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ABSTRACT

For beam control during acceleration, it is conventional to derive the fre-
quency from an external reference, be <t a field marker or an external oscillator,
to provide phase and radius feedback loops to ensure the phase stability, radial
position and emittance integrity of the beam. The open and closed loop
behaviors of both feedback control and their response under the possible fre-
quency, phase and radius errors are derived from fundamental principles and
equations. The stability of the loops is investigated under a wide range of vari-
ations of the gain and time delays. Actual system performance of the AGS
Booster is analyzed and compared to commissioaing experiences. Such analysis
is useful for setting design criteria and tolerances for new proton synchrotrons.

1.0 Introduction

An RF beam control system for a circular accelerator is designed to serve basically two
purposes. First, to damp the coherent longitudinal oscillations to avoid emittance blow-up; and
secondly, to reduce the particle phase and radial deviations to the minimum.

Acceleration in a synchrotron can be readily achieved if all parameters involved have
infinite accuracy and can be realized instantaneously without delay. In reality, many devia-
tions can occur, such as the inaccuracy of the accelerating frequency, the phase and energy
errors of the bunched beams at injection, the sensitivity of the RF system components, and
finally, the synchrotron oscillation itself. To ensure that the whole process is stable-under small
deviation of design value, phase and radial feedback loops are introduced.

In this article, we discuss the design and performance of these-loops. Special attention are
paid to the error analysis of the system behavior under small deviation of relevant parameters.
The differences under open and closed loop condition are demonstrated. Only the dipole oscil-
lation of the bunch is considered, the quadrupole oscillation suppression will be covered in
future report. Whenever numerical example is need, the BNL AGS Booster is used as an exam-
ple. Same acalysia can be applied to synchrotron during transition crossing where wide varia-
tion of system parameter is expected.

A very useful introduction to the analysis of RF feedback loops can be found in the
paper by D. Boussard [ij, the design of Booster RF system is taken from Booster Design
Manual [2| and also from communication with M. Brennan (3).

* Wofk performed under the impicei of the U.S. Department of Energy
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2.0 The Frequency Program

A simplest accelerator RF system consists of cavities driven by oscillators. The frequency
of oscillators is determined from the magnetic field by the following frequency program,

(1)

where

h is the harmonic number, (in Booster, h is 3).
c is the velocity of light, 3X108m/sec.
R is the mean radius of the accelerator, {R is 32.114m ).
B is the magnetic field, (for proton, J5,ny = 0.156Tesla, and Bcjc = 0.546Tesla).

EQ is the rest energy of proton, it is 0.938 Get;.

p is the radius of curvature of the magnets, (13.751m).

From the measurement of the magnetic field the frequency program generates a voltage,
which drives the oscillators to generate a frequency, and the cavities are in turn driven by the
oscillators. The accelerating frequency of the cavity gap voltage, <JJTJ , is presumably following
the frequency of the oscillators. All elements, especially the oscillators and cavities, will how-
ever inevitably introduce errors and delays.

Any error in the accelerating frequency will generate beam radial deviation from the
equilibrium position that is shown in

where T and T(r are the usual relativistic parameter and its value at the transition (in Booster,
%. is 4.88 ), respectively, and r? is the frequency slip factor,

During the acceleration, t] varies from — 0.65 to — 0.1 in the Booster. Therefore roughly
speaking, a 0.1 percent frequency error will yield radial deviations from 0.2cm to 1.34cm.
Meanwhile, the oscillator alone may generate more than a 0.1 percent error. It is therefore
necessary to apply radius feedback regulations to compensate the possible frequency error.

3.0 Beam Transfer function

To regulate the beam, one must know the beam transfer function. Although the com-
plete beam transfer functions from the driving, frequency to the phase and radial positions are
highly nonlinear and sophisticated, a simple linearixed model of the beam small signal dynamic
can be obtained, that is shown in Fig.l,
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Fig.l. Beam Dynamic Model

where a is the Laplace operator, in frequency domain it can be replaced by / « , while in time
domain, it represents a derivative operation. The initial conditions are disregarded momen-
tarily, and will be discussed later. The variable Su is the difference between the accelerating
frequency aty and the ideal beam frequency w w . Other variables are listed as follows.

V is the crest gap voltage, which is independently preprogrammed.
<j>, is the stable phase, it is determined by the derivative of the magnetic field and
the gap voltage V.

0 is the ratio of the particle velocity v and the light velocity c, and E is the total
energy of the particle.
A$ and AR are the beam phase and radial deviations from''the equilibrium state,
respectively.

AE and AoJt are the beam energy and frequency deviations, respectively.

The details of this model will be discussed as the follows.

A phase deviation A^ yields an energy deviation per revolution of cVcos4>,A<j>. Since

is the turns per unit time, the energy deviation per unit time, due to A<j>, is

sAE =

2irR

This energy deviation AE corresponds to a beam radial deviation

A4>

AR **-•

From equation (2), the beam frequency deviation is

AE

Aw. = —
OJ.•fiHtr

R

(5)

(6)

A lag of the beam arriving at the cavity is equivalent to an advance of the driving frequency
phase. Therefore the total phase difference between the RF frequency and the beam frequency
shown at the cavity is the sum of the beam phase deviation Awj and the driving frequency
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deviation^r

. This makes the loop dosed, as shown in Fig.l.

Finally, we note that after an integration, represented by —, the frequency difference becomes

a phase deviation A^. This process is implemented in the low level RF system by a phase
detector. The driving frequency and the beam frequency are measured by a cavity gap voltage
detector, and by a beam pklc-up electrodes (PUB), respectively.

We note that the real beam frequency should be the vector sum of the ideal beam fre-
quency and the beam frequency deviation, which is not shown explicitly in Fig.l.

By inspecting the model in Fig.l, one obtains

sAR =-
cVcos<j>tc

A<t>

To simplify the linear model, we define

(7a)

(7b)

(8)

b = -
eVcos<f>,c

Thus the equation (7) ran be written as

sA<f> =

sAR =

(10a)

(10b)

where a and b are the machine parameters considered to be constant during the damping
period.
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Fig.2. Simplified Beam Dynamic Model

The simplified model is shown in Fig.2, where the energy deviation AE is not explicitly
shown. Note that we add a box T, which stands for the oscillators and cavities, representing
that all regulations and controls will go through these elements. If the errors from them is
neglected, we may let T = 1. In the model, we note that f] will change sign at the transition,
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so is a. In that case, the synchrotron phase # , in 6 has to be changed to JT — <f>, in order to
keep the stable oscillation.

The transfer function from the input frequency perturbation Su> to the radial and phase
deviations, T 1 and T% , can therefore be obtained by eliminating variable A<$> and AR in the
equation (10), respectively, giving

SOJ

where

(12)

(13)

is the synchrotron oscillation frequency.

We note that once the magnetic field and the RF crest gap voltage have been pro-
grammed, then the accelerating frequency, stable phase, and many other parameters are deter-
mined. Among them, a and 6 are the ones explicitly contribute to the beam transfer function,
and therefore to the beam controls as well. We plot / , = fl#/2jr, a, and 6 of the Booster
during the acceleration in Fig.3. It should be noted that these variable span a wide range dur-
ing the acceleration. Therefore, the performance and stability of the feedback loops should be
examined carefully for eacL parameter extremes of a and b, especially if the transition energy
crossing is involved.

6.61 fl.82 8.83 8.84 6.85 8.86 s e c .

Fig.3. Booster Parameters / , , a, and b During Acceleration.
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4.0 Phase Control Loop
By inspecting the diagram in Fig.2 and the transfer functions in equations (11) and (12),

we find that the following problems have to be solved.

i) The fundamental mode of the beam transfer functions, which is determined by the
denominator of the transfer functions, is oscillatory without damping. All the non-rero in-
itial conditions and any deviation from the equilibrium state will induce their own oscilla-
tions. The summation of these oscillations determines the beam longitudinal motion,
which is also oscillatory. More importantly, if there is a harmonic from any disturbances
whose frequency coincides with the synchrotron oscillation frequency, then the emittance
will blow-up.

ii) All the error in the block T, which represents the oscillators and cavities, are directly
responsible to the deviations in the beam motion. These errors are not corrected.
iii) The disturbances may also come from the deviations of the beam itself, in the forms
of radial position, phase, or frequency. Such kind of error, either from the design and
manufacture inaccuracy or from the outside interference, is inevitable. These errors are
also not corrected.

One solution to these problems is to introduce feedback regulations. Local loops encir-
cling the oscillators and cavities may improve their performance to certain extent, but it is not
helpful to the problems in i) and iii). Therefore feedback loops that encircle either the beam
phase or radial deviations have to be introduced. Since these two variables are related, see
equation (7), therefore we may assume that either one should help. A direct feedback from the
radial deviation with a. ample amplifier will not change the oscillatory mode, as can be seen
from the transfer function T1 in equation (11). Therefore we consider first a phase feedback.
The phase deviation A<f> is taken from a phase detector, which compares the RF frequency
from the cavity gap voltage detector, and the beam frequency from the PUE's. The signal then
is sent to the oscillators for correction. This is shown in Fig.4, where Gx represents the feed-
back network.

Fig.4. Phase Control Loop

In the next, we shall discuss the stability, system performance, and possible improve-
ments related to the phase loop.
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4-1 Stability

With the phase feedback, the transfer functions from &J to AR and A 0 with the phase
loop are derived as follows.

( X 5 )

where we let Gy «= A:lF a simple amplifier, which provides damping. For the second order sys-
tem such as T? and Tf, the term fl, is called the natural frequency. In this model, the
natural frequency equals the synchrotron oscillation frequency. The damping ratio is defined as

2
If j as l , the system is critically damped. Sometimes, one uses T = - j— to estimate the system

*i
time constant. This is useful for the damping ratio smaller than 1. If £ is larger than 1, then
the system is overdamped, the real time constant might be much longer than T.

For the stability analysis, we use Root Locus method. Instead of studying the amplitude
and phase transmission properties along with the frequency variation, such as Bode, Nichols
and Nyquist methods, the root locus method finds the closed loop poles directly from the open
loop poles and xeros. The variable taken in the root locus method is the loop gain, which now
is largely determined by the compensator adjustment.

The closed loop pole, or root locus start from the open loop poles, which correspond to
zero loop gain. They move when the gain increases, and finally with infinite gain they reach
the open loop zeroes, some of which might be at the infinity. With these dosed loop poles, one
makes the judgement of the stability, finds the oscillation frequency, the damping or anti-
damping rate, and one determines the dominant poles as well.

From Fig.3, we know that the synchrotron oscillation frequency at Booster varies from
7.3 kHz to 1.46 kHz. The design of the phase loop must accommodate the whole range. In
the following analysis, a typical synchrotron oscillation frequeocy 5 kHz is used for illustra-
tion.

For the phase loop, the open loop transfer function is

In Fig.5, we show the root locus of this system. In the plot the closed loop poles corresponding
to zero loop gain, i.e., the open loop poles in fact, are marked by ' x ', and other closed loop
poles are marked by ' o ', which correspond to a certain loop gain. The open loop poles in
Fig.5 are on the imaginary axis, representing an oscillation mode. When, the gain increases, the
poles move to the left. They meet at the real axis, where <T equals 1, and then separate again.
The one on the right branch then is called the dominant pole, due to its proximity to the s
plane origin. It is clear that the stability is always guaranteed.
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Fig.5. Root Locus of Phase Control Loop

In choosing kv we need the system to be properly damped. The fast system settling
down -with some overshoot conventionally requires <T = 0.707. To avoid overshoot, the critical
damping might be an acceptable choice. From equation (16), we find that kt = 63-10 would
givs rise to a critical damping. If Aj is larger than that, the dominated pole will move close to
the origin, that implies longer settling time. For instance, k1 = 106 will let the dominant pole
move to — 103 on the real axis, resulting in a time constant of approximately 1 ms. This is
certainly too long. The gain kl therefore may be chosen from a range of 2-10* to 2 1 0 5 for
Booster.

xie5

-16 -8

Fig.6. Root Locus of Phase Control Loop with Delays

In reality, we must also consider the cable time delay, and the limited bandwidth of the
oscillators, amplifiers, and cavities. For simplicity, the time delay can be approximated as a
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low pass network as follows.

c - "
— TS +1

where r is the delay time. With this delay, the open loop transfer function becomes

(18)

(19)

For Booster, with four 2fts delay factors in series, a gain of 265-103 causes instability,
as shown in Fig.6. The parameters taken in this example are not very far from the real RF
system of the AGS Booster. These delays should be properly estimated and considered in the
design.

4.2 Performance Analysis

We first note that by introducing the phase loop, the beam oscillation can be properly
damped. Using the transfer function (14), we plot the responses of AR due to a step 6u>, with
different phase feedback gains, shown in Fig.7. It can be noticed that the choice of the gain k1

of 63-103, or 63kHz/rad, gives rise to a critically damped response. The system settles down
within 200/is.

kj-0

kj-10

^=31x10

0.2 8.4 8.6 8.8 1.2 1.4
xl8-» s e c '

Fig.7. Radial Responses AR due to a Step Frequency Error
With Phase Control Loop

Secondly, the transient responses for the possible beam disturbances are concerned. These
disturbances might be in the forms of the phase, energy, radial position, or frequency. As
shown in Ftg.l, the energy, the radial position, and the frequency deviations are directly
related by constants. Therefore, without loss of generality, we simulate the beam disturbance
as the phase and frequency deviation steps, as shown in Fig.8.
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Fig.8. Phase Control Loop with Phase and Frequency Disturbances

With the step perturbation —, the radial responses are shown in Fig.9, following the
s

relations given in equations (20) and (21).

AR = T 3 A M , = , , b ^ &»t = g . 6 ^ g - (20)

AR = sT3

+ klS + n2

is
• a?

is
+ klS + O2 - (21)

xi8"3

due to a step freq
4

enlarged by 10 .

due to a step phase

sec.

Fig.9. Radial Responses for Step Phase and Frequency Perturbations
With Phase Control Loop
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The response of the radial deviation due to the phase disturbance is the derivative of that due
to the frequency disturbance. With the phase feedback gain of 6ZkHz/rad, they are all criti-
cally damped.

Finally, we have to know the residual error. Without phase loop, any response to a
nonzero input will keep oscillating without damping. With a proper phase loop, we have the
following residual error for a unit step of Su,

limAff = limsTs —=-^-= - — (22)
t—oa *—o s Qf a

lim A<f> = lim sT4 — = 0 (23)
t-too *—0 S

The equation (23) implies that the residual error of the phase deviation due to a step frequency
disturbance is zero, however equation (22) shows that the residual error of the radial deviation

is-i.
a
Comparing equations (2) and (8), it is clear that the residual errof of Aft due to the fre-

quency disturbance is not affected by the phase loop. Therefore by increasing the phase feed-
back gain &i, the damping ratio can be changed, but the residual error, of the radius will not
be affected.

4.8 Further Performance Improvement

By using a simple amplifier as the phase feedback the damping can be achieved, however
the following problems remain,

i) Although the system is damped by the phase loop, the absolute value of the residual
radial deviation due to accelerating frequency errors has not been improved, it might still
be too large to be acceptable.

ii) We also note that the damping may take too long, for example the cases shown in
Figs. 7 and 9 the damping take about 200fis. With a certain damping ratio £ the damp-
ing time, or the damping rate, is determined by the system natural frequency. Since the
phase feedback with a simple amplifier cannot change the system natural frequency, the
solution proposed so far cannot address this issue.

The cure to these two problems can be made by modifying Gy. Let

<?l = *! + -^- , (24)

which means that in parallel to the phase feedback amplifier, we. add an integrator with a
static gain of £2- This type of feedback is called the proportional and integral feedback.

The transfer functions now become

Comparing the equation (25) and (26) to the equation (14) and (15), the following
differences are noticed.
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i) If one choose k9 » Q?, then the residual radial error can be greatly reduced.

Specifically, it is reduced by a factor of —g .
•V

it) Also the natural frequency is increased from fl, to (k2 + &? ) ^ 2 , which means that
with a same damping ratio f, the system response can be much faster.
iii) If Jfcj is not changed, then the damping ratio is decreased. In order to keep the same
damping, we have to increase kv

By choosing k2 — 2-10s, the step responses of AR are shown again in Fig.10. Compar-
ing to the responses in Fig. 7, we note that the damping ratio is smaller for the same kv while
the responses are faster.

e.z 8.4 e.6 e.a

k1=63xl0"

1^=31x10

1.2 1.4

X1B-* sec.

Fig.10. Radial Responses &R due to a Step Frequency Error
With Proportional and Integral Phase Feedback, £-2 = 710 g

For the stability analysis, we open the integrator branch in <72, then the open loop
transfer function is

(27)

Note the cancellation of a between the denominator of and the numerator of T* The
s

root locus shown in Fig.lla indicates that the stability is guaranteed. If the phase delay due
to the cables, oscillators, filters, and cavities are included, then the root locus can be seen in
Fig.llb.
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Fig.l.ta. Root Locus of Phase Contral Loop with Proportional and Integral Feedback
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Fig.llb. Root Locus of Phase Control Loop with Proportional and Integral Feedback
with Delays

Where it is clear that when k% becomes large, the closed poles will move to the right and
across the imaginary axis, causing instability. For four delay factors each with delay time
2ns, k2 cannot be larger than 89 -108.

5.0 Radial Control Loop Plus Phase Control Loop

A more straightforward approach to realize the same effort as the proportional and
integral type phase feedback is the radial plus phase feedback, which is shown in Fig. 12.
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Fig.12. Radial Control Loop Plus Phase Control Loop

The transfer functions then become,

A<I>=T9&J-

(28)

(29)

To simplify the analysis, we let G% = k$. Since usually bkfo » fi2, the residual error of

AR due to a unit step of <5w is now about , which is not affected by the variations of a

or b during the acceleration. In this sense, the radial feedback is somewhat superior than the
proportional and integral type phase feedback.

The rest of the analysis can be done in a similar manner to the proportional and integral

type phase feedback, and it will not be repeated. Note that since AR = — A0, then the rela-
s

tion between the radial plus phase feedback and the proportional and integral phase feedback
can be represented by k2 — bk3kt. For instance, b the example shown in Fig.10, we let
kt = 7-10°. If we choose kt = 63-103 and take b = —ISO, then this is equivalent to
k3 = - 741.

For further illustration, let us consider the example of 5 kHz synchrotron oscillation and
therefore ft = 314-102. Then the damping ratio is only 0.35 and the time constant is approx-
imately 32/40. The residual error due to » unit step frequency deviation is reduced from — —-

, a
to roughly , i.e., from 16-1O"8 to 2-10"8. On the other hand, if a better damping is

desired one may choose kt = 179-103 and k3 = 260, that gives rise to £ = 1. The time con-
stant is reduced to about 11/as and the residual error keeps the same, i.e., 2-10"8.

To reduce further the residual error of A/2 due to a &v, we consider the integrator type
radial feedback, and let

(30)
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Then we have

AR = T106v =
1 + *•« + 6*! — + O2

s
bs c .

s3 + V 2 + (l?s + bk^

The residual error of AR due to a step $u becomes

Km AR = lira sT10 — = 0

i.e., a step RF frequency error induces eventually a zero radial error.

To plot the root locus, we find the open loop transfer function as

k< bkx

(31)

(32)

(33)

The root locus shown in Fig.i3a indicates that the gain k4 is limited due to the additional
open loop pole at the origin, which is posed by G2 in the equation (30). The stability requires
ki to be smaller than 63-10s. If we consider again the four 2/is delays in series, then the root
locus are shown in Fig.l3b. The stable gain now reduces to 42-10s, slightly smaller than the
original limit.
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Fig.l3a. Root Locus of Radial Plus Phase Control Loops, without Delay
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