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Foreword 

This is the Status Report of the common research project of the Nuclear Engineering Institute (IGA) of the Federal 
Institute of Technology in Lausanne (EPFL) and the "Numerical Methods" Group of the Paul Scherrer Institute (PSI) 
in the field of "Numerical Simulations", covering the period of Year 1990. 

Some parts of this work was done also in cooperation with the Los Alamos National Laboratory (nuclear data, 
particle transport and acceleration techniques for inner iteration S^ - processes), with the ICF team at KfK in Karlsruhe 
(charged particle transport in ICF), with KfK-JUlich (Auger and Koster - Kronig electron energy distributions) and with 
Osaka University (3D - nodal diffusion method). 

Reported are the research and development progress in several areas, including atomics physics, charged-particle 
transport method development, generation of the charged-particle cross sections based on evaluated ENDF-6 files, 
fission reactor physics, fusion-blanket neutronics and radiomedicine. 

The tasks 1 to 6 and 10, as listed in the Contents, were partially founded by the Swiss National Science Fond. 
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1. INTRODUCTION ^ 

The cooperation between Nuclear Engineering La
boratory (IGA) at the Swiss Federal Institute of Technolo
gy in Lausanne (EPFL) and "Numerical Methods" Group 
of the Paul Scherrer Institute (PSI) in the frame of a re
search programm called "Numerical Simulations", began 
in 1989. This report documents progress in specific studies 
for Year 1990. 

Both, IGA and Numerical Methods group of PSI, have 
been strongly involved, for many years, in method de
velopment for particle transport theory and cross-section 
generation. 

During the last 20 years IGA has concentrated its ef
forts to the field of transport theory for charged particles 
and their nuclear cross sections, atomic physics for dense 
plasmas and fusion blanket experiments (LOTUS). 

The "Numerical Methods" Group has developed its 
knowledge in the field of neutral-particle deterministic and 
stochastic transport methods, generation of nuclear data for 
neutral or charged particles based on cross-section evalu
ations, and in the development of large production codes. 
Furthermore this group supports the IGA-LOTUS activity 
by calculational techniques and nuclear data generations. 

In Switzerland many institutions deal with radiation 
(neutrons, photons, ions) and electrons): 

• Nuclear Industry (nuclear power plants, environmen
tal problems,ect.), 

• PSI (fission reactors, radiation shielding,fusion tech
nology, radiomedicine, neutron spallation 
source, etc.), 

• EPFL (fusion energy research and related basic physic-
s), 

• University of Zürich (radiomedicine/radiobilogy), 

• Hospitals, etc. 

Therefore the knowledge of methods in the particle 
transport theory with the related atomic physics problems, 
their aplications and, finally, the associated teaching tasks, 
must be maintained and developed in Switzerland. 

Our main activity is development, maintenance and use 
of large computer programs (codes) solving transport type 
problems. A typical example of such problems is the solu
tion of the integro-differential linear Boltzmann equation 
for one-particle distribution function. Another approach to 
the same problem is a statistical method known under the 
name of Monte-Carlo. 

The linear Boltzmann equation (transport equation) gov
erns the behaviour of neutrons in most situations in fission 
reactors. For this reason, since 40 years the reactor-physics 
community has been interested in theoretical and numer
ical methods for solution of this equation, or of its sim
plified version, the diffusion equation. The accumulated 
know-how connected with the linear Boltzmann equation, 
Fokker-Plank equation and other related forms of particle 
transport equations is generally considered as an indepen
dent part of mathematical physics known under the name 
of "transport theory". 

Due to the complexity of the transport equation (even 
if time dependence may be neglected, there are still po
sition, energy and angle variables) nearly each particular 
problem requires an approximate physical model and spe
cial numerical tools. Transport problems similar to those 
met in neutronics of fission reactors are encountered in 
many other branches of physics. Let us mention here, for 
example, the shielding problems (neutron and 7 rays), the 
fusion blanket neutronics (neutron and 7 rays), transport 
of photons in plasma physics experiments (radiative trans
fer) and in astrophysics, the rarefied gas dynamics, the 
transport of charged particles in matter. 

This last subject seems to be at present of a special 
importance. In many situations as, for instance, beam-
target experiments, tokamak first-wall problems or inter
actions of radiation with biological cells (in the frame of 
Radiomedicine/Radiobiology), the solution of the trans
port equation is needed in order to determine the charged-
particles propagation, their energy deposition and material 
damages. In these problems, additional complications and 
challenges result from the fact that, in contradiction to 
neutrons or higher-energy photons, the cross sections for 
charged-particle collisions with atoms and molecules are 
not well known. The transport equation contains these 
cross sections and couples the collision, boundary and 
streaming effects in a complicated way. For this reason, in 
most situations, the collision and transport effects cannot 
be separated and the research work in this domain begins 
with the microscopic cross-section calculation on the basis 
of tractable atomic physics models. 

J. Ligou and J. Stepanek 
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2. DENSITY-FUNCTIONAL APPROACH TO THE ABSORPTION BANDS 
IN A DENSE, PARTIALLY IONIZED PLASMA 

T. Blenski and B. Cichocki* 

' Institute of Theoretical Physics, Warsaw University, Poland 

Abstract 

One of the main problems, which appear in the calcula
tion oj photon absorption cross sections in plasmas, is the 
inclusion 0f the spectrum due to the bound-bound atomic 
transitions. In the case of high density plasmas and high-Z 
atoms the photo-absorption cross-section is often dominated 
by rnany lines. For high density plasmas these lines merge 
into broad bands and one may try to use, from the begin
ning, a fully statistical approach. In this paper We will use a 
statistical approach based on the Landau fluctuation theory. 
The method is connected with the fluctuations around the 
density-functional (DFT) solution. The final formula for 
the line "width" is obtained by averaging the bound-bound 
cross-section with the fluctuation probability. If the depen
dence of the oscillator strengths upon the density fluctuation 
is neglected, the procedure leads to Gaussian line shapes. 

— ~» <Ta = o7+*ï +K if rfi (2) 

where 6 and / denote bound and free for initial and 
final states. This approximation leads to the delta-line 
shape form for the (bb) transitions: 

Introduction 

The photon opacities are pïoportional to the photon 
absorption cross-section which can be calculated from 
the formula [1,2,3]: 

(1) 

where X^iomi^' ^i " ) is t n e frequency-dependent atomic 
polarizability. 

Calculation of Photon Opacities. 
Absorption Bands for Bound-Bound 

Transitions 

The substitution of the average-atom independent-par
ticle polarizability XoK î ̂ i ") [1|3] into Eq.l for the 
photon absorption cross- section allows to write this 
cross-section as: 

«?(») = 
t j',t bound 

{(VilrlVi)? = 6(hv-Ej + Ei) (3) 

In the statistical approach the bound-bound tran
sition cross-section, Eq.3 is averaged upon the density 
fluctuations. The idea is connected with the fact that 
the photon mean free path is a macroscopic quantity, 
orders of magnitude larger than atomic dimensions. 
The photons traversing a plasma medium are absorbed 
by atoms (or ions) which are in different states (we de
scribe these atoms here as fluctuating around an av
erage atom with different electron-density deviations 
6n(r) ). On the macroscopic hydrodynamic spatial 
scale one may use therefore äa(y), the cross -section 
averaged over all possible fluctuations. In the case of 
the b-b contribution, this averaging procedure leads 
to finite line widths. The probability of density fluc
tuations may be estimated using the DFT formalism. 
It allocs to preserve a consistent model in which the 
probability of fluctuations around the average atom is 
obtained from the density dependence of the DFT func
tional J2[n]. This functional is minimized with respect 
to the electron density n(f) when one looks for the DFT 
equilibrium solution i.e. the average atom model. The 
averaging of the bound-bound cross-section (Eq.3) with 
the probability distribution of density fluctuations, can 
be performed analytically if one neglects all depen
dence of crbb(n) upon 6n(r) except that of Ei and Ej 
in the Dirac deltas. The results is: 

<rh\u) s J P[Sn]d6no-hb(u) 

8n3, ve 
3c 

£ 2(/,-/i) 
i,j,t bound 

x WtWstffuihv-Ej + Et) (4) 
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where 

/« (* ) = 
[2^(A^y)2]1/2 exp I — — [ 2(AEijy 

(5) 

The widths of the "super-lines" have to be calculated 
as follows: 

(AEijf = (SEtSEi) + (6Ej6Ej) (6) 

To the same order of accuracy these averages can be 
calculated in terms of the static {v = 0) polarizability: 

(SEiSEj) = -T f ! f J dfdr'dr1dr2\'9i{r)\2 

K(r, rOxCr, rJKfr, f ) |* i ( f ) | 2 (7) 

The problem is now to calculate X C H I ^ ) - The local 
density approximation leads to the operator relation: 

' l = xöl-K (8) 

where K is the integral operator with the kernel {Vxe 

denotes the exchange-correlation potential): 

„ , - . - . . 4?re2 dVxe(r) _ 
K(r^ = ]^Tp\ + -l^-5(r-r) ( 9 ) 

One of the differences with the approach of Ref. 
[4] is that some of the interactions are included by 
the presence of the Coulomb and exchange- correla
tion terms in Eq.8. Eq.8 may be viewed as the static 
version of the RPA approach, obtained in the frame 
of the time-dependent DFT. In practical calculations, 
we will use the Thomas-Fermi expression for the non-
interacting particle response. 

Numerical Results 

Below we present some results obtained for iron plasma 
at T = 200 eV and solid density 7.8 g/cm3. In Table 
1 we list: 

1. the energies of transitions ; 

2. AEijt - the "lite widths" calculated without in
teractions i.e. when one neglects the operator K 
in Eq.8 

3. AEij - the "line widths" obtained with the full 
expression, Eqs. 8-9 

4. AEij- - the "line widths" obtained from Eqs.8-9 
but with the exchange term in Eq.9 neglected: 

The inclusion of the interactions into the linear re
sponse lowers all the "half-widths". This is obvious 
since the operators - and are positive definite. The 
contribution coming from the operator of the Thomas-
Fermi response is dominant. This effect is even more 
visible at higher temperatures. For instance at T = 
1000 eV and r (density) = ro (solid density) the differ
ence between AEij. and AE{j' is mainly of the order of 
5 - 10 % of AEij'. We have tested the domain of tem
peratures T: 10 - 1000 eV and densities p : po/10—10po 

and found that for most cases and transitions this dif
ference was smaller (but of the same order) than AEij.. 
A typical value was 20 - 70% , however there were still 
some transitions with 100 % and more. 

Table 1: The positions of "lines" and "line-widths" for 
iron plasma at 200 eV temperature and solid density.* 

Nr 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 

i — J 

l s - 2 p 
Is —* 3p 
Is —» 4p 
2s -» 2p 
2s - • ,3p 
2s - • 4p 
3s -* 3p 
3s - • 4p 
4s —• 4p 
2s -* 3p 
2p-» 4s 
2p — 3d 
3p —* 4s 
3p — 3d 
3d —4p 

energy 
(eV) 

6339.0 
7128.0 
7307.0 

97.8 
886.5 
1066.0 
31.4 

210.8 
11.0 

757.2 
957.1 
834.7 
168.4 
46.0 
133.5 

AEij' 
(eV) 

72.1 
126.1 
158.9 
10.7 
59.5 
100.4 

2.1 
43.7 
2.8 
70.4 

106.5 
62.9 
43.2 
7.7 

52.1 

AEij 
(eV) 

57.7 
97.3 
117.6 
7.7 

41.4 
67.7 
1.5 

27.8 
1.7 

49.8 
73.1 
45.3 
27.5 
4.3 
32.7 

AEtj. 
(eV) 

(Schröd.) 
65.6 
104.6 
123.9 
9.2 

45.4 
71.8 
1.6 

30.0 
1.8 

54.1 
77.3 
49.1 
29.9 
6.1 

36.1 
AEij' is the width without interactions, AEij is the width 

with both Coulomband exchange-correlationterms and AEij' is 
the width with the Coulomb term only. 

The local exchange correlation term also diminish 
the band widths. The difference between AEij and 
AEij' is of the order of 10 % . The same order of 
contribution due to the local exchange correlation part 
of linear response has been observed in [1] where the 
authors used the DFT formalism to approximate the 



frequency dependent polarization. 
We present below some opacity results calculated 

using the b ~b contribution obtained from the above 
values of "level widths" ( AEij ). The description of 
the numerical methods and the formulas for the b — / 
and / — / cross sections may be found elsewhere [5,6]. 
The total Planck mean opacity [7] is kp = 6644 cm2/g. 
The importance of the bound-bound (66), bound-free 
(bf) and free-free (ff) contributions may be inferred 
from the following results: 

kp (bb + bf + scatt.) = 5854 cm21g 
kp (bf -f- scatt.) = 2958 cm2/g 
kp (d + scatt.) = 790 cm2/g 

where in brackets we indicate the processes taken into 
account (scatt. means the Thomson scattering which 
is anyway negligible in our case). The total Rosseland 
mean opacity [7] is kH = 2956 cm2/g and, similarly as 
above: 

kR (bb + bf + scatt.) = 2543 cm2/g 
kR (bf + scatt.) = 1098 cm21g 
fc« (ff -f scatt.) = 55 cm21g 

Conclusions 

We present a statistical approach to the absorption 
bands in dense, partially ionized plasma. Our formal
ism is based on the finite temperature density func
tional theory (DFT). In the simplest version of DFT, 
which is the Thomas-Fermi expression of fi[n], the pre
sented formalism leads to closed formulas for the AiJy 
- the widths of the transition lines. In this case, when 
the Coulomb and exchange correlation contribution to 
d2Q[n]/dn(f)dn(f) is neglected, our results reduce 
to that of Shalitin et al [4]. The numerical example of 
iron at T = 200 eV and solid density shows, however, 
that especially the Coulomb contribution is nonnegli-
gible. Our formalism may lead to interesting conclu
sions when more involved form of linear response func
tion Xo(r, f") is retained. The inclusion of the oscilla
tor strength dependence upon the density perturbation 
can lead, in principle, to non-Gaussian shapes of lines. 
In its simplest Thomas-Fermi version the formalism al
lows to estimate the bound-bound contribution to the 
opacity of dense, partially ionized plasma close to the 
local thermodynamic equilibrium. 
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3. LINEAR RESPONSE OF PARTIALLY IONIZED, DENSE PLASMAS 

T . Bîens 'ki a n d B . C i c h o c k i " 

' paper presented at the Conference "Physics of High En
ergy Density in Matter", 2-9 February 1991, Hirschegg, 
Austria 
'* Institute of Theoretical Physics, Warsaw University, 
Poland 

A b s t r a c t 

The subject of this paper is connected to the theory of stop
ping power and opacities of dense plasmas i.e. of the ab
sorption oj energy of ion beams and of the absorption of soft 
X-ray photons by the plasma. The absorption of energy is 
mainly due to plasma electrons. In the linear theory, both 
the stopping power and opacities can be expressed in terms 
of electron polarizability. 

In this paper tue construct a random phase approxima
tion (RPA) to the total electronic polarizability of a dense, 
partially ionized plasma. Since the RPA renormalization 
can describe collective plasma phenomena, we believe that 
this is the correct way to the inclusion of the mutual dy
namic interaction between the bound and free electronic states 
We use a density functional (DFT) approach ([lj,ß], see 
also [3]) to electron equilibrium for a given ionic configura
tion. The essential assumption underlying our procedure 
is the separation of the characteristic time scales of the 
electronic and ionic responses to an external perturbation. 
Wç apply a HPA-type renormalization to the independent-
electron polarizability for a given, fixed ionic configuration. 
The overage over all ionic configurations is performed using 
the cluster expansion (see, for example, ß]). If the multi-
ions effects are neglected, the obtained averaged, renormal-
izedpolarizability consists of two terms. The first (no ions) 
is the usual homogeneous electron gas term [5,6]. It cor
respond to the Lindhard dielectric function at finite tem
perature. The second term is connected with the polariz-
ability of a single average atom submerged in an infinite 
background consisting of electrons and ions. The electron 
part of this background is modified in the vicinity of the 
central ion (scattering solutions). We will briefly discuss 
corrections to the stopping power formula corresponding to 
the above two terms. 

librium around each, given ionic configuration. The 
probability of every ionic configuration is supposed, a t 
the moment, t o be known. The average over all ionic 
configurations will be performed at the end. Accord
ing to the main idea of DFT, the electronic equilib
rium is constructed from the one-particle Kohn- Sham 
Schrödinger states. Among the bound states of the to
tal potential there may exist bound states attached to 
a particular ion but also bound states belonging to two, 
three or more ions. Similarly, the free states will be in
fluenced by all particles of the plasma. The presence 
of ionic centres leads, in principle, to multi-scattering 
problems. 

We consider next an external, time-dependent ex
ternal potential. I t perturbs the electrons being in 
equilibrium around a fixed ionic configuration. A sim
plest approximation to the electronic polarizability may 
be obtain if one treats now the electron Schrödinger 
states as independent quasi-particles (i.e. one forgets 
for the moment tha t they are determined from a self-
consistent potential in which some of the interactions 
have been included). For noninteracting electrons in a 
fixed ionic configuration one can use the definition [7] 
and get for the frequency-dependent polarizability: 

Xo(r,?, W 
) l2^ hu - (ej - e{) + iS 

(1) 

where the indices i and j correspond to all electronic 
states, bound and free, ( ^ are wavefunctions,e- eigenen-
ergies and / - Fermi functions) and S is a positive in
finitesimal which has i ts origine in the causality prin
ciple. For non-zero temperatures, even if one considers 
an idealized situation where all bound states belong to 
one ion only, the occupation of free electron states leads 
to problems if one wants to express the polarizability, 
Eq . l , as a sum of a tomic (ionic) polarizabilities: 

Xr?(?,9>) = J2 X?,«.i.» (?•£«) (2) 

Linear Electron Response in RPA 
Approximation 

We consider all possible ionic configuration and assume 
tha t the electrons have enough time to achieve equi-

since the free states do not belong to a particular a tom 
or ion. (Eq.2 is now written in the Fourier space the 
index «atom r u n s o v e r all ions.) One may then try to 
separate the double sum of Eq . l in the following way: 



Xo*(?.9>) = £,•; ( - ) 
at least one of i,j bound 

+ 
both i,j free 

(...) 
(3) 

In the case of the homogeneous electron gas of den
sity n0 (when there is no ions, except an uniform, posi
tive background), the inversion of operator in Eq.7 may 
be easily performed in the Fourier space and one gets: 

and use the plane waves in the ftee-free expressions: 

tfj(f)=(27r)3/2exp(tEf) (4) 

This gives for the free-free part of the independent-
particle polarizability the well-known Lindhard func
tion [5,6] (V is the total volume): 

^ / , P , a n e W a V e 8 ( ? - , ? » = Vv(
0

0)(ç,W) 

Xc. 0 ) (^) = 
k-h t+ f 

(2ff)3J w _ A L [ ( f e + ç - ) 2 _ Ê 2 ] + t f 

(5) 

(6) 

We know, however, that plasma (collective) effects 
appear only if a renormalization procedure (RPA) is 
applied to the Lindhard polarizability [6]. On the other 
hand, by taking the plane waves in the free-free polariz
ability, we neglect the inverse bremstrahlung processes. 
The inverse bremstrahlung is a three-body interaction 
involving free electron, photon and ion. It is therefore 
clear that it is the correction to the plane wave func
tions, induces by the scattering centres (ions), which is 
essential for the inclusion of the inverse bremstrahlung 
processes. 

We will now apply the RPA renormalization to all 
bound-bound, bound-free, free-bound and free-free tran
sitions which are present in the independent-particle 
polarizability, Eq.l. This procedure may be performed 
using different methods [7,8]. In the operator formal
ism the result is: 

X = X o 
l - * * o 

(7) 

where K is the integral operator with the kernel (Vxc 
denotes the exchange-correlation potential): 

/two = i l " ' +flfefiV_„ 
| r - F | dn 

(8) 

X(0)(?.") = 
xVHi,») 

l-K(q)xP(q,»>) 
(9) 

where Xo (Qiu) 1S the Lindhard function, Eq.6. Tak
ing the imaginary part of Eq.9 one obtains the known 
dielectric- function formula investigated in a series of 
papers [5,6] by C. Deutsch and collaborators (the only 
difference is the exchange-correlation part of the po
tential). Unfortunately, in the case of the situation 
considered in this paper i.e. that of a nonhomogeneous 
electron equilibrium in the field of a given ionic config
uration, such simple method of inverting the operator 
1 -XoK does not exist and we are left with the operator 
formula, Eq.7. 

Average over Ionic Configurations 
The Cluster Expansion 

Our result, Eq.7, will be now averaged over all possible 
ionic configurations. Denoting aH the ionic position by 
the 3JV vector R = {Ri,R2, ...RN) , where N is the 
number of ions, we write the polarizability averaged 
over R as: 

(*>£ = (Xo- £ T ~ ) Ä 
1 — & Xo 

(10) 

Using the cluster expansion for our polarizability we 
obtain a series of terms which involve ion distribution 
functions of increasing orders. Neglecting multi-ion ef
fects (i.e. taking only "no ion" and "one ion" terms in 
this expansion) we get in the Fourier representation: 

(X>^(?,w) ^ X°(?.w) + Xi(ç.w) (H) 

where the first term in Eq.ll is given by Eq.6 and the 
second equals: 

Xi(q, w) = natom / d(r- f ) exp[ig(r - f ) ] 

JdRl[xW(r, r > ; Rt) - x ( 0 ) ( F - r » ] 

xn a t o m(9lx ( 1 )-X ( 0 ) l9) (12) 
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We have xased here the definition: 

(q]A\fi = f d(r) J d(?)exp[,^f - f)] A(F, 7) (13) 

Eqs.H anci 12 indicate the correct approach one 
should apply in order to construct the dynamic polar-
izability of 3 Partially ionized plasma using the average 
[9] (or P ^ T [2,3]) atomic model. The one-ion polariz
ability X ^ ar*d no-ion polarizability x^°\ are t o b e 
constructed according t o the formula Eq.7, i.e: 

X *° l -K ( l>0)Xo 1 ' ° ) ( } 

where %0 ^ is the noninteracting polarizability operator 
for the homogeneous electron gas (its Fourier represen
tation is the Linhard function of Eq.6) while Xo * n a s 

the Same form as Eq.l, however the Kohn-Sham eigen-
states cot-respond How to one DFT (or average) ion 
placed at the origin. The selfconsistent potential of this 
atom, which for the strongly correlated plasmas has 
practica!!^ a finite range [2], may have bound states. 
All the free states, normalized to the plane waves at 
infinity, aire taj^n into account by the double sum (see 
Eq.l) v/hich means that the atom, is submerged in the 
infinite electron gas with a neutralizing, positive back
ground. The sense of our result, Eq-12, is following: 
the dynarnic response of the homogeneous electron gas 
is already present in the first term of Eq.ll . There
fore, as results from the cluster expansion, one should 
correctly subtract this response while constructing the 
localized, atomic polarizability (second term of Eq. l l ) . 
Far from the atom, the polarizability ^W is the same 
as that of the homogeneous electron gas x ^ . One may 
also note that the double Fourier transform of each of 
these operators separately would he divergent. 

The approximation, Eq.ll , in which we take into 
account only two first terms in the cluster expansion 
and neglect further terms including ion correlation and 
multi-ion effects, is justified in the situations when the 
overlapping of ionic spheres (or potentials) is not very 
important. The scheme of cluster expansion indicates, 
at least ir* principle, the way for constructing x ^ and 
higher order terms. 

Consequences for the Stopping Power 
Formula 

We will now briefly discuss what additional effects may 
appear when our results, Eqs.ll - 12, are substituted 
in the stopping-power formula. The renormalization, 
connected to the inversion of the operators in Eq.14, 
is called the channel mixing [10]. These effects are re
sponsible for the plasma collective phenomena (Eq.C, 
see Refs[5] and [6]). It is an open question what is 
the importance of the channel mixing as concerns the 
atomic transitions in plasmas i.e. of the second term of 
Eq.l l . Zangwil and Soven [10] have found that these ef
fects are important in the photoabsorption cross-section 
for rare gases. Their calculation has been performed 
in the case of single atoms without any surrounding 
plasma. One may expect that the channel mixing in
cluding free electrons, according to our formulas, Eqs.ll-
12, may be even more important. 

Our formalism leads to additional contributions to 
the usual formulas for the stopping power of partially 
ionized plasma even if one neglects the channel mixing 
in atomic terms. This additional approximation means 
that one takes in the formula for x^ ' ( î iw) Eq.12: 

The stopping power formula has then four terms: 

dE_ _ fdE\ (dE\ 

** ~W*y d i e l . func t U x j Bethe + 

b-+ bj 

( f ) ^ 6
+ ( f ) inverse ( 1 6 ) 

Bremstrahlung 

The first term corresponds to the dielectric function 
of the homogeneous electron gas (Eq.6). The second is 
the analogue of the Bethe stopping power expression 
for cold material. It contains the bound-bound and 
bound-free transitions but, as for the zero temperature 
case only the bound states are occupied, it does not 
include the free-bound transition which are contained 
in the third term. The last term has its origin in the 
deformation of the plane waves in the vicinity of the 
scattering centres (in the calculation of the opacities 
this phenomenon leads to the inverse Bremstrahlung 
absorption). The last two terms are generally not in
cluded in the stopping power formulas one finds in the 
literature. We have checked that the free-bound cor
rection, which is negative, amounts to at most 10% of 
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the total stopping power. The importance of the in
verse Brettistrahlung correction and, of course, of the 
channel mixing effects, needs numerical verification. 
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4. CHARGED PARTICLE DATA IN ENDF-6 FORMAT 

P. Vontobel 

Abstract 

In order to provide charged particle data for use in various 
applications as e.g. inertial confinement fusion, radiobiol-
ogy/biomedicine, etc., an appropriate data base has to be 
set up. 

The ENDF-6 data format has been chosen for this pur
pose, because it provides data laws for charged particle as 
well 03 neutral particle reactions thus allowing to use exist
ing ENDF (Evaluated Nuclear Data Eile) data processing 
software. 

As a first step the ECPL86 charged particle data library 
from Lawrence Livermore Laboratory (LLNL), containing 
data for all light ions from 1H to le 0, in the energy range 
100 eVto 20 MeV has been taken and data for selected ions 
has been converted to the ENDF-6 format. 

Data Retrieval and Format 
Conversion 

A comprehensive charged particle data library such as 
ECPL86 [1] contains data for a series of charged par
ticle projectiles incident on various target nuclei. For 
each projectile/target pair various data is given for dif
ferent reactions as well as set of a few reaction proper
ties (e.g. cross-sections, angular distributions for emit
ted particles etc.). The user of the library has to be 
provided with an easy way to pick tip selected data and 
to inspect it on a graphics display. 

For this purpose the OMICRON code from ENEA 
Bologna [2] has been adapted and extended for use on 
a Sun Workstation together with PV WAVE graphics 
software. This code provides the user graphic output 
(e.g. Figure 1), allowing an immediate physics check 
of the data, aswell as an easy way to scan the library 
for various data. 

The selected data is converted to ENDF-6 format 
and can be extracted from the library. 

Data Processing with NJOY89 

Charged-particle transport is usually treated in two ap
proximations: 

1. small-angle scattering - continuous slowing down 
("stopping power"), 

2. large-angle scattering - scattering matrix. 

The ENDF-6 formalism allows (among other represen
tations) the 'Nuclear plus interference' representation 
of large-angle elastic scattering, specifying the differ
ence between elastic- and Coulomb-scattering above a 
given cutoff angle. By integrating the angular distribu
tion of Fig. 1 at a given incident Energy E, and adding 
the contribution from the Coulomb part, NJOY89 is 
capable to generate cross-sections (e.g. Fig. 2) and 
scattering matrices for elastic scattering (as well as in
elastic interactions). 

These (multi energy-group) data can then be input 
to codes solving the Boltzmann transport equation for 
charged particles. 

The selection of the ENDF format and its compan
ion data processing codes to generate charged-particle 
data makes it easy to consider simultaneous coupled 
neutral-charged particle transport as e.g. neutron/ 
photon/or-transport using code systems already avail
able. 

However further work is required to improve the 
scarce data base for charged particles as well as to com
plete the codes used to solve their transport equation. 
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Reaction: SH + d, Nuclear elastic plus interference 
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5. SURFACE CURRENT DOU 
MULTICELL METHODOLOGY 

J . Stepaneüc a n d M . Segev* 

*On leave from the Ben-Gurion University, Beer-Sheva, Is
rael 

A b s t r a c t 

A surface current methodology is developed to respond to the 
need for treating the various levels of material heterogeneity 
in a double-heterogeneous multilayer multicell in processing 
neutron multigroup cross sections in the resonance as well 
as thermal energy range. 

First, the basic surface cosine current transport equa
tions to calculate the energy-dependent neutron flux spa
tial distribution in the multilayered multicell are formulated. 
Slab, spherical and cylindrical geometries, as well as square 
and hexagonal lattices and pebble-bed configurations with 
white or reflective cell boundary conditions, are considered. 

Second, starting from the surface cosine-current formu
lation, a two-zone three-layer multicell formalism for reduc
tion of heterogeneous flux expressions to equivalent homo
geneous flux expressions for table method developed. 

This formalism allows an infinite, as well as a limited, 
number of second - heterogeneity cells within a partial first 
- heterogeneity cell layer to be considered. Also, the num
ber of the first- and second-heterogeneity cell types is quite 
general. The "outer" (right side) as well as "inner" (left 
side) Dancoff probabilities can be calculated for any partic
ular layer. 

An accurate, efficient, and compact interpolation pro
cedure is developed to calculate the basic collision probabil
ities. These are transmission and escape probabilities for 
shells in slab, cylindrical, and spherical geometries, as well 
as Dancoff probabilities for cylinders in square and hexag
onal lattices. 

The use of the interpolation procedure is exemplified in 
a multilayer multicell approximation for the Dancoff proba
bility, enabling a routine evaluation of the equivalence-based 
shielded resonance integral in highly complex lattices of slab, 
cylindrical, or spherical cells. 

Introduction 

The research summarized here originated from within 
the framework of developments in the AARE compu
tational system [15, 2], and more specifically from a re
quired extension of the capability of the TRAMIX cross 

MULTILAYER 

section processing package [3]. Recently, a method to 
shield resonances by using the intermediate-resonance 
(IR) approximation, the IR table method, was built 
into TRAMIX. I t is based on the reduction of hetero
geneous integrals to equivalent homogeneous resonance 
integrals. The single- as well as double - heterogeneous 
multilayer has been considered in slab, spherical, and 
cylindrical geometries. 

The calculations of many known light water reac
tor (LWR) and high - conversion light water reactor 
(HCLWR) experiments have demonstrated the accu
racy of the results. The use of TRAMIX to make calcu
lations for high-temperature reactors (HTRs) , as well 
as for LWRs with more complex geometry, required 
extension to a multicell capability on the level of the 
first, and second, heterogeneity. It was also necessary 
to extend the space- and energy-dependent "slowing-
down" methodology into the lower energy range to con
sider the overlapping resonance effects of the resonance 
absorbers, especially if they are placed in different re
gions. 

In the past, the problem of the second heterogene
ity, as well as of the first heterogeneity, multicell was 
tackled by a number of researchers. In each of these 
methods, the reduction of the complex heterogeneity 
flux to an equivalent homogeneous - like flux is en
abled by some basic assumptions as to how the micro 
- heterogeneity is to be homogenized with respect to 
the macroconfiguration. A review of these methods is 
given in the full version of this paper [4]. 

The present paper deals first with the formulation 
of the surface current equations for a double - hetero
geneous multilayer multicell. In contrast to the pre
viously published works, the present formulation al
lows any number of second - heterogeneities in a layer 
(such as coated particles or clusters) and any number 
of first heterogeneities (such as cell and cluster types). 
Secondly, it is shown how the heterogeneous resonance 
background cross section for IR table method can be 
reduced to its homogeneous formulation by means of 
surface current equations. 

With respect to the previous development, the met
hod presented in this paper contains basically only two 
major limitations. First, the formulation of the sur
face current equations is limited to the cosine currents 
approximation. This means that the accuracy of the 
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solution decreases with decreasing layer optical thick
ness. In practice, it means that the slowing-down flux 
solution is less accurate when heterogeneities are small, 
and also between resonances. However, in each of these 
cases, high accuracy is not needed, especially if the 
method is used to generate fine-group cross sections. 
A more accurate fine-group follow-up calculation can 
be performed with greater accuracy. The second limi
tation is the consideration of circularized cells used to 
connect cell to cell by in the second- as well as first 
- heterogeneity multicell. This means that the escape 
and transmission probabilities, are first calculated for a 
circularized cell and then corrected by a function con
sisting of surface ratios. This, in fact, is the same limi
tation addressed by Roth's method in APOLLO-II and 
WIMS. 

In contrast with the previous developments, our for
mula for homogeneous - like heterogeneous resonance 
background cross sections for 'IR table method shows 
correctly its most heterogeneous, as well as homoge
neous, limit. 

It was recognized that integral transport calcula
tions, for a wide variety of one-dimensional cell lat
tices, in the contexts of both the energy- and space-
dependent slowing-down problem, as well as the reduc
tion of heterogeneous resonance integrals to equivalent 
homogeneous resonance integrals, can be established 
only on the basis of a computer-effective routine to 
generate the escape, transmission, and Dancoff prob
abilities required for such calculations. Therefore, an 
accurate, efficient and compact interpolation procedure 
was developed to calculate the basic collision probabil
ities (see our contribution on "Probabilities for Lattice 
Integral Transport" in this report). 

The present paper summarizes our paper on "Sur
face Current Double - Heterogeneous Multilayer Mul
ticell Methodology" [4]. 

Basic Surface Current Integral 
Transport Equations for Multilayered 

Double Heterogeneous Multicell 

In an integral transport calculation of a lattice, the 
unit most frequently treated is a cell, carved out of 
the lattice with a reflective condition on its outermost 
surface. Also, the reflective condition is frequently re
placed with the "white" condition, namely, that upon 
reflection, the neutron trajectories are isotropically re
distributed (cosine current approximation). 

First - Heterogeneity Equations 

The basic surface cosine current transport equations 
to calculate the neutron flux spatial distribution in the 
multilayer multicell for an energy E, or energy group 
<7, can be formulated as follows : 

+( l -« m , „ )T l
( ; „ 0 j M ,k=2,...,Kn - 1 , 

(la) 
Jk,n = Pk+l,nVk+l,nSk + l,n 

+T£°l,nJï+l,„ ,k=l,...,Kn~2, (lb) 

with the boundary equations : 

Jfn = P^Vl,nSi,n + C+flJ^„t (2a) 

^/f„-l,n = PKn,nVK»,nSfCn,n 

N 

+T!c°,n £ *».»'•#;,„. - (2b) 
n ' = l 

•#„.„ = PLnVK;,nSKn.n+T°linJ^_hn 

+(l-«m,0)3?f.»EA..n.^.>flCîc) 
n'='. 

where n = 1,...,N, and N is the number of different cell 
types (for slab geometry N = 1). In the case of just 
one cell type (where N=l) the last two equations are 
replaced by the equation 

^ i - i . i = PKIIVK*ASKI,I + ^ , - 1 , 1 ••7^,-i,i (3) 

The sources Sk,n are given by the expression 

Sk,«=Z'k%*k,n + Qk,n. (4) 

The symbols used are defined as follows: 
m - geometry index (m = 0 for slab, m = 1 for cylin
drical and m = 2 for spherical geometry), 
Sij - Kronecker factor, equal to 0 for i ̂  j , and to 1 
for i = j , 
K„ - number of layers in cell n, 
j£n and JÎ - outgoing and ingoing currents at the 
outer (right) boundary of layer, k, of cell, n, 
Vi,n - volume of layer (fc, n), 
Sjt.n - total cross section of layer (fc, n), 
E" , / - self-scattering cross section of layer (it, n), 
Qk,n - external source consisting of a fixed, fission, and 
in-scatter sources, 

T^°(x, z) - probability that a neutron leaving (isotrop
ically) surface 0 will reach, uncollided, the surface / , 
T°I{x, z) - probability that a neutron leaving surface 
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/ will reach, uncollided, the surface O, 
T£°(x, Z) — probability that a neutron leaving surface 
O will reach, uncollided, the same surface, without hav
ing crossed surface / ; (T°° does not apply to slab ge
ometry, m = 0), 
Pj[,(x, z) - probability that a neutron, of a uniform and 
isotropic distribution in the volume Vjo > will leave, un
collided, that volume through surface I, 
P£(x,z) - probability that a neutron, as above, will 
leave through surface O, 
Cft _x ! _ probability that, for a uniform and isotropic 
distribution of neutrons on the inner surface, a neutron 
leaving this surface outwardly through the layer will re
turn to it uncollided after any number of reflections at 
the outer layer surface. It is identical with the Dancoff 
probability C derived in many standard references (see 
Refs. [7, 5] or [6], for example), 
C£n - probability that neutrons, entering from the out
side layer k of cell type n, will leave uncollided through 
the outer surface of the same layer, 
P°<' — probability that a neutron, born in the first 
layer, will leave it through the outer surface, uncol
lided, either directly or after any number of reflections 
at the inner layer surface, 
P J '* - probability that a neutron, born in the last layer, 
will leave it through the inner surface, uncollided, ei
ther directly or after any number of reflections at the 
outer layer surface. 

The probabilities T°'(x, z), P^(x, z), P°{x, z) and 
C ^ _j j are calculated for each layer by interpolating 
in two dimensional tables as function of x and y using 
an efficient interpolative procedure developed by the 
authors and briefly described in our contribution on 
"Probabilities for Lattice Integral Transport" in this 
report. The parameters a; and y are defined for each 
layer as: 

x S Ri/Ro , ( = 1, for slab geometry) 1 
z s Z(Ro-Ri) J 

where Ri and Ro are the inner and outer radius and 
2 is a macroscopic total cross section. In the case of a 
layer with hexagonal or square outer surface, Ro is a 
circularized radius. 

The other probabilities are calulated using the rela
tionships to T°'{x, z), / £ ( * , z), P°{x, z) and C ^ _ 1 ( 1 

given in our contribution on "Probabilities for Lattice 
Integral Transport" in this report and in the full ver
sion of the present paper [4]. 

Rn<n'
ls the probability that an exit of cell type n' 

is, at the same time, also an entry into cell type n, with 

the condition 
N 

EÄn,->' = l . (5) 
n=l 

where the neutron fluxes $*,„ are given by the balance 
equations 

Sjfc,„VJb,n^Jfc,n = Vkt„Sk,n 

+(1 - fc.l)(tf-l,B - Jk~l,n) + Jk,n ~ " t » • 
for Jfc= 1 Kn-1 , (6a) 

+JKn-l,n -JNn-l,n 

n'=l 

In the case of just one cell type (where N = 1), the last 
equation is replaced by 

EKUIVK^IQKI.I = VKliïSKui + JK\-I,I ~ ^ , - i j a 7 ) 

The coupled set of equations (1) to (7) can be itera-
tively solved for n = 1,..., N and k = 1,..., K„. This is 
especially efficient in the case of the energy pointwise 
slowing-down solution, where the self-scatter term is 
small and a small number of iterations are needed to 
converge the problem for an given energy E. 
In Eqs. (2b) and (2c), the boundary condition 

N 

^.,n=EÄ".»'Jiil„. (8) 
n'=l 

was used. Summing the net currents at all cell surface 
boundaries, and considering the condition (5), leads to 
the multicell external boundary current condition : 

n=l 

Second - Heterogeneity Equations 

Assume that a layer consists of regularly (randomly) 
distributed lumps with a general number of coating 
layers embedded in an homogeneous matrix material. 
Consider that a particular lump can be modeled with 
its coating layers and a related portion of the matrix 
material as a second - heterogeneity cell. All cells have 
the same geometry, i.e., spherical or cylindrical in a 
slab layer, spherical in a spherical layer, and spherical 
or cylindrical in a cylindrical layer. Also consider N' 
different types of such cells and M' multicells in the 
layer k of the first - heterogeneity cell n. 
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M' 

where the following condition for ß's was used: 

E 
i > = l 

The basic surface cosine current transport equa- dition 
tions to calculate the neutron flux spatial distribution ^v' 
in the second - heterogeneity multilayer multicell for V " 7 j + . — J~. ) 
energy E, or energy group g, can be written ~[ "'" 

3t,u = P^V^Sw + T°ijt_x>v + T?°J-U , = j ^ O t f - l . n ~ Jk.l,u + Jk,n ~ #,«) » 

/c = 2 , . . . , ^ - l , (10a) 

•7/c,i/ = °ic+l,i;»'ie+l1i'Sie+l,i» + TR+lvJK+iv , 

K = l,...,K'v-2, (10b) $ > , = ! 

with the boundary equations 
First, Eqs.(10) through (13) are subsequently solved 

Jfv = P°vV\tVS\,u + T°°Jïv , (Ha) for each second - heterogeneous layer (k,n) for a fixed 
7- ' _ pi TA,, e... ' ' value of ( # _ i , B - JjT-i.n + JÇn ~ J i tn) . starting with 

JKl-i,» ~ rKi,uVKvtVoKu,v a value of zero. Then, first-heterogeneity Eqs.(l), (2), 

/ 0 f v ^ p 7 + A, (3) a n d (5) a r e s o l v e d t o Se t a n e w v a l u e o f Mfc"-i,n -
+ T ^ . " 2-u R»yJKi„»' + JJ7 Jk~i,n + Jk,rT Jt,n)- T h i s Process is continued up to 

the required convergency. 

(lib) Calculation of the probabilities Pin, P^n , 

Jfc.» = ^ Ä ^ + ^ J + . _ M n°„°, n°n and 7 g 
' w The calculation of these probabilities is straightforward 
/ t RV,I>'JK,

I,I>' for homogeneous layers. They are obtained for a given 
."'=1 cross section Ejt|n by interpolation in tables, as shown 

ßv ( r+ 7 - 1 7- 7+ ^1 in our contribution on "Probabilities for Lattice Inte-
+ ~KF V fc-1'n ~ fc-i." + *." ~ *.nJ J ' gral Transport" in this report. They are calculated just 

flic) once> before the iterative process begins. 

where v = l,...,N' and K$ is the number of layers in 
second - heterogeneity cell u. All other definitions have Probabilities T^°, T[° and 7%^ for 
the same meaning as in Sec.II.A, and /?„ is defined in Double-Heterogeneous Layers 
Sec.II.C.l. The sources SR u are given by the exprès- , ,, c , . -., , , . 

"•" & ' ^ In the case of layers fc, n with an second heterogene-

oo ,rp(JU 

sion ity, the probabilities T?°, Tl° and T?l are calculated. 
oK,u — ̂ K,u ^K,«/ -r WR.U , V1*; These probabilities do not depend on the second - het-

where the neutron fluxes $K „ are given by the balance erogeneity flux and source distribution and can, there-
e ations fore, be calculated just once before starting the itera

tive process. They are calculated using the averaged 
£* uVK V$K v = VK. USK v cross section Eyn, determined by preserving probabil-
4-M _/> ,V7+ — T~ \ 4. J- — T+ ities T°° for each second - heterogeneity cell. This 

1 TSS 1 tin \ probability can be expressed as 
/c= 1, . . . ,Ä*-1 ,(13a) * 

ZKltUVKltV<f>Kl>v = VKl,VSKl%v T0O_T00 ,K<rT00 f f TWTOI 

"'=i In contrast to Westfall's approximate methodology [8], 
ßv (,+ j - j ~ _ ; + \ / . , , » an iterative method is used. First, T°° is expressed 

+ M.\Jk-l,n Jk-l.n + Jk.n Jk,n)A^t>) b y i t s r a t i o n a I e x p r e s g i o n . 

The above equations satisfy the following second - het- rpoo _ 
. . . . . . . •*• u — 

1 

erogeneity multicell external boundary net current con- " 1 + S^^/a^ 'U ^ 
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where tu is the mean chord of the second - heterogene- equal to the sum of all second - heterogeneity sources: 
ity cell, i is the i'th iteration assignment, and ai0 is 
the i'th approximation of the augment. Then, 

E£ 0
 _ ( l - r , 0 0 )«^ 1 

and 

(0 . "'•" ~ v(») 

Iterating on the last two equations, starting with a,,l = 
1, the exact value of ~Ly is obtained by equating it 
to the converged value of SL . The value of EJj. „ is 

the obtained average of the values Uv' for all second -
heterogeneity cells by volume Vv: 

Vt'n V = l K=l 

The cross section EJj*„ is now used to calculate the 
probabilities T?°,T£° and T t % The coefficent ßv 

used in Eqs.(ll) and (13) is denned as 

A = 
E(/> E vKlV 

<c=l 
N- , . Kl 
E si5) E vK,„ 

</ = l K = l 

Probabilities F / n and P£ n for Double-Heterogeneous 
Layers 

The same cross section cannot be used to calculate the 
escape probabilities P[n and P ° n , as it would be in 
a homogeneous limit, because the source heterogene
ity must be considered. This can be done using the 
relations 

Vk,nSk,n = M' £ £ VKiVSK<„ , 
V=lK=l 

and aK>v is the probability that the neutrons impinging 
the cell v, and colliding in it, will collide in layer (K, V). 
It can be expressed by: 

1 
O r - u = 

'*'" ~ 1-T°° 
K' 

x n {i-^°-^[i-(i-o 
(t'=ie+l 

.̂ A=l A'=A+1 /J J 

Reduction of Heterogeneous Flux 
Expressions to Equivalent 

Homogeneous Flux Expressions 

In the preceding sections, the methodology for calcu
lation of the detailed spatial neutron flux distribution 
was described. Such calculation is an accurate but of
ten time-consuming way to evaluate the resonance in
tegrals. Another, less expensive but less accurate way, 
is to evaluate the resonance integrals using the equiv
alence principle. This means that the neutron flux per 
lethargy unit in a layer is reduced to its approximate 
homogeneous-like form 

$*,n = 
SLn + Sg., 

PL = 

N- Kl 

M* E ß, E %^vK,„sK,v 
K = l K = l Si 

Vk,nbk,n 4 

N- Kl 

nO __ l /= l K=\ 

'•" vk,nsk,a 

v (l rpOO Si rpOI] 

So. 
4 

where S,- and So are inner and outer surfaces of layer 
(fc, n), and the total source Vk,nSk,n ia considered to be 

where Ej n and Ejt>n are the potential and the total 
cross sections for layer (k, n), respectively, and E | n is 
a suitably defined "escape" cross section for heteroge
neous multicell. It is possible to adjust them according 
to intermediate resonance theory. 

The full version of this paper [4] shows how the 
cross section E | n can be evaluated starting from the 
surface cosine-current equations defined in Sec.II. 

Test Calculations 

A number of tests of the multilayer multicell Dancoff 
approximation have been carried out. They are sum
marized in Tables 1 and 2 and shown in Fig.l. 
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Table 1: Dancoff Factor in a Lattice of Fuel and 
Graphite Pebbles 

Graphite Pebble 

Count / Total 

Pebble Count, 

h 

.000 

.210 

.368 

.500 

.667 

.750 

.850 

Teuchert 

Routine[14] 

.3209 

.2593 

.2111 

.1696 

.1153 

.0873 

.0702 

Current 

Rout ine 

.3210 

.2545 

.2112 

.1697 

.1153 

.0873 

.0703 

Current 

Rout ine 

(H2O ingress 

of 0.2 g / c m 3 ) 

.1499 

.1197 

.0965 

.0765 

.0574 

.0390 

.0312 
1 

'Here, RJU CJ = 2.3 cm, Hpibble = 3.0 cm, and void 
fraction = 0.39. 

Table 2: Dancoff Factors for Hexagonal and Square 
Lattice of Cylindrical Fuel with Cladding in H2O". 

( c m " 1 ) 

0.0 

0.3 

S„,o 
( c m " 1 ) 

1.0 

0.1 

1.0 

0.1 

H 

cm 

0.48 

0.97 

0.48 

0.97 

0.48 

0.97 

0.48 

0.97 

T 

.192 

.858 

.023 

.299 

.248 

.868 

.091 

.348 

A 7 

.000 

-.004 

.002 

.013 

-.002 

-.004 

-.032 

.011 

H 

(cm) 

0.52 

1.05 

0.52 

1.05 

0.52 

1.05 

0.52 

1.05 

7 

.419 

.912 

.064 

.384 

.459 

.918 

.129 

.427 

A 7 

-.001 

-.002 

.009 

.012 

.001 

-.002 

-.014 

.011 

"Multilayer approximation Compared with the Williams-Gilai 
practical formula, where Rjvcl — 0-4 a n , Rciad = °-46 cm, 
H — half-flat of cell, and 7 = Dancoff factor. 

The results of Table 1 refer to a pebble-bed fuel. 
There are two cell types, fuel (type zero), and graphite. 
In a pebble-bed core the pebbles are randomly dis
tributed, therefore : 

Rn^i = h'n (n = 1,2,..., N) [random lattice of cells] 

where hm is the fraction of cells of type m out of all 
cells [h0 + /ix + h2 + ... = 1]. 

For typical HTR data, as shown at the top of the ta
ble, the pebble-bed Dancoff probability C, as obtained 
with the Teuchert routine [9], which explicitly performs 
the integration involved, is compared with the present 
MM approximation, based on the interpolation proce
dure. The entries are almost identical. Also shown, is 
the effect of water ingress on the Pebble-Bed Dancoff, 
the values for this case being obtained just as efficiently 
as for an interpebble void. 

Table 2 refers to cladded fuel cylinders in hexago
nal and square cells. Fairly accurate Dancoff factors 
were produced with a practical formula by Williams 
and Gilai [10]; these are the "<r" entries in the Ta
ble. The "ay" entries represent deviations from 7, 
produced by the multilayer approximation. These de
viations become considerable for touching rods in a 
transparent moderator. In these extreme cases, it is 
judged that limitations of the W.G. formula on the 
one hand, and the redistribution approximation on the 
other hand, both contribute to the non-negligible A7. 
In any event, the multilayer approximation results in 
adequate 7 values for most practical cases. 

Figure 1 refers to a hexagonal lattice of cylindri
cal fuels in a homogeneous moderator, modelled in two 
ways as a multicell. The Dancoff factor y(= 1—C) can 

ft/««! 
H 

0.1 

0.5 

1.0 

s 
(cm"1) 

0.1 
0.5 
0.1 
0.5 
0.1 
0.5 

7 

.853 

.994 

.466 

.958 

.256 

.863 

À 7 

-.019 
.004 
.013 
.002 
.007 
-.016 

: 0 = 1 : 3 

H 

0.1 

0.5 

1.0 

(cm"1) 

0.1 
0.5 
0.1 
0.5 
0.1 
0.5 

7 

.806 

.991 

.385 

.932 

.188 

.778 

A7 

-.017 
.002 
.016 
.011 
.007 
.010 

o o 

0 = 1:2 

Here, • Fuel cell, 0 Moderator cell, K/ = Fuel radius, 
H = Half-flat of cells, and -y = Dancoff factor. 

Figure 1: Dancoff Factors for Hexagonal Lattice of 
Cylindrical Fuel in a Homogeneous Moderator (Mul
ticell Approximation Compared with Exact). 

be most accurately determined with the interpolation 
procedure, described in our contribution on "Probabil
ities for Lattice Integral Transport" in this report. The 
two multicell models for the lattice are shown along
side the Figure 1 (to visualize the actual lattice one 
should disregard the open circles). In the multicell 
model there is a fuel cell and a moderator cell, and 
the moderator cross sections of the fuel cell and of the 
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E. Teuchert, R. Breitbarth, "Resonanzintegral
berechnung für mehrfach heterogene Anordnun
gen", JÜ1-551-RG (1968). 

M.L. Williams, D. Gilai, "Incorporation of Clad 
Effects into Sauer's Method for Computing Dan-
coff Factors", Annl. Nucl. Energy, Vol.9, p.137 
(1982). 

«1,2 = 1/2; 7i:2i2 = l / a 
(for the lower lattice of Fig.l) 

The "<y" entries in Figure 1 are the accurate values, 
as stem from the proper identification of the lattices as 
simple. The "e\7" entries are deviations of the multi
layer multicell approximation results from the accurate 
results. 
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moderator cell are the same. The relevant proximity [9] 
probabilities are : 

-Ri,i = 0; - R 2 , i = l . . 
#1,2 = 1/3; ß 2 , 2 = 2 / 3 l10J 

(for the upper lattice of Fig.l) 

#1,1 = 0; #2,1 = 1 
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6 . P R O B A B I L I T I E S F O R L A T T I C E I N T E G R A L T R A N S P O R T 

M. Segev* a u d J . Stepanek 

*On leave from the Ben-Gurion University, Beer-Sheva, Is
rael 

Abstract 

A computer routine was written to enable an efficient, yet 
accurate, interpolation of basic probabilities required in in
tegral transport calculations of single lattice, as well as mul-
ticell, structures. These are: 

(a) Transmission and escape probabilities for layers in 
slab, cylindrical, and spherical geometries, 

(b) Doncoff probabilities for cylinders in square and hexag
onal lattices. 

The tables within which the routine interpolates contain re
mainders between accurate probabilities to respective analyt
ical approximations. There are ~ J^OOO entries for a cylin
drical or spherical geometry, 50 for slab geometry. The 
accuracy is a few tenth of a percent, usually much lower, 
relative error for all the probabilities. The range of optical 
thicknesses covered is O to SO. All the probabilities required 
for a given layer may be generated on a CRAY-XMP in a 
5.10"6 s- A single Dancoff probability can be generated t'n~ 
2.7.10~6 s. 

Definitions of Probabilities 

The present paper summarizes our paper on "Proba
bilities for Lattice Integral Transport" [1]. 

The probabilities to be discussed are TTO, T01, 
T°°, p*, P ° , a n d C . 

The layer is denned by two, inner and outer, radii 
Rt and Ro, and by a macroscopic total cross section 
2 . In the case of a layer with hexagonal or square outer 
surface, Ro is a circularized radius. Define, 

Rj/Ro , 
E ( Ä o - Ä / ) 

( = 1, for slab geometry) 

(1) 
arid 

Am(*,*) = 4VIOZ/So = 
4 

= tfm,04z + (1 ~ Sm,0 )-m~£î [1 + * 

+(m-l)x2]z, m = 0,1,2, (2) 

where, Vio is the volume of the layer, So is the 
outer surface of the layer, 6mß is the Kronecker symbol, 
and, m is the geometry index: 

( 0 for slab 
1 for cylindrical 
2 for spherical 

(3) 

The first five probabilities concerned are as follows: 
Tj ,°( i , ï ) - probability that a neutron (isotropically) 
leaving surface O will reach surface I uncollided, 
T^I(x,z) - probability that a neutron leaving surface 
I will reach surface 0 uncollided, 
T%°(x, z) - probability that a neutron leaving surface 
0 will reachd the same surface uncollide without hav
ing crossed surface I; ( T ° ° does not apply to slab 
geometry, m =0), 
Pm(xiz) - probability that a neutron of uniform and 
isotropic distribution in volume VJO will leave the same 
volume through surface I uncollided, 
P%(x,z) - probability that a neutron, as above, will 
leave surface O. 

A cylindrized outer surface is considered in the case 
of hexagonal or square outer surface. 

The relationship among these five probabilities (see 
Refs.[15] and [3]) can be simply cast as 

rnOO 

rfOI 

rpIO 

= 
= 
= 

l-xm+\m(PL 
l-XnPi/x™ 
X^TZ1 

-P£) (4) 
(5) 
(6) 

Eqs. (4),(5) and (6) show that a numerical evalua
tion is required only for two of the five probabilities. 

Another probability that is frequently used is the 
Dancoff probability C~, defined as the probability that, 
for a uniform and isotropic distribution of neutrons on 
the inner surface, a neutron leaving this surface out
wardly through the layer will return to it uncollided af
ter any number of reflections at the outer layer surface. 
For layers with cylindrical inner surfaces and hexago
nal or square outer surfaces, it can be described as a 
function of 

x = Rj/H 
z = T.H (7) 

where H is half-flat of the cell. 
Routines were written to perform the numerical cal

culations of the above probabilities. Dancoff probabil
ities were generated with Carlvik's routine DASQHE 
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[5]. For the P's and T's the evaluations covered the 
ranges O.OOl < x < 0.999;0.OO1 < z < 20. For the 
C~'s the ranges were 0.03 < x < 1; 0.01 < z < 20. 

Analytical Approximations 

The probabilities, in particular the T's, may undergo 
rapid changes with x and z. In order to limit the tabu
lation while still ensuring a very accurate interpolation 
of the P's, it is advantageous to interpolate the ratios 
•Rffl(r, z). and R^(x, z), defined through 

approximate 
[&{*,')}'m" = K{*.*)][pJL(*>*)] 

[ / £ ( * , * ) ] " = [*£(*,*)] ra*,*)]approx,mate 

where the analytic approximate expression chosen for 
Pl and P° are rational approximations. 

Rational approximations for cylindrical shells were 
derived by Sauer [6]; using similar logic, they are de
rived here for spherical shells. They consist of bridging 
the transparent and black limits: 

M j-, approximate VI 

[P°] m approximate 

1 - w/E€/ 

1 - « / 

l - ( l - u / ) E f o 

where the vi obtained by integration is: 

* > / = < 

1 
1 c O B - ' r - a d - J : 3 ^ 3 

2 ~ "(I-* 3 ) 
,3 /2 

l f l _ Ü = £ ! l l t 2 [1 i-*» 

m = 0 

m = 1 

m= 2 

In the case of the Dancoff probability C~, the ap
proximate analytical expression is taken to be Sauer's 
practical formula [7], namely, 

[<r] 
approximate e - ( l - r ) 2 z 

l + (£ai-l)2* 
where a = 1, or y/Z/2 for square, or hexagonal lat

tice, respectively. Accurate C ' s are determined with 
Carlvik's routine [5], and the interpolated function is 
H{x,z), an augment, defined through 

fö(*,*)] accurate l 

lffm(*,z). [C£(*.*)] 
approximate 

Tabulation and Interpolation 

Interpolation is performed for 0 < x < 1, and for z < 
20. Extrapolation is used for z > 20. For evaluating 
P1, P°, T'°, T 0 / , and T ° ° , the grid points (xitzk) 
are determined by 

Az = (200001'6 - l)/49 
= 1 - A z 
= (z0 + fcAz)6/1000 (Jb = 1,..., 50) 

= ( 5 0 0 1 / 6 - l ) / 1 9 
= 1 - A x 
= (*0 + iAx)6/1000 

,• =1-Xi ( i = l , . . . , 2 0 ) 

This grid widens or contracts as needed to ensure a 
very accurate interpolation with no undue expense in 
grid points. It also enables an immediate identification 
of the (i, k) grid vicinity for interpolating a given (x, z) 
pair. In slab geometry, m = 0, only the z grid matters. 

The ratios Rr
m{xi, Zt), ß ° (x,-, zt) are tabulated. In

terpolation starts by identifying the four "envelope" 
(xj,zt) pairs that enclose the (x,y) pair. To evaluate 
Pr and P ° , RT(x,z) and Ä°(x,z) are first interpo
lated (or extrapolated) linearly from the envelope R 
values, then accurate values of P1 and P° are deter
mined multiplying R by approximate values of P1 and 
P ° , respectively. In the range z < 3(1 — x) the evalu
ation of fOoToiTio i s t h e n b a s e d o n E q s (4) (5) 

and (6). In the range z > 3(1—x) the exponential char
acter of the T's is much more pronounced than that of 
the P's; consequently a small-valued T cannot be ac
curately deduced from expressions involving differences 
between the interpolated, and much larger, P 's . Thus, 
in this z range, following the determination of P1 and 
P ° at the envelope points, envelope values for the T's 
are next determined with Eqs. (4), (5) and (6), fol
lowed by interpolation of the T's for the desired (x, z) 
from these envelope values. The interpolation (extrap
olation) of a T in z is usually exponential except that, 
for large z, the T ° ° extrapolation derives from the 
assumption that the ratio (Tt+2 — 7jn-i)/(7fc+i — ïfc) 
forms a geometrical series. The x-interpolation of a T 
required special development [7] to avoid an excessively 
dense grid with the result that, for the interpolation of 
T 0 / , (T(x)/xm - l ) " 1 is considered linear, and for the 
interpolation of T ° ° , (T(x)/(1 - x"1))"1 is considered 
linear. 

A somewhat different grid is used for the tabula
tion of the augment J/(x,-,Zi) for the interpolation of 
the Dancoff probability for layers with hexagonal or 
square outer "reflective" surfaces: 
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Az =̂  (2OO01'3 - 1 ) / 3 9 

zk =(zo+ifcAz)3/100O (fc=l , . . . ,40) 

!

Ax = (500-4 - 1 ) / 2 4 
a:0 = 1 - A i 
*,- =(a:o+»Aa:)2-5/100 

x5i.i = 1 - X f ( i= l , . . . , 25 ) 
For the z interpolation, H is considered linear in 

•pfrj-; whereas for the x interpolation, it is taken as 
linear. 

Accuracy and Efficiency 

The program TRlP{m,x,z) performs the interpola
tions as described in the preceding sections. The vari
able m is a geometry index (1 slah, 2 cylinders, 3 
spheres, A cylinders in a square, 5 cylinders in a hexagon), 
and x and z are the interpolation variables. 

The accuracy of the interpolation procedure was 
established by performing interpolations at all (xi+1/2, 
•^+1/2) po'Qts, as well as extrapolations at some z > 
20 points, then comparing these with accurate val
ues. Relative errors of 1 to 1.5% appear in T00 for 
(r > 0.998; z < 0.3); they correspond to absolute er
rors of 0.0001 or less. Relative errors of 0.1 to 1.0% 
apjomr for T00 for z > 1; they usually correspond to 
absolute errors of O.OOl or less. Other relative errors 
are smaller, usually much smaller, than 0.1% . The 
crosswise interpolation is linear in x, again supported 
by relatively smooth variation of H. On the CRAY-
XMP a single (P1,P°,T;o,T0/, and T ° ° ) interpola
tion takes 5.10"6 s; a single Dancoff (C) interpolation 
takes 2.7.10~6 seconds. 

In the "stand - alone" version of the routine, each 
of the five geometry options requires its tape as input. 
For m = 1, 2, 3, 4 and 5 the number of entries are 50, 
4000,4000, 2000, and 2000. 
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7. SlXTUS-3: A THREE DIMENSIONAL NODAL DIFFUSION CODE IN 
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Abstract 

Achievement of the acceptable accuracy in the hexagonal 
geometry neutronic calculations requires usually a consider, 
able number of mesh points and/or finite elements if finite 
difference or finite element approach is used. This is partic
ularly true in three dimensions, therefore the coarse mesh 
methods in three dimensions have a special importance. An 
interface current method implemented in the code SIXTUS-
2[l],f2],[3j /or two dimensions have been found to be very 
fast and accurate, therefore an effort has been initiated by 
the Osaka University to extend it to three dimensions. As 
a result of the common development the three-dimensional, 
nodal, multigroup code SIXTUS-3 has been written and suc-
cesfully verified both in Japan and Switzerland. 

Intranodal Solution 

The hex-z geometry is defined in a conventional way: 
an arbitrary configuration of adjacent regular hexago
nal prisms of equal height is divided axially into num
ber of slices. Intersection of slice with a prism defines 
a node. A TV-group set of neutron diffusion equations 
for a given node is parametrized with the effective mul
tiplication factor k: 

Average over a lateral hexagon area produces an analog 
equation for the axial flux component: 

-DV2$ + E(Jb)* = 0 (1) 

with D being a diagonal matrix of diffusion constants. 
Averaging Eq.(l) over the slice height Ù.Z yields a set 
of inhomogeneous equations for the lateral i.e. (x,y) 
plane: 

^w*,(*,tf) - A(*)M«,y) = -U*,V) (2) 

where A = D -1S(fc) and the transversal leakage term 
can be expressed by the top and bottom net current: 

~[J{*,y,^-)-J{*,y,~)) (3) 

dHty(z) 
d. »2 -A(fc)$ r !,(z)=-L^(2) (4) 

The solution can be represented in the form: 

$z = To, (5) 

where matrix T is composed of column eigenvectors for 
the matrix eigenvalue problem: 

AT = TA (6) 

with the diagonal eigenvalue matrix: 

A = diag[Xl,Xl...,XJl] (7) 

The vector H, can be found from the equation: 

V ^ ü . - A ü ^ - T ^ i , (8) 

as a sum of the general homogeneous solution to the 
Helmholtz equation: 

V*y5, - A», = 0 

and the particular inhomogeneous solution: 

wz = - A " 1 ! - 1 ! , = - ( A T ) - 1 ^ 

(9) 

(10) 

which is assumed constant on (i, y) plane. For sake 
of simplicity it is assumed that all A£ > 0, what is, in 
general, not true for the multiplicative media1. 

A special set of 6 symmetric fundamental homoge
neous solutions is selected: 

en = co/[ej(7n),e2(7n).e3(7n). 

e i ( -7n) ,e 2 ( -7 0 ) , e3(-7„)] 

n = l , . . . , A T 

where yn = An/\/6, and: 

e^((\/3-l)x+(V3+l)») 

'For relaxing this assumption see Ref.[l], 

(H) 

(12) 
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%vhüe h is length of hexagon side. These fundamental 
solutions are invariant with respect to the C 6 group of 
hexagon rotations. The d group consists of following 
symmetry transformations: 

1- i? identity 

2. Ci rotation around z-axis by ir/3 

3- C\ ditto by -TT/3 

Ci ditto by 2TT/3 

C\ ditto by -2ff/3 

Ct ditto by JT 

A superposition of any two symmetry transformations 
is also a symmetry transformation, for example C\ = 
C|C6 . In fact, the C6 group is the largest subgroup 
of the complete set of 12 hexagon transformations that 
form the Cev group. This group includes additionally 
refactions with respect t o 6 symmetry planes, however 
reflections do not form a subgroup, i.e. their superpo
sitions are not reflections. 

The group transformations can be represented by 
matrix operations; this is the groundstone of the group 
representation theory which is used extensively in the 
theoretical quantum chemistry (e.g. Cotton[4] or Fali-
cov[5]). The finite set 0f the lowest order matrices 
that still obey group transformation rules form an ir
reducible representation. For any irreducible represen
tation a suitable vector basis can be found which com
plete with, regard to all symmetry transformations for 
that group. For the Ce group the irreducible symme
try basis is an orthonormal matrix V composed of the 
column basis vectors: 

(sn j , . . .,s„ i6) which is complete with respect to the 
group of rotations C$. Its i-th symmetry component 
is: 

**,<=C,-äi (15) 

where C,- is some N x N matrix, while the vector s,-
contains i - t h symmetry component of all N eigenval
ues. In an alternate form it can be written as: 

N 

<t>n,i(x>y) = 5 Z Cnm,iSi(a:.y) (16) 

It is obvious from Eq.(5) that the matrices C and T are 
columnwise proportional cnmii = imncimil-, therefore: 

N 

<f>n,i(x<y) — y ^ n m C m . i S i f o y ) 
m = l 

or in the form of the row 6-vector: 

H 

<f%=y] tnm{cm • Smf 

(17) 

(18) 
m=l " 

£ 
€ 
£ 
€ 
Ç 
Ç 

Ç 
-€ 

€ 
--«e 

e 
-£ 

2») 
V 

— 1 
-2n 

—n 
n 

0 
C 
Ç 
0 

-C 
-C 

2" 
- 1 
-1 
'in 

-r) 
- v 

0 
C 

- c 
0 

c 
-C 

where the term in brackets denotes the dot product 
with the elements cm ,smi,-. The total solution is de
fined as a sum of all symmetry components. Thus the 
intranodal flux is found; what remains is to find 6N 
coefficients c„tiL The same approach allows to find the 
axial solution $Xy(z) from Eq.(4). Here only two ir
reducible symmetry components exist: symmetric and 
antisymmetric (C2 group of rotations) with the sym
metry basis denned by a very simple matrix: 

(19) v = 

(13) where u = \/y/2. 

A W l o l p 0 cnr 

with. £ = i/y/E, n = l / \ / i2 and C = 1/2. 
Application of the basis matrix V r to the full fun

damental solution produces a 6—vector of irreducible 
symmetry components of the n-th solution: 

s„ = VT(è-n + xSn) (14) 

The intranodal flux expansion coefficients can be found 
from the partial current continuity on the node inter
faces. Define two partial current operators Enj and 
P„j for n-th energy group incoming and outgoing neu
tron currents respectively at the hexagon j-the face: 

where all components of wn are identical i.e. it is as
sumed that the axial leakage from the node is deter
mined solely by the isotropic component of the node 
irradiation. 

I t is clear that a symmetry transformation applied 
to Eq.{2) results in an equation for transformed func
tions r".nd the solution uz can be spanned on the set 

En lnJ =~fdl(l±2Dn^~) 
n,i 4ft 7(j) orij 

(20) 

where Dn is the diffusion constant and n,- is an external 
normal to the j'-th side. 
Let apply the vector operator E„ to Eq.(18) in a dot 
product manner: 
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( & • # ) = 

En,2<f>n,l En,24>n,2 

Enfi<t>n,\ En<G<j)ni2 

En,l<j>n,6 

En,2<l>n,6 

En,6<f>n,6 

(21) 

This is a matrix of incoming current symmetry com
ponents for the n-th group: 

4-4 

i- = ( £ • # ) = £ tnm(Ên • £)c„ (22) 

where C m is a diagonal matrix of the flux expansion 
coefficients: 

Cm =diag[cmil,...,cmi6] 

By virtue of Eq.(14): 

1, 
( £ „ . * £ ) = [ ( £ „ • £ ) + - W m ] V 

(23) 

(24) 

Figure 1: Node response to one-face irradiation 

or 

Qnm = diag[qnmii+-wm,qnm<2, 

<7nm,3> 9nm,3i 9nm,4> 9nm,4 ] (28) 

Eq.(25) takes now a simple form: 

N 

" *n — / ., 'nm*°4nm*-'n (29) 

where W m is a 6 x 6 matrix with all elements identical 
and equal wm. Eq.(21) then becomes: 

N 1 
In = Yl i "m(G n m + - W m ) V C m (25) 

m=l 

The elements of the matrix G n m are obtained by acting 
with the incoming current operators (20) on the set of 
fundamental solutions (12)2. 

m=l 

The right-hand side is a diagonal matrix and the left-
hand can be represented as: 

I " = Vdiag[I-lt...,I^i6] (30) 

Gnm — 

91 
92 

93 

9A 

93 

92 

92 
93 

94 
93 

91 

91 

93 

94 
93 

92 

9i 

92 

94 
93 

92 

9i 
92 

93 

93 
92 

9i 
92 

93 

94 

92 

91 
92 

93 

94 

93 

(26) 

("">) 

The symmetry provided by the choice of fundamental 
solutions reduces the number of distinct elements gt 
to four what can be seen in Fig. 1 where the irradia
tion of one node face can be split into no more than 
four distinct responses. This reflects the fact that the 
group Ce has four classes of transformations. G„ m 

is a circulant matrix, therefore it can be diagonalized 
by the congruent transformation V T G n m V . The same 
pertains to a constant matrix W m with a resulting ma
trix containing only one nonzero element tum,ii = wm. 
Then: 

Thus the task of solving the set of linear equations (25) 
for QN coefficients cm>,- is reduced to solving six sets of 
N linear equations written here in the matrix form: 

XkA = ir (3i) 

t = l , . . . , 6 , J* = 1,2,3,3,4,4 (32) 

where d = col[citi,..., c/^,-]. The elements of X ^ are: 

3 
Xnm.ki = tmn(<lmn,ki + -^k-.l^m) (33) 

The above derivation can be repeated for the outgoing 
current operator Fnj. This leads merely to change of 
sign by the diffusion constant appearing as a param
eter in Q n m and then mutatis mutandis an analog to 
Eq.(30) is obtained: 

if = Y^â- (34) 

Q„m = V T (G„ m + 7 W m ) V (27) 

^Explicit formulae can be found in the Ref.[l]. 

with y„m,*,(£>„) = xnmtki(-Dn). Let assume that X 
is not singular; then the response equations for for the 
partial current irreducible symmetry components take 
the form: 

ïf=YkiX^Ï- (35) 
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Due to diagonalization a task of inverting a matrix of 
the order 6N has been reduced to inversion of four N-
order matrices. 

The vector of incoming current symmetry compo
nents /~ for the n-th energy group can be expressed 
by the distribution of incoming currents: 

Tu = V T / - (36) 

with the elements of J„ corresponding to incoming cur
rents on the hexagon faces. The distribution of outgo
ing currents is retrieved from their symmetry compo
nents in a similar way: 

J+ = V/+ (37) 

The sequence of equations (35), (34) and (36) deter
mines the partial current response of a node to a dis
tribution of incoming currents. The identical process 
is applied in the axial direction. The node response 
is found without the necessity to compute the nodal 
flux. However the latter is needed for the production 
ans absorption reaction rates which enter the effective 
multiplication factor calculation. It is obvious that the 
nodal flux is determined solely by the isotropic irradi
ation i.e. the first symmetry component. Averaging 
$z{x,y) over the hexagon yields: 

$ , = T R X J , ' (38) 

where R is a diagonal matrix with the elements deter
mined by the quadrature of sn,i terms[2]. The product 
of axial and lateral flux components produces the de
sired nodal flux. 

Global Solution 

Since the partial currents are continuous accross nodal 
interfaces there is no need to store outgoing currents, 
except at the configuration boundary. All M nodes are 
numbered from center outwards within a slice and then 
slicewise from top to bottom. Matching the outgoing 
currents with incoming ones for adjacent nodes is ac
complished through a neighbour identification matrix 
8 x M ; 1 to 6 numbers the lateral faces, 7 and 8 top 
and bottom, respectively. The matching is always the 
same across the configuration: 

1 « 4 
2 <* 5 

3 « 6 

7 o 8 

except for the boundary, and the value of the identifi
cation matrix is the adjacent node number. Free faces 
of peripheral nodes are distinguished by corresponding 
negative numbers coded as types of boundary condi
tions. 

In addition to asymmetric or 360° geometry SIXTUS-
3 can deal with 60°, 120° and 180° sectors with periodic 
or reflective boundary conditions on sector boundaries. 
The algorithm does not permit to halve the nodes and 
the node to be halved is duplicated on the other sec
tor side. The matching of node interfaces at the sector 
boundary is then accordingly modified. Both periodic 
and reflective conditions are also provided in the axial 
direction, therefore the half- or infinite geometries in z 
can also be defined. On the outer, free boundary a vari
ety of boundary conditions are available: vacuum with 
or without transport correction, boundary flux equal 
to zero, reflection or zero net current, extrapolation 
length or albedo. 

To obtain the global solution an explicit iteration 
process similar to that in the parent two-dimensional 
code SIXTUS-2 is used [6]. First all nodal fluxes are 
initialized to one and all partial currents to 0.25 with 
the exception of free faces with vacuum or zero flux 
boundary conditions where the currents are initialized 
to zero. From these initialization data a guess of the ef
fective multiplication factor is calculated as the produc
tion- to-loss ratio: 

where S, A, L denote the total fission source, absorp
tion and leakage, respectively. The reaction rates are 
integrated over the volume, while the leakage over free 
surface of the system. The iteration process consists of 
following steps: 

1. The matrix A(k) = D - 1£(fc) is computed to
gether with its inverse (viz. Eq.(10)). This is 
done only for distinct nodes, i.e. those nodes 
whose material and height differ simultaneously. 

2. Eigenvalues A and eigenvectors T are found by 
the Francis QR algorithm[7] from Eq.(6). 

3. The nodal response matrices X, YX" 1 , R for 
both lateral and axial directions are found. The 
inversions are performed by Jordan-Gauss elim
ination with full pivoting. 

4. All nodes from 1 to M are swept; for each node 
the symmetry components of the incoming cur
rent are formed (Eq.(35), then the response found 
from Eq.(34) is transformed back by Eq.(36) into 
outgoing currents in form of incoming currents 
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for adjacent nodes. For external faces the bound
ary conditions are used. Additionally the nodal 
flux is calculated. 

5. For the iteration t step 4 is repeated 7< times: 

/ « = m i n ( ^ + l , 7 m « ) (40) 

if an extrapolation took place at iteration t — 1, 
Imax times otherwise. 

6. At the last sweep the L\ norm flux error: 

« = T5Ti7£>(0-*( l- l>l <41) NM 
N,M 

is found. The summation is carried out over all 
N energy groups and M nodes. 

7. Partial currents and nodal flux is extrapolated 
by Lyusternik-Wagner method[8]. The iteration 
spectral radius pt and the extrapolation coeffi
cient <7( are determined at each iteration step: 

Pt = 

at = 
Pt 

I-pt 

If the following conditions: 

t>5 

(42) 

(43) 

p, < 1, s = t,t — 1 

'HII-PST|.|I-83|H (44) 

with an additional bound: 

at = min[t,(Tt) (45) 

are satisfied, then both nodal flux and partial 
current are extrapolated for all nodes and groups: 

# 0 = ft*) + < r , ( ^ - V(<_1)) (46) 

otherwise there is no extrapolation. 

8. The extrapolated values are used to calculate a 
new multiplication factor from Eq.(38) and the 
steps 1 through 8 are repeated. 

The iteration process nears its termination when the 
relative flux deviation becomes s-maller than ei and, 
simultaneously, the fission source deviation as well as 
the multiplication factor deviation are smaller than C2. 
The above criteria have to be satisfied two more times 
with doubled length of sweep cycle and the extrapola
tion switched off. 

Although without sound theoretical basis this iter
ation strategy works surprisingly well. 

An Example 

The 60° sector of the Japanese fast breeder MONJU 
can serve as an example of the code performance. The 
sector consists of 72 hexagonal prisms with the flat-
to-flat size 11.56 cm, it has the height 152 cm and is 
divided into 3 slices of 10 cm (top blanket) followed by 
8 slices of 11.5 cm (core) and 3 slices of 10 cm (bot
tom blanket), what amounts to 1008 nodes. There are 
5 materials: inner core, outer core, blanket, control 
rod and sodium channel or the control rod follower. A 
central prism forms a sodium channel, other 3 control 
rods are inserted 76 cm from above. Their symmetry is 
shifted with respect to the core one, therefore the use of 
periodic boundary conditions on the sector symmetry 
boundary is necessary. The transport corrected vac
uum conditions are used on the outer boundary. The 
nuclear data are given in 3 energy groups. 

The iteration monitor for the execution on the SUN 
Sparc Server 390 is shown in Table 1. The same case 
without extrapolation converges in 76 iterations and 
230 sweeps, what takes 126.5 sec, i.e. almost three 
times longer. 

The code SIXTUS-3 is presently available on VAX/-
VMS, SUN/UNIX and CRAY/UNICOS computers[9] 
as well as on Japanese ones[10]. It is designed to be 
user friendly with such features as a compact input and 
rich error diagnostic. It has also a very comprehensive 
output including flux and power distributions and re
gion as well as group neutron balance. SIXTUS-3 been 
found to be a reliable, compact and accurate tool for 
analyzing a variety of hex-z cores. 
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ITERATION MONITOR 

JTO 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

ITI 
3 
6 
9 

12 
15 
17 
18 
19 
22 
25 
28 
31 
34 
37 
39 
42 
45 
48 
50 
53 
56 
59 
62 
65 
68 
69 
73 
77 

KEFF 
0.56631358 
0.76913060 
0.87380163 
0.92268624 
1.01827622 
1.00928215 
1.01552215 
1.01358122 
1.01536275 
1.03109728 
1.03047417 
1.02952846 
1.02878879 
1.02695606 
1.02688864 
1.02680509 
1.02674991 
1.02660315 
1.02660681 
1.02660978 
1.02661002 
1.02660268 
1.02659798 
1.02659534 
1.02659078 
1.02659112 
1.02659100 
1.02659086 

KEFF ERROR 
-9.106E-01 
2.637E-01 
1.198E-01 
5.298E-02 
9.387E-02 

-8.911E-03 
6.145E-03 

-1.915E-03 
1.755E-03 
1.526E-02 

-6.047E-04 
-9.186E-04 
-7.190E-04 
-1.785E-03 
-6.565E-05 
-8.137E-05 
-5.374E-05 
-1.430E-04 
3.565E-06 
2.886E-06 
2.409E-07 

-7.150E-06 
-4.585E-06 
-2.571E-06 
-4.439E-06 
3.300E-07 

-1.116E-07 
-1.402E-07 

SOURCE ERROR 
-3.309E-01 

1.705E-01 
6.305E-02 
2.747E-02 
5.772E-02 
4.828E-03 
3.022E-04 

-1.0HE-03 
-5.520E-04 
-4.366E-03 
-6.112E-04 
-6.218E-04 
-4.734E-04 
-1.235E-03 
-6.957E-05 
-8.441E-05 
-5.316E-05 
-1.244E-04 
1.361E-05 
1.581E-05 
1.127E-05 
6.297E-05 

-6.006E-06 
-3.288E-06 
-5.027E-06 
8.490E-07 
9.799E-07 
7.017E-07 

FLUX ERROR 
9.976E-02 
7.057E-02 
3.738E-02 
2.408E-02 
1.661E-02 
9.216E-03 
4.863E-03 
4.624E-03 
3.753E-03 
3.364E-03 
1.354E-03 
8.221E-04 
5.457E-04 
3.845E-04 
1.656E-04 
1.008E-04 
6.865E-05 
5.085E-05 
2.776E-05 
2.139E-05 
1.797E-05 
1.558E-05 
8.278E-06 
5.056E-06 
3.359E-06 
1.879E-06 
1.234E-06 
1.027E-06 

EXTRAPOLATION 

EXECUTION CP TIME (SEC): 

2.2230 
1.2462 
1.1172 

8.6459 

2.3867 

2.8580 

6.5336 

1.9789 
1.2693 

INPUT 
SOLUTION 
OUTPUT 

0.35 
43.36 

0.32 

COMPUTER ITERATION EFFICIENCY: 

0.19 CPU MILISEC PER NODE, GROUP AND SWEEP 

TOTAL 44.03 

Table 1: Execution for the MONJU-FBR Reactor Example; 3 Dimensional, 3 Group Model 
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8. FINELM: 
CODE 

A THREE DIMENSIONAL FINITE ELEMENT DIFFUSION 

D.M. Davierwalla and C E . Higgs 

Abstract 

FINELM is a multigroup finite element diffusion code to 
solve the neutron diffusion equation in x-y, r-z, r-8, x-y-z 
and T-B-z geometries. 

Lagrangian elements of linear or higher degree to ap
proximate the spatial flux distribution have been provided. 

A method of dissection, coarse Jiiesh rebalancing and 
Chebyshev acceleration techniques are available. A simple 
user interface has also been provided. 

A complete computer-generated manualfl] containing 
chapters on the theory, special features of the code, an input 
description, the program structure and a wide selection of 
examples of using the code, will be published soon. This 
new manual will replace all existing publications concerning 
FINELM. 

Introduction 

Finite elements have firmly established themselves in 
structural engineering for quite some time. However, 
it was only in the early seventies that they began to 
appear in the nuclear fields, primarily in diffusion the
ory. Finite elements offer various advantages over finite 
differences. They include: » 

• The finite element method may be characterized 
as a field definition of a field variable whereas 
the finite difference is a point definition of a field 
variable. 

• Finite elements offer two parameters with which 
accuracy may be controlled - mesh size and the 
degree of the approximating trial function. The 
latter is superior but cannot always be fully ex
ploited due to the material heterogeneity of reac
tors. 

• In finite differences the degree of approximation 
at the boundary of the region falls off to 0 (h). In 
finite elements a uniform degree of the approxi
mation may be maintained throughout the region 
including the boundary. 

• The five-point stencil of finite differences con
nects a point to it's immediate North, South, 
East and West neighbours. The neighbourhood 
of a particular node in finite elements includes all 

the nodes of the elements which have that partic
ular node in common. Hence, the neighbourhood 
is much more extensive. Indeed, this is what con
tributes to the accuracy of the method. 

It was seen that the extensive connectivity which 
contributes significantly to the accuracy, resulted in 
a matrix which although symmetric and positive defi
nite, was wide-band and possessed an irregular profile. 
Hence, it was decided to dissect the nodal sets into 
distinct disjoint sub-sets, connected by cut lines and 
points in two dimensions, and by cut planes, lines and 
points in three dimensions. An illustration in two di
mensions is given in Figure 1. 

Such a scheme lends itself on multi-processor com
puters to a parallel solution of the section graphs, fol
lowed by a parallel solution of the cut lines, etc. To 
date this has not been done, but will be attempted 
soon. 

Stand-alone Version 

Initially FINELM was an integrated module of the 
RSYST Code System [3]. However it was soom re
alized that in order to offer the code to a wide spectra 
of users, it had to become a 'stand-alone' package. To 
this effect, an emulations of the RSYST system rou
tines required by the code were written. 

In order to easily maintain multi-machine versions 
of the code, HISTORIAN PLUS[2], a pre-processer 
similar to the widely used CDC and CRAY UPDATE 
products was used. HISTORIAN PLUS was chosen 
since it was available on almost all commonly used 
computer platforms. Machine specific coding, (where 
required), could very easily be specified in the HISTO
RIAN PLUS source deck. 

Standard ANSI FORTRAN was also substituted 
in the 'stand-alone' version. Earlier versions had em
ployed masking and shifting techniques to pack several 
data into one variable. This was replaced by stan
dard FORTRAN internal READ and WRITE state
ments. Although the code contains over 12000 lines of 
FORTRAN, only 5 non-ANSI warnings were generated 
for the CRAY version. 

ANSI extensions had to be used for the time, date 
and elapsed CPU seconds functions, as well as for the 
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Element Sets 
{ 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 } 
{9, 10, 11,12, 13, 14, 15, 16} 
{17,18, 19, 20, 21, 22, 23, 24} 
{25, 26, 27, 28, 29, 30, 31, 32} 
{3 ,4 ,7 ,8 ,9 ,10 ,13 ,14} 
{19, 20, 23,24, 25, 26, 29, 30} 
{5, 6, 7, 8, 17, 18, 19, 20} 
{13,14, 15, 16, 25, 26, 27, 28} 
{8, 13, 14,19,20,25} 

Nodal Subsets 
{1, -- ,36} {37. . . . ,72} 
{ 7 3 , . . . , 108} {109, . . . , 144} 
{145, . . . . 150} {151 , . . . , 156} 
{157 162} {163, . . . , 168} 
{169} 

Figure 1: Element and Node numbering of a region dissected by one i - and one y-cut 

machine identification. These are concentrated in a 
very small portion of the code. 

RSYST Storage 

Dynamic dimensioning ensured that each array was 
dimensioned exactly to its requirement. The allocation 
of this single container array, however, was achieved us
ing non-ANSI coding. For the CRAY version a pointer 
statement combined with a call to the CRAY subrou
tine HPALLOC ensured that the container array was 
only allocated at run-time, thus resulting in a (rela
tively) small executable file. The SUN version also 
used a pointer statement and combined this with a call 
to MALLOC to exactly allocate the required number of 
bytes for the container array. The size of this container 
array was given by the MAXSCM parameter in the II 
array. A coded value of zero, resulted in the default al
location being taken. At present, the VAX version has 
the default values 'hard-wired' into the FORTRAN. 
Should these prove too small, then the code unfortu
nately must be re-compiled with larger values. 

When the code was integrated into RSYST, all input 
and output data was stored in the form of RSYST 
blocks. These were pairs of physical records, the first, 
a 32-word array called the structure vector for identi
fication text and control parameters, and the second 
containing the array of data. All blocks, for all data, 
contained this structure. A total of 511 blocks was the 
maximum this form of library could contain. Two such 
libraries were available per job. 

Data internal to the code was also stored in a sim
ilar form, although there was no 511 block limit and 
there was no structure vector. 

This data storage structure was clearly very limited 
and had a number of drawbacks. Consequently, when 
the code was 'extracted' from RSYST a number of 
changes were necessary. 
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CCCC Storage 

The AARE code system, referred to elsewhere in this 
report, is a suite of 'stand-alone' codes. Each code, 
however, shares common data structures and data files. 
These files contain only one type of data. i.e. XSLIB 
is a material-ordered coded cross-section data library, 
GOXS is its group-ordered binary equivalent, RAFLUX 
and AAFLUX contain regular and adjoint angular flux 
data, etc. A full list of the CCCC standard interface 
data files is given in [4]. The benefit of such a divi
sion of data is obvious and had proven advantageous 
in the TWODANT-SYS package from Los Alamos. It 
was decided to introduce these ideas into FINELM. 

Since all our cross-section generation programs could 
produce the CCCC coded form of the library, and since 
a finite element diffusion code is best suited for a lim
ited number of energy groups, the size of the cross-
section library is of minor significance. Thus the XSLIB 
structure was selected. 

Internal Data 

The form of data internal to the code was radically re-
structed. Scratch blocks took the following form. A 
5000-word array was reserved to contain 2 500 pairs of 
numbers. The first number indicated at which record 
(or word) the data began. The second number indi
cated the length of the data. A direct-access, fixed-
record length, binary file held the data. Data was writ
ten to, read from or updated on this file using the same 
FORTRAN user interface as did the RSYST version, 
viz. SCRW, SCRR and SCRC. A record length of 512 
was chosen. Each new set of scratch data started with a 
new record. Actual data transfers were via FORTRAN 
READ and WRITE statements. For the CRAY imple
mentation, a word-addressable file structure was cho
sen, and the data transfers were via CRAY FORTRAN 
GETWA and PUTWA statements. 

Thus an individual scratch block consisted of 

1. the length/starting record number pair and 

2. as many 512 word records on the scratch file as 
were needed to store the data 

or 

1. the length/starting word address pair and 

2. the data stored in the word-addressable file. 

Modern machines have massive memories in com
parison to those which existed when FINELM was de
signed in the 1970s. For a machine with several million 

words of RAM, the input/output interrupts generated 
by all the SCRW/SCRR/SCRC operations could be 
vastly reduced if the scratch file were actually in core, 
and the operation became merely a core-to-core trans
fer. A new II input array option was therefore intro
duced. When NODISK=0 all data including scratch 
blocks are in core in a partition called LCM, whose 
maximum size is given by the II parameter MAXLCM. 
When NODISK=l, then the maximum size of LCM 
defaults to 512 words (the buffer size) and the scratch 
data are physically on disk on a file as described above. 
Since all parameters can be freely selected at run time, 
the default values can be easily increased without hav
ing to recompile the code. 

As can be seen from the tables at the end of this 
chapter, even large problems should be run with NO-
DISK=0 on machines which employ virtual memory 
techniques (SUN, VAX) since the paging mechanism 
is much more efficient than generating input/output 
interupts for every 512 words of file. 

Versions 

To date FINELM is available on CRAY, VAX and SUN 
computers. In the case of SUN two 'flavours' are of
fered, the first in 32-bit mode, and the second, if com
piled with the -r8 option of the f77 command, in 64-bit 
mode. Although the code was originally offered for 
CDC machines, it has not been run on these machines 
for a number of years and the authors take no responsi
bility that it still runs correctly. In the next months the 
code will also be available on the NEC SX-3, CONVEX 
and IBM 6000 workstations, and we hope to implement 
multi-processing on those machines which allow it. 

Performance 

A simple case in x-y-z geometry has been selected for 
the sake of a direct comparison of the running times 
on various computers. This 2-group, 1-material prob
lem consists of a 100 cm. cube with zero boundary flux 
on the external sides. Given symmetry leads to a one-
eighth problem being solved. Cubic approximations 
along each axis were chosen, with a mesh size of 10 
cm. by 10 cm. by 10 cm. No cut separators were neces
sary. A convergence criteria of 1.0E-4 on the eigenvalue 
and 1.0E-3 on the RMS flux was chosen to ensure an 
honest comparison between small- and large-word ma
chines. 

Tables 1, 2 and 3 indicate how the NODISK op
tion can dramatically improve the performance of the 



34 

run. This is particularly evident for the CRAY runs if 
we look at the number of K-words shuffled about the 
machine and the number of physical input-output re
quests issued. It can also be observed in the SUN runs 
for NODISK=l. 

As a 'rule of thumb' wherever possible NODISK=0 
should be selected since the paging process for virtual 
machines results in fewer input-output interrupts than 
is otherwise the case for NODISK=l. This is particu
larly evident for the SUN runs if the double precision 
columns (2.) for NODISK=0 are compared with the 
single precision columns (1.) for NODISK=l. Even 
with double the amount of data, the iteration times, 
system overheads and total running times, are consid
erably smaller when NODISK=0. 

It should also be noted for the SUN runs, that the 
4/110 has a 16 Mbyte RAM, that the 4/60, 4/65 and 
4/75 each have 12 Mbyte RAMs and that the 4/390 
has a 32 Mbyte RAM. The sum of SCM and LCM is 
approximately 2.5 million words or 10 Mbytes. System 
times here are low for NODISK=0. Double precision 
results in 20 Mbytes. Here the system time only re
mains small on the SPARCserver with its 32 Mbyte 
RAM. 

To date, no specific effort has been spent in opti-
mizating the code on any particular machine. Rather 
the effort has been spent in making the code available 
on a wider range of machines. 
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BARE 3D 
(no cuts) 

IOAl=3, IOA2=3, 
IOA3=3 

SCM (words) 
LCM (words) 

No. of iterations 
Avg. sec/iteration 

Total Assembly (sec.) 
Total Iteration (sec.) 

Total Job (sec.) 
Total User (sec.) 

Total System (sec.) 
Elapsed (Sec.) 

Kwords transferred 
Phys. 1-0 requests 

keff 

LCM in main memory 
(NODISK = 0) 

CRAY Y-MP 

524523 
1838517 

11 
0.37 
11.4 
4.1 
15.8 
15.8 
0.1 
86.5 
26.3 
72 

- 1.33551 

CRAY-2 

524523 
1838517 

11 
0.85 
23.7 
9.4 

33.9 
33.9 
0.1 
99.5 
25.6 
19 

1.33569 

All jobs run with cft77 

BARE 3D 
(no cuts) 

IOAl=3, IOA2=3, 
IOA3=3 

SCM (words) 
LCM (words) 

No. of iterations 
Avg. sec/iteration 

Total Assembly (sec 
Total Iteration (sec.) 

Total Job (sec.) 
Total User (sec.) 

Total System (sec.) 
Elapsed (sec.) 

Kwords transferred 
Phys. 1-0 requests 

keff 

LCM on disk 
(NODISK = 1) 

CRAY Y-MP 

524523 
512 
11 

0.55 
11.6 
6.0 
17.9 
17.9 
1.3 

120.1 
33092 
6529 

1.33569 

CRAY-2 

524523 
512 
11 

1.25 
24.1 
13.7 
38.7 
38.8 
2.6 

145.3 
33092 

115 
1.33569 

All jobs run with cft77 

Table 1: Comparison runs of Bare-3d benchmark on 
CRAY computers 
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BARE 3D 
(no cuts) 

IOAl=3. I0A2=3, 
I0A3=3 

S CM (words) 
LCM (words) 

No. of iterations 
Avg. sees/iteration 

Total Assembly (sec} 
Total Iteration (sec.) 

Total Job (sec.) 
keff 

LCM in main memory 
(NODISK = 0) 

VAX 8650 

PSICLA 

1. 

524525 
1833963 

11 
7.9 

241.6 
87.0 
331.2 

1.33564 

VAX 6000-350 

PSICLB 

1. 

524525 
1833963 

11 
11.0 

367.7 
120.9 
493.7 

1.33564 

VAX 9000-410 

PSICLC 

1. 

524525 
1833963 

11 
1.3 

37.9 
14.7 
53.1 

1.33564 

2. 

524525 
1833963 

11 
1.2 

31.3 
13.0 
44.8 

1.33564 

1. FORT/HPO/G-FLOAT/OPT/NOVECT/ASS=(NOACC,NODUM)/NOPAR 
2. FORT/HPO/G-FLOAT/OPT/VECTOR/ASS=(NOACC,NODUM)/NOPAR 

BARE 3D 
(no cuts) 

I0Al=3. IOA2=3, 
I0A3=3 

S CM (words) 
LCM (words) 

No. of iterations 
Avg. sec/iteration 

Total Assembly (sec} 
Total Iteration (sec.) 

Total Job (sec.) 
keff 

LCM on disk 
(NODISK = 1) 

VAX 8650 

PSICLA 

1. 

524525 
512 
11 

16.6 
265.3 
182.4 
453.4 

1.33564 

VAX 6000-350 

PSICLB 

1. 

524525 
512 
11 

24.4 
412.9 
268.9 
690.9 

1.33564 

VAX 9000-410 

PSICLC 

1. 

524525 
512 
11 
3.3 

42.8 
36.6 
81.0 

1.33564 

2. 

524525 
512 
11 
3.6 
35.0 
39.7 
76.0 

1.33564 

1. FORT/HPO/G-FLOAT/OPT/NOVECT/ASS=(NOACC,NODUM)/NOPAR 
2. FORT/HPO/G-FLOAT/OPT/VECTOR/ASS=(NOACC,NODUM)/NOPAR 

Table 2: Comparison runs of Bare-3d benchmark on VAX computers 
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BARB 3D 
(no cuts) 

IOAl=3, IOA2=3, 
IOA3=3 

SCM (words) 
LCM (words) 

No. of iterations 
Avg. sees/iteration 

Total Assembly (sec.) 
Total Iteration (sec.) 

Total Job (sec.) 3-
Total System (sec.) *• 

Kn 

,—. 

BARE 3 D 
(no cuts) 

IOM=3, IOA2=3, 
IOA3=3 

SCM (words) 
LCM (words) 

No. of iterations 
Avg. sees/iteration 

Total Assembly (sec.) 
Total Iteration (sec.) 

Total Job (sec.) 3-
Total System (sec.) *• 

keff 

SUN 4/110 

16 Megabyte RAM 

PSS0O4 

1. 

524525 
18.33963 

11 
8.7 

237.2 
95.9 

337.8 
2.8 

1.33564 

2. 

524525 
1833963 

11 
16.4 

387.1 
180.9 
574.4 
46.2 

1.33569 

SUN 4/390 
SPARCserver 4/390 
32 Megabyte RAM 

PSS018 

1. 

524525 
1833963 

11 
4.4 
91.0 
48.7 

142.2 
4.8 

1.33564 

2. 

524525 
1833963 

11 
8.6 

179.1 
95.0 
277.1 

2.8 
1.33569 

1. SUNOS 4.1.1 f77 -Bstatic - 0 3 .... 
2. SUNOS 4.1.1 f77-Bstatic-03-r8 ... 
3 . Total of User and System time 
4. Total time spend doing "system houseke 

SUN 4/110 

16 Megabyte RAM 

PSS004 

1. 

524525 
512 
11 

94.6 
272.5 

1040.2 
1339.6 

99.6 
1.33564 

2. 

524525 
512 
11 

120.O 
472.6 

1319.5 
1823.1 
167.5 

1.33569 

SUN 4/390 
SPARCserver 4/390 
32 Megabyte RAM 

PSS018 

1. 

524525 
512 
11 

39.4 
104.8 
433.7 
549.9 
75.5 

1.33564 

2. 

524525 
512 
11 

48.9 
199.1 
538.0 
750.2 
122.1 

1.33569 

1. SUNOS 4.1.1 f77 -Bstatic - 0 3 .... 
2. SUNOS 4.1.1 i77 -Bstatic - 0 3 -r8 ... 
3. Total of User and System time 
4. Total time spend doing "system houseke 

LCM in main memory 
(NODISK = 0) 

SUN 4/60 
SPARCstation 1 

12 Megabyte RAM 

PSS019 

1. 

524525 
1833963 

11 
5.1 

34.8 
56.1 

194.4 
5.5 

1.33564 

2. 

524525 
1833963 

11 
10.2 

245.6 
112.3 
362.0 
75.4 

1.33569 

eping" 

LCM on disk 
(NODISK = 1) 

SUN 4/60 
SPARCstation 1 

12 Megabyte RAM 

PSS019 

1. 

524525 
512 
11 

52.7 
158.4 
579.6 
753.1 
124.4 

1.33564 

2. 

524525 
512 
11 

67.2 
274.0 
739.3 
1031.0 
236.4 

1.33569 

eping" 

SUN 4/65 
SPARCstation 1+ 
12 Megabyte RAM 

PSS007 

1. 

524525 
1833963 

11 
4.3 

110.6 
47.1 
160.6 

3.8 
1.33564 

2. 

524525 
1833963 

11 
8.3 

200.2 
91.3 

295.0 
61.1 

1.33569 

SUN 4/65 
SPARCstation 1+ 
12 Megabyte RAM 

PSS007 

1. 

524525 
512 
11 

41.3 
127.3 
454.2 
593.6 
94.4 

1.33564 

2. 

524525 
512 
11 

54.0 
221.9 
594.3 
830.8 
190.9 

1.33569 

SUN 4/75 
SPARCstation 2 

12 Megabyte RAM 

PSS025 

1. 

524525 
1833963 

11 
2.6 
58.9 
29.0 
89.7 
1.9 

1.33564 

2. 

524525 
1833963 

11 
5.1 

112.8 
56.4 

171.3 
31.3 

1.33556S 

SUN 4/75 
SPARCstation 2 

12 Megabyte RAM 

PSS025 

1. 

524525 
512 
11 

26.1 
69.6 
287.4 
364.9 
55.4 

1.33564 

2. 

524525 
512 
11 

34.3 
126.9 
377.1 
513.2 
98.6 

1.33569 

Table 3: Comparison runs of Bare-3d benchmark on SUN workstations 
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9. THE EXACT KERNEL (/*) METHOD APPLIED TO THE CHARGED-
PARTICLE TRANSPORT EQUATION 

P. Miazza and J . Ligou 

Abstract 

The Bollzmann-Fokker-Planck (BFP) equation has been ap
plied to treat charged particle slowing down in solids. The 
discrete-ordinates (SN) methods, with exact kernels (I*) or 
traditional truncated Legendre expansions (SN PL)I have 
been used to investigate well-defined benchmark problems 
related to atomic-displacement cascades. For an overall 
higher accuracy, it is found that an exact kernel transport 
calculation is equivalent, in terms of CPU cost, to a SN PN 
approach in one spatial dimension (ID). Moreover, if one 
compares the related cross section processing methods, it is 
shown that the calculation of the scattering kernels needed 
by the J' method needs only the same amount of CPU time 
as the standard PQ matrix evaluation. 

Introduction 
The charged particle transport in various host media 
can merely be described by a linear Boltzmann (neu
tron transport) equation with additional Fokker-Planck 
terms to remove the numerical difficulties resulting from 
the quasi-singular diverging scattering cross sections. 
Among other applications, as transport of fast ions in 
plasmas for ICF purposes (Refs.[15],[3]) the evaluation 
of atomic-displacement cascades in solids represents 
an interesting field to apply the Boltzmann-Fokker-
Planck (BFP) equation. In fact, the collisions between 
like particles (mass ratios being equal to unity) which 
drive this phenomenon induce a very strong energy-
angle correlation and a new type of anisotropy occurs in 
the laboratory system, irrespective of the discretization 
schemes over the energy and angular variables. In par
ticular, for a multigroup S r̂ calculation, the usual ex
pansion of the scattering kernels over Legendre polyno
mials (Pi) is poorly convergent in such a case, although 
the forward peaked charged particle cross sections are 
correctly handled by the BFP formalism. The use of 
the exact kernel (/*) method, originally developed by 
A. .Takahashi [4] and improved in our laboratory [5] is 
proposed to overcome these kinds of difficulties. 

The present contribution is a short version of our 
article published in Nucl. Sei. and Eng. (see Ref.[l]. 
It describes the main ideas of the I* method for the 

3D spatial Boltzmann or BFP formalism. 
The full version of this paper (Ref.fl] describes ad

ditionally the full discretization of the ID BFP equa
tion with the I* formalism and describes the prepa
ration of multigroup cross sections in a rather general 
numerical framework. Also the methos is tested inves
tigating the charged particle slowing down in solids and 
resulting cascade effects using cross section data origi
nally developed by Lienhard et al. The full version of 
this paper gives also numerical results for 2 benchmark 
problems defined as a 100 keV Au196-atom beam im
pinging on gold slab and a 3.5 MeV a-particle beam 
impinging on a cooper slab. Also a comparison be
tween our 7*-method and standard SJV P i expansion 
in terms of accuracy and CPU time is given. 

The I* Formalism in the Frame of 
the Boltzman or BFP Equation 

We give here the derivation of the exact kernel method 
(/*) for the Boltzmann equation in 3 spatial dimen
sions. The extension to the BFP equation is straight
forward because the I* formalism affects only the dis
crete collision source term (Boltzmann term). The 
BFP equation states: 

nV<p(E, fi, f) + Üt<p(E, ß , f) = qB(E, fi, f) + 

qFP(E,Q,f) + q''\EAf), (1) 

qB{E,Û,r)= f dE' f dp' I du' 
Ja J-Ï. Ji-K 

V,(E'^E,y)<p(E',ä',r), (2) 

qFP(E,Ü,ff) = -^(S(EME,Ü,f)) + T'(E) x 

dE 

<p(E,n,r), (3) 

where 

qext = external source term, 
^>',(E' —* E, 7) = differential scattering cross section, 
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£J(£) = total cross section, 
S(E), T{E) = Fokker-Planck coefficients , 
Q = (JJ.W) , fi'= (/j'.w') , (directions defined as 
usually), 

and 

7=fl-$l' = 
Uli + (1 - p 2) x / 2( l - ii2yl2coa{u - «') . (4) 

As seen in Eq.'l, w' can be seen as a function of 7 when 
(/i,/1', w) are kept fixed. 

The /* method chooses 7 instead of w' to integrate 
over the azimuthal angle in Eq.2. However, one must 
pay attention to the fact that ^'(7) is double-valued 
over the 7 range [-1;1. So we write: 

J = w + * , for u' G [u,w + ir] , 

w' = u-9 , for w' G[w + ir,w + 27r] , 

with the definition of * the shift azimuthal angle : 

with * 6 [0, JT] . (5) 

All the •?* formalism being contained in the integral 
over u)' in Eq.2 we rewrite only this one (omitting the 
space variables); if co is held fixed, we have by period
icity: 

/ "' du'VAE' - £ , 7 ) ^ » ' ) = 
Jo 

J d-r~S',(E'-*E,y)<p(E',v',U + *)-

dy~V,(E' - E,y)<p(E', /i'.w - * ) 

= - / dyC-VjE*-* E,y) 
fc>(£V,w + *) + V<£V,w-*)] , (7) 

where 

7i = 

72 

/ i / i ' - a - A i W i - / ! ' 2 ) 1 / ' . 1 

( w ' = w ) , 

/ i / i ' + ( i - / « a ) i / a ( i - / i ' 2 ) 1 / 2 , 

(w' = w + T) . . 

(8) 

\J# = arccos Finally, the derivation of Eq.5 with respect to 7 allows 
us to write: 

Jo 

D = (l-n*-li'
2-y2 + 2w'y)1'2 , 

dV 1 . , 
ly- = " V D ' rfTre^'»l' 

-r— = 0 . elsewhere . 
dy 

(9) 

/ 

•W+2T 

du'H,{E'-+Ety)v(E
,
ti{iu,,) = 

' du1 V,(E,->Ety)v(E', ?!,*/). 

Splitting the above integral in 2 terms, we get: 

r + 2 T dJVa{E' - £?, 7 M £ V , u / ) = 

As shown in a preceding paper (Ref.[5]), other useful 
expressions of D can be derived. We now define the J* 
function over the whole 7 range [—1; 1] and the condi
tion over 7 in Eq.9 can be expressed in a more general 
way which expresses the symmetry properties over the 
3 variables (n,n',y) : 

'•'"•"'̂  - T7B- v i » o . | 
/ ^ ' £ ^ ' - ^ , 7 ) ^ ' , ^ ^ ) + /*(/i , / ,7) = 0 , i / £ > < 0 . 

f 'ck,'E:(tf-£,7M£V,wi). (6) 

Having uniquely determined 11/(7) over the 2 ranges, 
we take 7 as the integration variable in Eq.6 so that 
we obtain: 

In other words, with the above analytical extension 
of the 7* function over the whole range [-1, 1] of the 
(fi, ft',7) variables, one can avoid any special constraint 
on them. Morevover the coefficient 1/ir has been in
troduced in such a way that: 



J dur=f dii'I'= J d7I' = l. 

Using Eqs.(7 to 10), we can explicitly rewrite the emis
sion rate in the J* formalism and for any geometry 
(omitting the space variables) as 

/ ( J e , / i 1 f l ) = 1 r ^ ° ° r f £ 7 ' | du'J dtl\tx,n',-r) 

£ ( £ ' - * S,-y)b(-B , ,M',«+*) + v ( £ ' , / , « - * ) ] . 

(H) 

where * = *(/J,M',Y) is given by Eq.5. The I* for
malism becomes particularly simple for ID plane or 
spherical geometries. In these cases, the angular fluxes 
are no longer depending on azimuthal angles and the 
last equation becomes: 

J dyrfaf,i)V,(E'^E,i). (12) 
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10. SYNTHETIC LOW-ORDER S J W A C C E L E R A T I O N SCHEME FOR INNER 
Stf-ITERAJTIONS OF TWO-DIMENSIONAL FINITE ELEMENT TRANSPORT 
METHOD 

J . S t e p a n e k a n d D . M . DavierWaJla 

A b s t r a c t 

The most widely used charged as well as neutral Particle 
transport solution method, the discrete-ordinotes Str, ispla-
qued by slow convergence of the inner iteration process. 
This leads to unacceptable long computational times if it 
is applied to solve large problems, such as two-dimensional 
problems or where the self-scatter cross section approaches 
the value of the total cross section. Therefore, much effort 
xuoi invested to develop synthetic acceleration schemes. 

Synthetic acceleration schemes use a lower order equa
tion with correction terms to make it consistent with the 
higher-order Str-equation to be solved. The Use of low-
order 52-eguai»on, instead of dißusion. Provides compat
ibility with any spatial discretization of the £JV transport 
equation and permits moments oj higher then first order to 
be accelerated. 

In the present work lotu-order SM -scattering source cor
rection scheme (SM-SSCS) for two-dimensional geometry 
and finite elements in space is developed and investigated. 
The scheme was built into two-dimensional, z-y and r-z, 
triangular finite element SN.transport code fRlsM-

H^e investigated the capability of the Si-scattering source 
correction scheme calculating three benchmark problems and 
comparing the number of iterations and the computation 
time mith values obtained using diffusion synthetic accel
erated finite difference two-dimensional Sfir transport code 
TWODANT. 

Introduction 

The present paper summarizes our work presented in 
Ref.[l]. It is a 2-dimensional extension of our method 
described in Ref.[2] for slab geometry. 

Inner-Iteration Procedure 

Standard Syv Sweep 

We assume the representation of the angular space by 
H and n directions normalized to p? + rf 5 1- Fur-
theimoie, vie assume a se t of MMn quadrature points 
(ßm'Vm) along with a set of quadrature weights (w m ) 

normalized so tha t 5 2 m = i N U7"> = *• Further, we as
sume 4 angular quadrants with the same number of 
quadrature points, and the total number of quadrature 
points to be M Mu = ^ + 2 ^ . Disregarding the spa
t ial coordinates, the Boltzman transport equation can 
be written for an energy group, g, anisotropic scatter 
of order L and a n external source, S, in the following 
form : 

£ i 

J2W+W'.?T,R$U*n><r'm)*$ + Sm , (1) 
4=0 t = 0 

m = 1,2,...,MMN, 

where £ m is leakage operator, and 'i'm is the angu
lar flux, the both in angular direction (ßm,T]m). $£fc is 
the angular flux moment (k£), assumed known at each 
inner iteration. The bracketed superscripts associated 
with t h e angular fluxes and angular flux moments are 
the iteration indices. S ( is the total macroscopic cross 
section. £*^ J is the self-scattering macroscopic cross 
sections of €-th degree of scattering anisotropy. L is 
the order of the Legendre polynomial scattering source 
representation. Sm is the group source, which remains 
unchanged during the inner iterations for the particular 
group. It comprises of in- and out-scatter and fission 
computed using the Legendre moments from the pre
vious outer iteration, plus any inhomogeneous external 
source. The angular-flux moments are given by 

m = l 

for 0 < I < L and 0 < k < £, 

(2) 

where -R*(^m,^m) are spherical harmonics polynomi
als, and the angle <f>m is given by: 

<Pr •{ 
_ / t a n - H l - ^ - ^ ) 1 7 2 / ^ , Vm > 0 , 

t a n - H l -lim- 1rn)1,2/lm +*, Vm < 0. 

(3) 

T h e superscript (Z4-I/2) is used to emphasize t ha t if the 

iteration process is accelerated, the moments \Pj t ' ' 
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are not used directly on the right hand side of Eq.(l) 
in the next iteration cycle. In fact the acceleration 
method provides a relationship between $/t and ->M 

*' (1+1) 
Ik Hence, if the process is not accelerated this 

relationship is 

é'+V = $(,',+l/2) , for 0 < £ < L and 0 < k < I 

/=o 

i = 0 
- * 2 ? ) . (6) 

vtk vtk 

The iteration process defined by Eqs.(l) and (2) con
verges inone iteration in the case of the isotropic com
ponent of the self-scattering SJÔ = 0 a n ^ vacuum 
system-boundaries but converges slowly if E*jj ' tends 
to E D the total cross section, i.e. in non removal or near 
non removal case or when the spatial system is optically 
thin and there are two opposite reflective boundaries. 

(4) The angular-flux moments are given by 

MMM 

m=l 

for 0 < £ < L 

< <}>m)g1 
(A) 
m 

and 0 < k < £. (7) 

Synthetic S^-Scattering Source Correction 
Scheme 

Again, the superscript (A -f 1/2) is used to emphasize 
that if the iteration process is accelerated, the moments 
<&+1/2> are not used directly on the right hand side of 
Eq.(5) in the next iteration cycle. 

_. t , ,. . . . .. , ,aano\ A f t e r solving Eqs.(5) and (7) for Gtkg, the flux mo
i n e synthetic scattering source correction scheme (SSCS) n+D 
was first outlined by Larsen in connection with diffusion- m e n t s * « * a r e calculated using the expression: 
synthetic acceleration scheme [3]. Following the same 
idea, the S2-scattering source correction scheme (S2- A( '+0 A( '+I /2) , /-. 

®tk = ®tk +<*tk , 
for 0 < £ < LM and 0 < k < £. (8) 

SSCS) was developed and tested considering slab ge
ometry in Refs. [2] and [4], 

Applying these ideas to 2 dimensional geometry and 
S M - S S C scheme, one considers, first, Eq.(l) to be con
verged, i.e. rr jefines the iteration subscripts (/ + 1/2) 
on the left side and (/) on the right side to (/ + 1). 
Then the Eq.(l) is subtracted and the result solved in 
SM discrete ordinates approximation. It leads to the 
following equation: 

I ^ + 1 / 2 ) + S<</£+1/2) = E ( 2 £ + 1)E3V E< 
/=0 

I 

I 
fc=0 

for m = 1,2,..., M MM, 

(5) 

where Lm is leakage operator, and g\n is the angu
lar flux, the both in angular direction (fim, r}m). G^ is 
the angular flux moment (£k), assumed known at each 
inner iteration. The number of the quadrature points 
is M MM — —»• 2 • LM is the order of the Legendre-
polynomial scattering-source representation given by 
LM = min(M - 1 , L). S% is the source, which remains 
unchanged during the inner iterations. It is computed 
from: 

The higher moments are calculated using Eq.(4) for 
LM + 1 < £ < L and 0 < fc < £. 

This method accelerates the zero-th to LAf-th an
gular flux moments. The process converges to an exact 
solution because both the scattering sources correction 
and the additive correction features g tend to zero. 

The iteration process is accelerated using S2—SSC-
scheme described in the next section. If M = 2 then 
Eqs.(5) and (7) are solved directly as described bellow. 

Synthetic S2-Scattering Source Correction 
Scheme 

One considers, first, Eq.(5) to be converged, i.e. ne
glects the iteration subscript. Than the Eq.(5) is sub
tracted and the result solved in S2 discrete ordinates 
approximation. It leads to the following equation: 

Lmfm + E , / m , = £ ( 2 £ + 1 ) E ; < " 

1=0 

(9) 
*=o 

for m = 1,2,..., 4, 
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where S^, is the source given by: 

S2, = E ( 2 / + I ) E : ; " 

£^WMfe*+1'2>-GM), (io) 
Jc=0 ^ ' 

/,2 = min(l, L) and the angular flux moments, Fy., are 
given by: 

4 

^fc = 2 _ , wmRl(ftm,<l>m)fm . 
m=l 

for 0<e<min(l,L), 0 < k < £. (11) 

In contrast to the Eqs.(l) and (2) or (5) and (7), Eqs.(9) 
and (11) are solved directly. After solving them for fm 

and Fik, the flux moments G^ are calculated using 
the following expressions: 

G ( , + 1 ) = G ( A + 1 / 2 ) + p a _ 

for 0<e<L2 andO<fc<£ . (12) 

and 

r ( A + i ) _ ^ ( A + i / 2 ) 

for L2 + l <e<LM &nd0<k<e. (13) 

This method accelerates the zero-th and the first an
gular flux moments. 

Boundary Conditions 

In the full size of this paper [1] the variety of the 
boundary contitions related to the synthetic accelera
tion schemes is described. These are Vacuum-, Reflective-
, White-, and Source bondary conditions accomplished 
with the conditions for optically thin "streaming" sys
tem as well as boundary flux update. 

Test Cases 

A three test cases a considered in the full size of this 
paper. As an example we selected Morel's problem 
(see Ref.[5]) originally defined for slab geometry. We 
adapted it to the r-z geometry considering radius of 10 
transport mean-free paths and half-height of 4 trans
port mean-free paths size. A high-order Fokker-Planck 

scattering expansions of 3rd, 7th and 15th degree are 
used in conjunction with Gauss quadratures of 4th, 8th 
and 16th order, respectively. The high order scattering 
cross sections are given by formula: 

E ' - H i(L+i)>r 
so that the last L-th moment is zero. The scatter
ing ratio is C = 1. The average scattering cosine, 
< n > = EJ/SJ, is 0., 0.8333, 0.9643 and 0.9917, re
spectively. The total cross section was assumed to be 
equal to 1., so that the optical thickness of the spa
tial intervals, < Eh >, is 0.1111, 2.0, 9.3333 and 40.0. 
30 equidistant spatial intervals (60 triangles) are con
sidered in r-direction and 12 equidistant bands in the 
half-height. Considered are reflective boundary con
ditions at the left and bottom boundary and vacuum 
boundary conditions at the top and right boundary. 
As usual the quadrature at least of order N must be 
used in conjunction with scattering expansions of de
gree N — 1. 

The tolerance for the relative meshwise flux error 
was (1 — p)10~4. If the relative convergence tolerance 
is 10~4 , the real deviation of the converged value from 
the exact solution is still greater than 10 - 4 . The reason 
lies in a high spectral ratio, p. The use of a convergence 
criterion of (1 - p)\0~4 leads to an larger increase of 
unaccelerated SN sweeps in comparison to the increase 
of accelerated ones. 

The number of iterations and the computational 
time required to converge each calculation using the 
standard S# sweeps, rebalanced standard SN sweeps, 
and S2-SSCS and Sjvf-SSCS acceleration 
method, respectively, are summarized in Table 1. Be
cause the ratio of the scattering to total cross section 
is 1.0, this benchmark problem is very sensitive to the 
methodology used for scattering source rebalancing. 
Furthermore the high order of forward-peaked scatter
ing allows to investigate the efficiency of the synthetic 
low-order SAf-scattering source correction scheme with 
respect to the synthetic S2-scattering source correction 
scheme. 

The synthetic SA/-acceleration scheme uses, first, 
S2 approximation. If the iteration process is not con
verged, the S^f-order is increased to M = 4 and S4 

sweeps are accelerated using is S2-approximation. Dur
ing the convergency process S^-order of acceleration 
scheme is continuously increased up to the order of 
M = N/2. 

The result are showing that even if the S2-SSCS 
acceleration is surprisingly efficient even for high order 
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Table 1: Number of Sw Iterations( K) and Total Computational Time for Various N for Test Case 2 

L/N 
1/2 

3/4 

7/8 

15/16 

<n> 

0. 

0.8333 

0.9643 

0.9917 

<T,h> 

0.3333 

2.00 

9.33 

40.0 

Scheme 
Rebalanced 

S2-SSCS 
Rebalanced 

s2-sscs 
Rebalanced 
s2-sscs 
SJI/-SSCS 

Rebalanced 
s2-sscs 
S^f-SSCS 

p 
0.8011 
0.0000 
0.9400 
0.5684 
0.9846 
0.9002 
0.O190 
0.9962 
0.9801 
0.0320 

K 
43 
1 

155 
16 

629 
63 
5 

2603 
270 
5 

Time(sec) 
2.91 
0.47 
30.4 
6.34 
412.2 
53.0 
39.4 

7006.0 
126.7 
61.3 

of scattering anisotropy, S^-SSCS acceleration leads 
to reduction of the computational time by a factor up 
to about 2 for L=15. 
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11. A THREE-DIMENSIONAL GENERATOR OF T H E TISSUE-CELLS 
GEOMETRY 

J . Arkuszewski 

For detailed investigations of radiation effects on 
a single tissue-cell and its DNA the three-dimensional 
model of the tissue-cells geometry including the cell 
core is an important prerequisite which, to our knowl
edge, never was considered up to now. 

As a first step of its development, the two-dimensional 
generator of the tissue-cells geometry has been devel
oped from purely mathematical principles. The cells 
are generated on the torus surface, i.e on the infinite 
plane. The algorithm contains the following steps: 

1. Sample N points on the unit square, 

2. Halve lines between a point and its neighbours; 
take the perpendicular lines at those points, 

3. The intersections of above perpendiculars clos
est to the initial point form a Voronoi polygon. 
Those polygons cover the whole torus, 

4. Move the initial points to the polygons centres of 
mass, 

5. Repeat steps 1 through 4 until a satisfactory struc
ture is achieved. 

The above procedure called also a mathematical 
cristallization leads to geometry of 200 cells shown on 
Fig. 1 where cross denotes the centre of mass and aster
isk the Voronoi centre. The first diagram corresponds 
to the random distribution of Voronoi centres; the ge
ometry lacks the regularity of the tissue cell structures. 
The second diagram has been plotted after 10 itera
tions and here the both type of centres almost coin
cide. This structure can be already considered as a 
good approximation of the tissue. 

This approach is being presently tested in the hit 
model of the cell survival. Then this development will 
be extended to three dimensions, i.e. Voronoi polyhe-
dra for the more realistic charged particle tracking in 
biological applications of the microdosimetry. 
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12. ASSESSMENT OF NJOY GENERATED NEUTRON HEATING 
FACTORS BASED ON J E F / E F F - 1 

P. Vontobel 

Abstract 

Using the NJO Y nuclear data processing system, a cou
pled neutron-photon multigroup MATXS-formatted nuclear 
data library was generated based on the Evaluated Files 
JEF/EFF-1. The neutron healing factors contained in this 
VITA MIN-J structured library are compared with those of 
MACKLIB-IV. 

The main difference are due to the included decay heat 
of shortlived reaction p roducts in MACKLIB-IV and/or 
due to too high/low photon production data of some JEF/ 
// EFF-1 isotopes. 

It is recomended to check carefully the energy balance of 
new evaluations containing photon production data. How 
this can be done with the help of the NJOY HEATER mod-
tde is shown in the full version of this paper [1]. 

Methodology 

To calculate exactly the heat deposition originating 
from the neutron and photon radiation field is one of 
the main tasks in the design of structures used in fission 
and fusion reactor systems. 

This is usually done with the help of 1-D or 2-D de
terministic transport calculations or multidimensional 
Monte Carlo calculations. 

Whereas the methods used in those codes did not 
change in the last years, the database used for them 
were recently updated. These database are not only 
based on new evaluations such as EFF-1 but are some
times created using new nuclear data processing codes 
e.g. NJOY89 [2]. 

In order to assess the changes introduced trough 
this, it was worthwhile to compare important response 
functions (like heating factors) used previously with 
those contained in the new databases. 

This work [1] contains a graphical comparison of 
neutron heating factors of selected light and structural 
material isotopes of the EFF-1 VITAMIN-J library with 
those of MACKLIB-IV. The cause of major differences 
is discussed and some conclusions for the improvement 
of neutron heating factors are given. 

The problem of negative neutron heating factors in 
some of the JEF/EFF-1 based kerma factors is mainly 
due to inconsistencies in the evaluations, i.e. there was 
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no attempt to force the energy balance between the 
neutron data and the corresponding photon produc
tion data in the energy ranges concerned. In many 
cases this can be corrected easily by the evaluator, be
cause only small corrections in the photon production 
data in those isotopes are needed (see Fig.l). In the 
MACKLIB-IV library such negative neutron heating 
factors do not exist, because the MACK-IV code [3] 
Uses conservation of momentum, to generate neutron 
heating factors. These kinematic relations generally 
do not provide sufficient information about the energy 
carried away by photons for all neutron induced reac
tions, although they givean upper limit for the neu
tron heat deposition. The same kinematic kerma value 
is provided by the MT443 reaction descriptor of the 
NJOY HEATR module [2]. This upper kinematic limit 
neutron heating value MT443 has therefore been in
cluded on the multigroup library for those isotopes 
which showed negative (i.e. unphysical) neutron heat
ing values. 

Negative (or too high) neutron heating factors can 
be avoided during evaluation of neutron and corre
sponding photonproduction data by carefully checking 
the energy balance of all the particles interacting in 
the neutron reaction. This capability is provided by 
the NJOY HEATR module. Lower and upper kine
matic limits are established against which the energy 
balance values are compared (see Fig.2). 

For new evaluations the use of nuclear model codes 
such as GNASH, which force the energy balance, is 
recommended. 
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13. CROSS-SECTION UNCERTAINTY STUDY OF THE NET SHIELDING 
BLANKET 

J.-F. Jaeger 

Abstract 

The Next European Torus (NET) is foreseen as the next 
step in the European development towards the controlled 
use of thermonuclear fusion. Detail design of the shield
ing blanket protecting the peripherals, more especially the 
super-conducting coils, is well advanced. A cross-section 
uncertainty study, i.e. a study of the expected inaccuracy 
due to the nuclear cross-section data, has been done for the 
neutron-gamma reactions in the insulation of the coils for 
such a design. 

As an extension of previous work on the NET shield
ing blanket (e.g. MCNP calculations), it was deemed neces
sary to estimate the accuracy attainable with transport codes 
in view of the uncertainties in microscopic cross-sections. 
The code used, SENSIBL, is based on perturbation theory 
and uses covariance files, COVFILS-2, for the cross-section 
data. This necessitates forward and adjoint flux calcula
tions with a transport code (e.g. ONEDANT, TRISM) and 
folding the information contained in these coupled fluxes 
with the accuracy estimates of the evaluators of the ENDF/B-
V files. Transport, PsSi2, calculations were done with the 
ONEDANT code, for a shielding blanket design with 714 
MW plasma fusion power. Several runs were done to ob
tain well converged forward and adjoint fluxes (ca. 1%). 
The forward and adjoint integral responses agree to 2%, 
which is consistent with the above accuracy. The n-y re
sponse was chosen as it is typical of the general accuracy 
and is available for all materials considered. The present 
version of SENSIBL allows direct use of the geometric files 
of ONEDANT (or TRISM) which simplifies the input. Co-
variance data is not available at present in COVFILS-2 for 
all of the materials considered. Only H, C, N, 0, Al, Si, 
Cr, Fe, Ni, and Pb could be considered, the big absentee 
being copper. 

The resulting uncertainty for the neutron-gamma reac
tions in the insulation of the coil was found to be 17%. 
Simulating copper by aluminium produces a negligible in
crease in the uncertainty, mainly because the copper is not 
in a region of large fast flux. 

Introduction 

As 3-D Monte Carlo results from MCNP calculations 
on the shielding performance ofthis blanket of the Next 
European Torus (NET) became available[l, 2], it be
came apparent that it would be difficult to get enough 

shielding of the super-conducting coils. In particular, 
the heat released in the coils and insulation determines 
the size of the liquid helium cooling requirements. It 
was also noted that on the inboard side, at least, much 
information might be obtained from 1-D and 2-D de
terministic calculations, in particular the expected er
ror due to cross-section uncertainty could be obtained 
from a sensitivity/uncertainty study. 

Ideally this should have been done on the kerma 
cross-sections (heat released) for the insulation. In
stead, the neutron-gamma, n-7, reaction was chosen 
as it is available from the Joint European Files, JEF, 
for all the elements required - thus allowing a European 
assessment - whereas kerma data are sparse in this li
brary and no kerma data are available in COVFILS-2, 
the most up-to-date uncertainty file[3]. 

The expected error on (n,7), as it turns out, is al
most entirely due to the global calculation and not the 
errors on the (n,7) cross-section, o~na, in the insula
tion. However, as was said above, not much is known 
on the accuracy of the kermas themselves. 

The present paper summarizes the work published 
in Ref. [4]. 

Methods and Codes 

The method used has been described[5, 6] and used 
several times before[7], 

• condensation of the source library to produce the 
basic materials, e.g. stainless steel, with TRAMIX,[8] 

• mixing to obtain the actual materials, with MIXIT, 

• direct and adjoint flux calculations with a deter
ministic Siv-transport code, 

• uncertainty analysis with SENSIBL[9]. 

This route was originally chosen to be used with TRISM[10], 
a 2-D code, in a quasi one-dimensional calculation. The 
use of ONEDANT[ll], a 1-D code, instead, involved 
modifications to SENSIBL[12] to accept flux and geom
etry files from ONEDANT. SENSIBL is an improved 
and accelerated version of SENSIT-2D[13], itself an 
extension of the 1-D sensitivity and uncertainty code 
SENSIT[14], and uses the cross-section data file COVFILS-
2[3]. 
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Geometry and Composition 

A vertical infinite cylinder is used to represent the toka-
mak. On the inboard side, this is quite a good repre
sentation, at least at the mid-plane. The geometry is 
taken the same as for the MCNP calculations[2] and 
supplemented by Ref.[15]. on the inboard. On the 
outboard only the blanket and the first 4 cm of shield 
are modelled. At this distance, the neutron fluxes are 
only a few percent.s of their value in the plasma. As 
the code cannot have a vacuum boundary on the inside 
surface, 20 cm of stainless steel are used instead, with 
vacuum in the center. 

As for the geometry, the compositions used for the 
transport calculations are those of the MCNP calcu
lations [2] except for the super-conducting coils and 
their insulation which were not modelled then. These 
are taken from Ref.[15]. The former compositions are 
based on standard 316LN stainless steel with impu
rity concentrations, Mn, Si, P, S, at their upper limit 
and on the actual volume of water. As the JEF (Joint 
European File) library is used, Sn and Ta are miss
ing and neglected. As these are present only in the 
super-conducting coil which is beyond the insulation, 
this should not have a large effect on the results. The 
source library MAT187, a 187 neutron gioups library, 
is condensed to the 74 groups structure of COVFILS-2. 

For the SENSIBL calculations the COVFILS-2 files 
are used. These only have 14 elements, so that P, S, 
Mn, Mo, Ca, Mg, 10B, n B , Nb, Sn, Ta, He, Co, and Cu 
have to be neglected in the coils and in the insulator. 
Of these the big absentee is copper representing an 
atomic fraction of 43% in the coil. However, simulating 
it as aluminium has only a very small effect. In the S.S., 
only Mn (2%) and Mo (1.4%) occur in any sizeable 
concentration so the error introduced should not be 
large. A further source of errors is the fact that there 
are no covariance files for the (11,7) reaction for oxygen 
and silicon. This again is not serious as the uncertainty 
of the (n,7) reaction only accounts for a small fraction 
of the total. 

Results of Uncertainties 

The detailed uncertainties are given in Table 1. The 
main contributors are Fe, Cr, Ni. Of the total stan
dard deviation of 17.2%, 14.8% are caused by iron. As 
stainless steel (316LN) is, with water, the main con
stituent of the shield, this is to be expected. It must 
be remembered that, as the uncertainties are assumed 
to be uncorrected, the squares of the uncertainties are 

Table 1: Uncertainties due to Cross-Sections 

Isotope 
Fe 
Cr 
Ni 
12C 
ISQ 

'H 
27AI 
Sw« 
14 N 

Pb 
Total 

Mat 
1326 
1324 
1328 
1306 
1276 
1301 
1313 
1314 
1275 
1382 

% 
14.8 
6.7 
4.9 
1.7 
1.6 
1.2 

0.68 
0.49 
0.16 

0.003 
17.2 

summed, not the uncertainties themselves. 
If the uncertainty due to the (n,7) cross-sections 

under consideration in the insulation is neglected, the 
change is only 0.01% - mainly due to Al, showing that 
the uncertainty in this case is essentially due to the 
overall calculation of a relatively thick shield. As no 
information is available on the kermas in COVFILS-2, 
it is not possible to estimate the total uncertainty on 
the heat deposited. 

The uncertainty of copper is not available in COVFILS-
2. Simulating the copper in coil and insulation as alu
minium, instead of neglecting it, increases the uncer
tainty by 0.04%. This is because the insulation is in a 
region of low flux, especially of low fast flux (where 
the cross-sections are usually less well known). As cop
per is not a reactor material (high absorption cross-
sections), it will be less well known than aluminium, 
but, nevertheless, the effect should still be small. 

Because "non-reactor" materials are used for the 
insulation, only 71% of the total (n,7) cross-sections are 
covered by the uncertainty table, the rest not having 
uncertainty estimates. Even Si and O, which are in 
COVFILS-2, do not have (n,7) uncertainties. 

Discussion and Conclusions 

It is clear that 1-D deterministic transport calculations 
with JEF group-wise cross-sections underestimates the 
penetration power of the neutrons. This could be due 
to: 

• method:- deterministic v. Monte-Carlo 

• 1-D v. 3-D 

• JEF v. ENDF/B-IV 
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• group v. point cross-sections. 

3-D calculations are clearly needed for good results. 
However, the error caused by the cross-sections in a 1-
D case should still be relevant, as the evaluators took 
great care in using the best data for both libraries. 
Furthermore, doing an uncertainty evaluation on a 3-
D basis is still a formidable task at present. 

Not all the materials are available in the libraries. 
For the transport calculations only Sn and Ta are miss
ing. As they arc present only in the coils and in quanti
ties relatively small compared to iron and copper, this 
should not influence the accuracy of the transport cal
culations. Much more relèvent is the mesh size. There, 
a hand optimization was done to get mesh sizes giving 
a convergence of about 1%. This is considered as suffi
cient for engineering purpose. The agreement (2%) be
tween both integral products shows this to have been 
obtained. 

More important is the lack of many elements in 
the covariance files. However, most of the uncertainty 
comes from the overall computation, where the covari-
ances are known, only 0.01% out of 17% from the (n/y) 
response in the insulation itself. There, replacement of 
copper, which is unknown, by aluminium only adds 
another 0.04%. Even if only 71% of the (n,7) cross-
section are covered, the rest being "non-reactor" ma
terials, this only affects uncertainties of the order of a 
few 0.01%. One can, thus, expect the overall influence 
not to be too large. Of course, if the kermas used in 
MCNP for example, are very inaccurately known, this 
will introduce more uncertainty. 

Although not all the factors influencing uncertainty 
due to cross-sections have been covered, the results ob
tained should, nevertheless, indicate in a broad fashion 
the expected uncertainty. This resulting uncertainty 
for the neutron-gamma reactions in the insulation of 
the coil is found to be 17%. This does not cover, it 
must be stressed, uncertainties due to other factors 
such as lack of accuracy in the density or the dimen
sions, (e.g. tolerances and corrosion). These could not 
be computed in the present state of the code. 
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J . Arkuszewski, C.E. Higgs, and J . Stepanek 

1 TRAMIX: A Code for Interfacing 
MATXS Cross-Section Libraries 

to Nuclear Transport Code for all 
Type Fission Reactor, Fusion 
Blanket as well as Shielding 

Analysis 

TRAMIX is a computer code that reads nuclear data 
from a library in MATXS format and produces trans
port tables compatible with many discrete-ordinates 
(S#) and other transport and diffusion codes. 

Tables can be produced for neutron, photon, or 
coupled transport. TRAMIX is based on TRANSX-
CTR and uses all i ts options, such as adjoint tables, 
mixtures, self-shielding, group collapse, homogeniza-
tion, thermal upscatter, prompt or steady-state fis
sion, transport corrections, elastic removal corrections, 
and flexible response-function edits. Also the ability to 
prepare coupled tables and response edits for heating 
, damage, gas production, and delayed activity espe
cially useful for fusion reactor studies were included 
from TRANSX-CTR. 

Additionally included were options important for 
heterogeneous fission reactors such as DancofT factor, 
escape probabilities, disadvantage factors for grains in 
fuel elements, intermediate resonance (IR) shielding 
table-method and capability to read isotopical den
sity information as well as cross sections for aggregate 
quantities accumulated for non-explicit fission prod
ucts and actinides during fuel depletion cycle from CCCC 
files. 

In 1990 a package for calculation of probabilities 
based on table-interpolation was developed. Further
more, a surface current methodology for the flux cal
culation in a double-heterogeneous multilayer multicell 
Was developed. This improves accuracy in calculation 
of resonance shielding based on IR-table method. 

The tabulated probabilities as well as the surface 
current method are also a basis for the development of 
the slowing-down methodology for a complex geome
tries of a single- as well as multicell being presently per
formed in the frame of an cooperative program between 

PSI, IKE-Stuttgart, INTERATOM-Bergisch-Gladbach 
and HRB-Manheim under a contract with German Re
search Ministry (BMFT). 

At PSI a concentration will be paid to include a 
charged-particle path to enable the production of a 
coupled neutron/photon/charged-particle nuclear data 
tables. As input charged-particle data-library the li
brary described in Section 7 can than be used. 

2 Production Version of BFP Code 
for Charged Particle Transport 

and Atomic-Cascade Calculation 

The code, written by P. Miazza and J.Ligou (EPFL), 
for charged particles transport and cascade calculation 
using exact kernel (/*) method was adapted at PSI to 
the Sun computer and a production version was made. 
The code is divided in three parts: (a.) A parameter 
preparing code CALP, (b.) The code MATEXE, pre
pares cross sections, Fokker - Planck coefficients and 
transfers the main parameters into input files of BFP 
code, and (c.) A transport BFP code using data pre
pared by CALP and MATEXE. 

The BFP code was improved by applying dynamic 
memory management. A complex description of all 
three codes, input and output files is given in an PSI 
- internal report [l]. The underlying theory was de
scribed in Ref. [2]. 

Presently, the code is written for slab geometry 
only. The next step is its generalization for the spher
ical geometry, the use of charged particle data file de
scribed in Section 7 and produced by TRAMIX code 
described in Section 1 and the implementation of the 
synthetic acceleration methodology for inner-iteration 
process described in Section 2. 

3 ITS Package of the Electron 
Transport Codes 

The ITS (Integrated Tiger Series) package of codes 
contains various versions of the Monte Carlo coupled 
electron-cum-gamma transport codes for the energy 
> 1 keV. The codes belonging to the package encom
pass slab, cylinder and general combinatorial geometry, 
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puke—height tallies as we]] as external magnetic fields 
in various combinations. 

The slab geometry code TIGER of the package ITS 
has been installed on the SUN Sparc server and some 
sample cases were successfully run. ITS uses by default 
the vendor random number generators. This has the 
disadvantage, that the results from various machines 
cannot be compared. Therefore the new, portable ran
dom number generator has been built in with rather in
significant penalty in the code performance. The code 
has been then installed on the CRAY-XMP at ETH 
Zürich and the portability of the results has been suc
cessfully proved. 

A more realistic problem has been run on request 
from the Institut für Medizin at KfA Jülich: the trans
port as well as the energy deposition of the Y90 ß~ 
decay electrons in a 10 mm water slab. An additional 
program has been written do generate the source en
ergy spectrum. 

4 The General Purpose Monte 
Carlo Code MCNP 

This code is in use at PSI since 1983. Originally the 
code dealt with transport of neutral particles: neutrons 
and photons. The latest version 4.1 has among others 
a new, very important addition: the electron transport 
together with the pulse-height or the energy deposi
tion tally. This feature follows the formalism of the 
ITS/TIGER approach, therefore the ITS maintenance 
has lost its initial importance. The work on MCNP 
can be divided into the following topics: 

- Installation of MCNP-4.1 on SUN and CRAY-
2 in Lausanne with the identical set of libraries, 
newest revision of the EFF-1 (European Fusion 
File) and the high energy library for neutrons 
< 100 MeV inclusive. The performance of the 
SUN code has been found to be amazingly good 
and amounts to about 25% of the CRAY-2 one. 
However the "bootstrap" option does not work 
on SUN. A compiler bug is suspected. 

- Testing the patch and the library for the neutron 
energy up to 100 MeV. 

- Debugging the unresolved resonance patch. The 
results are still unsatisfactory. The original patch 
was written for the version 3A of the code, now 
it has to be rewritten for the version 4.1. 

5 Auger- and Koster-Kronig 
Electron Emitters 

The mechanism of high biological efficiency of in DNA 
incorporated Auger- and Koster-Kronig electron emit
ters was still not fully clearified. In order to establish 
own know-how at PSI, the calculational path is being 
under the development in PSI. 

The first step was the adapting and testing of Monte 
Carlo cades for simulation of Auger- and Koster-Kroriig 
electron cascades developed by Charlton and Booz at 
IfM of KfA Jülich. By this a way the electron as well 
as related photon spectra can determined. This code 
has been installed on the SUN server and partly tested. 
Presently, it contains data for 1257 only. 

6 Neutron Boron Capture Therapy 
(NBCT) 

The main activity is a MCNP support of the NBCT pa
rameter study carried out In the F-2 area of PSI. The 
project is based on the application of 72 MeV proton 
injector for a therapeutical spallation neutron source. 
The configuration and the composition of the spectrum 
former as well as the heavy water moderator is being 
investigated with the goal of maximizing the energy de
position in B10 within the brain phantom against the 
minimum of the parasitic gamma dose and the phan
tom surface total dose. New tally flagging features of 
the MCNP allow for the systematic investigation of the 
source neutron energy influence on all above parame
ters. 
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