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ABSTRACT

Let £ be a real Banach space with a uniformly convex dual, and let if be a nonempty
closed convex and bounded subset of E. Suppose T : K —* K is a strongly accretive map such
that for each / e K the equation Tx = / has a solution in K. It is proved that each of the two
well known fixed point iteration methods (the Mann and Ishikawa iteration methods) converges
strongly to a solution of the equation Tx = f. Furthermore, our method shows that such a solution
is necessarily unique. Explicit error estimates are given. Our results resolve in the affirmative two
open problems (J. Math. Anal. Appl. Vol 151 (2) (1990), p. 460) and generalize important known
results.
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1. INTRODUCTION

Let E be a real normed linear space. A mapping T with domain D(T) and range HiT)

in E is called accretive [2] if for each x, v in D(T) and all t > 0, the following inequality is
satisfied:

(1)

If E is a Hilbert space, the accretive condition (1) reduces to

Ke{Tx-Ty,x-y)>0 ,

for all x, v € E. The accretive operators were introduced independently in 1967 by F.E. Browder
[2] and T. Kato {19]. An early fundamental result in the theory of accretive operators, due to
Browder, states that the initial value problem:

^ + r u = o, u(0) = u0

at
is solvable if T is locally Lipschitzian and accretive on E. Browder also proved that if T : E —» E
is locally Lipschitzian and accretive then T is m-accretive, i.e., the map {I + T), where I denotes
the identity map of E, is surjective. This result was subsequently generalized by R.H. Martin [22]
to continuous accretive operators.

For a Banach space X we shall denote by J the normalized duality map from X to 2 x'
given by

where X* denotes the dual space of X and { , ) denotes the generalized duality pairing. It is
well known that if X* is stricdy convex then J is single-valued and if X' is uniformly convex,
then J is uniformly continuous on bounded sets (see e.g. [31]). In the sequel we shall denote the
single-valued normalized duality map by ;'.

Let if be a nonempty subset of E. A mapping U : K
if for each i , y in if there exists w € J(x — y) such that

K is called strongly accretive

for some real constant k > 0. Without loss of generality we may assume it 6 (0,1). Strongly
accretive operators have been studied by various authors (see e.g., [1], [3], [16], [23], [25],[26]).
In [23], the following stirjectivtty result is proved:

Theorem M. (Morales, [23]). Let £ be a Banach space and T ; E

strongly accretive. Then T is surjective.

be continuous and

An obvious consequence of Theorem M is that for each given / £ E, the equation
Tx « / has a solution in E. Two well known fixed point iteration methods (the Mann and Ishikawa



iteration methods (defined below)) have recently been successfully employed to approximate a
solution of this equation in Lp spaces, p > 2 (see e.g. [9], [10], [12]).

In [9], the author proved that if X = Lp, p > 2 , the Mcam-iteration process converges
strongly to a solution ofTx = f when T is Lipschitzian and strongly accretive. The method of [9]
also shows that such a solution is necessarily unique. More recently, following a question posed in
[9], it has been proved (see e.g., [10], [12]) that the Ishikawa iteration process also coverges to the
solution ofTx = f in Lp spaces, p > 2, again where T is Lipschitzian and strongly accretive.

It is our purpose in this paper to prove that if £ is any real Banach space with a uniformly
convex dual E', if is a nonempty closed convex and bounded subset of E and T : K —> K is
a strongly accretive map with a nonempty fixed point set then both the Mann and the Ishikawa
iteration schemes can be used to approximate the unique solution of the equation Tx = / . Our
results extend the results of [9],[10] and [12] from Lf spaces, p > 2, to the more general Banach
spaces considered here and also to more general classes of nonlinear maps (see our comments
following Theorem 1). In particular. Theorems 1 and 2 resolve in the affirmative Problems 1 and
2 of [9], p. 460, in the much more general setting considered here. Finally, explicit error estimates
are given for certain choices of the iteration parameters.

PRELIMINARIES

In this section we describe the two fixed point iteration methods which will be needed in
the sequel.

[A] The Ishikawa Iteration Process (see e.g. [10,11,30]) is defined as follows: If if is a
convex subset of a real Banach space E and T is a mapping of K into itself, the sequence {xn }™0

in K is defined by

(2)

» + ft>Txni n > 0 (3)

where {£*„}£„ , {&}"<, satisfy: 0 < an < A, < 1 for all re lim,,^,, £ , = 0 and £™0 " - A =
oo, and

[B] The Mann Iteration Process (see e.g. [21, 14, 30]) which is similar to the Ishikawa
iteration process but with 0n = 0 and different conditions placed on a,. More precisely, with
E, K and x0 as in part [A], the Mann iteration process is defined by

IO G K

X^\ = ( 1 -^X^ + CnTXn, r » > 0 (4)

where {c,}^,) is a real sequence satisfying: co = 1,0 < c» < 1 for all n > 1 and £™0 cB = oo.
The condition Y^o cfl = co is, in some applications, replaced by £™0 c ( l — cn) = oo.
The iteration processes [A] and [B] have successfully been employed by various authors to ap-
proximate solutions of nonlinear operator equations in Banach space (see e.g. |4|,[5|,[6-9],| 13-
16],[18],[20J,[21],[30]). In [30], B.E. Rhoades compared the performance of the two schemes and
showed that even though the processes are similar, they may exhibit different behaviours for dif-
ferent classes of nonlinear mappings. For a detailed comparison of the two iteration schemes the
reader may consult [30]. It is, therefore, of interest to examine the behaviour of the two iteration
processes for any given class of functions.

In the sequel we shall also need the following remarks.

Remark 1. In [29, p. 89], Reich proved that if E* is uniformly convex then there exists a
continuous nondecrcasing function

such that

and

for all x, y in E.

y\\2

&:[0,oo)-.[0,oo)

6(0) = 0, b(ct) < cfc(t) for all c > 1

||2 + 2 (*,/ (5)

Remark 2. Nevanlinna and Reich [25] have shown that for any given continuous nondecreasing
function 6(t) with 6(0) = 0, sequences {Ao}™0 always exist satisfying:

(i)0 <XB < 1 for all n > 0 ;

w " n a = p ifIf E = Lf, 1 < p < oo we can choose any sequence

<p<2ands = 2,ifp>2.

For the remainder of this paper, the Lipschitz constant of T will be denoted by L ( > 1) and

the constant appearing in the definition of a strongly accretive map will be denoted by Jfc g ( 0 , 1 ) .

3. MAIN RESULTS

We prove the following theorems:

Theorem 1. Let £ be a real Banach space with a uniformly convex dual space, E~, and let K
be a nonempty closed convex and bounded subset of E. Suppose T : K ~* K is a continuous



strongly accretive map. For a given f € K, define S : K -+ K by Sac = / - Tx + i for each
x E K. Define the sequence {a:0}So iteratively by XQ e K,

i » f i = ( 1 - A B ) z B +

for n > 0, where {Xn}™0 is a real sequence satisfying:

Xn< l f o r a l l n > 0

(6)

Then the sequence {*n}5£0 converges strongly to the solution of Tx = f.

Proof. The existence of a solution to Tx = / follows from Morales [23]. Let x* denote a
solution.

Clearly, x' is a fixed point of 3 and for arbitrary x, y £ K we have:

(Sx - Sy, ; ( * - »)) < (1 - *) | |X - jfH1

Using (5), (6) and (7) we obtain:

||**i - s'H2 = ||( 1 - AB)(zB - x") + \»(Sxn - Sx')\\2

< (1 - K)2\\x

+ max{( 1 - AB

(7)

- x'\\,

+ max{( 1 - A.) | | i . - I'll,

< [(1 - Kf + 2( 1 - k)\n

since K is bounded. Hence we have,

SxB - x*\\)

\K - x'\\2

- Sx*\\max{\\Sxn - x%

M\nb(\n)

which implies

(8)

The rest of the argument now follows as in [8], p. 39 to give that i B -+ x* as n -» co. For
completeness, however, and since this argument will also be needed in our next therorem, we give
the details here.

Set pn * 11*1, - z*j|2 and A/XBi( XB) = CTB. Then inequality (8) becomes:

(9)

A simple induction on inequality (9) yields:

/ - I

where

For any fixed integer Jfc with 1 < Jt < n — 1, we obtain

* a n-t n

(10)

Since fiB e [0,1] , the above inequality yields,

k

Condition (ii) now implies

j-k+1 i.*+l

l im f l ( 1 - ) , ) ) = 0 , * > 1 ,

so that

0 < lim i (11)

Since inequality (11) holds for arbitrary k > 1, and since condition (iii) implies lim
i = 0, it follows that

lim inf 0B = lim sup 3n = lim A, = 0
n-ioo n-too a-«o

(12)

From inequality (10) and equation (12), we obtain pn -* 0 as n -> oo so that i , - n ' a s n - . oo.
Uniqueness follows as in [9], completing proof of Theorem 1.

If E - Lp, 1 < p< oo, Theorem 1 can be stated more simply as follows:

Corollary 1. Let E = Lp (or £,), 1 < p < 2 and if, r and S be as in Theorem 1. Define the
sequence { a , } ^ iteraavely by xo € AT,

for n > 0, where {>B}»to i s a real sequence satisfying:

A n< l f o r a l l n > 0 ;

6



Then for any given / in K, the sequence {iB}i£o converges strongly to the unique so-
lution of Tx = / .

Proof. Remark 2 and conditions (ii) and (iii) imply £™0 X,6(XB) < oo. The result follows
from Theorem 1.

Corollary 2. Let E ~ Lp (or £„), 2 < p < oo, and let K, T and S be as in Theorem 1. Define
the sequence {znJSo iteratively by xa e K,

InH = ( 1 - >„) IB + Xn5l« ,

for n > 0, where {>in}^0
 i s a rea' sequence satisfying:

(i)0 < X O < l f o r a l l n > 0 ;

(") TZo A» = oo; and

Then for any given / g if the sequence {x f l}^0 converges strongly to the solution of

Proof. The proof follows exactly as in the proof of Corollary 1.

Remark 3. Theorem 1 resolves in the affirmative Problem 1 of [9], p. 460, for the much larger
class of continuous strongly accretive maps and in the Teal Banach sopaces E (with uniformly
convex dual E") much more general than the Lp spaces considered in [9].

ERROR ESTIMATES. Following the method of [8], setting A, = a(n+ 1) " l we obtain that
the error estimate in Theorem 1 is given by

and,

lif Kp<2

,if 2<p<oo

Theorem 2. Let £ be a real Banach space with a uniformly convex dual space, E* and let if be
a nonempty closed convex and bounded subset of E.

Suppose T : K —» K is a Lipschitzian strongly accretive map. For a given f € K,
define S : K -> K by Sx = f - Tx + x for each x € K. Let {*«}~0

 and {AJ£o te real

sequences satisfying:

l f o r a l l n > 0 ;

00

(iii)lim,/3, = 0

For arbitrary xo £ K define the sequence {i»}^o in K by

Then {i

^ » 5 l n , t l > 0 .

converges strongly to the unique solution of Tx = f.

(13)

(14)

Proof. The existence of a solution follows from Morales [23], Let x* be a solution. Clearly i*
is a fixed point of S and S is Lipschitzian with Lipschitz constant L' = (1 + L). Moreover for
each x, y in K we have:

{Sx-SyJ{x-y))<(\-k)\\x-y\?

Using (13) and (5) we obtain:

(15)

< ( 1 - *n)2||:r. - a;*||2 + 2Xn(l -

+ max{(l - K)\\xR - x'\\, \}L*\\y*

< (1 - >.)2 | |i» - ac*||2 + 2Xn(l -

Sxn - Sx*\\)

- Sx*J(x, - x*)

(16)

for some constant M, since K is bounded. Using inequality (15) and condition (iii) we have for
sufficiently large n, L*( 1 + L*)ft, < k2 so that:

- x*)) = {SVn - Sxn,j{xn - x')} + {Sxn - Sx*,;(x. - »')>

Substitution of this inequality in (16) yields:

- \nk{l -k))\\xB - x'W1
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The remainder of the argument now follows exactly as in the proof of Theorem 1 to give that
xn —> x* as n —• oo, completing proof of Theorem 2,

Remark 4. Theorem 2 extends the results of [10] and [12] from Lp spaces, p > 2 to the more
general Banach spaces considered here.

Remark 5. It follows from Theorems 1 and 2 that either the Mann iteration process or the
Ishikawa iteration process can be used to approximate the solution of the equation Tx = / in any
real Banach space with a uniformly convex dual, if T is lipschitzian and strongly accretive. How-
ever, since the error estimates for the two methods for the class of operators under consideration
are of the same order the Mann iteration process may be preferred due to its simplicity.
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