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ABSTRACT

A solution is presented for electron plasma oscillations

in a thermal ized homogeneous plasma, at arbitrary ratios

between the Debye length A and the perturbation wave length

A . The limit A^ << A corresponds to conventional fluid-like

theory of small particle excursions, whereas *D >> *

corresponds to the free-streaming limit of strong kinetic

phase-mixing due to large particle excursions. A strong large

Debye distance (LDD) effect already appears when An > A.

The initial amplitude of the fluid-like contribution to the

macroscopic density perturbation then becomes small as compared

to the contribution from the free-streaming part. As a con-

sequence, only a small fraction of the density perturbation

remains after a limited number of kinetic damping times of

the free-streaming part.

The analysis further shows that ^ representation in terms

of normal modes of the form exp(-iajt) leads to amplitude factors

of these modes which are related to each other and which depend

on the combined free-streaming and fluid behaviour or the

plasma. Consequently, these modes are coupled and cannot be

treated as being independent of each other.
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The macroscopic fluid description provides a relevant

approximation to plasma dynamics when the excursions of indi-

vidual particles remain small as compared to the characteristic

wave lengths of the plasma disturbances to be considered.

However, as the particle excursions increase and become comparable

to a quarter of a wave length, the macroscopic fluid description

becomes a poor approximation and has to be replaced by a full

kinetic approach (l.ehnert 1985,1988,1989, Scheffel and Lehnert

1989).

The least complicated situation in plasma physics, in

which the transition from a fluid-like macroscopic behaviour

to a kinetic behaviour can be studied, is that of one-dimensional

electron plasma oscillations in absence of a magnetic field.

The transition then takes place when the Debye distance A

increases such as to become comparable to or larger than the

wave length A of the plasma perturbation.The resulting large

Debye distance (LDD) effect thus provides a demonstration

of the kinetic phase-mixing which occurs for large particle

excursions. Studies of this LDD effect can be considered as a

first excercise in the attempts to tackle the far more advanced

problem of large Larmor radius (LLR) effects in a magnetized

piasma.

Electron oscillations in the parameter range AQ << A have

been subject, to a large number of investigations, as described

in original papers and monographs which also treat the effect

of Landau damping (see e.g. Tanenbaum 1967). On the other hand

only a few investigations have been devoted to the range

A > A of comparatively low plasma densities. In these invest i-

gations it has been shown by Scheffel and Lehnert (1989) that

LDD effects in a plasma with a bump-in-tail velocity distribu-

tion have a damping influence on perturbations that are
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initially unstable in the Landau senr.e. An additional analysis

of" the initial value problem has been made by Li and Spies

(1990) on the two limiting cases of small and large Debye

distances corresponding to the Pluid-like and free-streaming

limits, respectively. The damping mechanism of the former limit

was found to be due to Landau damping, and the damping of the

latter to ballistic particle mixing.

In this paper a solution is presented which covers the

entire range of Debye distances for a thermalized plasma.



2. Basic Equations

Linearized electron plasma oscillations are considered in

this context where the undisturbed state has a homogeneous

electron and ion density n . The ions are at rest in the
* o

perturbed state, whereas the electrons have a distribution

Tunet ion

r(x,v,t) = ro(v) • r(x,v,t)

consisting of an unperturbed Maxwellian part

= (no/u/w)exp(-v
2/u2) (2)

and a small perturbation f(x,v,t). Here the oscillations are

assumed to take place in the x direction of a rectangular frame,

v is the velocity coordinate along x, and u =2KT /m where

T is a constant temperature. The electron density becomes

n(x,t) = nQ + n(x,t) (3)

in the perturbed state.

The Vlasov and Poisson equations can be written as

Df = [O/at) * v(3/3x)Jf = (e/me)E(3fo/3v)



3K/3x = -(e/e ) / fdv = -(e/e )n(x,t)
' -to °

where K(x,r) is the electric field. Combination of eqs. (2)-(5)

yields

D(3f/3x) = (Za)2^ /U 3/TI)V exp(-v2/u2) • n(x,t.) (6)

2 1 /Zwhere u = (e n /e m ) is the electron plasma frequency.
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3. The_Sr>2ution of the Vlasov-Poisson Equation

3.1. The Form of* the General Solution

The VIRSOV-Poisson equation (6) is an inhomogeneous linear

equation with three independent variables (x,v,r). The general

solution is obtained by adding the general solution of its

corresponding homogeneous form and a particular solution of

the inhomogeneous form (6).

Excluding the case 3F/3x = 0, the homogeneous Form of

eq. (*!) becomes Df = 0 which has the general solution

f = r"r = hj(v) • h2(x - vt.) (7)

where h- and h_ are arbitrary functions of v and x-vt. The

solution (7) represents the free-streaming case of particle motion

at. very low densities n where w approaches zero.

To find a particular solution of the inhomogeneous equation

(6) having a non-vanishing right-hand member due to a non-zero

density n and plasma frequency a» , we introduce the

substitution

f = g(x,v,t)exp(- v2/u2) (8)

Dividing eq. (6) by v and taking the derivative of the resulting

equation with respect to v yields

3g/3t -v(32g/3v3t) - V2(32g /3x3v) = 0 (9)
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Obviously the Tree-streaming soluition given by eqs. (7) and

(8) satisfies this equation. The additional particular solution

is found by means of" a separation of variables where

g r g . = X(X) • V(V) * T(t) (10)

Insertion of" this expression into eq. (9) yields

- v(V/V)] - v2(V/V)(Xt/X) = 0 (11)

for all values of (x,v,t). This becomes possible when

X'/X = ik T'/T = iw (12)

where k and o> are so far unspecified complex constants,

and when

V'/V = w/v(w - kv) (13)

Integrating eq. (13) and using expressions (12) and (8), the

particular solution obtains the form

fd=gdexp(-v
?/u2)=const.[v/(kv-u)]exp[i(kx-a)tG'exp(-v2/u2) (11)
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This solution is readily seen to satisfy the inhomogeneous

equation (6) when the density n(x,t) is being expanded into

modes oP the Porm exp[i(kx - «?)~\, as in the conventional

theory described by Tanenbaum (196'/) among others. It could

also have been written down directly by adopting relations (12)

and inserting these :̂ito eq. (6) where n(x,t) is expanded in

terms oP such modes, "nterpreting v as a real quantity and

u as a complex one. on account of Landau damping in the sense

or Tanenbaum (I967), the solution (14) has no singularity

of the Porm co = kv at the real axis of v.

The Porms or the solutions (7) and (14) allow Tor and can

be applied to any type oP spatial x-dependence oP the perturb-

ation, i.e. for any form oP the spectrum oP k-values. Here we

restrict ourselves to a periodic dependence Por which the Porms

(7) and (14) can be expressed in terms oP Fourier series in which

each term is represented by the Pactor exp(ikx) Por a

particular k-value.

Consequently, the solution oP the Vlasov-Poisson equation

(6) is here represented by

f = (gr • gd)exP(- v
2/u2)

where Por each k-value

gr = (no/u/»)cfh(v)exp[ik(x - vt.)] (16)

gd = (no/u/n)J Cft|[kv/(kv - w)]exp[i(kx - wt)]dw (17)

Here n and c-, are constants to be speciPied Inter,

h(v) = hj(v)exp(v2/u2), and cu is a Punction oP w. Moreover,

the path oP integration in the complex w plane will until

Purther notice not be speciPied in detail, but only be chosen

such as to avoid the singularity at u> = kv.
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The solution given by eqs. (15)—(17) is general, in the

sense that it holds for arbitrary initial disturbances and

ratios */*D between the wave length and the Debye distance.

3.2. A Sinusoidal and Maxwellian [nitial Perturbation

To simplify further analysis and still preserve the relevant

physical features, two restrictions will now be made. First a

sinusoidal initial density perturbation having a wave length

A* 2*/k is adopted, i.e.

n(x,O) = no coskx = (no/2)[exp(ikx) • exp(-ikx)J (18)

where n << n .
o o

Second, the disturbed plasma is assumed to be Maxwell ian,

as in the unperturbed state of eq. (2). This is plausible from

the point or view that interaction between the particles therma-

lizes the plasma at a short, time scale. It implies that we now

restrict ourselves to the case h(v) = 1 in eq. (16).

3.3. Determination of the Mode Amplitudes

The amplitudes cf and c u or the "modes" gp and gd

have to be determined from the basic equations and initial

conditions. Prom expressions (1.6) and (17) we obtain Dgr = 0

and

= i(no/u/n)kv/ cuexp[i(kx - wt.)]dw (19)
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Combination of eqs. (6) and (!•?)-( 17) then yields

c exp(- io)t

(2/u/n)((D /ku) ij [c_exp(- ikvt
P6 - C D '

c (kv/(kv - a))]exp(- io)t )dw]exp(- v2/u2)dv} (20)

Here it should be noticed that, in the case of a general

type of non -Maxwellian perturbation, Cp in eq. (20) would

have to be replaced by Cph(v). The first integral of the right

hand member of eq. (20), i.e. the free-streaming contribution

to the density n(x,t), could then in principle be evaluated

for this general case. Here the analysis is restricted to a

Maxwellian perturbation with h(v) = 1 as stated in Section 3-2.

This simplifies the evaluation, and integration in the complex

v-plane then gives

+ 0D

exp[- (v/u)2 - ikvtjdv = expC- (kut/2)2] (21)

Eq. (20) now reduces to

f -(kut/2)2] s - / c [-5(ku/wnJ2 • J(o)l|exp(-io)t )dw
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where

2,2,
J(tu) = (1/u/ä) / [kv/(kv - u)]exp(- v /u )dv =

= 1 + C • Z(C) = J(C) (23)

C = oj/ku and

2) 2 Jexp(z2 C 2Z(C) = i/iexp(- C2) - 2 Jexp(z2 - C2)dz (21)

is the dispersion function defined by Fried and Conte (1961).

To investigate the conditions for which eq. (22) becomes

satisfied for all times t, it is necessary to rewrite its

left-hand member. From Fourier integral analysis

+»+16

exp[- (kut/2)2] = (1/ku/S) f exp[ - (w/ku)2 - iut]du (25)

where 6 is a small real and positive quantity, and the

integrand of eq. (25) is seen to have no singularities along

the path of integration. Using this form in eq, (22) for the

same path of integration, and requiring the result to be valid

for all (k,u,t),

= -(cf./ku/ir)exp[ - (w/ku)
2]/[-3 (ku/w ) 2 + J(w)"J (26)

<i p e
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The initial condition (18) and eqs. (16), (17) and (23)

further yield

f

f + c^1 = (1/U/TT) / [cf + c^Ckv/Uv - «D)Jdo>Jexp(- v /u*)dv (27)

which after an interchange of the order of integration

reduces to

I C w ' J(u>)du>= cp + | c M • J(o))do) (28)

-OO+16

Introducing the notation

C = u/ku (29)

= upe/ku = (e
2no/eomek

2u2)1/2 = (l/«/8)(AAD) (30)

•oo+ij/kU

J (t)=
6

f e"iQ)texp(- C2)J(C)Q- + 2C2J(C)]"]dC (3D
1 6

-••16/ku

Jeo = Je(t,O) (32)

combination of eqs. (26) and (28) finally results in the amplitude

factors
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cr = 1/(1 - C^Jeo) (33)

1 -exp(-C2) (3*0

Using eqs. (16), (17) and (31)-(31»), a density perturbation of

the initial Form (18) then has the time dependence

n(x,t) = n (coskx)(l - C2J )~ ] {exp[ - (kut/2)2] -
o

= - (eo/e)(cotkx)E(x,t) (35)

This result holds For a Maxwellian velocity distribution in the

undisturbed and disturbed states, and is valid for all ratios

between the wave length A and the Debye distance A-.

It is finally observed that, by inserting expressions (25)

and (31) into eq. (35), the macroscopic field quantities n(x,t)

and E(x,t) can be expressed in terms of a spectrum of modes

having the form exp(-io>t), as given by

••+16

n(x , t ) = no[exp(ikx)J cn(u)exp(- ia>t)dw (36)

However, the amplitude factor c (w) within one range da> at
n

a particular frequency u> = o>. is then related to the corresponding



factor within the range do> at every other Frequency w = w~.

Further c (OJ) is determined by a combination of the

free-streaming and fluid parts which include the integrals of

eqs. (25) and (31). In this sense the modes having the

time-dependent factor exp(-iwt) and different values of u

become coupled» thereby depending on a combined free-stream ing

and fluid behaviour of the plasma.

3.'I. Limiting Cases

There are two limiting cases of the general solution, with

respect to the parameter ranges of C , as has also been

discussed in the earlier papers by Lehnert (1985,1988,1989),

Scheffel and Lehnert (1989) and Li and Spies (199C*:

(i) For small C the Debye length A becomes larger than

the perturbation wave length A. In this free-streaming

limit Cp •• 1, c -»-0, and

n(x,t) * nQ(coskx)exp[ - (kut/2)
2] (37)

according to eqs. (31) and (33). Then the kinetic effects

are strongly pronounced, thereby resulting in a substantial

kinetic damping by phase-mixing. The part of the density

perturbation in eq. (35) which has a time dependence

determined by J (t) of expression (31) vanishes in this
6

case.

(ii) For large C the Debye length An becomes smaller than

the perturbation wave length A. In this fluid-like limit

the evaluation of the integrals (31) and (32) in eq. (35)

does not. become straightforward. If we for a moment would



drop the Tree-streaming part (16) of the perturbation

by letting c« approach zero and c remain finite in eq. (26),
I 0)

we would obtain

f2cf.J(C) = 0 (38)

This is the conventional dispersion relation for o> which in

the long wavelength limit reduces to

to = a) e - icr (39)

where o is the Landau collisionless damping factor (compare

e.g. Tanenbaum 1967). As shown by Li and Spies (1990) for the

initial value problem of plasma oscillations, Landau's result

is also in fact recovered in this limit. Here we are mainly

interested in the plasma behaviour far away from the fluid-like

limit, i.e. when Xn > A as demonstrated by an example in the

following section.
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4. Large Debye Distance Effects

We now turn to a more detailed analysis on the case of

small C corresponding to large Debye distance (LDD) effects

which are of main interest in this paper. The range A~ >, A

corresponds to C $ 0.11. Kxpressions (23) and (24) are

rewritten as

J(C) = JR(C) + i/kexp(- C
2)

JR(C) = 1 - 2Cexp(- C
2)J exp(z2)dz
o

Neglecting in a first estimate possibly existing imaginary parts

of C = w/ku and a corresponding contribution from Landau

damping, the expression for J(C) can be considered for real

values of C only. A plot of JR(O then shows that |J(C)|

is smaller than or equal to /* within the entire range of C.

This implies that 2C2|J(C)| never exceeds 0.043 when X ̂  Ap.

Restricting the analysis to this range of V* D, the integral

(32) can be approximated by

+ CD

Jeo = (2//i) J exp(" C2)JR(C)dC

A straightforward numerical integration of eq. (42) yields
Je *
form
J =0.80. The density perturbation (35) then approaches the
6



n(x,t) = no(coskx)[l - 0.01 (A/Ap)2] {exp[-(kut/2)2]

- 0.01(A/AD)2[je(t)/Jeo]}

According to this result the initial amplitude of the

free-streaming part becomes at least hundred times larger than

that of the fluid part when AD >, A. The amplitude of n(x,t)

then drops by a factor of at. least hundred in a few kinetic

damping times t. = 2/ku, whereas the fluid part becomes subject

to a relatively weak effect of Landau damping. An analogous

behaviour has also been demonstrated by a computed solution

(Scheffel and Lehnert 1989).
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Conclus ions

This paper presents a solution of the problem of electron

plasma oscillations, covering the entire range Prom low plasma

densities and long Debye lengths to high plasma densities and

small Debye lengths. The detailed evaluation of the integrals

which are included in this solution does not become straight-

forward. Nevertheless the following conclusions can be drawn

from the obtained results:

(i) The limit of small Debye distances AD as compared to

the wave length A corresponds to the well-known result

of electron oscillations in a dense plasma. The plasma

then has a macroscopic fluid-like behaviour, with small

excursions of individual particles within a fluid element.

It is governed by the conventional dispersion relation

for a complex frequency 10, including a discrete spectrum

of frequencies and a comparatively weak damping effect

due to the Landau mechanism.

(11) In the limit of large Debye distances A >> A, the

general solution includes both a free-steaming part and

a fluid-like part. The initial amplitude of the

free-streaming part is then much larger than that of the

fluid-like part. The free-streaming part becomes strongly

damped by kinetic phase-mixing. Even if the fluid-like part

has a much weaker damping, its small initial amplitude

has the consequence that only a small fraction of the

initial macroscopic perturbation remains after a limited

number of kinetic damping times t. = 2/ku.

(iii) The solution for arbitrary Debye distances can be expressed

in terms of a spectrum of modes having the time dependence

exp(-iu)t), but the amplitude factors of these modes become

related to each other and depend on the combined

free-streaming and fluid behaviour of the plasma. Thus the

modes cannot be treated as if they were independent of

each other.
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(iv) For a magnetized plasma the large Larmor radius (LLR)

effects are expected to play a role being somewhat similar

to that of the presently discussed LDD effects. An exact

and general treatment, of LLR effects may also be elaborated

along the lines which are similar to those in the present

context, but nuch an approach is expected to become far

more complicated.
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