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ABSTRACT

In this brief review the basic experimental facts about high Tc superconductors are

outlined. The superconducting properties of these superconductors are not very different

from those of the ordinary superconductors. However, their normal state properties cannot

be described by the standard Fermi liquid <FL) theory. Our current understanding of the

strongly correlated models is summarized. In one dimension these systems behave like a

"Luttinger liquid", very much distinct from the FL. In spite of the enormous efforts made

in two-dimensional studies, the question of FL vs non-FL behaviour is still open. The nu-

merical results as well as various approximation schemes are discussed. Both the single hole

problem in a quantum antiferromagnei and finite doping regime are considered.

1. INTRODUCTION

The revolutionizing discovery of Bednorz and MtlUer of high temperature superconduc-

tivity in cuprates' has attracted great attention of physicists and material scientists, resulting

in about 20,000 publications in the last five years. Now the frenetic period is over and we

face a difficult task to understand the physical mechanism behind this striking phenomenon.

In spite of the gigantic efforts made joindy by scientists all over the world, there is still no

consensus on the theoretical understanding among scientists. Recently, there have appeared

several comprehensive reviews on this outstanding issue 2 ~*. The aim of this brief review is

to bring some open problems to the attention of traditional "many-body" theorists.

The schematic structures of oxide superconductors are shown in Fig. I, where the active

CuOi layers are separated by charge reservoir building blocks. These layers are responsi-

ble for the superconducting as well as die anomalous normal state properties, but the charge

carrier concentration is controlled by modifying the reservoirs through substitution or addi-
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tion (removal) of oxygen. For a given class of superconductors the critical temperature is
maximized around the doping concentration of (15-20)% .
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Fig. 1. Schematic structures of oxide superconductors.
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Fig, 2. Generic phase diagrams of oxide superconductors.

The generic phase diagram of oxide superconductors is shown in Fig. 2. The refer-
ence compound is usually an antiferromagnet. Upon doping the antiferromagnetism vanishes
rather rapidly. In region 1 the system shows anomalous semiconducting behaviour, whereas
in regime 2 it behaves like a strongly correlated metal, very much different from the ordinary
metal like At. With the lowering of temperature the system becomes superconducting. Upon
further doping, in regime 3, more standard metallic behaviour shows up. To understand this
rich phase diagram is the fundamental task of the theory. At least in the low-doping region
the interplay between magnetism and superconductivity as well as the nature of electronic
states in a doped Mott insulator is the key issue.

Since the Cu and O levels are rather close to each other, the covalency effect is playing
an important role. The Cu Eg state is split into <Lti_l? and dili_ri states due to the Jahn-
Teller effect. These orbits, in rum, form bonding and antibonding states with Otp orbits.
Within the single particle picture the top most level is only half-filled, hence the reference
compound should be a metal. However, in reality it is an insulator, so the single particle
picture fails.

To set the stage we will emphasize the following three points as the main characteristic
features of the standard FL theory:

(1) There are well defined quasiparticles for which the real pan of the excitation energy
(~ v,T) is much greater than the imaginary part (~ w 2 , r 2 ) , where ui is the
frequency and T the temperature.

(2) The spin j and charge e of the quasiparticle are bound together.

(3) The Luttinger theorem (the volume enclosed by the Fermi surface does not change
upon switching on the interaction) is valid and there is a jump of the momentum
distribution function at the Fermi surface, equal to Zk, the spectral weight of the
quasiparticle.

This last point turned out to be rather subtle and it is difficult to distinguish, at least numeri-
cally, between a small jump and a smooth, but steep change.

2. BASIC EXPERIMENTAL FACTS

2.1 Superconducting Properties

First of all, these oxide superconductors share all basic properties of ordinary supercon-
ductors like Meissner effect, zero resistance and pairing of quasiparticles with charge 2 e s .
This last property is evident from the ac-Josephson effect, flux jump experiment and a di-
rect measurement of flux quantum <po. Moreover, the Andreev scattering experiment reveals
pairing of particles with opposite momentum. The energy gap A (T) has been measured from
tunneling, infrared absorption and photoemission experiments, and the ratio 2A(0)/fcTc is



in the range 4 - 8. The gap is anisotropic, but no zeroes have been observed which, probably,

excludes p - or <f-wave pairing.

The phenomenological Ginzburg-Landau theory can well describe various supercon-

ducting properties, including critical magnetic field, correlation length £ and penetration

depth \. The main characteristic features are the anisotropy and the shortness of the cor-

relation length. For YBaiCuiCh, the least anisotropic among high Tc superconductors,

one finds U = 14 ± 2 A, (c = 1.5 - 3 A, X.* = 1400 A, and Xc ~ 7000 A. Therefore, all

oxide superconductors are extreme type-II superconductors.

There are some more subtle coherence effects due to electron pairing, e.g., the "de-
structive" effect leading to the drastic drop of acoustic absorption coefficient below Tc and
the "constructive" effect giving rise to the Hebd-Slkhter resonance in the nuclear relaxation
rate. The latter has not been observed in oxide superconductors. Some authors attribute this
to the damping effect or abrupt opening of the gap 6 . HoweveT, recently a peak below Tc has
been found in frequency-dependent conductivity 7 , although the origin of this peak is still in
dispute.

As for the superconducting mechanism, there have been numerous different propos-

als. Roughly speaking, they can be grouped into two categories: One is more conventional,

pairing in the quasi-two-dimensional systems due to attraction mediated by various electric

or magnetic excitations. The other one is more exotic, either due to the gauge force between

particles obeying fractional statistics - anyons 8 , or due to interlayer tunneling *. We will

not elaborate on this point further.

2.2 Normal State Properties

The normal state properties of oxide superconductors are as perplexing as the high
transition temperature itself. On the one hand, there is a well defined Fermi surface from
the photo-emission 10 and positron annihilation " experiments, and the effective mass de-
termined from the magnetic susceptibility n and the Drude component of optical conduc-
tivity " arc consistent with each other. On the other hand, the transport properties, like
resistivity and Hall effect, can be inteipicted only in terms of a doped Mott insulator, rather
than a standard FL 5 . How to reconcile these two apparently contradicting aspects is the main
challenge to theory. We will not enumerate all anomalous properties in the normal state, but
rather concentrate on this basic dilemma.

The temperature dependence of the in-plane resistivity of several families of oxide
superconductors is shown in Fig. 3. Several features arc worth mentioning: The resistivities
are all close in absolute values; they increase linearly with temperature over a wide range;
they are quite small, while extrapolated to absolute zero temperature u . One may argue that
phonon scattering can give rise to linear temperature dependence of resistivity at T > 0 /4 ,
where 6 is the Debye temperature. However, the extention of this linear dependence for
"Bi 2201" down to 10K, rules out this interpretation.

G

cs

600

400

Of

200

200 400 600 800

Temperature

Fig. 3. The temperature dependence of resistivity pat, for "Bi 2201" (dashed line),
"123" 90K (solid line) and "Bi 2212" (dotted line).

The behaviour of the Hall constant is even more peculiar. Fig.4, reproduced from

Ref.15 shows clearly how RH changes with composition in "electron" and "hole" doped su-

perconductors. The sign of RH is consistent with the Mott-Hubbard picture and the magni-

tude deviates from j dependence at higher dopings. The most interesting point is the change

of RH sign at certain critical concentration where the superconductivity disappears, while the

"normal" metal behaviourrecovers. This region of "anomalous" Hall constant coincides with
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Fig. 4. The absolute value of the Hall coefficient for electron and hole doped supercon-

ductors. The shaded regions correspond to superconducting compositions''.
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the regime of linear temperature resistivity, as well as with the linear temperature dependence
of R~£ I 6 . Moreover, the slope of R^ vs temperature is roughly proportional to the critical
temperature itself. The temperature dependence of RH has also been observed for ordinary
metals, but only at low temperatures, for T < 6/'4 when anisotropy of phonon scattering
plays a role. This comparison is given in Fig.5 following Ong16.

The angle-resolved photoemission experiment is a very useful tool to study the energy
spectrum of electrons. From the energy and angular dependence of emitted electrons one
can recover in principle the spectral function A( k, w). First in "Bi 2212 " 1 0 , then in "123"
compounds17 a well-defined Fermi surface has been found in good agreement with the local
density functional calculations. This Fermi surface is "large" as requested by the Luitinger
theorem. The more subtle question is the precise shape of the spectral function which can
check the FL theory in a quantitative way. Unfortunately, the present precision does not
allow one to make unambiguous conclusions. The main puzzle comes from the comparison
with the transport measurements. As said above, they are consistent with the Mott-Hubbard
picture, i.e., the charge carrier concentration is S instead of 1 - S (where 6 is the doping
concentration). Put another way, the Fermi surface, even if it exists, should be a "small" one
corresponding to these "pockets". To our knowledge, there is still no good solution of this
dilemma. Very recently, Liu and collaborators " have studied angle-resolved photoemission
spectra for YBaiCmOx with 6.35 < x < 6.9. These authors found that the spectral
weight near Er> as well as the shape and the dimension of the Fermi surface are relatively
constant for 6.4 < x < 6.9, but they change abruptly at x = 6.35. The spectral weight
diminishes and the Fermi surface becomes a small one. It seems that a Mott transition is
taking place at this concentration. As we will see later, these results are consistent with
our current understanding of the Mott transition. However, the puzzle with highly doped
superconductors still remains.
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Fig. 5. The schematic plot of temperature dependence of RH in cuprates compared with

that of conventional metal following Ong 16.
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Other anomalies in the normal state include 3: strong background scattering on elec-
tronic excitations, observable in frequency-dependent conductivity and Raman scattering;
different NMR relaxation behaviour for Cu and O; possible existence of pseudo gap in the
spin-excitation; etc. Those who are interested in further details are referred to more complete
reviews2"4.

To summarize the experimental part, it is very interesting to observe that the BCS the-
ory, or the pairing theory in a more general sense, based on the FL theory of Landau seems to
be quite adequate to interpret the superconducting properties of oxide superconductors. Nev-
ertheless, the normal state properties of these superconductors resist any simple description
within the framework of the same FL theory. The outstanding question is: Do we need to
completely write new chapters for the many-body theory to accommodate the strong corre-
lation effects. The answer is probably yes. But it is not completely conclusive yet.

3. STRONGLY CORRELATED ELECTRON MODELS

Very soon after the discovery of high Tc superconductors, P.W. Anderson suggestedl9

that one should start from a Mott insulator, because the superconductivity occurs near the
metal-insulator transition. Moreover, he proposed that the one-band Hubbard model given
by

where

- Cia da

t is the nearest neighbour hopping and U is the on-site Coulomb repulsion, can bring about
the essential physics. Also, this would allow us to describe superconductivity and magnetism
in a unified fashion, so far the same electrons are responsible for both phenomena.

In the strong-coupling limit U > t, the important point is to project out the double
occupied sites. This can be achieved via a canonical transformation

H -> eiS Ht~iS = (2)

which has been discussed by many authors ̂ . If we neglect the three-site terms, the effective
Hamiltonian is the well-known t — J model given by

- t
>J

• S, - I

where

Si = c* -a J- At2/U ,

— ( 1 + ^

8

(3)

(4)

(5)



with a as Pauli matrices. The Hubbard and the t - J model (3) arc equivalent to each other
only for U > t, or t > J case, but t - J model itself can be studied in the opposite limit
t <C J- Sometimes people also study a similar model with next-nearest hopping term t',
which is called t - 1 ' — J model, or t' — J model, depending on whether the nearest neighbour
hopping is allowed. At half-filling, t- J model reduces to spin j Heisenberg model.

One may argue that the actual C u d plane contains one Cu and two O in each unit
cell and the more realistic three-band model2I should be more appropriate.

This model can be written as:

+ Ua

"* V • (6)
if

where n = nj + nj, A = sp — Si, tipt, = p ^ pta, nae = d\a djC. The index >' runs over
Cu sites, while I runs over O sites. The meaning of other parameters is obvious. Thes
parameters can be estimated from cluster calculations and their values are roughly12:

A = 3 eV,

t l - = 1 . 5 e V 1

10 eV, 5 eV, Vpd=ltV,

(7)

If the leading terms in each category (hopping, Coulomb repulsion and site energy) are kept,
we end up with a simpler model, containing A, t ^ and Un three parameters. Zhang and
Rice B have argued that if one takes into account the symmetry of the CuOi square, the
singlet state formed by a symmetrized O orbit with Cu orbit has much loweT energy than the
triplet and the nonbonding state. Therefore, as far as the low energy physics is concerned,
the three-band model is equivalent to the t — J model (5). Experimentally, the Knight shifts
for different Cu and O nuclei in "123" compounds can be scaled with the spin susceptibil-
ity 2*. This seems to be in favour of a single spin variable, i.e., the effective one-band model.
However, not everybody agrees with this viewpointa . Also, if the charge transfer between
O and Cu is considered explicitly, one should involve the three-band modelK .

4. ONE-DIMENSIONAL MODELS AND LUTTINGER LIQUIDS

One-dimensional models have attracted a lot of attention both because of their rel-
evance to quasi-one-dimensional systems like organic conductors 21 or conducting poly-
mers a and the availability of more rigorous mathematical treatments. Historically, the
progress on one-dimensional interacting fermions has been made along two separate lines.

On the one hand, the renormalization group and the bosonization technique have been ap-
plied to solve the continuous, Luttinger M-type models. The exponents of power-law decay
correlation functions and related physical observable quantities, like response functions, re-
laxation raits, etc., have been extensively studied. Lieb and Mattis have solved exactly the
Luttinger modelM . Mattis, Luther, Emery and Peschel have developed further the technique
31. This part has been summarized in two review articles M . Furthermore, this technique
has been polished by Heidenreich et at. " and by Haldane M. On the other hand, the Bethe
ansatz method has been used to solve exactly several lattice models the most important of
which were the fermion gas model with f-interaction solved by Yang 3! and the Hubbard
model solved by Lieb and Wu 3*. Later on, several authors further studied the ground state
properties and the energy spectrum of excitations37. However, it is very difficult to obtain
correlation functions within this approach.

The deep relations between the above two approaches were first realized by Haldane M .
He emphasized the existence of a universality class of one-dimensional systems whose low-
energy physics is the same as for the Luttinger model. Following Landau who invented the
term "Fermi liquid" for interacting systems which can be mapped onto Fermi gas, Haldane
coined the term "Luttinger liquid" for this universality class. In particular, several lattice
models solvable exactly by Bethe ansatz also belong to this class, and the correlation ex-
ponents can be extracted from the energy spectrum. Somehow this important idea did not
receive deserved attention 10 years ago.

After the discovery of high temperature superconductors Anderson emphasized this
important concept and its relevance for high Tc problem 39. As we will see later, many
properties of high Tc superconductors are consistent with predictions of the Luttinger liquid
theory. Following Anderson's proposal, the correlation exponents were first extracted from
numerical simulations 40. Later on, these exponents have been calculated from the Bethe
ansatz solution 41-**. Using the spin-charge decoupling concept, these exponents can be
calculated even by standard many-body techniques47.

In the rest of this section we will sketch some basic ideas. Those interested in details
should consult the original literature 3I.3»-*a.*s.

4.1 Luttinger and Related Models

In one-dimensional fermion systems, the important physics takes place near the two
Fermi points: kp and —kF. It is natural to linearize the dispersion relation near these two
points £t = vp(k±kr), corresponding to a, b two branches. For noninteracting system, the
Hamiltonian is given by

V , (8)
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Fig. 6. The Luttinger model.

One can introduce bandwidth cutoff of the order 2 ko vp around each Fermi point, or
extend the band to -oo to include unphysical states. The latter version has some interesting
mathematical properties, and is called Luttinger model (Fig.6).

Since we are mainly interested in the scattering process near these two Fermi points,
it is convenient to introduce some coupling constants. For the spinless case, their definitions
are given in Fig.7. The study of the phase diagram as a function of coupling constants using
various techniques like renormalization group or parquet diagram resummation, is called g-
ology 32.

b
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a

Fig. 7. Definition of coupling constants for spinless fermions. Solid lines correspond to
branch a, while the dashed lines represent branch b.
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The scattering from one branch to the other is called backscattering characterized by
g i, while the scattering without changing branches is forward scattering, denoted by 92. The
Umklapp process 53 is important only for commensurate cases, say half-filling. The ju
process usually only leads to minor renormalization effects. The Luttinger model does not
contain backscattering process, i.e., g\ = 0.

At the mean field level, the phase diagram is shown schematically in Fig.8, where
CDW means charge-density-wave instability, SDW-spin density wave, SS-singlet super-
conductivity, TS-tripIet superconductivity. However, the mean field result may be wrong in
ID, because there is a logarithmic divergence in the perturbation expansion which should be
removed by renormalization group analysis or parquet diagram resummation 32. To the sec-
ond order of the coupling constant, the renormalization group equations in terms of energy
E are given by

1

E
dg2(E) (9)

•SUE)dE 2 irvF

which means g\ - 2 g% is a constant and no renormalization is taking place if pi = 0. For g\ >
0, g\(E) —» 0, as £ —» 0, i.e., we have infrared asymptotic freedom. For g\ < 0,91 (E)
at some finite, negative E —* — 00, which signals an instability of the original state.

4.2 Bosonization and Critical Exponents

The basic boson excitations in the Luttinger-type models are density fluctuations,

TS

SS

g

/

/^ g *2 g

/ SDW

CDW

8,

Fig. 8. ID phase diagram at the mean field level.
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These boson variables satisfy nontriviaJ commutation relations (L is the chain length)

and their low energy excitations correspond to harmonic oscillators with linear dispersion
w = uJfc. This is for the spinless case. For fermions with spin there are two degrees of
freedom; charge and spin. The effective boson Hamiltonian can be written as 42

where <f> is the phase field, defined by

and

is the conjugate momentum satisfying the commutation relation

(12)

(13)

(14)

(15)

(16)

is the velocity, while ku is the correlation exponent.

For systems without backscattering 9 1 = 0 , the charge and spin arc decoupled. For

51 > 0 , using the renormalization group one finds die fixed point g\ = 0 . It turns out that the

spin dynamics at the fixed point is also trivial, Jfc* = 1. The correlation functions for particle

and spin are given by

n(0) At cos(2Jfcfi)

(17)

S(x) • S(0) > = cos(2JfcFi)

respectively. It is interesting to note that the charge fluctuations control the exponents, while
the spin fluctuations only lead to logarithmic corrections **. The correlation exponent in the
weak coupling case is given by Jfcp = 1 — U/HVF- We should mention that there are several
subtle points in the bosonization procedure which have been clarified earlier Mi34 •3S.

As pointed out first by Haldane n, one can extract the critical exponents from the Bethe
ansatz solution, at least for the case of one scaling variable. There is some complication

13

for the case with two scaling variables, but in the absence of external magnetic field, one
can still follow the same procedure H. Under the assumption that the weak and the strong
coupling regimes are determined by the same fixed point jf = 0, die velocities up, uo can
be determined directly from the Bethe ansatz solution of Lieb and Wu M , while kfi can be
determined from the compressibility via the relation 41

dr? 2 JL
(18)

where £o(n) is the ground state energy, n is the particle number. We will not quote the
detailed results here, but only mention that for U —* 0, k0 —» 1, but kf —f ̂  for [/ -» 00 and
n = 0,1 for any positive [/. For n -» 0, this is due to the divergence of the density of states.
For n —»1, one should consider holes which behave like low-density spinless fermions.

4.3 Some Properties of Luttinger Liquid

The ID Luttinger liquid shows some very interesting properties. On the one hand, it
looks like Fermi liquid in certain aspects 42. For example, the specific heat is linear C( T) =
iT, where die constant 1 is related to "m of noninteracting system as

? •* ( i + £
Similarly, for the magnetic susceptibility

hence the Wilson ratio

(19)

(20)

(21)

Moreover, the Fermi surface (points in this case) is well defined, and the momentum distri-
bution shows singular behaviour at kF and a weak singularity at 3fcf w

- kF){k ~

where

(22)

(23)

For U -» 00, n = 0 , 1 , a - • 1 / 8 . As a consequence, the density of states at the Fermi level
vanishes like u". As we mentioned earlier, it is rather difficult to distinguish this singularity
at kF with a jump required by FL theory, at least in numerical simulations.

On the other hand, there is a striking difference from FL: the spin-charge decoupling.
It can be made explicit in the large U limit, where the Bethe ansatz wave function can be
written as a product of a determinant wave function for spinless fermions (holons) and a
wave function for "squeezed" Heisenberg chain *°. The excitations of the spin chain are spin

14

T T"



j neutral objects - spinons. These holons and spinons behave very much the same way as
suggested earlier by Anderson and collaborators to account for anomalous properties of high
Tc superconductors39149. Moreover, one can calculate the phase diagram for 1D t - J model,
which shows even superconductivity50.

However, the crucial question is whether the 2D Hubbard model belongs to this uni-
versality class. Anderson argues strongly in favour of this, but there is no consensus among
condensed matter theorists yet.

5. STUDIES OF 2D HUBBARD AND t - J MODELS

In spite of the extreme importance of the issue and the enormous efforts made so far
towards its study, we still know very little about it. One result is the ground state at half-
filling. Although there is no rigorous proof, there seems to be long range antiferromagnetic
order for spin j system at least for the square lattice. The evidence comes from the quantum
Monte-Carlo simulations51. Of course, the ground state is not the classical Neel state, and
the staggered magnetization is reduced by abou.t 40% due to quantum fluctuations. The other
result is the Nagaoka theorem H stating, that in the limit of U —• oo, / -» 0, the ground
state of a single hole in an otherwise half-filled system should be ferromagnetic.

Apart from these two, other results are still under discussion. In the rest of this section
we will briefly review the various approaches used to attack this problem.

5.1 Weak Coupling Approach

In real systems the Hubbard U is close to the bandwidth, but in this approach one as-
sumes U <: t. The phase diagram is the Hartrec-Fock approximation is shown in Fig.9 53.
Near half-filling the Fermi surface of noninteracting system is completely nested. The other
characteristic feature of 2D systems is the Van Hove singularity. It is generic in nature, and
for the nearest-neighbour hopping model it is located at w = 0, giving rise to a logarithmic
contribution to the density of states. A general analysis, taking into account these two proper-
ties, was carried out in the early days of high Tc heat wave M . They have found an instability
towards a <2-wave superconductivity. Later on, Schrieffer and collaborators proposed a spin-
bag model based on the weak-coupling approach by considering the SDW ground state M .
These authors have shown that the spin wave spectrum obtained is identical to what follows
from the strong coupling spin wave theory. So these two approaches are consistent at least
for the spin fluctuations. However, the single occupancy constraint is not built in, so there
is no localization effect existing in the t — J model. The weak coupling approach has been
pursued by many authors * .

Another important point is that in 2D both e - e and t — h channels have similar
£T? singularities. Therefore, the parquet resummation is a suitable scheme to use. However,
the full scale parquet equations are too complicated for the available computing facilities.

15

Fig. 9. Hartree-Fock phase diagram for 2D Hubbard model.

Nevertheless, several approximation schemes like "conserving approximation", "pseudo-
potential" method, etc., have been tried to attack this problem " . The phase diagram obtained
is improved compared with the Hartree-Fock case.

The low-density limit can be treated using the Galitzkii ladder diagram approximation.
Although the 2D case has been discussed earlier " , there has been a revival of interest in
connection with high Tc problems. Anderson argued " , that the 2D case is similar to the
ID case where the "orthogonality catastrophe" leads to non-FL behaviour. However, there
is no consensus on this issue. Some other authors still find FL behaviour within the standard
many-body scheme *°. In some sense, this is not surprising, because it is difficult to imagine
a way to find the breakdown of a scheme within itself. We should mention that the few body
problem (any number of particles) can be solved exactly. The thermodynamic limit of this
problem corresponds to zero density. However, if one keeps the formal definition of density,
the low-density results are fully recovered 61. This is also quite surprising.

5.2 Single Hole in a Quantum Antiferromagnet

Since the reference compound is an antiferromagnet, to study the single hole motion
on this background is an important issue. However, this simple looking problem turned out
to be nontrivial at all. A similar problem for the Istng model was studied a long time back a .
In the limit / ~+ 0, the hole does not have coherent propagation, because it leaves behind
a string of reversed antiferromagnetic (AF) bonds. The spectral function of the hole does
not depend on momentum, i.e., the motion is completely incoherent. We will call this case
Brinkman-Rice limit

Now we are interested in the Heisenberg antiferromagnet where the "wrongly" aligned

16



spins can be cured by spin-flip process. This problem has been studied by many authors

using various techniques, including exact diagonalization of small clusters63, method of re-

stricted Hilbert space **, variational approach *5, self-consistent Green's functions " , quan-

tum Bogoliubov-de-Gennes equation 6 7 , and functional integral **.

There are three effects to be included in the treatment: (1) The distortion of the spin

background, or spin poiaron effect; (2) the quantum fluctuations showing up as annihilation

and creation of spin excitation; (3) the renormalization due to emitting and re—absorbing spin

waves. Not all of them have been included in the above mentioned studies. For example, the

quasi-classical variational approach f>5 docs not consider the renormalization process, while

the self-consistent Green's function method ** does not include the spin distortion. The

Bogoliubov-de-Gennes formalism includes all these three effects. Due to the self-trapping

effects, one can find spin-polaron bound states. Recently, we have found that these bound

states still survive even if there is only short range AF order **. Some authors assumed long-

range dipolar distortion of the spin system around the hole. It seems that the size of spin

poiaron is rather localized 67'**, and the distortion is rather local.

The crucial question is whether there is a coherent propagation of hole. The answer so

far obtained from both cluster and analytic calculations was positive. The bandwidth has been

renormalized from ihe order of t to the order of J. However, the single occupancy constraint

was not properly imposed in the analytical calculations, which may change the conclusion.

In the cluster calculations finite size effects are important, and one should carry out a careful

finite size scaling. The situation is still controversial. The Penn State group ™ claims that

Z (spectral weight of coherent motion) remains constant, while die Trieste group 71 finds

from quantum Monte-Carlo simulations that Z scales to zero for infinite size system. In

one-dimension this problem can be solved exactly in the limit U —» oo using Bethe ansatz

solution n . The hole is localized, but in a power fashion, so it can still propagate.

5.3 Strong Coupling Approach. Finite Dopings.

The AF long range order disappears upon doping giving rise to superconductivity.

Experimentally, there is a critical concentration, below which the AF order survives, but

theoretically this question is still under debate. As for the existence of superconductivity in

the doped system, the problem is also open. We briefly outline here some relevant results.

5.3.1. Numerical studies

Apart from variational Monte-Carlo n and correlated basis function (CBF) - Fermi

Hypemetted Chain (FHNC)7* techniques, more extensively used are the cluster exact diago-

nalization da'7S and various realizations of quantum Monte-Carlo 76 method. The limitation

for the cluster calculation is the finite size effect, while the difficulty for the quantum Monte-

Carlo is the famous "fermion sign" problem. Nevertheless, there are some interesting results,

although they are not the final word yet.

A large Fermi surface consistent with the Luttinger theorem has been found in the clus-
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ter calculation " for the t - J model. The Green's function shows quasiparticle behaviour

with a dispersion compatible with band structure calculations. In a certain range of param-

eters an attractive interaction between holes was found **, but it has been argued that this

corresponds to phase separation, rather to superconductivity 7 9 . However, the phase diagram

obtained by high temperature expansion technique *° looks somewhat different from Ref.79.

The phase separation takes place for large / , but not for small J, as suggested in Ref.79.

As for the Hubbard model, the situation is somewhat different. There is no strong

attraction between holes " and no phase separation •*. The <i-wave and extended s-wave

pairing correlations arc enhanced but they do not increase as a function of lattice size " .

This, probably, means the absence of superconductivity in the Hubbard model per se. One

technical question is how to enhance the "sensitivity of the testing antenna" in numerical

simulations. This problem has been addressed recently M .

5.3.2. Slave boson vs slave fermion

The main issue of strong coupling approach is to impose the single occupancy con-
straint. One possible way is to introduce "slave" particles for electrons c,a = o* 6jff, where
a,* is the "slave" boson and bia is the fermion, or vice versa. In this way the non-holonomic
constraint

\ " ^ * ** i

0

is converted into a holonomic one

The slave boson formalism {when a, is a boson) has been extensively used to study the

pristine and doped systems. Within this formalism the ground state of a doped system turned

out to be the uniform Resonantt'ng Valence Bond (RVB) state suggested by Baskaran, Zou and

Anderson4* which shows FL like behaviour below the Bose condensation temperature. This

is true in the large N expansion, where N is the number of fermion components (JV • 2

for real electron). Various symmetry-broken phases, including the dimerized phase, flux

phase, staggered flux phase, chixal phase with breaking time-reversal symmetry, etc.were

considered. Interested readers are referred to the review articles s5 . The serious difficulty of

the slave boson approach is the absence of AF correlations. In fact, the ground state in the

half-filled case does not satisfy the Marshall sign rule **.

Alternatively, the Schwinger boson-slave fermion approach (where the boson carries

the spin, while the fermion carries the charge) is very useful in describing AF correlations. In

the high Tc context, it was first used by Arovas and Auerbach *7, and later on by many others

" "91. First of all, at half-filling the AF long range order is recovered if the bosc condensation

is taken into account. The ground state energy obtained is much better than the slave boson

case. This state obeys the Marshall sign rule. Secondly, the spin-spin correlations fit rather

well the experimental data " . Thirdly, the density of states is symmetric with respect to the
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Fermi surface 89~91, and the non-FL like behaviour seems to be available Wp91. However,

the Fermi surface in this approach even for finite doping is "small" which is not consistent

with experiments.

So far we have discussed the results obtained at the mean field level. It is somehow

discouraging that they are quite different for these two approaches which in principle should

be equivalent to each other. One possible way out is to go beyond the mean field approxima-

tion. Within the slave boson scheme, the next order of £• expansion has been considered w .

Although the ground state remains FL-like at the one-loop level, the corrections due to cor-

relations are significant to account for some interesting properties, e.g., the change of sign

for Hall constant during doping, etc. Nevertheless, the AF fluctuations are not included ex-

plicitly yet. Within the slave fermion scheme, we have considered the loop corrections to the

fermion motion due to AF fluctuations 91. It is strongly renormalized and there is an inco-

herent peak in the spectral density due to multiple scattering which is consistent with optical

data5 .

5.3.3. Gauge field approach

Another way to go beyond the mean field approximation is to consider the gauge field,

first considered by Baskaran and Anderson in the high TV problem w . In fact, the slave

particle representation is invariant under a local gauge transformation

All physical quantities should be invariant with respect to this transformation. This approach

has been recently developed further by several authors * 4 - '* . The effective Hamiltonian (in

the continuum fashion) of the coupled holon, sptnon and gauge field system can be written

(24)

where / is the spinon, b the holon, and m,,mt, their masses, respectively, while a is the

fictitious gauge field, A the real electromagnetic field, 4> the Lagrange multiplier. The single

occupancy constraint can be expressed also as a zero total current condition, i.e.,

j . = -}h " Ut •

Due to the coupling to fermions the gauge field propagator is overdamped which can explain

several important properties in the normal state like the linear temperature dependence of

the resistivity, constant thermal conductivity, and so on. Although the single occupancy con-

straint is imposed only on average, the gauge field description is appropriate for low-energy

fluctuations. Whether this approach is successful to explain all main observations, especially
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the temperature dependence of the Hall constant, remains to be seen. The weakness of this

formalism is again the absence of AF fluctuations.

5.3.4, Alternative approaches

Varma and collaborators *" have put forward a phenomenological theory of marginal

Fermi Liquid (MFL). These authors observe that if the imaginary part of the charge and spin

polarization function has the following property over a wide range of momentum

' " tT. ^ „ (25)
a number of experimental results, including resistivity, optical absorption, tunneling density,

etc. can be explained in a natural way. Here N{0) is the density of states at the Fermi level

and u c is the cut-off frequency. An essential assumption is the absence of low energy scale

other than the temperature itself.

As a consequence of Eq.(25), the electron self-energy is given by

— + i % X (26)

where X = max( |w|, T) and Vis a coupling constant. Moreover, the spectral weight of the

quasi-particle Z becomes

where y = max [ | Et — p\, T\ with Et being the real part of the quasi particle energy. There-

fore, Z vanishes at Fermi surface in a logarithmic fashion, Le., the FL concept is violated in

the weakest way (suggesting the word "marginal").

This approach has been developed further 6198 to consider a broader class of experi-

ments and to explore further implications. Several authors attempted to check this hypothesis

numerically 7 0 . " , the result is still controversial. Recently, an attempt has been made to jus-

tify this hypothesis microscopically 1 0° . All these aspects require further studies.

As an alternative several authors assume that oxide superconductors are very similar to

heavy fermion compounds in many ways. According to them1C1 the strong correlation effects

will lead to some modifications of FL parameters, but one should not give it up completely.

We should also briefly mention here another approach - the infinite dimension expan-

sion. It turns out that many calculation schemes • like perturbation, Gutzwiller variational

wave function, etc. become simpler, or even exact in the limit d —* oo 1<K. Therefore, one

can construct an expansion in \- However, the mean field theory in d = oo turns out to be

nontrivial, and several attempts have been made to construct such a theory1 M .

Finally, the theory of anyon superconductivity initiated by Laughlin8 has not been cov-

ered in this review. This elegant many-body theory based on Chern-Simons model should

certainly have materialization in Nature. If not in high Tc superconductivity, it must be ap-

plicable to some equally exciting field. Those interested are referred to recent reviews l w .
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6. CONCLUDING REMARKS

We tried in this review to give an overall picture of what is going on in the high Tc stud-
ies as a many-body problem. Due to the limitation of my own knowledge and the available
space, many aspects have been touched upon only very superficially. However, 1 would like
to emphasize that in spite of the enormous efforts made so far, many questions still remain
open. For example: What is the ground state of a doped Mott insulator? Can a hole on an AF
background propagate? Is FL description violated for strongly correlated systems? What is
the actual mechanism for high Tc superconductivity?

In one-dimension, answers to many questions listed above are clear, mainly because
U = 0 is a singular point. Any finite 17, no matter how small it is, will bring the system into
the only available universality class of interacting systems. In two dimensions, the situation
is not clear yet.

Historically, one may distinguish "conceptual" and "quantitative" many-body theorists
who do not talk to each other very much. Nowadays, this boundary becomes very fuzzy. On
the one hand, the problem is so difficult that no one now can present a convincing answer.
On the other hand, the sophisticated analytic and numerical tools become more accessible
to a larger group of researchers. So everybody is facing the same challenge with an equal
opportunity.
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