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ABSTRACT

We present a canonical formulation for theories whose actions contain non-integer pow-
ers of the d" Alembertian operator and which were recently shown to play a central role in 2 + 1D
bosonization. We show that these theories possess an infinite number of constraints and use the
Dirac method in order to obtain the classical brackets. The causal and classical Green functions are
obtained and their meaning in terms of field expectation values is discussed. The Wightman func-
tions are introduced and shown to lead to the microcausality principle. A mode expansion for the
field is obtained. This permits the reobtention of the Wightman functions as vacuum expectation
values of products of the basic fields. Creation and annihilation operators are naturally introduced
but, as shown, they are not related to definite mass particle states. This is also confirmed by the
spectral decomposition of the Wightman functions.
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1. Introduction

It has been recently shown that the roassless Dirac fermion field can be mapped to

a vector (gauge) field which has the interesting property of presenting a square root of

the d'Alembertian in its action [1], (see sect. 6). That work motivates the present study

of this kind of actions and and specially i t s canonical quantization.

In fact the interest in nonlocal theories date&back a long time as can be seen from the

studies of Fokker and Feynman and Wheeler[2] about the non-instantaneous interaction

at a distance between particles, in the first half of the century. In the fifties there was

a great deal of interest in nonlocal actions as they were expected to be solutions to

the infinities of field theory. Along this line we quote the Kristensen-Moller mo del [3]

and the works by Pais and Uhlembeck[4] and others[5j. Further.there is a great deal of

work done by Efimov and co-workers, that last up to recent times[6], addressing themes

like strong interactions, anomalies and the avoidance of monopoles in GUT models.

Recently there has been a revival of interest in non-local actions partly due to the

appearance of non-local vertices in string field theory[7].

Our work departs from most of the previous literature in that the nonlocality is

present in the kinetic term of the action rather than being due to the interaction. One

of the first problems that soon afflicted the hamiltonian treatment of non-local theories

was the observation that the Poisson brackets between the fields and all its derivatives

are zero. Here we show that properly considering the momenta as constraints leads to

non-zero Dirac brackets. Our treatment is also different from the perturbative treatment

of nonlocal theories presented in [8] in that we do not have an expansion parameter and

no reduction of order two occurs. Instead we will consider the whole series expansion

and sum it.

The organization of the article is as follows. In the section 2, the classical canonical

formulation is applied and the Dirac brackets are obtained. The hamiltonian is derived

and shown to lead to the Euler-Lagrange equation as a canonical equation. The third
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section introduces the quantization of the theory with the study of the causal Green

functions. We argue that the Feynman prescription is associated with the vacuum

expectation value of the time ordered product of fields, as in local cases. The classical

retarded and advanced Green functions are also evaluated. For a = 1/2 these are

shown to satisfy the Huygens principle. In the fourth section we obtain the Pauli-

Jordan and Wight-man functions and show that the former sa t i s f ies the microcausality

condition, in spite of the fact that thetagrangianis nonlocal. We also derive the spectral

representation for the Wightman function. Section five is devoted to the obtention of

a mode expansion for the basic field in terms of creation and annihilation operators.

These, however are not related to particles states with a definite mass, as is also indicated

by the spectral decomposition. Finally, in section 6 we summarize our conclusions and

comment on the applications to bosonization in 2 + 1 dimensions.

2. Canonical Formalism for Theories with

Pseudodifferential Operators

In this section we present the canonical formalism suited to theories envolving non-

localities associated with pseudodifferential operators of the type D1"™. If 1 — a is not

a positive integer we are obviously dealing with an equation of motion that is not dif-

ferential, but will involve a generalization of differential operator. In this work, we will

consider the theory of a single scalar:

present

5= ^ (2.1)

where (-D)~a = J -r-4j ( i t1)"*^'1 , and we are considering a 2 + 1 dimensional space

keeping in mind the application to bosonization.

We will consider the more genera! case in which ( -D)"" is exchanged by ( -D+x)~*.

where x will eventually be sent to zero at the end. With this we can take the formal

series expansion in powers of the d'Almtertian resulting in an action with all derivatives

(2.2)

In this expression an oc x'~o+*J.

There is a well known method for the canonical treatment of higher derivative

theories [9,10]. Having realized that our theory can be considered as such we can

apply the results of that treatment to our case. We will not present a full review of that

treatment here, but stress its most important features. Assume the Lagrangean contains

derivatives up to the order N. In this method the field <f> and its time derivatives, 4>^n\

up to the order N - 1 are taken as independent variables composing the coordinate

space (4>^ represents the ntk time derivative of </>). The momenta are defined in such

a way that the variation of the action, under the assumption of Lagrangian equations

of motion, is equal to the ordinary expression [10]

J V - 1

(2.3)

The phase space is composed by the $ " ' together with the associated momenta n ( n ) .

The Lagrangian equations are obtained with fixed variations of the fields and deriva-

tives on the boundaries of the integration region in the action. For simplicity these can

be taken as the infinite space in the extremal times. Poisson brackets are defined in

such a way that each variable of the coordinate space obeys a canonical relation with

its respective momenta all other brackets being zero. The Hamiltosiian is defined by the

Legendre transform of the Lagrangian, taking into account alt derivatives of the fields

composing the coordinate space. The canonical equations of motion then result from

the Poisson bracket of each variable and the Hamtltonian, just as in the first order case.

This scheme has been applied to a wide range of higher derivative theories [10],

having been used together with the Dirac method whenever constraints are present. We

are going to apply this method to the infinite derivative case and study its consequences,

verifying that it really gives sound results.
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One has two strategies to follow according to whether one truncates or not the

alluded series expansion. Out strategy in this work is to take the infinite case and deal

nonpertubatively with the whole series and try to obtain results under the assumption

of its summation. In this approach the fact that each term of the series diverges when

the auxiliary parameter x is finally set to zero is by no means a catastrophe as long

as the sum is well behaved in this limit. This is analogous to what happens in the

computation of the effective potential when one expands around a massless theory and

the whole sum is finite, in spite of the fact that each term is infrared divergent[11].

We obtain first the Euler-Lagrange equation. Varying eq.(2.2) with respect to the

field and its derivatives we get

Y, a*Cl"+1* = 0 (2.4)

Summing the series we have the nonlocal equation of motion

(2.5)

Let us now perform a canonical transformation which is legitimate for finite N and

we assume also holds for the infinite case. As we will see this will result in an enormous

simplification. Let us take as independent variables the field 4> together with all of

its derivatives which for later convenience, we rearrange so that the new independent

variables are <f>n = Ef4> and 4>n = Un4>- The momenta associated to these new variables

are given by the variation of the action around a solution of the equations of motion

AS =

Taking eq. (2.6) we obtain:

1 °°

(2.6)

(2.7)

(2.8)

- 5 -

In the truncated formalism one can see that some of the momenta are not inde-

pendent variables as they can be expressed as linear combinations of variables in the

coordinate space. In our case all of them are of such sort, as the coordinate space

encompass all the derivatives of the field. The momenta definitions have to be seen as

constraints. We have thus found the primary constraints of our system. In order to see

if they are first or second class we calculate the Dirac matrix between the constraints

that are

Xn = n n - "nn"
(2.9)

Here "II,," ("Pn") are the explicit expressions for the momenta in terms of coordi-

nates, eqs. (2.7) and (2.8).

The computation of the Dirac matrix is straigthforward as long as one deals carefully

with the infinite summations present. The result has a structure like:

D= \K(x)tXm(y)}
o

0

with

5n,m(x,v) = , Affl(y)} = ~an+m62(x - y) (2.11)

As a working hypothesis we assume that this matrix is not singular. It follows that

there will be no secondary constraints. The evolution of primary constraints by means

of the total Hamiltonian will only fix the Lagrangemultipliers and not imply new

constraints. In the finite case, i.e. truncating the series, one would also obtain some

momenta expressed as combinations of variables of the coordinate space. In that case the

finite number of independent variables allows one to infer the non singular character of

the Dirac matrix. The existence of the inverse of the Dirac matrix between the primary

constraints is thus expected from the experience with the finite case.

The obtention of the explicit form of Z)"1 is certainly not an easy task. We are

nevertheless going to see that in spite of this we can characterize the structure of the

model without its explicit knowledge.
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We introduce then the formal inverse of the Dirac matrix

0 -B-l(x,y]

with

(2.12)

(2.13)
j=o

The calculation of the Dirac brackets is now stxaightfbnBrd1 yielding the result

I' = 0
(2.14)

It is here that the sensible choice of independent variables comes into play. Had not

the Dirac matrix had the simple form it has we would not be able to guess its inverse

form and what follows would be much more difficult to handle.

We now introduce one more variable p = ( - 0 + x)~a4>' Let us compute the Dirac

bracket between 4> a n d p- Expanding the operator (— •+• \)~", in consonance with our

formalism we obtain

n=0

- v)

In the same way we can obtain the whole structure

(2.15)

= 0 (2.16)

We stress that the above brackets are the result of infinite summations of the series.

So we understand that they have a more fundamental meaning than the relations (2.14).

For instance when finally x —• ° 'he above result is unchanged while in (2.14) the Dirac

matrix will diverge. We will reobtain the relations (2.16) also in the quantum treatment.

-7-

Then they will be the result of the computation of the commutation relations by means of

the explicit knowledge of the expectation value of the product of two fields. We are going

to see also that this result has important consequences when applied to bosonization.

We can now consider dynamics. The Hamiltonian is defined just by the Legendre

transform of the Lagrangean,

H = d2x - L
n=0

This can be worked out to the form

H=

(2.17)

(2.18)

We can now calculate the canonical equations of motion A — {A,H}. When applied

to <!>„ the result is an identity: <j>n = if>n. Observe that this is just what occurs in the

local case to the evolution of <$>• F° r the evolution of p{= E a n^n) o n e obtains:

n=0

= £ B. [d2y d2z\
n=0 J 1 1 J=0

Bkj{y,*) B-*{z,x)

- fd2y

= V2p{x) (2.19)

The last equation is just the Euler-Lagrange equation now reobtained by Hamilto-

nian methods. Note that it can be rewritten as ( - d ) 1 " 0 ^ = 0. w h e n X i s s e t t o zeTO-

Thus we reach the conclusion that the formalism proposed has been able to perform

its task giving not only a sound canonical structure but also the correct equation of

motion. One might argue that this formalism is somewhat unuseful as it requires the
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knowledge of all time derivatives of the field in order to have information on the evolu-

tion of the field. It says nevertheless that not all derivatives are finally independent but

are related by dynamics. The fact that the evolution equation requires the knowledge of

all field derivatives is a manifestation of its nonlocal character as long as the behavior

of the field in a space-time point will depend on its values not on a vicinity of it but

over an extended region of space-time.

Let us now once more consider the equation of motion in its series expansion form,

eq. (2.4). We point out that the equation of motion has a different character from the

usual cases. Namely we observe that, as all derivatives belong to the coordinate space,

the equation of motion is indeed a constraint. We emphasize that this constraint does

not appear as a secondary constraint from the Dirac algorithm) in the usual sense. We

have already seen that the evolution of the primary constraints only Exes the Lagrange

multipliers. We then have to consider the question: Are these constraints respected

by the Dirac brackets? One becomes easily convinced of the negative answer. This is

expected as we have not considered them when establishing the Dirac brackets. One

can envisage the possibility of pursuing further the Dirac method and adding the new

constraints to the Dirac algorithim.

The new constraints should be taken as an infinite number of equations. Besides

£ = YL flnd"+1^ we also have £„ = •"£ and (n = 0"£. It is clear what we should do
n=0

now: Calculate the Dirac matrix between the new constraints, using our hitherto Dirac

brackets, invert it, and redefine the Dirac brackets. One will find in this procedure just

the same kind of d i f f icul t ies we have found up to now. The new Dirac matrix is

1 ' o

with

(2.20)

- 9 -

Once again its non singular character mu$t be assumed. The inverse of D' must be

defined by the formal properties

with

and

- jdh £ akapC;}(x,z) Br+
i,kj>=0

'V) =

-jd2z (2.21)

The new Dirac brackets will import in a redefinition of the unknown constants in

(2.14)

still with

" = 0 (2.22)

With these new Dirac brackets we can once again compute the Dirac brackets be-

tween the fields <t> and p. Using equations (2.21) and (2.22) we obtain thai the equations

(2.16) are not changed.

Furthermore, in the same way we performed the calculation of eq.(2.16), we can now

obtain the Dirac brackets between the new variables (-D+ x) 4> and (-D+ x)'1'"^-

We obtain the result

{ ( - • + X) #(x), (-D+ • • - v ) (2.23)

In the case where we have an interaction term like V(<j>) the above treatment wil!

imply the equation of motion: - D ( - n + \}~a<j> = V'{$). This is just the expected

Euler-Lagrange equation.
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We should also cament en what happens when — a is an integer or zero. In this case

we will not be dealing with non-local theories but with a local one. For a = 0, for

instance, the action still has the general form of eq.(2.2) but with an — 0 for n > 0. We

can see that nevertheless the Dirac brackets which result from the infinite sumation of

the series such as {<l>,p}* go smoothly to the ones obtained from the treatment of the

resulting model. In case a = 0, p is identified with 4> itself and the relations eq.(2.16)

are just the usual ones.

3. Quantization: Green Functions

3.1. The causal Green Functions

Let us now turn our attention to the quantum case. We have an equation of motion,

a quadratic Lagrangiam (2.1), and a classical canonical structure to guide us. We will

start by computing the relevant Green functions and analysing their physical meaning

in terms of expectation values of products of fields. We are just going to see that the

quantum treatment of these nonlocal free theories will still present quite interesting

features. In some sense these theories behave more like interacting instead of free

theories.

First of all, we calculate the expectation values of the time ordered product of two

fields. As the Lagrangian is quadratic, the causal Green function is just (— O)~ I + O . We

have to ascribe a prescription to the contour not of a pole but of the branch point and

the cut associated with the root. Adopting the Feynman prescription, k2 —> k2 + ie, we

get the result (Appendix 1):

(3.1)

with t = x°,r = |?|, and

ft, = -(27r)-3/222°-1/2r(a + l/2)/r(l - a)

-II-

Itl

The cut has been chosen in the positive k2 (or x2) rea! axis (fig. 1).

We are now in position to pose the question: Is a field with commutation rules taken

from the above Dirac brackets a quantum solution to the nonlocal equation of motion

derived from the action? A way to answer this question is to find if the expectation

value of the time ordered product of two fields is just the causal function evaluated

above. To find this out we apply the operator ( - • + x)'~° to such an expectation value
in

in order to see if it results/a tridimensional delta function. In this computation we are

going to use the equal time commutation rules taken from the (first) Dirac brackets

of the previous section by use of the correspondence principle. First note that, using

eq.(2.14),

(3.2)

(3.3)

By iterative application of the d'Alembertian and use of eq.(2.14), we obtain

i=o
Following our previous steps, we expand the operator •/(— D+ \ )° in powers of •

and apply to the time product:

O(-D+
n=0

y°)B-imfi(z, y) (3.4)= £ «„ T £ £
n=0 n=0 m=0

By redefining the summation indices we obtain the following expression for the last

term in the previous formula,

= -i £ CTJ^x0 - y°)jd2z £ B-i(*,»)Bm,B(z,r)}

= - t £ d"1}^*0 - y°) «m,0«(f - y)\

= -««3(*-y) (3.5)
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Due to the field equation Q( —D+ x) a4'(x) — 0> the first term of the same expression

is zero:

£ anTcT+1<l>(x)<t>(y)=Tnp{x)<t>{y) = O (3.6)

Summing up we have shown that

CK-O+ >= - - y) (3.7)

This shows that the first Dirac brackets obtained in the previous section are enough

to a t t r ibu te to the fmcti<i» ( - i ) < T4>(j> > the character of the inverse of the operator

appearing in the action- It is interesting to note that a prescription is already needed

in the operator definition and not only in the Green function-

Does the above reasoning also hold if one uses the double star Dirac brackets? Indeed

if one performs the calculation with the new Dirac brackets one will see that instead

of < T<p<b > the Dirac delta function will result for the nonlocal operator applied to

( - Q + x)° < Tp<j> > = ( - D + xf < T{-D+ x)~°4"t> > Using t h e single star brackets

both functions will have this property. Indeed the above calculation actually means

that ( - D + x)~aT<j>4> = T ( - O + x)~a4><t> for one star Dirac brackets (this property is

easily verified when —a is a positive integer, i.e. local cases). So we see that there is an

inconsistency between the implementation of the equations of motion as constraints and

the Green function character of the expectation value of the time ordered products of the

basic field <j>. We will return to this question in the next section and keep interpreting

< T4>4> > as the causal Green function.

We add one more comment in relation with this. We could have as well started

with the Lagrangian. £ = 4>(—• + x)'~O|A- The single star Dirae brackets would be

softly changed {Bn,m -* B'nm = - o n + m + x«n+m+i) and the basic Dirac bracket

{<j>,p}* = 16 ( i — y) would still follow, but only if 1 — a > 0, i.e. positive powers

of the d1Alembertian. The equation defining the propagator, with single star Dirac

brackets, would be: ( - D + x) 1"" < ^VW ^iv) >= -«<53(* - y}- It is tempting to

-13-

asBoci&te this with the fact that only for 1 — a > 0 the operator (—D + x)1 a has the

meaning of generalizing the differential operators Cf [12].

3.2. The Classical Functions

In Appendix 2 we also calculate the classical Green functions (retarded and ad-

vanced):

Dftl = T T ^ u / 0
 d3ke

2 ' - ; ] _ „ =

(3.8)

e~'k

(3.9)

These distributions have been studied by M. Riez[l2] who showed that they are

indeed inverses of the powers of the d1 Alembertian. when 1 - a is a positive integer. In

other cases they are identified with the O1"0 operator or its inverse according to whether

Q - 1 is greater or smaller then zero[3]. Note that in the £ -* 0 limit only the discontinuity

along the cuts will contribute. It follows, noting that the cut lies on the positive x2

axis, that the classical functions have the interesting property of respecting causality

although the Lagrangian itself does not suggest it! Note further that for a = 1/2, in

particular, the expression between brackets in (3.8), (3.9) becomes a delta function and

we see that the classical functions have support on the light-cone surface, implying that

not only causality but also the Huygens principle would be respected. It is interesting

to remark that the 0 = 5 case is precisely the one relevant for the bosonization[l).

4. Quantization: The Pauli-Jordan and Wightman Functions
In order to have a complete description of the theory we have to define the Pauli-

Jordan function and its negative and positive frequency parts. We are going to ascribe

a definite meaning to these functions that furnish the expectation value of the ordinary

-14-



product of two fields. Notice that we need a function that can be split into positive

and negative frequencies. Further it should be a solution of the equation of motion and

coincide with the local function for o = 0. We define

D°PJ = D%-D?_ , and Dt{x) = D%(-x

We take for the Wightman functions D%(x)

Da+(x}= ^ ~ jd3k0(ka)\\/(k2 -^ ic)^" - l/(k2 -is)1-

where the cut is in the positive rea! Jt" axis (fig.l).

(4.1)

(4.2)

Note that when Q = 0 the last expression takes the usual form. In this case the

difference in the integrand is just a representation of the delta function. Note also that

due to the cut on the positive k° axis the function comprises only positive frequencies.

This last point deserves to be stressed: these functions present a decomposition into

positive and negative frequencies respected by Lorentz transformations.

With the above prescription we find:

This strongly suggests a generalization of the ordinary case. Indeed it is an exercise

to show that when a — - n (n = 1,2,..) the above function may be obtained from the

treatment of the resulting higher (finite) order theories. These functions represent an

analytic interpolation between higher order theories.

Can these functions be really associated to the expectation value of the simple prod-

uct of two fields? First we note that with the £>+ we obtain the equal time commutation

relation read from de Dirac brackets by operator product expansion. One can see easily

that the commutators [O" #, O" $ and [Cf fl^Cf71^] vanish, while [O"V,Dm?t] may be non

zero. This is obtained by taking the difference between D+(x - y) and D+ (y - x), as-

sociated respectively to < <t>{x)<t>(y) > and < $(y)<j>[x) >, and applying the appropriate

-15-

powers of Q. As we deal with equal time commutators we have to make x° — y° = 0 in

the final expressions. The commutator of tf> and </>, for instance, is seen to be

W - <(« + 1/2) <-"(

The expression above can be seen as a sequence of functions to be associated to a

distribution. It is clear that it is different from zero only for x = y. It is easy to show,

by integrating in space, that they are more singular around x = y than a delta function

for a > 0. Renormalizing the product by multiplication of the fields by £° one obtains a

bidimensional delta function sequence. In this way we obtain all the zero Dirac brackets

as commutation rules. The nonzero ones have the above singular character.

Moreover if we identify < #(jr)p(y) > with D°+(x - y), as we will soon argue (see

(4.12)) it will follow that the commutator of <f> and p is the delta function without

resorting to any infinite renormalization in the point sp l i t t ing calculation.

Further,if the D + functions are really the above expectation values than they might

satisfy themselves the equations of motion. One possible way to verify this would be

simply to apply the operator (— D)1"" inside the Fourier transformation integral. Then

one would deal with products of the type: fc2(J(l/(fc2 + te)1'" - l/(k2 ~ «<0l~°). If these

products are redefined as (l/(fc2 + ic)l~a~s - l/(i-2 - ic)1-"-^) one would obtain the

expected equation of motion for an appropriate value of 0, namely f) = 1 — a.

An alternative and more instructive way of obtaining the equations of motion is

through the use of the spectral decomposition as we will show. Note that for noninteger

a the D+ functions can be reexpressed as

where (fc^)!"-1) = 6(k2)(k-)^a'^ and bo = 2exp[nt(a - l/2)]sin[jr(l - a)].

We can introduce into the integrand the resolution of identity f£° 6(k2-m2)dmi = 1.

Changing the order of integration

D%(X) = bo

-16-



= ba I dm (m )"" D+(z,m)

where we have introduced the massive local function

(4.6)

Observe that it satisfies the eigenvalue equation:

-OD°+(x.m) = m2D° (r, m) (4.8)

The equation (4.6) shows a spectral decomposition of the Z>+ functions in terms of

local ones. It is seen that all the masses of the local functions do contribute. We begin

to understand the spectrum of our model. The important point to be stressed now is

that the functions appearing in eq.(4.6) are the local massive D+ functions. In other

words^the expectation value of the product of two non-local fields can be expressed as

the integral in the masses of the expectation value of the product of local massive fields.

We can now show how the equation of motion is satisfied by the D*(r — y), i.e. by

the expectation value of the simple product of two fields.

We have to apply (-D)1"" to UJ( i ) . We first factorial the operator (-Q)1"" ->

-Q-(-D)~ o + ' 1 ' 2 , and apply the last factor first. Here 6 is a regulator that will be set to

zero afterwards. Using the spectral decomposition eq.(4.6) and the eigenvalue equation

eq(4,S) the application of the nonlocal operator is now transparent:

= ba "^ D°+(x,m) (4.9)

Of course here is implied an analytic continuation in the 8 plane. When the limit

6 —» 0 is taken there appears a pole in 6

rfmm'-1^(i,m)= / dm m*- '£°.( j ,m) + I""dm m*"1 D°+(x,m) (4.10)

- 1 7 -

The last factor is not singular so we leave it aside. The first one is singular in the

limit 6 —* 0

limy dm m'-'D^r.mjE lira f dm mf~l [D°.{x,0) + O(m)]

lim I- lim I- DS.(i,0) + finite terms! (4.11)

When S goes to zero the singularity is removed by multiplication by S, i.e. the

expression is redefined by its residue. The result is the usual local function:

(-D)'" Dl(x) =z D*l(x) (4.12)

The equation of motion then follows upon application of the remaining (—•) factor.

We stress here the privileged role played by the local zero mass field in this calculation.

Furthermore, the above computation shows that (— O)^D%.(x) = constant<D++ (x).

When /3 is an integer the constant factor is 1. In thisiattercase the same result can be

obtained by direct differentiation.

We also point out that the following relations between the various functions still

hold in the nonlocal case:

D?et = +6{x°) D°PJ(x)

D°c(x) = 0(xa) D%(x) + Da_{x) (4.13)

The above formulae show some similarities between local and non-local theories. In

particular^the causal functions can really be interpreted as expectation values of time

ordered products of the fields. Also the Pauh'-Jordan functions, or field commutators,

are expressible by use of the classical{retarded and advanced) functions. This implies

that the fields, although satisfying a nonlocal evolution equation, still satisfy the mi-

crocausality principle. The main differences with the local theory are related to the

-18-



spectrum as is indicated by the spectral representation (4.6). This will also be seen

in the next section. We note also that, in the particular case a = 1/2, we obtain the

quantum version of the Huygens principle: the fields commute out of the light-cone

surface.

5. Mode expansion

In order to have a complete characterization of the quantum theory it is important

to have a mode expansion which serves to expose the Fock space structure of the model.

A natural procedure would be to search for a complete set of solutions of the equations of

motion and associate to each of them a quantum excitation. In our case we do not posses

such a set. It is not at all clear what are the complete solutions of a nonlocal equation

such as (—P)'~°/ = 0. We have seen, nevertheless, that the D+ (x — y) functions do, in

a definite way, satisfy these equations. We shall then try to obtain the mode expansion

based upon the knowledge of this function.

In contrast to the local case now the D + function is not expressible as a bi-

dimensional Fourier transform( see eq.(4.2)). There is not a delta function in it. This

suggests that we should try an expansion of the field with a tri-dimensional instead of

a bi-dimensional integration. Besides this we have already seen that the condition of

microcausality holds in this case, assuring unique decomposition between positive

and negative frequencies. This suggests then, the following expansion for <t>(x)

d3k
e-ik'' 4>{k) + e+tkt 6(k°) (5.1)

where we have defined S"(k2) = l / ( t 2 + ie) ' -° - l/(*-2 - ie)1'".

If the $(k)(tp\k)) are taken as annihilation (creation) operators of excitations with

tri-momentum k and ascribed the commutation rules [4>(k),<j>*(k')] = 6(k-k')/6~"(k2)

we readily see that the operator has the expected correlation function, reproducing,

up to a constant factor, the D+ function and consequently also the Dp) and the Dc

functions.
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Let us remark one point here. One could be tempted to define <f>(x) = (—D)'V(x),

where <p is the usual local field, with its usual mode expansion. With this, the nonlocal

equation of motion would follow from the local one: (-D)1~°0(x) = —Ofi(x) = 0. The

definition of (— D)"V(x) is nevertheless missing. In momentum space there appears

t2o63(fc2) and this does not have a definite meaning as a distribution.

In contrast to the local case the operator field now does not satisfy the equation of

motion as a strong relation but actually all expectation values of arbritary local products

(that do not involve nonlocal powers ofd'Alembertian among them) do satisfy it. The

reason is simply that such expectation values involve the D+ functions which satisfy the

proper equations of motion, in the above explained sense.

Now what kind of excitations does (j>(ky create? First of all they do not represent

different momenta of the same particle as they do not have a unique mass associated to

them. We have already seen the appearance of such indeterminate mass when we per-

formed the spectral decomposition of the functions D + . Although the basic excitations

are not particles, there is a nonlocal one which has a particle content. Indeed we have

seen that in the calculation of the equation of motion the free massless scalar plays a

privileged role. Put in other words,the expectation value of <f>(-0)~°4> 1S equal to the

expectation values of two local fields. This suggests treating the local massless particle

as a nonlocal excitation playing a privileged role in the Fock space.

Having this characterization of the Fock space we can now define normal ordering

of any expression envolving the fields in the usual way. This is crucial in applications

to bosonization in 3.D where we will have to deal with exponentials of the fields [1].

Let us point out what happens to the expansion in the local limit when a —> 0.

As was already remarked the D+{x), which is obtainable with the help of expansion

eq.(5.1), goes to the local function by acquiring the factor S(k2) in momentum space.

Indeed i"(k2) is easily identified, up to constant factors, with derivatives of the delta

function. The creation and annihilation operators, with k2 different from zero do not
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contribute in this limit. This allows one to rewrite the expansion of the field in the

usual way. In other words, the Fock space will be reduced, with the excitations with

"wrong" dispersion relations decoupling from the remaining physical sector.

6. Conclusion

In this work we considered the extension of the canonical treatment of systems with

higher derivatives[l,2] for the case where an infinite number of derivatives is present.

We applied this method in the canonical formulation of nonlocal theories containing

pseudodifferential operators in the kinetic term. The interest in such kind of theories

comes from the fact that they appear in the process of bosonization of the Dirac fermion

field in 2 + 1 dimensions[l].

Starting from the free Dirac Lagrangian.it is possible to show[l] that under a non-

loca] transformation similar to the one of Foldy and Wouthuysen one arrives at a la-

grangian involving two complex spin zero fields whose actions are given by (2.1J (with

a = j ) . These spin zero fields, in turn, may be expressed in terms of a vector

field whose Lagrangian again possesses the nonlocal operator D ^ I l j . These nonlocal

theories were only treated within the functional integral formulation in ref [1], hence the

interest of having an insight on their canonical quantization. This is what we pursued

here in the case of a scalar field, In another work[15] we studied the case of vector

field theories containing pseudodifferentiaJ operators. There we show that using the

canonical quantization of the vector field and the representation of spin zero fields in

terms of exponentials of it[l], the Wightman functions of thelatterc&n be obtained in

terms of the Wightman functions of the former.

The canonical structure that we obtained in the present paper is characterized by

the absence of independent momenta and by the fact that the equation of motion is

ultimately a constraint between the variables in coordinate space. Thisiatter fact is

related to the lack of a proper initial value (classical) problem since there is no finite

number of derivatives defined on a spacelike surface determining the field values in all

-21-

spacetime. Nevertheless, we have shown that a field quantization which para l le ls th is

classical structure is still possible. A quite remarkable fact is that the Pauli-Jordan

commut&tion function respects the microcausality condition, in spite of the nonlocality

of the Iagra^lai. and for the special case of a — \ the classical Green functions

obey the Huygens principle. An interesting feature k that the quantum field does not

satisfy the equation of motion as a strong relation but as a weak one. We have also

seen that a proper definition of vacuum expectation values of simple products of fields

yields a mode expansion which leads to a natural definition of creation and annihilation

operators and to the related concept of normal order. These creation and annihilation

operators, however, are not related to definite mass states as is also indicated by the

spectral decomposition of the Wightman functions. In this sense, the nonlocal theory

resembles an interacting one, in spite of being quadratic. A quite interesting fact, is

that the nonlocal field p(x) does create states with a definite mass (equal to zero).

We finally comment that the lack of a particle content associated to the basic field

is analogous to what happens in 1 + \D bosonization where the massless scalar field also

does not have a well defined particle content. The lack of a definite mass in this kind

of nonlocal theories suggests that the basic fields should transform under a nonunitary

representation of the Poincare group. This, however, deserves further investigation.
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Appendix 1
Let us compute here the Fourier transform in eq.(3.1)

here, and in the following, u> = |fc|.

According to ref [13] (page 321) this can be rewritten as

Dt{x) =

.0|-o
(A.2)

The angular integration is easily performed (Ibid page 952), giving the result

(.4.3)

where we expressed WQ a-i/2 in terms of the Bessel function A"Q_)/2 (Ibid page 1062).

We also use the fact that u> > 0 to redefine E. Using ref [14] page 365 the last integral

is evaluated. Taking the limit e —> 0 we obtain eq. (3.1).

The same result has been obtained in [16] page 365. Note, however, that our con-

vention to the position of the cut differs from the one of that book.

Appendix 2

Let us compute now the retarded function.

•>l\

J-oc JtU) +£ -ifcB]1-»[-tU> + £ - I

Using the result of ref [13] (pages 320 and 1059), we get

(B.I)

(B.2)

-23-

The angular integration is performed as shown above and the integral of the double

Bessel functions is found in reference [14] (page 210). The result, eq (3.8) then follows.

The advanced functions are obtained from the above results through the transfor-

mation k —* —k and x —* —x.

Appendix 3

The D+(x) function {eq. (4.3)) may be calculated along the lines of the previous

appendices or using the inverse Fourier transform to the Dftt(x) funtions and making

i *-* k and a -* (1/2) - a.

-24-



REFERENCES

1- E. C. Marino, Phys. Lett. B263, 63 (1991)

2- A. D. Fokker, Z. Phys. 58, 386(1929); R. P. Feynman and J. A. Wheeler, Rev. Mod.

Phys. 17, 157(1945)

3- P. Kristensen and C. Moller, K. Dan. Vidensk. Selsk. Mat. Fys. Mtdd. 27,

668(1952)

4- A. Pais. and G. E. Uhlembeck, Phys. Rev. 79, 145(1950)

5- R. Marnelius, Phyt. Rev. D8, 2472(1973)

6- M. K. Volkov and G. V. Efimov, Sov. Phys. Usp. 23, 94(1980); N. V. Krasnikov,

Theor. Math, Phy. 73, 1184(1987)

7- D. A. Eliezer and R. P. Woodard, Nucl Phys. B325, 389(1989); H. Hata, Nucl

Phys. B329, 698 (1990); S. Tanaka, Prog. Theor. Phys. 80, 566 (1988)

8- X. Jaen, J. Llosa and A. Molina, Phyt. Rev. D34, 2302 (1986)

9- M. Ostrogradski, Mem. Ac. St. Peiersbourg 14, 385(1850)

10- J. Barcelos Neto and N. R. F. Braga, Ada Phys. Pol. 20, 205 (1989)

11- S. Coleman, Secret symmetry: an introduction to spontaneous symmetry breakdown

and gauge fields, in Aspects of Symmetry, Selected Erice Lectures (Cambridge Uni-

versity Press, Cambridge, 1985)

12- M. Riesz, Acia. Math. 81, 1 (1949)

13- I. S. Gradshteyn and I. M. Ry2hik, Table of Integrals Series and Products, Fourth

Edition (Academic Press, New York, 1980)

Z4- A- P. Prudinikov, Yu. A. Brychkov, 0 . I. Marichev, Integrals and Series (Gordon

and Breach Science Publishers, New York, 1988)

15- R. L. P. G. Amaral and E. C- Marino, in preparation.

16- I. M. Gel'fand and G. E. Shilov, Generalized Functions, Vol 1 (Academic Press, New

York, 1964)

FIGURE 1

> -

Integration paths for the computation
of the Green and Wightman functions.

D r e t

-25- -26-




