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M0ller's tetrad theory of gravitation is examined with regard to the energy-momentum
complex. The energy-momentum complex as well as the superpotenrial associated with Mtfller's
theory are derived. Miller's field equations arc solved in the case of "general" spherical symmetry.
Two different solutions, giving rise to the same metric, are obtained. The energy associated with
one solution is found to be twice the energy associated with the other. An avenue out of this
inconsistency is suggested.
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1. INTRODUCTION

The problem of defining a geometrical object (referred to as the Energy-Momentum

Complex) describing the energy contents of physical systems in general relativity (GR) has been

tackled by several authors (cf. Einstein [11, Bergmann and Thomson [2], Goldberg [3]). M0ller

[4, 5, 6] pointed out that all expressions proposed previously for this quantity have some defects.

He specified some properties to be satisfied. M0ller [6] has shown that it is not possible to get

an expression with these specifications using Riemannian space, and he suggested to use instead a

space having absolute parallelism (AP). In fact, he was able to derive an expression for the energy-

momentum complex, possessing the properties mentioned before, in the AP-space.

The problem was not solved completely by the proposed expression. The reason is that

the Lagrangian function from which the field equations of GR are derived is invariant under local

tetrad rotation. Thus the field equations do not fix the field variables completely, leaving undefined

6-free functions. As a consequence many different AP-struetures may give rise to the same metric

specifying the gravitational field. And since the energy-momentum complex suggested by M0fler

is not invariant under local tetrad rotation, a certain metric; which is supposed to represent a single

definite physical system; may be associated with more than one quantity expressing its energy and

momentum contents. He suggested that the field equations of GR have to be modified in order not

to allow such redundancy in solutions.

M0ller [7) has modified GR by constructing a new field theory in the AP-space. The

field equations in this new theory were derived from a Lagrangian which is not invariant under

local tetrad rotation. This theory has gained considerable attention (cf. Saez [8, 9,10], Saez and de

Juan [11], Meyer [121). He claimed that this theory is a pure gravitational theory. The purpose of the

present work is to examine this theory with regard to the energy-momentum complex proposed by

Miller [6J. In Section 2 we will review briefly M0ller's tetrad theory of gravitation. The energy-

momentum complex associated with M0ller's theory is derived in Section 3. The most general

tetrad giving the structure of an AP-space with spherical symmetry is reviewed in Section 4. Two

solutions of M0ller's field equations are obtained in Section 5 using the tetrad of Section 4. In

Section 6 the energy contents associated with each solution are evaluated. The results are discussed

and concluded in Section 7.

Due to the lengthy and tedious calculations of the present work, especially those con-

cerning the superpotential (Section 6), algebraic computer manipulation is used (REDUCE 3.3).

Copies of the programmes used are available

(contact A.H., e-mai! Hindawi@EGFRCUVX.bitnet).

2. M0LLER'S TETRAD THEORY OF GRAVITATION

In 1978 M0ller [7] constructed a gravitational theory using an AP-space for its structure.

His aim was to get a theory free from singularities while retaining the principle merits of GR as

far as possible. In his theory the field variables are the 16-tetrad components * h '' (the geometric
i

object that define the structure of the AP-space). The metric tensor of the associated Riemannian

space is given by
g^hphv- (2.1)

i i

In order that the signature of the metric tensor to be Lorenzian h? has to be pure imaginary. A
0

central role in Miller's theory is played by the tensor

def
(2.2)

where the semicolon denotes covariant differentiation using the Chrestoffel symbols. M0ller [7J

has taken the field Lagrangian density to be a linear combination of scalar densities constructed

from if̂ ,,,,,, which are homogeneous of degree two in the first order derivatives of the tetrad, viz:

def

where

def
g =

, <lef

(2.3)

(2.4)

(2.5)

For the theory to be in good agreement with GR, in the case of weak fields, M0ller has

taken the parameters c*i, a j , a j to be — 1, A, (1 — 2 X) respectively, where K i s the constant of GR

(= 87T in relativistic units) and >. is a free parameter of order unity.

M0ller derived the following field equations from his Lagrangian by taking the tetrad

components as the field variables:

H til/ ^ 1 ui/ (2.6a)

(2.66)

where

' - 7 ° BJ1) (2,8)

and G,u,, T^ denote Einstein tensor and the phenomenological material-energy tensor, respec-
tively.

In the following we are going to use Latin indices (ijk...) to represent the vector numbers, and

Greek indices (fiva...) to represent the vector components. All indices run from 0 to 3.



3. ENERGY-MOMENTUM COMPLEX FOR M0LLERS THEORY

As stated in Section 1, M0ller [5,6] was able to construct an energy-momentum complex
TJ that has the properties mentioned in Section 1, and its superpotential Up "", using the method of
infinitesimal transformations.

where

and

1

4is \dh",ai

C being the Lagrangian under consideration.

Now M0ller's Lagrangian (2.3) can be written in the form:

where

(3.1)

(3.2)

(3.3)

r (3) * f c.

So, the superpotential (3.3) can be written in the form

(3.4)

(3.5)

(3 6)

(3.7)

. (
r
3'

+ <>3 Un

where [/„ " , Up "", Up "" correspond to Lw, L (2),L (3) respectively. To evaluate the superpo-
tential we have first

and since (see M0ller [6] Appendix A):

dh plS/

Oh ^ ,

where P £ ( i ^ T<r is a tensor, given by

Pi ava 'kf

(3.9)

(3.10)

(3.11)

and

We can write:

(3.12)

Similarly we get

rr

f ;

(3.13)

(3.14)

(3.15)

Now the final expression of the superpotential forM0ller's tetrad theory of gravitation can
be obtained by substituting from (3.13), (3.14) and (3.15), and using the values of the parameters
a i , a%, «3 given in Section 2 in (3.8), to get

- (1 - 2 X) ff^ (3.16)

4. SPHERICALLY SYMMETRIC AP-SPACE

The structure of AP-spaces with spherical symmetry has been studied by Robertson [13].
The four tetrad vectors defining such structure, admitting improper rotation, as given by Robertson,
can be written as

ha = D Xa

h° = EX"
a

hb = F Xa Xb+SlB

(4.1)

where o,t run from 1 to 3 and A, B:D, E,F are functions of r = (XaXa)^2. As shown by
Robertson [13], E and F can be eliminated by a mere coordinate transformation, so the tetrad
giving the structure of AP-space with spherical symmetry is

= DXa
(4.2)

It is worth mentioning here that the tetrad used by M0ller [6, 7] and by Saez [8] is a
special case of (4.2) corresponding to D = 0, Thus one may expect to get a wider class of solutions

T



using the more general tetrad (4.2). Here it will be more convenient to use (4.2) in spherical polar
coordinates:

^ 0 , 1 , 2 , 3

Dr

B

0

B sin </>
0 B sin 8 cos d> — cos 6 cos <t> —

* r r sin 6
. „ B Bcosd>

0 Bsin<?sin<A —cos 6 sin di
T

0 Bcosfl 0

(4 .3 )

For Mailer's tetrad theory of gravitation one has to take A and D as pure imaginary
functions in accordance with Section 2.

5. SOLUTIONS OF M0LLER'S FIELD EQUATIONS

Using the tetrad (4.3) to solve M0ller's field equations (2.6a) and (2.6b) we find that (2.6b)
is satisfied identically while //,,„ vanishes identically. Thus for spherically symmetric exterior
solutions, M0ller's field equations are reduced to Einstein's field equations of GR;

<?„„ = 0 . (5.1)

Einstein tensor G^ may be evaluated using the metric of Riemannian space associated with (4.3)
via the relation (2.1),

B2 + V
goo =

A2B2

= 9io = —
Dr

AB2

922 = B1"

r2 sin2 0
ff33 = ^ 1

The corresponding field equations (5.1) will give rise to the following set of differential

(5 .2 )

equations

(B

(B2 + £>V){(B2 + DV)S(r ) + D V

D{(B2 + D2r2)S(r) + D V
2 + D2r2)(S(r) + Y(r)) + D2T2{Q(T) -

= 0
= 0

= 0

(5.3)
(5,4)

(5.5)

where

A'B' 1 ^__ 3 F _ £r
AB r a r B B

4 B' 2 D' 3 . _
- - — + - — + 3 l = 0 < 5 - 6 >2 ' B J ~ 2 B 7 3 T B • r D ' r

__ 2
 + AB' 2 A1 A"

B'

AB r A

B' 2 B'
B

D
3 A' 1 B' 6

+
D" 3

+

(5.7)

where the prime refers to differentiation with respect to r. In accordance with Section 2 one has to
take A and D pure imaginary and B real. Firstly the trivial flat space-time is given by

A = i, B = 1, (5,8)

A first non-trivial solution can be obtained by taking D = 0 and solving for A and B.

In fact, this is the case studied by M0ller [7] where he obtained the solution

A = i-
k)

-k) (5.9)

with k = m/2r. Using (5.9) we can write the non-vansihing components of the tetrad (4.3), in
cartesian coordinates, in the form

h° =
Al + h)
' ( l - i t )

hx = ^ 2 = h3 =
1

(5 10)

1 2 3 ( l + fc)2J

while the metric of the Riemannian space associated with (5.10) is

(k* = - ( 1 ~ f c^ dt2 + (\ + h)\dX2 + dY2 + dZ2)

namely Schwarzschild metric is the isotropic form.

(5.11)

A second non-trivial solution can be obtained by taking A = t and B = 1 and solving

for D to get
/2m

D = i (5.12)



where m is a constant of integration. Apart from the imaginary quantity t the three solutions (5.8),
(5.9) and (5.12) have been obtained as solutions of the Einstein's field solutions in free space by
Wanas 114]. The Riemannian metric associated with (5.12) is

ds2 = - ( 1 ~2mr)dt2 -2\/2mr drdt + dr2 + r2d62 + r2 sin2 9 d<p2 (5.13)

one can elimiate the cross-term using the transformation

t - » t + / ( r ) where /(r) = j 7y—W~2T dr •

This will transform the metric (5.13) to its standard form

= _ [ I _ — 1 dt2 + dT\m + r2d92 + r2 sin2 9 d<p2

(5.14)

(5.15)

in which that constant of integration m introduced in (5.12) plays the role of the mass of the particle
creating the field.

For the sake of comparison, we transfrom the solution to isotropic coordinates. Using
the transformation (Eddington [15])

p= Tr)
(5.16)

table:

Finally, we transform the tetrad of the second solution to cartesian coordinates.

The comparison of the final form of the two solutions can be summarized in the following

Table 1
Comparison between the two solutions.

Function

A

B

D

E

F

Ist solution

0
0
0

2nd solution

2 ( * 1

One remarks here that although there are two different tetrads both lead to the same
metric, namely the Schwarzschild metric in its isotropic form. Since M0ller's theory, as he claimed,

is a pure gravitation theory, the above two solutions have to be equivalent in the sense that they
describe the same physical situation, viz a static spherically symmetric gravitational field with a
source of mass m. In what follows we examine the equivalence of these solutions by calculating
the energy associated with each of them.

6. THE ENERGY ASSOCIATED WITH EACH SOLUTION

We use the superpotential of M0ller's tetrad theory of gravitation, derived in Section
3, to evaluate the energy associated with each of the solutions obtained in the last section. The
components of the superpotential that contribute to the total energy are Ut> °" only. Thus substitut-
ing the first solution of Table 1 into (4.1) and using (2.1), (2.2) and (2.5) to evaluate the required
components of the superpotential (3.16), we get the following non-vanishing values,

° r nr2 \ ~ 2~r)

Wo da

The total energy is given by (cf. Mailer [4])

E = lim ff

where n^ is a unit 3-vector orthogonal to the surface element da.

Substituting (6.1) in (6.2) we get for the first solution the energy

E=m.

(6-2)

(6.3)

This means that the energy associated with the first solution is equal to the gravitational mass as it
is expected.

results:
Now applying the same procedure to the second solution of Table 1 we get the following

which lead, by virtue of (6.2), to

(6.4)

JJ 03 _ _______ .

That is twice the gravitational mass!

10



7, DISCUSSION AND CONCLUSION

Using M0ller's energy momentum complex [5], our compulation above of the (total)
energy associated with two "metrically equivalent" spherically symmetric exterior solutions of the
field equations in the tetrad theory of gravitation has led to two different values for that energy, viz.
m and 1m.

One naturally concludes that either the energy-momentum complex suggested by M0ller
[5] is not quite adequate, though it has the most satisfactory properties, or the theory is not, as it is
generally claimed, a purely gravitational theory. Since from a pure gravitation point of view, two
different solutions with the same metric have to represent the same physical situation. Hence one
should expect the same energy content in both cases, in contrast to our result. Thus one is forced
to consider the two solutions (tetrads) to represent two different physical situations, which tan be
interpreted with the help of the geometric structure of the AP-space that permits the introduction of
some symmetric and skew - symmetric tensors (for details see Mikhail [16], McCrea and Mikhail
[17]). In fact, the first tetrad in the table above gives rise to vanishing skew-symmetric tensors,
while the same tensors do not vanish for the second tetrad. In this case one is forced to assign a
physical role to these tensors.

Such tensors have already played an important role in other field theories formulated
in the AP-space. Some authors (see e.g. [18], [19]) believe that these tensors are related to the
presence of an electromagnetic field. Others (see e.g. [20]) believe that these tensors are closely
connected to the spin phenomena. In both cases, we may have a reasonable interpretation for the
origin of the excess in energy associated with the second solution.
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