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ABSTRACT
We study the equilibration of fermion system with the help of both linear and non-

linear master equations which are originated from the extended time-dependent Hartree-Fock
equation of motion. We show how the non-linear master equation for nucléon occupation
number transforms into the Navier-Stokes type of one dimensional equation for non-stationary
flow of a compressible and viscous fluid. Physical consequences of these equations are
investigated by providing illustrative examples.

1. Equations of Motion for Finite Fermi System

The time-dependent equation for fermioh occupation numbers, which has been derived
from the extended time-dependent Hartree-Fock approximation including panicle collisions,
takes the form1

TT =i I 5(ei+e2-e3-e4)[(l-ni)(l-n2)n3n4 - nin2(l-n3)(l-n4)] I<1,2 IV 14,3> 12 (1)
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where n are single-particle occupation numbers and V is the effective two-body interaction
potential. This equation, which takes account of energy conservation, Pauli principle and
transition probabilities, may be used in microscopic non-self-consistent descriptions of
collective dynamics. It should be however remarked that energy is not conserved2 in a
collision of two nucléons in a time-varyng single particle potential. In a finite system the single
panicle energies depend on the mean field which changes in time in nuclear collisions so that

the energy-conserving part in Eq. 1 may not be a 6-function and thus acquires a width of several
MeV.

It has been shown3 that Eq. 1 can be transformed into a non-linear partial differential
equation by writing the collision term in the form of a master equation. We obtain

3n tn 3 3Dr . d, ,3Di v , 3 3n ,3Dj ^3 2 n
— = - ( D r —+ —L)(n-n2) - -^n 2—L ) + (—+ — y—- + D\— , (2)
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for the single-particle occupation number, where Dr and Dj are respectively the drift and
diffusion coefficients which can be expressed3 in terms of the residual interaction. If the



gradients of transport coefficients Dr and Di are small, then they may be taken as constants. In
this case, Eq.2 reduces to a non-linear master equation

3n _ , 3n „ 3n „ _ 32n
— = -Dr(— -2n —) + D i - - . (3)
dt de de 1

When we funher transform this equation into a moving energy coordinate system with the
constant rate of energy change Dr by means of the relations e' = e - Drt and t' = t , we get

3 n ' , o n * _ d V
— + n — = D, — - , (4)
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where n'(e'.t') = -2Drn(e',t'). It can be shown that Eq.4 is invariant under a Galilean
transformation. Eq.4 may be compared to the Navier-Stokes equation for one-dimensional
non-stationary flow of a compressible viscous fluid

du 3u 32u ...
— +"—= vj7 , (5)
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where v is the kinematic viscosity and u represents an excess of flow velocity over a sonic
velocity. Eq.5 is known as Burgers' equation4 and its solution can approximately describe the
flow through a shock wave in a viscous fluid. The analogy between Eq.4 and Eq.5 allows us
to investigate physical processes contained in the original non-linear master equation derived
for the finite nuclear system.

The non-linear terms in Eq.3 comes mainly from Pauli principle embodied in the collision
term in the original TDHF equation of motion. If we neglect the non-linear term, Eq.3 takes the
same form as the diffusion-type equation. The importance of the presence of the non-linear
term will be seen as follows. As in Eq.5 which displays how a competition occurs between two
opposing processes, steeping due to the non-linearlity and damping due to viscosity, Eq.4
shows also how the non-linear term competes with the diffusivity term, the diffusion
coefficient multiplied by the second derivative, even for small values of Dj. This competition
may result in stationary motion. Indeed, Eq.4 has a steady state solution in an infinite domain,
contrary to a linear equation such as the diffusion equation which can not have a bounded
solution in an infinite domain.
The steady state solution to Eq.4 is shown to be

(6)

where n' . = n'(e'= -«>) and £ ' F is some fixed value of e' . We see from Eq.6 that
n'+=n'(e'=°°)=-n*.. This clearly shows how the non-linear term is reponsable for a change
from n'(e')>0 to n'(e')<0, similar to the steady flow through a shock wave which changes
from spersonic to subsonic. Indeed, as Dj goes to zero, Eq.6 at e'=e'f approaches a
discontinuity. This situation correponds to the shock wave in fluid dynamics with v=0. It
should be reminded that all quantities in Eq.6 are referenced to the moving frame of reference.
The corresponding steady-state solution to Eq.3 can also be easily obtained by solving the
staedy-state equation corresponding to Eq.3.



A remarkable feature of Eq.4 and therefore Eq.3 is the existence of an exact analytical
solution5 which allows us to study physical problems subject to various initial conditions. The
general solution to Eq.4 is actually given by

(3)

n'(e\t') = J °°dvr^- exp[- F(e',t';ri)/2Di] / J °°dîl exp£- F(e',t';Tl)/2Di] , (7)
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where

(4)
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(8)

a
Here no'(Ç) = n'(Ç,t'=O) and a is an arbitrary constant which is to be determined from specific
physical problems.

At this stage it is worthwhile to discuss more about the similarity between physical aspects
represented by Eq.4 and the Navier-Stokes equation 5 which describes the shock wave. As
was already discussed, the diffusivity may result in the formation of a stationary wave. To see
this explicitly, we put a solution to Eq.(4) in the form

n' = n'(e' ± D rt ').

Using the change of variable via % = e' ± Drt\ Eq.4 can be written as

D i ^ = n ' 2 ± D n ' + c

(9)

(10)

(6)

where c is an integral constant. The constants Dr and c may be determined form the boundary
condition discussed below Eq.6. We further assume that dn'ZdZ1I00= O and n.' >n' > n+'. It is
noted that, since we are now not concerned with the steady-state solution in the moving frame
of reference, the relation n+'= - n.' may not be valid in the present case. . By applying the
boundary condition to Eq. 10, we get

l'x.' + n+'). c = - ^ n + ' n . ' . (11)

By substituting these values for Dr and c in Eq. 10, we get a first order partial differential
equation which can be solved analytically. We obtain

n' = n+' + n+ - n.T (12)
(e'± Drt')]

It is trivial to observe that Eq.5 has exactly the same solution but with different notations. This
form of the solution to Eq.5,the Navier-Stokes equation, describes indeed the simplest shock
wave. It is interesting to note that the variable e'+Drt' is exactly the energy variable e in the
original inertial frame of reference. Therefore the solution n'(e'+Drt'=e) represents a steady-
state expression but in the inertial energy coordinate system.

In order to gain further an insight into physical meanings of the process involved in Eq.4,
we now inspect the asymptotic behaviour of the solution 7. For small Dj the integrals in Eq.7
may be computed by the saddle-point technique. It yields



n'(e\t') - - ^ 7 (13)

where the saddle point Tl0 can be computed by solving the equation

(7)

(8)

t' = 0.

The equation for the variable e' is therefore simply given by

e' = rio + no '(no)t ' ,

(14)

(15)

which is an expression for a simple time-evolution but in the moving frame of reference. It is
also seen from the asymptotic solution that for e' greater than a certain value of e \ say Ep',
n'(e',t') should be identically equal to zero.

The significant parameter occuring in the present formulation is the Raynolds number R,
which is defined by the ratio of the non-linear term to the diffusivity term as

(9)

(10)

(H)

(12)

R = n'e' (16)

V*
In terms of the quantities in the original inertial nuclear system, the Raynolds number may be
simply approximated by

2 D f ( n £ )
R

where (ne) means that the value of n corresponding to a fixed value of e is to be taken.
The Raynolds number determines various modes of development of physical processes as it
characterizes various limiting cases. In fact the Reynolds number indicates to what
approximation the non-linear term can be neglected. It is therefore obvious that the Reynolds
number should be small so that the linear equation is valid.
We now consider an energy region Ae' inside of which the main change in n'(e',t') occurs. In
this region the diffusivity term may come to mach the non-linear term so that we may have

Using the definition of the Reynolds number we get

e' R '
which shows that the width of n' is inversely proportional to the Reynolds number.

(18)

2. Illustration of Physical Process: Single-Particle Occupation Number

It is now straightforward to express the solution to the initial non-linear master equation 3
for the nucléon occupation number. This is simply done by substituting e - Drt, t and -2Drn for
e', t' and n' in Eq.7. By assuming a specific initial form of no(e), we are now able to examine



(13)
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the time-evolution of the nucléon occupation number as a function of energy.
As an example of n0, we take a step function type of the rectangular initial occupation

number distribution
no(e) =1 for e < EF ,

= 0 for e > £p ,

which has been widely used in the past and in particular in Ref. 3. The explicit form of the
occupation number now takes the form

1 -Y
n(e,t) = •

where

l+exp[- ré(e - £F)1
1 " e r f e+

- —
1 + erf e.

(19)

Y = 2 A / — T t exP(" e-2) " e x P ( - e+2)exP(" ^ ( £ " 6F)] /( 1 - erf e_), (20)

(16)
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with e+ —
- e ± Drt

For large values of t, this occupation number approaches to

1
n(e,t=oo) - •

exp[- - eF)]
(21)

which is the steady-state solution to Eq.3 and which is exactly the fermi-type distribution. In
fact.the initial rectangular distribution goes to very quickly to the ferrni distribution.
Obviously.if the initial distribution was the fermi-type function, the occupation number does
not change its form and remains as it was. Eq.21 is to be compared to Eq. 12 .

As we have already discussed,if the Reynolds number is assumed to be very small, we can
neglect the non-linear term in Eq.3 and we get a linear master equation which transforms into
the diffusion-type equation in a moving frame of reference . This linear equation has no
bounded steady-state solution in an infinite domain as will be seen from its formal solution.
The solution to the linear master equation is actually given by

n(e,t) = •
1 +00

jno(T|)exp[ -
47rDit .00

1- (e - T) - Drt)
2]dri. (22)

(18)

When we use the same rectangular initial distribution as in the non-linear case, Eq.22 leads to
simply

2 (23)

which shows that n vanishes for large values of energy and also time.
To illustrate the time-evolution of the single-panicle occupation number, we have choosen,

as in Ref.3, Dj = 2OxIO23 MeV/s, Dr = -5XlO23 MeV/s and t in units of 1O'23 s.



With the choice of eF = 40 MeV, the Reynolds number amounts to be approximately 10, which
is large and which shows the importance of the non-linear term in the master equation
originated fromthe extended time-dependent Hartree-Fock equation of motion. Figure displays
how quickly the initial rectangular initial distribution goes to the fermi-type distribution for the
problem which includes the non-linear effect. Indeed, with time t = 2x 10"2^ s, the profile of
n(e,t) reaches almost to the fermi-type distribution represented by Eq.21. Without the non-
linear term, the initial distribution becomes rapidly flat as time increases.

Occupation number

ClMeVi

So far we have used, as an example of the initial condition, the step function which allows
us to compute very easily the integral involved in the formal solution 7. The non-linear master
equation may be subject to various other initial conditions. Thus the dfference between physics
embodied in the non-linear and linear master equations can also be seen from the example
which describes the decay of an arbitrary periodic initial disturbance. We therefore assume a
simple sine wave for the initial condition

1 Jte
no(e) = y( l -sin—

1

(24)

where Sp is a fixed value of energy e which may represent a size of the one-dimensional energy
box. It is obvous that we may equaly use a cosine wave as an initial condition. Following the
method used in Ref.5, we express the solution to Eq. 3 in terms of Fourier series in e. It yields

no(e,t) = J [ 1 - J^ u(e,t) (25)

where the function u(e,t) takes explicitly the form



Avv

,26)

v= 0 1+5v0

V7C
with Cv = — • The coefficients Av are given by

i U0(QdC] COS^VTI di\ = | e x p ( ) I v (
1+ôvO 4jmF 4rcnF

J exp[- i J U0(QdC] COS^VTI di\ = — | - exp(-^-)Iv(- - ^ - ) , (27)
0 ' 1 ô 4 4

where R is the Reynolds number defined previously, nF is the value of n at e = Ep and Iv is the
modified Bessel function.
For large values of time t only the first terms in both the numerator and denominator remain so
that we get

exp(- DiÇi2t) sinÇi] . (28)

Since the estimated Reynolds number is rather large, we can express in a simple form the ratio
of the coefficients with the help of the asymtotic form of the modified Bessel function. It yields

It may be also possible to represent the solution to the linear master equation by a Fourier
series but with sine functions in stead of cosine functions. In this way we can compare for
large value of t the form of the linear problem to the non-linear expression 28. The comparaison
between the non-linearity and linearity may be made more suitably in the moving frame of
reference in which the linear equation of motion transforms into the simple diffusion equation.
Indeed, when we carry out the same kind of calculation as we have done in the last example but
for both linear and non-linear equations written in the moving frame of reference, we can see
clearly the non-linear dependence on the initial conditions. Furthermore, we can also establish

the relation n'(e',t') = n'(£',t')iinear as the Reynolds number goes to zero. This shows to what
approximation the non-linear term can be neglected. Accordingly, the linear equation may be
applicable only within the limit of small value of R ,as was argued before.

3. Conceding Remarks

In the present work, we have investigated by providing illustrative examples the physical
features embodied in the non-linear equation of motion which has been extracted from the
extended time-dependent Hartree-Fock approximation with collision terms. The similarity
between the transformed single-particle occupation number equation and the one-dimensional
Navier-Stokes equation for non-stationary flow of a compressible and viscous fluid allowed us



(26)

to make a study of a question of competition between non-linearity and diffusivity represented
by the the diffusion coefficient multiplied by the second derivative. The non-linear term in the
present master equation originates mainly from the exclusion principle incorporated in the
collision terms. We have seen in the illustrative examples how this competition results in
stationary motion. For future work it seems worthwhile to investigate further collective
dynamics related to the extended TDHF equation, such as Eq. 1 or Eq. 2.
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