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ABSTRACT

Systematic study of the role of the nonperturbativc gluon condensate arising in a QCD-
motivated NJL model is presented. The effects of the gluon condensate on meson coupling con-
stants, the pion decay constant, quark condensate and mass formulae are investigated. An interest-
ing result is the decrease of the scale A of chiral symmetry breaking.
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1. NJL MODEL FOR SCALAR AND PSEUDOSCALAR MESONS WITH A CON-

DENSATE GLUON FIELD G

The Nambu-Jona-Lasinio (NJL) model with the effective chiral four-quark Lagrangian
was intensively used in recent years [l]-[10]. This model at quark level was first studied in 1976-
1982 years in Refs.[ll]-I14] (see also [15J-16]). The basic independent quantities of the model arc
the masses of constituent quarks connected with the quark condensate, the cut-off parameter A de-
termining the boundary of the region of spontaneous chiral symmetry breaking and the four-quark
interaction constant K. The purpose of the present paper is to investigate a QCD-motivated NJL
model containing a nonperturbative gluon condensate. We will then show how the basic parame-
ters and model equations of the resulting chiral ff-model will change with this quantity taken into
account.

Let us start with QCD and decompose the gluon field G^ into a condensate field GJ and
the quantum fluctiations j° around it

sSU). (1)

(2)

By assumption the first part of the field yields a nonvanishing gluon condensate

< v a c | | - : G;u(O)Gr(O) : |vac >=< v a c | | ^ G

where GJ t is the field strength tensor. Integrating in the generating functional of QCD over the
quantum field g*(x) and approximating the (unknown) nonperturbative gluon propagator by a
6-function we get an effective chiral four-quark interaction of the NJL type. In this case, the con-
densate field C?£(i) enters into the standard Lagrangian of the NJL model through the covariant
derivative of the quark field

(3)

where g is the QCD coupling constant, \a/2 are the generators of the color group SU( Ne).

The effective chiral quark Lagrangian describing interactions of composite scalar and
pseudoscalar mesons in the presence of condensate gluon fields can be written as [14]-[16]*

C(q,O) = q(iD ~ m°)q+ ^Wi^q)2 + (qiis^q)1] , (4)

where D = ^D^, D^ is the covariant derivative (3),^ are the Pauli matrices of SU{ 2 V ( T " =
1; summation over a is understood), and q are fields of current quarks with mass ro°. Upon
introducing meson fields, the Lagrangian (4) turns into the equivalent form

(5)

This type of interaction results from the current x current interaction of quarks due to gluon ex-
change after applying a Fierz transformation to color and Dirac indices. For simplicity, we shall
omit here vector and axial-vector channels and consider an unbroken flavour group SU(2)p with
equal quark masses mjj = m|J.



with & = &ttT™, <fi = ifia7"- The vacuum expectation value of the isoscalar-scalar field csa turns out
to be nonzero (< CTQ >f 0). To pass to a physical field <TQ with < oa >= 0 one usually performs
a field shift leading to a new quark mass m to be identified with the mass of constituent quark,

-m° + = —m + (a =1 ,2 ,3) (6)

where m is determined from the gap equation (see below).

Let us for a moment neglect the gluon condensate in (5) (t> —» d). Integrating in the
generating functional associated to the Lagrangian (5) over the quark fields, evaluating the resulting
quark determinant by a loop expansion and including thereby only second-order field derivatives
gives then an expression corresponding to the linear cr-model [14]-[ 15]

C" = -^ a - m ) 2 + <p2]2} . (7)

Here I] and I2 are divergent integrals regularized with a cut-off parameter A characterizing the
scale of chiral-symmetry breaking,

h = ~iz

k2)
• ( 2 T T ) 4 7 (m

2-k2)2

and Nc is the number of colour. In configuration space we have p2 <p2

(8)

p( — D) ip etc.

Now let us see how the Lagrangian (7) changes when condensate gluon fields are taken
into account. Here the effect of gluon condensate corrections will be calculated with an accuracy up
to squared terms in the field strength G^(x) . For evaluating the quark determinant with external
fields we shall use the "heat kernel" technique which has been employed in papers [ 16J, [ 17]. Then,
instead of (7) we get*

£« = Tr{-^
•ma)2

4 * 96

+2t/i

where
48

<p2) _

. )
2

7T ~ <"' ' " 4 T T

Now let us determine physical quantities and mode! parameters.

Higher order terms of the form g3 / a t c
< i"jfG»ii> + .., gjVe less essential contributions of about

several percent [18], and will therefore, be neglected. Note that proper-time regularized integrals
are replaced here by momentum cut-off regularized integrals I\,h-

2. BASIC QUANTITIES AND MODEL EQUATIONS

In order that the Lagrangian (9) takes its usual form (with standard coefficient of the
kinetic term) one should perform the following field ^normalizations

1
9a = 9<p = ^"(

G2

~̂ (10)

Then, from the requirement for terms linear in a to vanish we get a modified "gap" equation

6m (11)

After renormalization of the meson fields we get for the square part of the Lagrangian (9) deter-
mining the mass terms (omitting the field index R),

*• <p2) - m2Tra2 , (12)

where in the last line of Eq.(12) use of the gap equation (11) has been made. We then get for the
meson masses the known equations

2m° < qq

• ~ iwn K.FI
(Gell-Mann-Oakes-Renner formula),

4 m ' (13)

Here we have used the Goldberger-Treiman identity gv = m/P* and the expression for the total
quark condensate < qq > which will be derived below (see Eq.(25)). The Goldberger-Treiman
identity leads to the following expression for the pion decay constant F ,

G2

24 m4 • )
(14)

Finally, the effective coupling constants of meson interactions can be read off from the
interaction terms

^ , ^ (15)

Thus, the form of meson interactions remains unchanged after the inclusion of gluon condensate
fields [14],[15]. Only the expression of the coupling constant ga{gv) changes.



3. DETERMINATION OF MODEL PARAMETERS

Until now we have not considered vector and axial-vector mesons. However, one should
bare in mind that since axial-vector mesons do exist, nondiagonal transitions of the type w —» a\
play an essential role in the NJL model. The effect of these nondiagonal terms on different physical
quantities in the NJL model is well studied (see Refs.[3],[ 15],[16]). Specifically, if they are taken
into account, there arises an additional renormalization of pseudoscalar fields

where

with mai being the mass of the oi meson.

(16)

(17)

The analysis of vector meson fields shows that in the NJL model the constant gp from

p-meson decay p -» 2ir( j ^ ss 3) and the agg-coupling constant ga are related by [12]-[15]

From Eqs.(14), (16), (18) and the mass formula m2, = raj + 6m J [15] we get for the constituent
quark mass the expression

n2

(19)

Now using again the formulae m2, = ro2 + 6m 2 , (19) and the KSFR relation m2, = 2g\Fl we
obtain the Weinberg's relation m^ =2mJ . From (17) and (19) the estimates m = 348 MeV and
Z = 2,2 follow. Thenwegetforthemassesofai andcrmesons: ma, = 1150 MeV and ma = 700
MeV.

The value of the gluon condensate is taken from the data on the hardon process e*e~ —»
hardons (see Ref. [19])

a
= - < i

7T
>= [(410 ± 80)AfeV]4 . (20)

Taking into account the additional renormalization constant Z due to ir - a\ mixing, Eq. (14)
together with Eq.(8) gives for Ft

*1
m2 6Ncm*

(21)

Hence, using the values Fw = 93 MeV, Nc = 3 and Eq.(20) we find for the parameter A the
estimate

A=820JWW. (22)

Let us first calculate that part of the quark condensate < qq >' which does not explicitly contain
the gluon condensate G2 *

< qq >'=
id —id — m

) = - 4 m / i = -(226JWW)3 . (23)

The gap equation (11) can then be rewritten in terms of quark and gluon condensates as

m = m° -2K <qq >'+•£--< C^G? >= m° - 2K < qq > , (24)

where we have introduced the notion of the total quark condensate < qq > which includes also
gluon condensate corrections.

qq >= > =

We see that this number is close to the standard value of the quark condensate.

With Eqs.(24) and (13) we find the constant K

(25)

( )
mm

Finally, we can determine the current quark mass m°,

5 MeV .

(26)

(27)

This is also a standard value. Thus, our model gives a reasonable self-consistent description of the
most important model parameters and physical quantities.

4. SUMMARY AND CONCLUSIONS

The above investigation shows that corrections due to the gluon condensate which nat-
urally arises in our QCD-motivated NJL model provide quite reasonable results. In particular, the
gluon condensate ^ < G^Cg" > turns out to contribute to various quantities, like for instance
ffp, F», m and < qq >, without changing thereby the form of meson mass formulae and interaction
terms in the effective meson Lagrangian. Thus, in the considered approximation the main effects
of the gluon condensate are the decrease in the value of the low-energy cut-off scale A from 1.25
GeV [14],[15] to 820 MeV and the increase in the coupling constant of the effective four-quark
interaction K from 5GeV"5 to 9.5 GeV~2.

Note, however, that also in this case there exists an indirect dependence on G2 via the constituent
quark mass m (Eq.(24)) as well as the cut-off A. To compare with quark condensates used in
the QCD sum rule approach one must subtract a perturbative part Tr( -^—) which is however,
negligible for SU(2)F [16].



It has been argued in the literature that in models with a gluon condensate a dynamical
gluon mass could appear. For example, the authors of Ref.[20] presented a description of the gluon
condensate based upon an analogy to the Landau-Ginzburg theory of superconductivity. As a result
of that analysis they predicted a gluon mass of the order of 600 MeV. In our approach, in the case
of a massive gluon, we would have the relation K = fa • J /OJT • At low energies one has fa « 1,

which leads to an estimate Ma ~ -Ji^ ~ 500 MeV which is not too different from the above
value.

The effect of the gluon condensate in nonlinear chiral Lagrangians was studied in Ref.[21]
as well, particularly for estimating its influence on the low-energy coefficients. The coefficients of
the G1 terms obtained in their expressions for F» and in the quark condensate coincide with the
coefficients of the present paper. However, a definite advantage of the present approach is the exis-
tence of an inherent mechanism for spontaneous breaking of chiral symmetry and the appearance of
constituent quarks and meson masses on the basis of a simple effective four-quark interaction aris-
ing from gluon exchange. In the above-mentioned paper the mechanism of spontaneous breaking
of chiral symmetry is brought in from outside by using additional assumptions. Another essential
difference between both approaches is that we cannot neglect the quark condensate < qq >' since
it is an important contribution of the four-quark interaction caused by quantum fluctuations of the
gluon field. Finally, let us mention that our bosoniza'.ion approach is in some sense complementary
to the more phenomenological approach of QCD sum rules [18]. Indeed, in our case composite
hadrons arise as a result of two combined nonperturbative effects: i) by the ladder summation of
(soft) gluon-mediated four-quark interactions and ii) the nonperturbative contributions of the quark
and gluon condensates.

In the nearest future we are planning to extend these studies to nonlinear effective La-
grangians with fourth order derivatives in order ot describe the coefficients of the low-energy ex-
pansion in a self-consistent way.
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