constants of

the theory. We set
G = GR + 6G

= aR +
(48)

where the subindex R stands for 'renormalized'. As the bare constants enter into the phase

of the wave function we will also have to define a renormalized phase.

To proceed, we must isolate the infinities in < HM >• As we are working in d

dimensions, our theory is already regularized. To renormalize it, we will use the adiabatic

substraction [27]. This method of renormalization has been extensively used in the context

of quantum field theory on curved spaces. It has been described in the Schroedinger picture

in Ref [28].

Using the Gaussian ansatz

J HTrf81'"*""-' , (49)

(50)

(51)

(52)

(53)

(54)

the Schroedinger equation (47) becomes

~ 2

where

It is convenient to define

and

u>\ = k2 +

= _i \tl\ Md-un-u
2 Fi

With these definitions, Eq.(50) takes the form

2\Wt

14



This equation can be solved iteratively as follows

1/2
(55)

Note that each iteration contains two time derivatives more than the previous one. The

maximum number of time derivatives of the scale factor in a given iteration is called the

adiabatic order.

From Eqs. (49),(52) and (53), it is easy to find an expression for < H\t > in terms

of Wk(t). The result is

• • ; / <
(56)

The renormalization prescription is the following. One computes < HM > using the

iterative solution (55) and Eq. (56) up to the fourth adiabatic order. The renormalized

mean value is defined as

>ren=< HM > - < (57)

The computation of < HM >*dt is long but straightforward. We refer the reader to Ref.

[28] for the details. The result is

where

>ad4 J>" (58)

4m4

rSoo +
Ad

(59)
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and

) [ 0 D "

r(2) „())

(60)

In Eq.(59), n is an arbitrary mass scale induced by the dimensional regularization. The

last term in Eq.(60) can be written in terms of H^ and H^ using the linear relation

Eq.(23). It is finite due to the identity

#„„ - 4H$ + HJ^J = (3 - d)H™ (61)

valid in conformally flat spacetimes.

The important point for us is that < HM >*di can be written as

bGoo + cH^ + eH™] + 0{d - 3)

where the coefficients a,b,c and e are finite in the limit d —» 3. From Eqs. (46) ,(57) and

(62) we see that the infinities in < HM > can be absorbed into the bare constants. The

renormalized equation is

O 2 u r^"T /~f 1 v~f A , FxlU i /I T F ( * ) | I _̂  T T ^ /A /y^d\

where the constants GR, AR, QR, and /?fl are functions of the scale /i introduced by the

regularization.

We define the renormalized phase of the wave function through

From Eq, (45) we obtain, for d = 3,

] • (65)

(66)

As a consequence, Eq. (63) can then be written as

~~0
This is the renormalized version of the constraint (43) .

+<HM >rtn= 0

16



V. CONCLUSIONS

Let us summarize the results obtained in this paper. We analyzed the flat Robert-

son Walker minisuperspace with a quantum scalar field, including quadratic terms in the

curvature. As contrasted with previous works [14-17], we reduced this higher order theory

before quantization. We obtained the new Wheeler DeWitt equation and solved it using

the WKB approximation. As usual, in this approximation the phase of the wave function

satisfies the classical Hamilton Jacobi equation modified by the backreaction of the quan-

tum matter field. The backreaction term is divergent. We showed that the divergences

can be absorbed into the bare constants of the theory.

It is worth noting that it is possible to set an = 0R = 0 in our final equation (66).

In this case we have

2 4 G R \ d<f> ) rtn

We see that there is no trace of the higher order terms. Equations like (67) have been

studied in Refs. [29,30]. Here we derived it within the context of Quantum Gravity. The

reduction of the higher derivatives was crucial for the derivation. Otherwise, the phase of

the wave function would be a function of <j> and iJ, even in the limit a ft, ft it —» 0. Moreover,

this would be a singular limit in the Hamilton Jacobi equation.

To regularize the theory we worked in d spatial dimensions. We then defined the

renormaiized value of < HM > by using an adiabatic substraction. This method produces

covariant results. For example, it gives the correct answer for the trace anomaly. For this

reason, it is more adequate than non-covariant methods based on the insertion of cutoffs

in the sum over modes of the quantum field. This was also pointed out in Refs. [29,30].

In our treatment we have considered only pure WKB states. As we have mentioned

[26], in order to discuss properly correlations and decoherence, the analysis should be based

on the use of Wigner's functions and reduced density matrices. The Wheeler DeWitt

equation should be then replaced by a master equation for the reduced density matrix. It

would be interesting to see if the infinities that appear in the master equation and in the

Wigner's function can be handled using the techniques developed here.

17

Let us finally discuss possible generalizations of this work. Our main tools have been

the reduction mechanism and the renormalization prescription. The reduction mechanism

presented in Refs. [11,13] can be applied to general situations. In principle, there should

be no obstacles to apply it to the action (17) without freezing out any degree of freedom.

The extension of the renormalization prescription is however more complicated. Of course

it should be straightforward to extend our results for interacting fiekis on flat or closed

[31] Robertson Walker Universes. Moreover, it should also be possible to consider some

Bianchi spacetimes. However, the generalization to non-homogeneous spaces seems non

trivial. What is needed is the analogous of the Schwinger DeWitt expansion of the two

point function in the Schroedinger picture. In this context, the use of embedding variables

[32] may be useful to make explicit the covariance of the theory.

Acknowledgements: The author would like to thank Professor Abdus Salam,

the International Atomic Energy Agency, UNESCO and the International Centre

for Theoretical Physics, Trieste, for support.
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APPENDIX A

Here we prove Eq.{23). The square of the Riemann tensor can be written as

4 2
— < > , < , + -^—^nn -

where Ctit,pt, is the Weyl tensor defined by

] T 4" 9"

R

(68)

(69)

The Weyl tensor vanishes if and oniy if the spacetime is conforraaliy flat. From Eq.(68)

and the definitions (19) ,(20) and (21) we obtain

4 „ , , , 2
H - (70)

The tensor A^,, comes from the variation of the first term in Eq. (68). As this term is

quadratic in the Weyl tensor, its variation vanishes for conformably flat spacetimes. Thus,

Eq.(23) follows.

A P P E N D I X B

For the Robertson Walker line element Eq.(22) we have

Rij = -it)\i + {d - \)4?\ (71)

R = de-^[2i + (d - l)^2]

The explicit expressions for the tensors HpJ, Hj?J and H$ defined in Eqs. (19)

,(20) and (61) are

d - l " " - " " 2(,

+ Ru

2(«f-2)
- " **-a

- I)2 2d(d - If

19

) a

(72)

For the Robertson Walker spacetime we have

<i2 - 2(d

2(2d -

- Sd+ (73)

The tensor /f ik can be obtained from the relation

m = (rf+1) „, ( r f - l ) ( r f - 3 ) (3)

which follows combining Eqs. (23) and (61) .

(74)
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