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Abstract
Results are presented accounting for a selection of extensive numerical cal-
culations of the evolution in space and time for a dynamic system, governed
by a nonlinear diffusion equation with source and loss terms (which could also
be nonlinear). The system is assumed to be circularly symmetric and limited
by an external boundary where the value of the depending variable (e.g.
temperature) is supposed to be zero.



1. Introduction
Nonlinear processes are attracting an increasing attention in present-day
scientific research. Among the many different types of equations studied to
dercribe such processes the reaction-diffusion equations, i.e. those which
govern the simultaneous processes of diffusion, sources (heating) and sinks
(radiative losses), where all processes are nonlinear, are of high importance
with applications to practically all areas of modern science, e.g. physics, astro-
nomy, chemistry, biology, medicine, ecology, economy etc. [1-12]: Questions
related to the description of the nonlinear effects of.the simultaneous pro-
cesses are becoming of increasing interest to pure and applied mathematicians
[13-18].

The purpose of the present investigation is to use direct numerical calculations
to study a form of reaction-diffusion equations, i.e. the nonlinear heat equa-
tion with source and loss (also nonlinear) terms, considering boundary effects
and initial conditions as well as specific explicit space-dependences of the
coefficients determining the weights of the processes.

As an application of the analysis the dynamic behaviour of the temperature
profile of a fusion reactor plasma is considered. In particular the influence on
the evolution of the temperature profile due to degradation of the power p of
the temperature T in the source term, accounting for alpha particle heating, ~
TP(T), is studied for high temperatures of a burning fusion plasma. Attention
is given also to the influence of the level of initial temperature as well as of
the heating efficiency (coefficient of the source term).

The results are important no' >ily as evidence of the over all dynamics of the
system but as a numerical <-, t for checking the accuracy of other approaches
to the same problem em ;1 :ing the detailed interplay between the simul-
taneous processes and th< ,v. of equilibria of the system (central expansion
and phase plane descript o .;.

2. The basic rea< m-diffusion equation
Consider the following • on of the nonlinear heat equation with source and
sink terms, namely

(1)

where a, c, e, S, p, q, p\ b and y are constants. The quantity p defines the posi-
tion of the boundary at x = b. In the expression (1) the form factor (l-x2/b2)P,
which is equal to zero at x = b for all times, may represent the spatial varia-



- 3 -

tion of the density (c > 0; e > 0). For a burning fusion plasma one may choose
p = 2-3 to model the effects of alpha particle heating, q = 0.5 to describe
bremsstrahlung losses and 5 = 1.5 to represent diffusion caused by drift wave
turbulence.

In eq. (1) the quantity y is related to the space dimension under consideration
by Y = d-1. Radially symmetric situations are assumed for d = 2 and d = 3. For
the numerical calculations in this investigations y = 1, i.e. 2-D, is considered
and p = 1 represents a parabolic density variation.

3. Numerical results
Extensive numerical calculations have been carried our for various values of
the parameters in eq. (1) and assuming T(x, t)>0 and T(b, t) = 0, where x = b
defines the position of the boundary.

Only a selection of the material is presented in this publication. Emphasis has
been put on the presence of equilibria and the approach to equilibria for
various levels of the initial profiles.

In Figs. 1 and 2 are given examples related to only one heating source,
representing, e.g. alpha particle heating in a burning fusion plasma.

In Figs. 3 and 4 are plotted the temperature profile evolution including the
effect of degradation of the power p of the temperature T in the source term
TP(T) accounting for alpha panicle heating in a burning fusion plasma.

In Figs. 5-12 are plotted evolution of temperature profiles, where two source
terms having different powers pi and p2 of the temperature and different
weighting factors ci and C2 are included, considering for the different figures
various mutual relationships between the quantities pi , p2, q and 1+5 as well
as different levels of the initial profiles of the temperature (point-dashed
curves).

4 . Concluding remarks
The results from direct numerical computations are useful not only for
describing the overall dynamical behaviour of the system but also for
providing numerical back-up of the assumptions of an alternative technique
recently developed, the central expansion [1, 8, 12, 15, 17, 18], which enables
one to transform the PDE to simple, only time-dependent, coupled nonlinear,
first order equations. Advantages of such equations are that' they could be
used as a base for analysis by means of a new type of phase-plane description
[18] and as a means for analysis and physical interpretation of the role of the
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simultaneous processes in the dynamic evolution of the system [15, 17, 18].
Detailed comparisons between the results of PDE and results obtained from
the central expansion approach clearly demonstrate [12, 18] the ability of the
equations obtained by central expansion to predict solutions to the original
equation. In fact, equilibria which were originally not observed by direct cal-
culations from the original PDE were found by the central expansion tech-
nique, and were subsequently verified by extended direct calculations from
the original PDE [18].

A particular advantage of the direct numerical evaluation technique is, how-
ever, that one can consider detailed, and more fine-structured initial spatial
distributions for which the central expansion needs additional terms and
therefore is less adaptable.

The two approaches are, accordingly, complementary. Access to both of them
is, in fact, very desirable for studying the dynamic evolution of systems
governed by the important nonlinear PDE here considered. This is particularly
true since the equation cannot be solved by 1ST ([19-21] or given an exact
solution for arbitrary initial conditions [17] contrary to certain equations [22-
24] which posses soliton solutions.
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Figure captions
Fig. 1. Evolution of temperature profile from an arbitrarily chosen initial

distribution (point-dashed curve) with a maximum amplitude AM = 5.
In the process of evolution the profile develops an equilibrium shape
(lower limit of the dashed set of curves). Notice the abrupt change in
slope near the boundary. The parameters used are 5 = 1.5, p = 2, q = 0.5,
a = 0.25, c = 1.37, e = 1, b = 1, p = 1 and y = 1 (2-D). The transit from the
initial curve to the final equilibrium occurs in 10.4 units of time.

Fig. 2. Evolution of temperature profile for the same parameter values as in
Fig. 1 but AM = 2.5. For this case one notices a continuous decay of
temperature towards zero. The evolution is followed for 27.1 units of
tine. For a slight change in AM to AM = 2.7 with the parameter values
unchanged an equilibrium develops like in Fig. 1 in 5.5 units of time.

Fig. 3. Evolution of temperature profile towards state of burning fusiou
plasma assuming for the alpha panicle heating term that the power p in
TP is a function of the temperature p(T) = po exp(-T/To) with p0 = 4 and
T o = 20. With c = 1 but other parameters the same as in Fig. 1 an
equilibrium profile (dashed curve) develops for sufficiently large AM
( A M > 1-5), in the case shown from an initial state (dashed-dotted) curve
with AM = 10 below the equilibrium, the time of evolution being 4.1
units of time.

Fig. 4. The same equilibrium profile as in Fig. 3 developed from an initial state
with AM = 4.5 within the same period of time 4.1 units of time. For
initial values AM < 1.5 now equilibrium but a continuous decay to T = 0
will occur for the same values of the system parameters as in Fig. 3.

Fig. 5. Evolution of temperature profile for two heating sources assuming
Pi = 2, p2 = 1.5 with ci = C2 = 1, 5 = 1.5, q = 0.5, a = 0.25, e = 1, b = 1, p =
1 and y = 1 (2-D). Maximum of the initial profile is AM = 0.9 (point-
dashed curve). After some rearrangement to approach an intermediate
profile the temperature is gradually decaying to zero. Computer run
recorded for 4.5 units of time.

Fig. 6. Evolution of temperature profile for two heating sources for the same
parameter values as in Fig. 5 but for a slightly increased value of the
maximum of the initial profile now assuming AM = 0.94 (point-dashed
curve). The profile approaches an equilibrium which is marginally
unstable. Recording time 4.2 units of time.
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Fig. 7. Evolution towards a stable upper level equilibrium for the same
parameter values as in Figs. 5 and 6 but with AM = 1.0. Recording time
11.0 units of time.

Fig. 8. Approach to the same stable upper level equilibrium as in Fig. 7 for
unchanged parameter values but with AM = 5.0. Recording time 9.6
units of time.

Fig. 9. Evolution towards stable equilibrium for pi = 3, p2 = 1.5 with ci = 0 . 1 ,
c 2 = 2.0, 8 = 1.5, q = 0.5, a = 0.25, e = 1, b = 1, p = 1 and y = 1 (2-D).
Maximum of initial profile is AM = 9.0 (point-dashed curve). Recording
time 5.2 units of time.

Fig. 10.Marginally unstable equilibrium (dashed curve) for the same para-
meter values as in Fig. 9 but with AM = 58.63. Recording time 2.0 units
of time.

Fig. 11.Approach to unstable equilibrium for pi = 4, p2 = 3 with ci = C2 = 1, 5 =
1.5, q = 0.5, a = 0.25, e = 1, b = 1, P = 1 and y = 1 (2-D) for AM = 1.1.
Recording time 4.4 units of time.

Fig. 12.Approach to stable equilibrium for pi = 3, p2 = 0.5 with ci = 0.5, C2 =
1.0, 5 = 1.5, q = 1.5, a = 0.25, e = 1, b = 1, p = 1 and y = 1 (2-D) for AM =
0.5. Recording time 11.1 units of time.
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