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ABSTRACT

The existence of huge amounts of mass laying at the center of some
galaxies has been inferred by data gathered at different wavelengths. It
seems reasonable then, to incorporate gener&l relativity in the study of
these objects.

A general relativistic hydrostatic model for a galaxy is studied. We
assume that the galaxy is dominated by the dark mass except at the
nucleus, where the luminous matter prevails.

It considers four different concentric spherically symmetric regions,
properly matched and with a specific equation of state for each of them.
It yields a slowly raising orbital velocity for a test particle moving in
the background gravitational field of the dark matter region. In this
sense we think of this model as representing a spiral galaxy.

The dependence of the mass on the radius in duster and field spiral
galaxies published recently, can be used to fix the size of the inner
luminous core.

A vanishing pressure at the edge of the galaxy and the assumption
of hydrostatic equilibrium everywhere generates a jump in the density
and the orbital velocity at the shell enclosing the galaxy. This is a
prediction of this model.

The ratio between the size core and the shells introduced here are
proportional to their densities. In this sense the model is scale invariant.
It can be used to reproduce a galaxy or the central region of a galaxy.

We have also compared our results with those obtained with the
Newtonian isothermal sphere.

The luminosity is jiot included in our model as an extra variable in
the determination of the orbital velocity.
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1 Introduction

The orbital velocities of stars and gas in the disks of spiral galaxies have
revealed the existence of a dark matter that distributes itself as a halo
around the disk of the galaxy (Rubin 1982). This non-luminous matter
may add up to 90 % of the mass content of the universe.

Apparently, this is not a characteristic of spiral galaxies alone. The
giant elliptical galaxy M - 87 has evidence that the mass to light ratio
is at least an order of magnitude greater than the usual value ranging
from 5 to 10, taking the sun as a unit {Fabricant and Gorenstein 1983;
Stewart et al. 1984). Unfortunately M - 87 is located at the center of
the Virgo cluster, consequently is not a typical elliptical galaxy (Binney
and Tremaine 1987).

A group of astronomers (Burstein and Rubin 1985) have argued that
if dark matter is comparable to luminous matter at each radius, the
study of mass distribution is the relevant method for studying galax-
ies. After measuring the orbital velocities of a large sample of galaxies
located in different places in a cluster and also in the field, they found
a correlation between the distance to the center of the cluster and the
outer gradient of the rotation curve of the galaxy. Outer cluster galax-
ies and field galaxies tend to have a raising rotation curve, but inner
cluster galaxies have a flat or a falling one. They conclude that the en-
vironment is an important factor in determining the mass distribution
of a spiral galaxy.

More recently, Persic and Salucci (1991) have introduced the lumi-
nosity as another parameter that correlates with the steepness of the
orbital velocity. Using a naive approximation, as we show in Section 3,
we can force this result in our model.

Concerning the center of some spiral galaxies, the information gath-
ered by observers at different wavelenghts points to the existence of
small regions in which a huge amount of mass is enclosed. The most
used explanation for this phenomenon is the existence of a very mas-
sive black hole of 106 to 108 Mo resting at the center of the galaxy
(Kormendi 1988; Mould et al. 1989). Recently the existence of a huge
amount of matter at the center of NGC 6240 has been reported by
BlandHawthorne et al. (1991).

We have adopted the point of view that mass distribution inside a
galaxy is an important parameter for its classification. Using a spher-
ically symmetrical model, we have introduced four different regions in

our model. We assume that the luminous mass is gravitationally dom-
inant at the center of the galaxy and that the dark mass with a l / r 1

decaying density, dominates the halo. Enclosing these two regions there
is a thick shell and finally the empty space. The origin of each of these
regions is explained below.

Because we expect a black hole to lurk at the center of some galaxies
or, as mentioned before, a large concentration of mass lying there, we
use Einstein equations in our model. As a consequence, the process of
matching different regions is done following the constraints imposed by
general relativity. It is clear that this is a far more sophisticated model
than actually needed, but given the refinement of the observations, it
appears interesting to have a simple toy model that can be used as a
background in some of the estimations usually made in this field.

For instance, the strength of the gravitational potential
( [GM/c2]/.R, where R is the radius of the edge of the central bump)
that a star feels at the edge of the luminous bump in NGC 6240 is be-
tween 200 and 1000 times the strength felt by the planet Mercury in its
orbit around the sun. It is also 10~4 times the equivalent gravitational
strength adscribed to a neutron star, where general relativity is clearly
needed.

Since the model is spherically symmetric and static, the equations
obtained are very similar to the Newtonian case and their solutions are
analytic functions. Both properties make this model interesting.

This is the subject of Section 2. The detailed mathematical results
are displayed in Appendix A to E, as an attempt to keep the continuity
of the work.

We have reviewed the observational data of Forbes and Whitmore
(1989) to compare our results.

We also notice that our general relativistic model is scale invariant
and in this way it allows the description for a cluster of galaxies or the
central region of a galaxy.

Finally, our assumption of hydrostatic equilibrium everywhere in the
galaxy and the matching conditions introduced by the general relativity,
generates a jump in the density and in the orbital velocity at the end
of the galaxy. It would be interesting to study some galaxies that show
a change in the slope at the farthest of the observed orbital velocities.
To verify the existence of this effect we need to identify the i/y/r decay
of the orbital velocity that signal the end of the galaxy.

The analysis of our results using the observations as a reference has



been discussed in Section 3.
In Section 4, we have considered a Newtonian isothermal sphere as

a model to compare our results. This model automatically produces
a flat orbital velocity. Adding an extra density (see Ipser and Sikivie,
1987) representing the luminous matter yields different results that are
summarized in the Figures included in this Section.

The signature of the metric is: ( - , + , + , + ). We use the convention
G — c = 1 except in Appendix D and in the text when G and c appear
explicitly.

2 The Hydrostatic General Relativistic Model

The model consists of a central pit with two thick shells placed on top of
it ending in an empty Schwarzschild spacetime. Each one of them has
been matched as required in general relativity, that is to say, with the
continuity of both the metric and the extrinsic curvature. The pressure
must be continuous and only jumps in the energy density p are allowed.

The spherical symmetry makes the resulting equations as simple as
possible. The hydrostatic assumption has been used before to describe
the physics of the elliptical galaxies, the bulge of the spirals and clusters
of galaxies (Hernquist 1990; Stewart et al. 1984; Maoz and Beckenstein
1990) and here we apply it to the structure of the galaxy as a whole.
The observed orbital velocity belongs to test particles moving in the
background gravitational potential generated by the dark matter fluid
in hydrostatic equilibrium.

Einstein equations with the stress energy tensor corresponding to a
perfect fluid are then supposed to hold all over the space.

TV = (p + P)uMuw + g^P. (1)

u is the 4-velocity of the particles, p and P are the energy density and
the pressure of the ideal fluid.

a) Core or Inner Region

For the core of the galaxy we use the equation p = Constant. In
this region the luminous matter dominates. Different theoretical ap-
proaches, Newtonian in spirit, attempting to reproduce the observa-
tional results set the density there as p oc (1 + r2)~3/2 (see Binney

and Tremaine 1987, p. 230, or Stewart et al. 1984). This expression
gives a constant density inside a core radius and is our choice here. The
reason behind is again simplicity. The de Vaucouleurs R}l* law (de Vau-
couleurs 1948) that reproduces the luminosity profile observed at the
center of the galaxy, is fitted with a p oc r"3 '4 density, but it is known
that even the p oc r~2 density function (Jaffe 1983) cannot be expressed
using analytic functions if we constrain the gravitational potential to
remain finite at the origin. The advantage of working with analytical
functions has been already appreciated in this context (Hernquist 1990)
and obviously with more compelling reasons we need to follow it here.

The p = Constant is a well known solution of Einstein equations
(Misner, Thorne, and Wheeler 1973). A Schwarzschild metric can be
matched to this interior region. In this case when the radius of the
p = Constant sphere takes the value a = 8/9[GM/c'j, where M is the
total mass enclosed inside the core radius a, it generates a singularity
( an infinite pressure) at the center. We mention this because in our
model the pressure remains finite and only grows unbounded when a,
the radius of the core, goes to zero and as a consequence the density and
the pressure are infinite at that point since the density of the covering
shell is proportional to 1/r2.

The metric for this region is given in the Appendix A.

b) Dark Matter Region

This inner exact solution is matched to a region with p oc 1/r2 that
represents the dark matter. We are assuming that the non-luminous
content of the galaxy gravitationally dominates here and behaves itself
as a perfect fluid with an equation of state given by

P=[i-l)p = aP- (2)
The p on 1/r2 reproduces, as displayed in Figure 2 , the flat rotation

curve observed for the stellar objects located outside the central pit.
The metric corresponding to this region is the following:

sin2 6d<t>\

(3)

(4)



where Ro is the outer radius of the dark matter thick shell and D =
(a + I)2 + 4a, both RQ and D are constants.

A comment about the value of the parameter a is in order. The
hydrostatic equilibrium and the isotropic velocity distribution yield the
following equation of state: p(r) = o(r)2p(r) (Maoz and Beckenstein
1990). To identify this expression with ours (see eq. [2]) we need to set
a = cr(r)2/c*. We are assuming a = Constant » J . 5 X 10"6 if we take
for a the value 200 km/s. It is known that a flat dispersion velocity is
the only one giving a stationary configuration (Maoz and Beckenstein
1990).

a is very small and the pressure is then negligible and we keep it
only because the matching conditions imposed by general relativity
force the pressure to be continuous along each of the different layers
that make our model of the galaxy. We will see that this constraint is
the origin of an important difference between the Newtonian and the
model exhibited here, when we try to end the galaxy gracefully.

To match two different regions of spacetime we need to impose the
continuity of the metric and the extrinsic curvature at the border (Mis-
ner, Thome, and Wheeler 1973, p. 509; Lake 1987), Since both metrics
(see equations [3] and [19] ) are diagonal and spherically symmetric,
there are only two conditions to impose: the continuity of the metric
components gt( and grr. The extrinsic curvature of the hypersurface
r = Constant, which is the one we are interested here, is the change of
the normal unit 4-vector as we translate the vector along this hypersur-
face. The change must be projected onto the same hypersurface. Given
the symmetries imposed there are only three non vanishing components:
-tiii KM a °d K^^,

Since no singular shell exists in between the two regions, it is easy
to check that the radial curvature is the same in both spaces as soon
as we match properly the spherical components of the metric. In other
words the extrinsic curvature components K^, K^ do not yield any
new constraint, only the Ku component gives an extra equation.

The expression of Ktt for each region is displayed in the Appendix
A.

The central core with p = Constant avoids the singularity generated
by the p oc l/r2 at the center. This is not the only difficulty generated
by this equation of state. The spacetime is not asymptotically flat
either. We need the asymptotic flatness condition to give a meaning to
the orbital velocity computed in this background metric. We have to

model the edge of the galaxy.

c) Outer Shell

It is not possible to match the above metric, equation (3), to a
Schwarzschild geometry. The jump in the pressure impedes a proper
matching. To make the pressure vanish, we cover the dark matter zone
with a thick shell with constant density p. This choice is forced if we
assume a finite size for the galaxy. It is also required by the additional
constraint imposed by a proper matching in general relativity.

A similar problem arises for the Newtonian isothermal sphere, which
has a mass proportional to the radius r and grows unbounded with
the distance. Any deviation of the density function p oc l/r2 must be
introduced far away from the core (Binney and Tremaine 1987, p. 232).

The problem of the size dependence of the stellar object on the equa-
tion of state of the perfect fluid in general relativity has only been re-
cently addressed (Randall and Schmidt 1991). In this reference the
authors have proved that the equation of state p oc p with a finite value
for the density at the origin p{r = 0) = finite, p(r) > 0 and dp/dp > 0
for all r, necessarily yield an object with an infinite extension. This is
not exactly our case, since we have introduced a change in the equation
of state at the end of the central core, and associated to it a jump in the
density there, but we face the same problem: an infinitelly extended
galaxy.

To avoid this non-physical situation we are required to introduce a
shell with a larger constant density to keep the galaxy finite.

Physically it is clear the need for a denser shell, the hydrostatic
equilibrium at the border needs that the pressure from the shell be
equivalent to the pressure that eventually would have been generated
by the infinite mass from the p oc r~* model.

In this way we also break the theorem mentioned above (Randall and
Schmidt 1991), in the sense that dp/dp becomes negative at the inner
boundary of the external shell. This theorem proves that the need of
the external shell is not an artifact of the model.

As a summary we can say that by choosing p oc l/r2, we were forced
to include a core and an outer shell with a different equation of state.
The simplest solution in both cases was a constant density fluid.

Asymptotic flatness forces the dark matter, according to our equa-
tions, to increase its density at the dark border of the galaxy. Phys-



ically, this overdensity is needed to hold gravitationally, through the
hydrostatic pressure, the dark matter in its place.

We have no physical insight to justify the origin of this change in
the equation of state of the dark matter at the border.

The metric for this outer shell, matched properly, is included in the
Appendix A. Similar solutions has been addressed before (Adams et al.
1973), but not in the same context.

The solution for a perfect fluid with the equation of state (see eq.
[2]) is also well known but we have used here the work of Berger et al.
(1987), in which, starting with the equation of state for a spherically
symmetric, static perfect fluid, you get the corresponding metric (after
an integration). This method makes transparent the algebraic difficul-
ties introduced if we modify the l/r2 dependence of p in the Einstein
equations. Also it allows to test other equations of state that may have
physical interest.

d) Asymptotic Flatness

Only when the pressure vanishes it is possible to match this solution
to the well known Schwarzschild metric and have an asymptotically
flat spacetime. The orbital velocity shown in Figure 2 corresponds to
the velocity of a test particle orbiting the galaxy as measured by an
observer (like us) at infinity.

The expressions for the orbital velocities for different values of r
appear in the Appendix E.

It is worth mention that according to Randall and Schmidt (1991),
any equation of state of the kind

with K small enough and with 1 < n < 5 has a finite radius if taken as a
source of a stellar system along with the Einstein equations. Therefore
any solution of this kind wilt have a finite radius and is a candidate to
fill the outer shell of the galaxy.

The algebra involved with these solutions is more complicated and
for that reason we have discarded them.

3 Results

Here, we include the figures that summarize the main results of the
general relativistic hydrostatic model. First we display the density and

and the mass as a function of the radial distance (Figure 1). We define
here the limits of each one of the regions introduced in the last section.
The values included are taken to illustrate the main characteristics of
the model. The radius of the luminous core is a = 1 in adimensional
units. As we will see below, the relevant number is the ratio a/Ro, in
this way the graph belongs to a galaxy in which a/Ro = .2, independent
of their actual values in kpc for instance.

From the expression for the density in Appendix B, we obtain that:

Pi
Pin

(5)

where pj and pm are the densities of the core and the outer shell
respectively. Since the composition of the outer shell is not elucidated
here, it is more convenient to include the dark matter density at the
internal edge of the outer shell (defined as P[RQ)). Again from the
results included in Appendix B, we have:

3/)(r = Rc) = 3p{R0).

Replacing this value in the equation (5) we get
(6)

p(Ro) a*'

It says that the contrast of the density between the luminous core and
the edge of the dark matter are the parameters that fix the size of the
galaxy.

FIGURE 1
*******

A similar situation appears in the so called gravothermal catastrophe
(Binney and Tremaine 1987, p. 504; Padmanabhan 1990). It consists
of a hollow sphere filled with an isothermal perfect gas surrounded by
a thermally insulating shell. According to these references it has been
proved that the system is unstable under small variations of the size of
the outer shell radius. The adimensional parameter that characterize
the onset of the instability is precisely the ratio D? = p[t = 0)/p(r — RQ),
and is considered as the more relevant parameter in this context. There
is a range of values for 9? that induces a typical instability.



The connection with our example is straightforward. The outer thick
shell may appear as the walls of a container in the toy model used in the
non-relativistic similar approach. A difference between both models is
the existence, in our case, of a core with a different equation of state.
Even though we have not studied this problem further, this example
appears as the general relativistic extension of the gravothermal sphere.
This similarity may be of interest to study the stability of this model.

Back to our model, we may notice that the ratio between the outer
(Ri) and the inner radius (RQ) of the external shell is fixed and depends
linearly on a.

in this way the thickness of the outer shell is set.
It has been recently found (Persic and Salucci 1991) that the amount

of dark matter decreases for brighter spiral galaxies and viceversa. The
luminosity considered here is the one enclosed in the region between the
Rp, the radius of the nucleus, and Rmat approximately 3RD. A similar
conclusion was reached by other authors (Rubin tt al. 1980a,b, 1982,
1985). In this model we can check this prediction using the expressions
already obtained. According to Persic and Salucci (1991), the luminos-
ity is proportional to the radius of the central core o. Therefore, if we
lower the luminosity, a must become smaller. Now, taking into account
the expression for the total mass in Appendix D, we see that the lumi-
nous matter has decreased and the total mass enclosed inside the radius
r = Ro has remained constant. We conclude with this simple minded
approach that if the luminosity decreases (less luminous matter) then
the total ratio MivnjMmMit increases.

FIGURE 2
*******

I igure 2 displays the orbital velocity and the radius of the galaxy.
In this case the velocity is not flat but raises as a power of a. Newto-

nian models with the same density function (r~2) render a flat orbital
velocity, as it can be seen in Figure 6 for the isothermal sphere. The
raising orbital velocity comes from the gravitation of the pressure.

Recently Persic and Salucci (1991) have given an expression for the
orbital velocity away from the disk as a function of the luminosity. They

10

have remarked that low luminosity spiral galaxies correlates with a high
ratio Mfyn/Mvitfbu-, as noticed above.

The expression for the orbital velocity in this metric is known (Wein-
berg 1972, p. 188)

V:rMai = -\rfr{9u}. (9)

This is a general result for static, spherically symmetric metric. This
result, as stated, has G = c = 1. To translate from this result to normal
units we need to multiplicate by c2 the right hand side of the above
equation. The final expression for our model is:

'orbital "~
2a

(10)

Ro,

at first order in a, RQ and a are the radius that mark the frontiers of
the gravitationally dominant dark matter.

We can see that taking c —• oo, and recalling that a = < v2 > / c !

(consequently a —> 0), we recover the Newtonian result, VorMal =
Constant.

The distribution of mass inside the radius r as given in Appendix
D is fixed by the value of the parameter ct. This is the only relevant
parameter of this problem.

The matching conditions at the boundaries, imposed by general rel-
ativity, propagate a through all the spacetime.

The Newtonian potential associated to this orbital velocity is $ «*
r4a. This potential diverges faster than $ « Inr, which is the one found
if a is set equal to zero in the orbital velocity. The density associated
with this velocity (assuming spherical symmetry) is p « r4°~ !. Here p
is proportional to the number density.

We continue to the next region, the outer shell. As mentioned before
we have set p — Constant to keep the computations simple. This region
extends from RQ to Rt. The bump observed in the orbital velocity at
the edge of the galaxy is generated by this thick shell.

FIGURE 3
*******

u



This bump also appears in the graph log(ro) vs. log(r) in Figure
3. We have examined the same kind of graph obtained by Forbes and
Whitmore (1989) for several field galaxies and found that some of them
present an irregularity at the edge of the observed region. It would be
interesting to see if in some galaxies this jump in the orbital velocity
really marks the edge of it. This observation would prove that the
hydrostatic model is relevant in shaping the final form of a galaxy.
Nevertheless the effect must be small since here we are taking a = 10 - I

to actually see the changes. For a more realistic value of a the effect
may go away. The ending of the galaxy usually is not a topic considered
when modeling a galaxy. We have assumed here that the galaxy actually
ends, this is not clear in spiral galaxies resting at the center of a cluster
where the dark matter may be shared by a group of galaxies (Burstein
et al. 1986; Burstein and Rubin 1985; Forbes and Whitmore 1989).

With our results we are not able to fit the three types of spiral
galaxies as proposed by Forbes and Whitmore (1989) for example. In
our case the break of the straight line in the log(m) vs. log(r) graph
and the average value for the density of the core for this model fix,
through equation (5), the size of the galaxy enclosed in the radius RQ
of the outer shell.

It is clear that the origin of all the nice properties we have mentioned
come from the r 2 dependence of the density.

This model accomodates itself to different sizes of each of its com-
ponents. We have not studied the stability of this configuration under
small perturbations.

Since it is scale invariant, we may be able to fix, for instance, the
size of one object to approach that of a cluster of galaxies. In that case
we should take radius a very close to RQ, so the jump in the density is
smaller, and at the same time we can take the appropiate value for Ri
to scale up to a cluster of galaxies.

The core density as a function of a, the core radius and a = (7 — 1)
is the following

12a 1

Thus, a is the parameter that fixes the product of the density and
the corresponding radius in the regions with constant density, as seen
from equation (5).

12

4 Newtonian Isothermal Sphere

As an alternative, we analyze a self-contained Newtonian model to com-
pare with ours results.

An isothermal sphere is characterized by the following equation (Ipser
and Sikivie 1987)

V I * = 4 » G | / > h a l o + p c o r e | , (13)

where />halo <x e~s*'<v > . $ represents the gravitational potential of
this body and < v2 > is the dispersion velocity of the galaxies. pcort

represents the density of the luminous core of the galaxy. A physical
background on this model can be found in Binney and Tremaine (1987).

FIGURE 5
*******

The numerical solution of equation (13) with pcore = OJ 'S known to
give a flat orbital velocity.

We have reproduced the behavior of this model including both, core
and halo. After Ipser and Sikivie (1987), we use for the core the follow-
ing expression

FIGURE 6
*******

Pcore = Pae-[r'r']\ (14)

rc = 300 parsec. (15)

The results for the density function, the orbital velocity, mass distribu-
tion and log(m) vs. log(r) are included in Figures 4 to 10, The curves
are smooth as expected since there are not regions matched. Since the
core is damped so fast it really affects only a small region at the center
of the galaxy, after a certain value for the radius r it becomes so small
that it is not considered further out in the numerical integration.

In every graph we have used as a radial distance r /s , where

13



t";12wGp(0)' • ( 1 6 )

We have taken the value s = 5.7 kpc following Ipser and Stkivie
(1987) and also included the behavior of some of the variables explicitly
near the center of the galaxy.

The parameter C measures the contrast between the luminous and
the dark matter at the center of galaxy

c - (17)

The case C = 0 identifies the isothermal sphere. For C = 10* the sphere
collapses to a high density central core and all variables behave as if
they were under the influence of a central point mass.

The graph log(m) vs. log(r) shows a change in the slope similar to
the observational results for C = 104 and C = 0.

* * * * * * *

FIGURE 7
*******

FIGURE 8
*******

The orbital velocity settle to a constant after the bump generated
by the central core for C = 0 and C = 100. For C =104, the graph
mimics the one with a central point mass.

This sphere extends itself to infinity except in the case C =10* where
the mass remains constant away from the core. We have not ended the
galaxy with a thick shell as we did previously, since the Newtonian
equations do not impose enough constraints in matching two different
regions. In this way we are almost free to insert any reasonable value
for the density of the outer shell.

The parameters introduced for the isothermal sphere are the central
density and the dispersion velocity. To find a value for the orbital
velocity similar to the one observed (< v2 > « 220 km/s), we need to
insert a dispersion velocity of 1400 km/s. If we compare the log(m)
vs. log(r) graph obtained with these values with the one published
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by Forbes and Whitmore (1989, p. 663), we found a good agreement
except for C = 10!.

Summarizing, the isothermal sphere fits fairly well the data obtained
by the observations with the exception of the data that belongs to the
central core.

We have included this example as a reference for our results. We
have not attempted to go further than the original results published by
Ipser and Sikivie (1987).

* * * * * * *

FIGURE 9
*******

FIGURE 10
*******

Conclusions

A general relativistic hydrostatic model has been developed here. We
have attempted to adjust the parameters in such a way that they do
not contradict the observational results.

The objection against the use of the equations of general relativity in
a problem like this can be answered pointing that the p oc 1/r2 appears
in many cases in astronomy and is worth studying its consequences
under different circumstances. For instance (Townes and Genzel 1987),
the density of stars around Sgr A*, the possible center of our galaxy,
presents a density distribution proportional to l / r ! . Also the idea of
a gigantic black hole resting at the center of some, otherwise normal
galaxies is often appearing in the literature. Starting with this point
of view, it seems interesting to find the consequences of using a simple
general relativistic model to mimic the structure of a spiral galaxy.

The model proposed tries to reproduce the observational results
gathered by several groups of astronomers during the last decade. They
have used the spiral galaxies as probes of the dark matter that perme-
ates the universe and clumps around galaxies.

15



We have tried to keep the model as simple as possible thinking that
it is valuable to have a solution that can be expressed in terms of simple
functions, at least in this stage.

We obtained a slowly raising orbital velocity and also we can un-
derstand in this context why the ratio between the luminous mass and
the total mass (including the dark mass) increases for faint galaxies.
Indeed in this model the total mass remains constant when we decrease
the luminous mass at the core.

The raising orbital velocity arises purely as a general relativistic
effect. It must be taken as the tendency imposed by this theory rather
than an observable effect.

As a prediction that follows is the increasing density at the edge of
the galaxy if the hydrostatic principle is stili valid there and the galaxy
is not interacting with a neighbour. Another interesting characteristic
is the scale invariance. This model can be used in the region around the
center of our galaxy for instance or for a galaxy itself or for a cluster
of galaxies. We have limited ourselves to the galaxy scale and we have
not explored other possibilities.

The graph representing logfm) vs. log(r) published by Forbes and
Whitmore (1989) may help us to fix the sizes of the different regions
we have introduced in the model. In the same context, we have to say
that we were not able to reproduce the three types of spiral galaxies
that the authors have introduced.

The increase in the density occurring at the outer shell introduced
here generates a jump in the orbital velocity at the dark edge of the
galaxy. It is also visible (with our parameters that are clearly inflated
as remarked in the text) in the log(m) vs. log(r). This jump may exist
in field or outer spiral galaxies if the hydrostatic model is a reasonable
approximation for them. See, for instance, in Forbes and Whitmore
(1989) the log(m) vs. log(r) graphs for the following objects:

NGC 1357, page 666,
NGC 7606, page 667,
UGC 4329, page 668,
NGC 7333, page 670.

We do not pretend that this evidence is conclusive. We do not know
from these data how close we are to the edge of the galaxy and we
do not have a physical explanation for the change of the equation of
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state of the dark matter at the outer shell that is the responsible of this
effect. All we would like to point is the possibility of occurrence of this
feature if the assumptions used have a certain degree of reality.

The jump in the density is not an artifact of our model as proved (in
other context) by Randall and Schmidt (1991). The process of matching
several solutions is without any doubt, artificial. It is the drawback of
using the p a 1/r2 density distribution in the middle region.

The Newtonian isothermal sphere has been reviewed to check its
behavior in this context, since it is the Newtonian counterpart of our
general relativistic model.

The solutions found here are finite at the origin. In the general
relativistic model the solutions was forced to be finite matching the
p <x 1/r2 with a p = Constant region.

There are other computations that may be of interest to study with
this solution. For instance, the deflection of light crossing the outer
shell and the thermodynamic properties of the gravitating systems.
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APPENDIX

A METRIC
We start with the metric associated to each of the regions defined above.
The boundaries are also indicated.

I) Interior
(p, - Constant) (0 < r < a)

4a
a + 3

1

~ 2 V D-a* }

1 -
Aar'

= (a + I)2

2a

II) Dark mat te r Zone

[P ~ ~i) (a<r < (p = ap]

. . . - - ^

D

3 a - 1

Kn = _

(18)

(19)

(20)

(21)

(22)

(23)

III) Thick Shell
) {{R0<r<R1.)

911 ~
_ i 11

4a1 -
u

2ar

IV) Schwarzschild
(i?! < r < oo.)

2m.
— )

2m
1 -

B DENSITY
The approximations indicated by « , are valid for a < l .

12a 12a
0 < r < a

a < r < Ro

RQ< r <R,

r> R,

atD

4ft

~D*

12ft

~ a2

4a

12a
= RjD

Piv = 0

(24)

(25)

(26)

(27)

(28)

(29)
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C PRESSURE

The approximations indicated by «, are valid for o < l .

4a2

1 -
Pi

Pn

PIII = - - J

A

3r

Ac?

4a ' 4a

Piv = 0

D MASS ENCLOSED INSIDE r

The approximations indicated by w, are valid for a < 1.

87rG2ar3

m' ~ e2 Da2
C a'

2ar3

(30)

(31)

8irG ia • (a + 6) 8TTG 8a
m/v = ~? m Rl * ~^TRl

The values of the different radius are related by the equations that
follow:
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R*
Z* ~

2(a +
9

Pi

Pin

6)

(32)

(33)

E ORBITAL VELOCITIES

The approximations indicated by w, are valid for a <g; 1.

Interior Region I

Dark Matter Region IT

Thick Shell Region HI

Schwarzschild Region IV

. Ja

KQ/ a

; ) " "

I 8a Ri
3 r

0 < r < a

a < r <

Ro<r

r > R,

(34)
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FIGURE CAPTIONS

Figure 1

The density is a constant for the core r < a = 1 and in the outer shell
between r = 5 and 5.75. For a < r < RQ the density is p <x 1/r2. This
is the density distribution that in the Newtonian case reproduces a flat
orbital velocity. The core represents the visible part of the galaxy. The
total mass enclosed inside the radius r is also displayed here. Between
a < r < Ro the mass grows linearly with r, it jumps for r > 5 and
becomes constant after r = 5.75.

Figure 2

This graph reproduces the orbital velocity in each of the regions defined
before. The velocity raises as a power of a because the pressure also
gravitates here.(For the Newtonian similar case V = Constant.) The
bump at the end of the galaxy is generated by the outer shell with a con-
stant density that we were forced to introduce to end the galaxy. After
the bump the orbital velocity behaves in a Keplerian way, proportional
tO

Figure 3

The log(m) vs. log(r) graph is taken from the general relativistic model.
The coordinates has been scaled to become similar to the ones published
by Forbes and Whitmore as a result of their observations. Again the
bump at the end is generated by the outer shell with constant density.
Some of the galaxies reported in Forbes and Whitmore show a behavior
that may be interpreted according to our claim.

Figure 4

The density obtained for the isothermal sphere includes a core that
mimic the luminous matter and a halo of dark matter. The parameter
C defines the ratio between the central density of the luminous and
dark matter. C = 0 indicates that />] u r n ; n o u s

 = 0• The radial distance
is x = r/s, with 3 = 5.7 kpc as defined in the text. The behavior at
the central region is showed in the following figure.
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Figure 5

The behavior of the central density is made clear here.
distance is x as defined in the text.

The radial

Figure 6

For C — 0 (isothermal sphere without a luminous core) and C = 100,
the orbital velocity tends to a constant value. For C =104 the orbital
velocity behaves as l/s/r away from the core. We have displayed the
graph 1/y/r t° compare against the asymptotic value of C =10*. The
radial distance is x = r/s as defined in the text.

Figure 7

The central region of the galaxy has been enhanced here to see the
behavior of the orbital velocities for the different values of C.

Figure 8

This graph shows log(m) vs log(r) for a model including a core and a
halo. We found a good agreement with the general relativistic model
and the work of Forbes and Whitmore, except for the case C = 100.
For C = 10* the line is flat since the mass is constant. For the other
cases the mass keeps growing as we get away from the center.

Figure 9

For C = 0 and C = 100 the mass grows with distance. For C = 104,
all the mass has been concentrated at the center. It remains constant
away the core. The final value of the mass is smaller than the two
previous cases because the density at the center of the galaxy is fixed
as an initial value. The behavior of the center is displayed in the next
figure. The final value for M with C = 10* has been scaled by a factor
of 50 to be seen clearly in the figure.

Figure 10

The central region of the galaxy is shown here. The C = 104 curve has
been scaled here by a factor of 1/40 to fit in the graph. The radial
distance is x = rjs with s defined in the text. Here we can appreciate
the way the different cases converge as C—>Q.
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