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ABSTRACT

In this paper we discuss the formulation of the Stone-Weierstrass approximation theorem

for vector-valued functions and then detennine whether the classical Stone-Weierstrass theorem

for scalar-valued functions can be deduced from the above one. We also state some open problems

in this area.
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Throughout this paper we shall assume, unless stated otherwise, that X is a compact
Hausdorff space and E a normed linear space over the scalar field K of real or complex numbers.
Let C(X,E) be the vector space of all coninuous i?-valued functions on X endowed with the
uniform topology u which is defined by the sup norm

= sup 11/(3) ||, feC(X,E).

When E = K , we shall denote C(X,E) byC(X). Let C(X) ® E be the vector subspace of
C(X,E) spanned by the set of all functions of the form <p <g> o, where <p 6 C(X),a G E, and
(p<g>a)(z) = <p(x)a(x G X).

In 1948, M.H. stone [13] obtained the following generalization of the Weierstrass ap-
proximation theorem (see [11], p. 152, Theorem 7.31).

Theorem 1 (Stone-Weierstrass theorem for complex-valued functions)

If a subset A of C( X) satisfies

(1) A is a self-adjoint subalgebra,

(2) A separates points of X, i.e., for any x =/ y in X, there exists an / e A such that
fix)jf{y),

(3) A does not vanish on X, i.e., for each x e X, there exists a function y e A such that
g(x) yo,

then A is u-dense in C{X).

Several authors have later generalized it or given its new proof; see, e.g. [1, 2, 3,4,10].

We now consider the case of vector-valued functions. Since E is a vector space, C(XtE)
has the algebraic structure of a C(X)-module. Then an analogue of Theorem 1 may be stated in
the following form:

If a subset A of C( X, E) satisfies

(i) A is a C(.?0-submodule,

(ii) A separates points of X,

(iii) A does not vanish on X,

then A is u-dense in C(X, E).

Unfortunately, the above statement is not true in general as we now show. For any fixed
io € X and M a proper closed vector subspace of E, let

S(xo,M) ={f<EC(X,E) :f(xQ) € M} .
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Then A = S( x 0 , M) is a proper u-closed subspace of C( X , E) although it satisfies conditions (i),

(ii), and (iii) as follows. Clearly, A is a C(X)-submodule of C(X, E). To verify (ii), let x j y e

X. Since X, being a compact Hausdorff space, is normal, there exists a function <p£C{X) such
that 0 < ip < l,tp(x) = 0 and tp(y) = 1. For any o ( ^ 0) in M, (<p ® a)(XQ) = (p(xa)a G M

and so ip ® a G A. Further (<p <g> a) (x) ^ ( ̂  <8> o) (y). To verify (iii), consider any b( =/ 0) in M.

If 1 is the unit function in C( X), then 1 <g) 6 is a non-zero constant function in A.

Thus one must look for an appropriate replacement of conditions (i), (ii) and (iii). This

is, in fact, given in the following theorem which was established by R.C. Buck [4] in 1958 (see also

[5]).

Theorem 2 (Stone-Weierstrass theorem for vector-valued functions).

If a subset A of C( X, E) satisfies

(1) j4isaC(X)-submodule,

(2) for each x 6 X, the set A{%) = {g( x) : g € A) is dense in E,

then A is u-dense in C( X, E).
(For further generalizations of this result to more general X and E, see [4,7,9,14,15].)

It is clear that the classical Weierstrass approximation theorem (i.e., the set of all poly-

nomials in x £ [ 0,1] is u-dense in C[ 0,1]) follows as a Corollary of Theorem 1.

A natural question arises is whether we can deduce Theorem 1 from Theorem 2. The

answer to this question is not quite satisfactory as we see now. We first note that a subset A of

C(X) is a C(X)-submodule if and only if A is an ideal in C(X). Consequently, we obtain a

weaker form of Theorem 1.

Corollary If a subset A of C( X) satisfies

(1) A is an ideal in C(X),

(2) A does not vanish on X,

then A is u-dense in C ( X ) .

Proof We show that, for any fixed x eX,A(x) = K . Let o G K .By condition (2), there

exists <p € A such that (p(x) = b j 0 . Let ^ = (a/b)<p. Then $ G A and tp(x) = a. So, by

Theorem 2, A is u-dense in C(X).

Remark In the above corollary, we have not assumed that "A is self-adjoint" and that "A

separates points of X". However, conditions (1) and (2) together imply that A separates points of

X. To see this, let x j y G X. By (2), there exists g, h G A such that g(x) ^ 0 and h(y) f 0.

Choose a function <p G C(X) with 0 <<p<l,<p(x) = 0,and<p(y) = 1. L e t / = <pgh. By (1),

/ G A and, clearly, / ( x ) =f / ( y ) .



Recall that if E is a topological vector space (for definition see [6]), then the u-topology
on C(X, E) is the linear topology which has a base of neighbourhoods of 0 consisting of all sets
of the form {/ 6 C(X, E) : f(X) c W}, where W varies over a base of neighbourhoods of 0
in E. We now state the following conjecture regarding a generalization of Theorem 2.

Conjecture Let X be a compact Hausdorff space and E a Hausdorff topological vector space. If
a subset A of C(X, E) satisfies

(1) Ais

(2) for each x 6 X, A(x) is dense in E,

then A is u-dense in C{X, E).

It is shown in [4,7] that the above conjecture is true in each of the following cases:

(i) X is any compact Hausdorff space and E is locally convex.

(ii) X is a compact Hausdorff space of finite covering dimension and E is any Hausdorff
topological vector space.

It is still an open problem whether we can prove the above conjecture (without the as-
sumption of finite covering dimension on X) for any of the following cases:

(a) E is a p-normed linear space, 0 < p < 1, or equivalently a quasi-normed linear space.
(For definition, see [6]).

(b) E is a complete metrizable topological vector space with a (Schauder) bases.

(c) E has die approximation property.

Since (C( X) (g> E) (x) = E for each x €E X, a particular case of the above conjecture

is that whether C(X) <g> E is u-dense in C(X, E). In [12], A.H. Shuchat has shown that this is

true in each of the cases (b) and (c) above. For more results in this direction, the reader is referred

to [8, 12].

Acknowledgments

The author would like to thank Professor Abdus Salam, the International Atomic Energy

Agency and UNESCO for hospitality at the International Centre for Theoretical Physics, Trieste.



REFERENCES

[1] E. Bishop, "A generalization of the Stone-Weierstrass theorem", Pacific J. Math. 11
(1961) 777-783.

[2] L. de Brange, "The Stone-Weierstrass theorem", Proc. Amer. Math. Soc. 10 (1959)
822-824.

[3] B. Brosowski and F. Deutsch, "An elementary proof of the Stone-Weierstrass theorem",
Proc. Amer. Math. Soc. 81 (1981) 89-92.

[4] R.C. Buck, "Bounded continuous functions on a locally compact space", Michigan Math.

J. 5 (1958) 95-104.

[5] R.C. Buck, "Approximation properties of vector valued functions", Pacific J. Math. S3

(1974) 85-94.

[6] G. Kothe, Topological Vector Spaces I (Springer-Verlag, Berlin, 1969).

[7] L.A. Khan, "The strict topology on a space of vector-valued functions", Proc. Edinburgh
Math. Soc. 22 (1979), 35- t l .

[8] L.A. Khan, "On approximation in weighted spaces of continuous vector-valued func-
tions", Glasgow Math. J. 29 (1987) 65-68.

[9] J.B. Prolla, Approximation of Vector-Valued Functions, Mathematics Studies, No.25

(North-Holland, 1977).

[10] T.J. Ransford, "A short elementary proof of the Bishop's Stone-Weierstrass theorem",

Math. Proc. Cambridge Phil. Soc. 96 (1984) 309.

[11] W. Rudin, Principles of Mathematical Analysis (McGraw-Hill, New York, 1964).

[12] A.H. Shuchat, "Approximation of vector-valued continuous functions", Proc. Amer.
Math. Soc. 31 (1972) 97-103.

[13] M.H. Stone, "The generalized Weierstrass approximation theorem", Math. Magazine 21
(1948) 167-183; 237-254.

[14] C. Todd, "Stone-Weierstrass theorem for the strict topology", Proc. Amer. Math. Soc.

16 (1965) 657^659.

[15] J. Wells, "Bounded continuous vector-valued functions on a locally compact space",

Michigan Math. J. 12 (1965) 119-126.




