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Eqs. (2.3.17M2.3.20) on page 20 should read:

'3*8= f , » G f ^ , (2.3.17)

-KMT r - \ . T r .Km
\N =GF +tNCGFhB

The symbol vc on page 34 should be replaced by Vc.

The equation for K ' on page 39 should read: K ' = a' K + k'.

(2.3.19)



Stellingen behorend bij het proefschrift

A THEORY OF LOW ENERGY n - 3He ELASTIC SCATTERING

F.M.M. VAN GEFFEN

1. De formule gegeven door Nagaoka en Ohta, voor het in rekening brengen van het Pauli effect
in een optische potentiaal, is incorrect.

R. Nagaoka en K. Ohta, Phys. Rev. C 33 (1986) 1393

2. Veelal worden de details van de numerieke methode welke is gevolgd voor het doorrekenen van
een fysisch model, niet belangrijk genoeg geacht om in een publicatie te worden opgenomen.
Het is echter voor een beoordeling van de betrouwbaarheid van de verkregen resultaten vaak
noodzakelijk om over kennis van deze details te beschikken.

3. Daar de methode die wordt toegepast bij het analyseren van experimentele gegevens niet altijd
onomstreden is, alsmede de inzichten hieromtrent in de loop der tijd kunnen veranderen, ver-
dient het aanbeveling om de "ruwe data" voor langere tijd te bewaren alsmede deze algemeen
beschikbaar te stellen.

4. Bij het vergelijken van de resultaten van een theoretische berekening met de uitkomsten van
een experiment, is het van groot belang te weten of een eventueel optredend gebrek aan
overeenstemming te wijten is aan hel te kon schieten van hel gebruikte fysische model, of aan
te grote vereenvoudigingen in de wiskundige uitwerking van dat model.

5. Het initiatief om prijzen beschikbaar te stellen aan ambtenaren die erin slagen om voor een
ieder goed leesbare stukken te schrijven, verdient navolging voor wat betreft het schrijven van
vaktechnische artikelen door wetenschappers.

6. Daar een grafische weergave van wiskundig te beschrijven concepten niet noodzakelijkerwijs
mathematische inexactheid tot gevolg behoeft te hebben, is de weerstand, welke E.G. Dijkstra
heeft tegen het gebruik van een grafische weergave ongefundeerd.

Computable, 23e jaargang, toegevoegd katern, 21 december 1990

7. De term "carrièreplanning" doet ten onrechte vermoeden dat een carrière te "plannen" is.
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CHAPTER I

INTRODUCTION

The subject of this thesis is the interaction of pions with a specific nuclear target: 3He. From the

moment that the existence of the pion was predicted (in 1935 by Yukawa [1.1]) there has been a

great experimental and theoretical interest in this particle. One of the reasons is undoubtedly the

role the pion is supposed to play in the interaction between nuclear particles. Yukawa postulated

that the nuclear force arises from the exchange of quanta called mesons (later to be called pi-

mesons or pions). In fact pions were supposed to play a role in the strong interaction, similar to

that photons were thought to play in the electromagnetic force. Quite some time later (in 1947)

the existence of the pion was experimentally demonstrated [1.2,1.3].

Because of the important role of the pion it may not be surprising that pion-nucleon scatter-

ing in the 1950's was considered as the dynamical problem in strong interaction physics. A prob-

lem it was indeed, since the interaction was too strong to permit the use of (in those days fre-

quently applied) perturbation theory.

In 1956 Chew and Low [1.4] presented a non-relativistic model of pion-nucleon scattering,

which was the first quantitative success of a Yukawa-type theory. They predicted that p-wave

scattering dominates and that the f33 - wave might resonate. They were also able to calculate the

width of the resonance in terms of the pion-nucleon coupling constant. Somewhat earlier the

existence of this resonance was experimentally demonstrated [1.5]. It is nowadays known as the

A(1232).

The significance of the model of Chew and Low not only lies in the ability to predict exper-

imentally obtained pion-nucleon data, but also in the way this model came about. A technique

was used which later evolved into dispersion theory or the S-matrix theory of strong interactions.

The pion is also crucial for the Partially Conserved Axial Current (PCAC) hypothesis.

Based on the assumption of PCAC, an experimentally verified relation (the Goldberger-Treiman

relation) can be derived, which relates the decay-rate of the pion (decay in a muon and a neutrino)

to the pion-nuclcon coupling constant [1.6]. In fact in modern gauge theories pions are con-

sidered to be Goldstone bosons with their mass being a measure for the breaking of chiral sym-

metry [1.7].

There are many branches of physics where the pion and its interactions are directly or
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indirectly under study. We briefly address some which are related to our topic of interest (our list

being far from exhaustive).

Since pions are (partly) responsible for the strong interaction, the role they play inside

stable nuclei is an important topic in nuclear physics. Virtual pions are continuously emitted and

absorbed by the nucleons of the nucleus. The related creation of virtual A's is one of the many

important pionic effects in nuclei [1.8].

Another important topic is the study of the KNN system [1.9]. By applying few-body equa-

tions (Faddeev equations) one can, amongst others, perform calculations for the scattering of

pions by Deuterium [1.10]. These model calculations are based on first-principle physics, i.e.

they contain a minimum of phenomenology. This can be considered as an advantage, although

the model calculations are far from trivial.

A quite different field of study is that of pionic atoms. A negative charged pion stopped in a

nuclear target and trapped by the Coulomb potential of the nucleus will form a pionic atom.

Much experimental and theoretical effort has been put into the investigation of the influence

which the strong pion-nucleus interaction has on the energy levels of these pionic atoms [1.11].

The last branch of "pion physics" addressed here deals with the study of the scattering of

pions by nuclei. The scattering can be elastic, charge exchange or of any other type. In particular

this field really expanded during the 1970s when the so called meson factories LAMPF (Los

Alamos, USA), SIN (Villigen, Switzerland) and TRIUMF (Vancouver, Canada) came into opera-

tion and, as a consequence, much high quality scattering data (for incoming pion energies below

300 MeV) became available. Although numerous studies and experiments exist in this field

[1.12], many problems are still unsolved. Even for elastic scattering, intuitively the most simple

of all scatterings, there is still no consistent unambiguous model which can be successfully

applied for a broad range of incoming pion energies and for many different nuclei. One of the rea-

sons (which is in particular valid for the lower incoming pion energies) is the lack of a good

model for incorporating the effects of true absorption of the pion, which play an important role in

elastic pion-nucleus scattering. The phrase "true absorption" is used to discriminate it from the

"optical absorption" which represents the loss of pion flux from the elastic channel by inelastic

scattering.

Several successes have been reported for different models that reproduce the experimental

data. However most of these models are valid only for a limited energy domain. An example is

the so called delta-hole (Ah) model [1.13]. This model exploits the dominance of the delta reso-

nance in the incoming pion energy range of approximately 75 to 200 MeV [1.14]. In fact this

model is a special application of the isobar doorway state formalism [1.15] where the basic idea



is that a set of states (doorway states, which represent excited states of the A + (A-l) system)

intervene between the elastic channel for elastic pion-nucleus scattering and all other states (ine-

lastic states, continuum states and so on) of the system. In the Aft model these doorway states are

the delta-hole states, where the physical picture is that a single nucleon in the nucleus is excited

to a A in a single particle state which is coupled to the remaining hole in the nucleus.

Other models which have a limited applicability are those based on Glauber theory. These

models are valid for energies larger than about 200 MeV. By applying Glauber theory it is possi-

ble to come up with a finite scattering series which contains only on-shell (physical) pion-nucleon

scattering amplitudes. In the case of scattering by the Carbon-12 nucleus these models have been

fairly successful [1.16] although they seem to fail in case of lighter targets [1.17]. A serious draw-

back of these types of models is that systematic improvements by incorporating more physical

effects become nearly impossible.

In fact most of the models which describe elastic scattering of pions by nuclei are based on

(some formulation of) multiple scattering theory and make use of an optical potential construct

which is in fact a reformulation of the multiple scattering series. One of the advantages of these

models is the possibility of systematic improvement by incorporating more physics (and using

less numerical approximations). In fact, in the first applications of this theory, quite crude approx-

imations were exploited, such as the "frozen nucleus" approximation (elimination of all the

dynamics of the nucleons in the nucleus). Over the years many systematic improvements were

incorporated (binding effects, effects coming from the Pauli principle, nucleon-nucleon correla-

tion effects, relativistic effects, improvements with respect to the Fermi motion of the nucleons, a

' better treatment of the Coulomb interaction etc.). Some of these improvements were made based
1 i. on experience gained with few-body calculation techniques.

ji The models employing multiple scattering theory are still far from perfect. One of the rea-

i) sons is the lack of solid theories for some contributing physical effects, such as the off-shell

| behaviour of the pion-nucleon scattering matrices or the important pion absorption. This makes it

impossible to exclude all phenomenology from the models. With respect to the model calcula-

•;•• tions there is the limitation of available computer resources (fortunately these resources are

rapidly increasing).

We choose to study low energy pion scattering on 3He nuclei within the multiple scattering

framework for the following reasons:

- because in pion-nucleus scattering, the pion-nucleon dynamics and the nuclear structure are

difficult to untangle, we prefer to perform calculations for nuclei that have reasonably well

known wave functions. For He good microscopic wave functions are available which enable us

r
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to make less approximations with respect to the nuclear pan. Of course the same is valid for the

deuteron but we think that few-body equations are a better tool for a comprehensive pion-

deuteron study.

- the low energy regime has been chosen since new experimental data is to be expected (from the

NIKHEF-K pion channel). Because the delta-hole model breaks down at very low energies, it is

natural to use multiple scattering theory.

Of course a theory can not claim to be realistic when it is not able to (at least approxi-

mately) reproduce the experimental data However, it is our strong belief that it is equally impor-

tant to test frequently applied approximations, even when these are successful in describing the

experimental data. One of the lessons that can be drawn from the history of pion physics, is that

simple models which reproduce experimental data, often fail to do so when more physical effects

are incorporated. In certain cases this can be explained by the fact that taking into account

several effects simultaneously, can result in certain effects cancelling each other out, leading to

no overall change being observed (see for example the results of de Kam et al. [118] with respect

to the Pauli and binding effects in pion-Helium-4 scattering).

It is often impossible to make meaningful comparisons between the results coming from

different models because they differ in more than one respect from each other. This makes it

difficult, if not impossible, to locate the sources of their different predictions. In most cases the

use of different input data further complicates the comparison. To overcome this, our model is

related as closely as possible to that of Landau and Thomas [1.19]. We consider their model as

the most developed one in which practical pion-nucleus calculations have been performed within

the multiple scattering framework. The improvements we made to their model refer to the first-

order optical potential and are difficult to implement for nuclei other than 3He.

This thesis is organized as follows:

In chapter 2 we discuss multiple scattering theory and the optical potential which is the basic

theoretical framework of our scattering model. We compare the Watson and the Kerman,

McManus and Thaler (KMT) formulations of this theory and discuss the three-body model for the

first-order optical potential of Tandy, Redish and Bolle'. Although a lot of literature has been

devoted to multiple scattering theory and related topics, we still choose to treat this subject in

some detail to clarify our particular choices for the case of pion-Helium-3 scattering and to

expose our conventions and notation.

Chapter 3 is entirely devoted to the first-order optical potential. The physical components of

this potential (the pion-nucleon T-matrix and the nuclear wave function) are discussed in detail

and a part is devoted to the way the Coulomb force is taken into account. Some frequently made



approximations to the first order optical potential are also treated in this chapter.

Although chapter 3 contains the basic equation we use for the optical potential, the deriva-

tion of formulae suited for doing computer calculations from this equation is far from trivial. The

first part of chapter 4 therefore deals with the partial wave decomposition of the optical potential

and our numerical approach. The second part of this chapter discusses the tests which have been

performed to verify our code.

In chapter 5 we present and discuss the results of our calculations. We performed calcula-

tions with and without making approximations. In this way we could systematically study the

effects of these approximations. Amongst others, the sensitivity of the model to the form of the

wave function, to the off-shell model for the pion-nucleon T-matrix, to the parameter values of

the absorption potential and to the way the Fermi motion is treated, is shown. In chapter 6 we

briefly summarize our results and main conclusions.

Most of the material presented in this thesis has been published in reference [1.20]. It is repro-

duced with the kind permission of NORTH HOLLAND Publishing Company (Amsterdam).
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CHAPTER II

A THEORETICAL FRAMEWORK FOR

PION-NUCLEUS ELASTIC SCATTERING

Introduction

The scattering of a pion by a nucleus is a many-body scattering process, so it should be

natural to apply many-body scattering theory. Unfortunately, in the case of n- 3 He scattering this

would result in four-body equations which are extremely difficult to solve. We will confine our-

selves to a different formulation of this scattering process, namely that of non-relativistic multiple

scattering. Multiple scattering theory differs from the many-body theories in the way that the

equations which govern the motions of the nucleons inside the nucleus arc in principle already

solved, and the result (the wave function of the nucleus) is built into the theory. In many-body

theory the scattering of the pion by the nucleons of the nucleus together with the scattering of

these nucleons amongst each other, are solved simultaneously. In other words: the pion-nucleon

scattering matrix and the nucleon-nucleon scattering matrix are handled on the same footing. In

principle the two formulations are equivalent and, when making no approximations, should give

identical numerical results.

Although there is a wealth of literature devoted to the subject of multiple scattering (a clear

introduction is given in Eisenberg and Koltun [2.1]), we will treat this subject in some detail

since there exists an overwhelming number of different conventions and notations in this field.

We give a formal treatment of multiple scattering in section 2.1 and discuss the concept of the

optical potential in section 2.2. In section 2.3 we discuss the first-order optical potential which

allows us to do practical calculations. In section 2.4 we discuss a way of taking into account the

effects of pion absorption in elastic scattering and in section 2.5 we show the decomposition of

the optical potential in a spin-dependent and spin-independent part.
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2.1 Introduction to multiple scattering theory.

We assume that the scattering of a pion by a nucleus is governed by the following Hamil-

tonian

Z v,., (2.1.1)
i — 1

where HA represents the nuclear Hamiltonian, Kn the free Hamiltonian (kinetic energy) of the

incoming pion and V the potential between the pion and the nucleus. We further assume

V = 2 V,-, where v; is the interaction between the pion and nucleon i of the nucleus, i.e. the pion
i

interacts through a two-body force (a pair potential) with each of the A target nucleons. The

corresponding Lippmann-Schwinger equation is given by

T*A = V + V G0TnA = 2 v. + £ v, G0T,A , (2.1.2)
; = 1 i = t

where

GQ= = e - » 0 + . (2.1.3)
E-H0 + it E-HA-Kn + ie

When the target-nucleus is He we have A = 3 and our equations describe a complicated four-

body scattering problem. It is extremely difficult to solve these (or other equivalent) scattering

equations exactly. Therefore we look for an alternative formulation, that allows for a natural way

to make approximations and a scheme of how to improve on them systematically. Multiple

scattering theory provides us with such a scheme: the (in principle) unknown potentials v; are

eliminated in favor of the pion - nucleon T-matrices r;, which have a close connection to the ele-

mentary free pion - nucleon T-matrix tnN, and TttA is written as a series based on these /,- 's. In

the remainder of this chapter we will denote TnA for short by T. To derive the (so called) Wat-

son multiple scattering series [2.2] we write

A

r=£r;, (2.1.4)
1 = 1

where 7} is defined by

7;=v1.+v,G0T=v i+v jG02;7- ;. (2.1.5)
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We rewrite this as

T i - v l - G 0 T | . = v , + v | . G 0 2 ; r > . (2.1.6)

or

(1—v-G )T=v+vG V f , (2.1.7)
J*i

We define the operator t{ by

which is equivalent to

t. = ( l - v ; G0)~'v, ;. (2.1.9)

We can now write

For the pion-nucleus T-matrix we consequently can write down the following equation

< = i ; = i i = i j*i

By iterating the right hand side we have

A A A

This is the so called Watson series for the pion-nucleus T-matrix. It is an infinite series of scatter-

li ing terms, for single, double, triple, etc. scatterings, in which there are no two successive scatter-

• > ings on the same nucleon. Before we discuss this result we make use of simple diagrams to illus-

\ trate our formal manipulations. A nucleon is represented by a straight line and the pion by a

!' dashed horizontal line. The interaction between the pion and nucleon i (v,-) is represented by a

I "wavy" line and the corresponding two particle amplitude (f; ) by a "blob". For the propagator Go

• we use a dashed vertical line. Diagrams that enter in the multiple-scattering theory are depicted in

| fig. 2.1. These are to be read from the right to the left. This figure illustrates the fact that by

j, going from eq. (2.1.2) to eq. (2.1.12) (i.e. by going from the first type of diagrams to the last type)

i: we have summed up all possible scatterings v, (the "wavy" lines) in the t; (the "blobs"), where

the intermediate propagation is governed by Go. From the way we ordered the diagrams it fol-

lows that interaction with a different nucleon must take place before the pion scatters again on a

given nucleon, since all uninterrupted successive scatterings on a nucleon have gone into the

amplitude t,. In these diagrams the nucleon lines correspond to propagation due to the nuclear
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Hamiltonian HA alone, which also appears in the definition of Go. As a consequence we don't

have to worry about possible non-unique solutions of our equations (which could follow from

disconnected diagrams). There is still another uniqueness problem connected to the definition of

the optical potential. We discuss this in section 2.2.

T JIT -— r
+... + i

• T
•

-~mir TiHT TJTiTtT
^f+-

_ l
2
3

in aim

Fig. 2.1. Diagrams that enter in n - 3He multiple scattering theory. See text for an explanation.

We can now ask ourselves what we have gained by expressing the pion - nucleus T-matrix

in the infinite series of eq. (2.1.12). We already stated that in many applications the potentials v(.

are unknown, but even when they are known they can behave badly (as in the case of hard-core

potentials for nucleon - nucleon scattering). In both cases the Watson series is preferable over the

original Lippmann-Schwingcr equation (eq. (2.1.2)). In the case of pion - nucleon scattering the

potential is at least not well known for the entire energy range where we need to know this quan-

tity. The pion - nucleon T-matrix is better known since this quantity is more directly related to the

scattering cross sections.

Another advantage of the Watson series manifests itself when there are arguments to take

into account only a limited number of terms of this series. This is for example the case in pion -

deuteron scattering. The deuleron is an extremely diluted nucleus and consequently we may
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expect that higher-order multiple scatterings play a minor role and our multiple scattering series

converges rapidly. For other nuclei this is less plausible and we are probably better off when

using the concept of the optical potential (see section 2.2). Even in cases where a limited number

of terms suffices, one still faces the problem of calculating f,. Although the definition of r, (eq.

(2.1.8)) resembles that of the free pion - nucleon T operator (which we will denote by tf") there

is a striking difference: in contrast to the free pion - nucleon propagator (denoted by g0) the pro-

pagator Go contains the nuclear Hamiltonian HA which makes r, a many-body operator. It is

possible to derive an equation which relates tl to tf". For this we start with the definition of

tf" = \+Vigotf", (2.1.13)

with

o Z ( 2 U 4 >
(o-Kn + i£

From eq. (2.1.13) it follows that

vi=tf"(l+gotf"Ti. (2.1.15)

Substituting this result for v; in the definition of r, (eq. (2.1.18)) we get, after some trivial alge-

bra, the following formal relation between tt and tf":

h=tf" + tf"(G0-g0)ti, (2.1.16)
or explicitly

)- (2.1.17)

j In fact the operator r, describes the interaction of a pion with nucleon i which is bound in the

f nucleus. (Of course, a physically motivated relation between the energy E and the variable co has

| to be given in order to make eq.(2.1.17) meaningful, but we defer this issue to section 3.1).
8?

| An approximation frequently made is the so called impulse approximation in which the

I; operator /, is replaced by tf". We see from eq. (2.1.16) that this is legitimate when one calcu-

lates tf"(m) at an energy coo which makes the difference between Go and g0 negligible. It is

obvious that it is impossible to make the numerical outcome of the matrix elements of Go exactly

equal to those of g0 in this way, but such a procedure doesn't have to be a priori fruitless. It goes

without saying that the choice one has to make for a>0 depends on the model used to describe the

scattering. We will discuss this issue in chapter 4. In cases where the nuclear binding effects play
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a minor role with respect to the scattering of the pion, which is for example the case when the

pion energy is much larger than the nuclear binding energy, the choice f; = tf" might be

justified.

Before turning to the discussion of the optical potential we want to explain the role of

nuclear antisymmetry in our formalism. We assume that the matrix elements of the pion-nucleus

T-matrix are calculated with antisymmetric initial and final states. Since we are only interested in

elastic scattering this means that both the initial and the final state are composed of an antisym-

metric nuclear ground state and a plane wave for the pion. It can be easily shown that, when

working with an antisymmetric nuclear wave function, the kind of symmetry of the intermediate

(scattering) states is unimportant, i.e. the matrix elements of the pion - nucleus T-matrix do not

depend on the choice of symmetry of the intermediate states. This is a result of the fact that the

potential V ( = £ v,) in eq, (2.1.2) is a symmetrical operator. Therefore the Lippmann-Schwinger
i

equation as glv.n in eq. (2.1.2) is equivalent to the following Lippmann-Schwinger equation

T = V +VGoaT, (2.1.18)

where d is an antisymmetrization projection operator whose action on a complete set of many -

particle states is to project these onto the space of fully antisymmetric states. The operators <X

and Go commute since Go is symmetrical in the nucleon variables. The equation for the

corresponding pion - bound-nucleon T-matrix, which we denote by t*ur (since this operator is

introduced by Kerman, McManus and Thaler [2.3]), is

tfm= v. +v,. Goa tfMT. (2.1.19)

The corresponding Watson series is given by

A A

r v"i .KMT . «•« KMT/-* s* ^\ .KMT

i - \ i = I j * i

A

+ x t*m Goa s tf^G^a 2 t£MT+ (2.1.20)
i = l j t i k*j

We will further discuss the relation between the Watson formulation (defined in a Hilbert space

which allows scattering states of all kind of symmetry) and the Kerman, McManus and Thaler

formulation (denned in a Hilbert space of antisymmetric scattering states) in the next subsection.
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2.2 The optical potential.

We already mentioned that the series for the pion - nucleus T-matrix has, for most applica-

tions, no guarantee, or even strong assurance, of convergence. We therefore follow a somewhat

different procedure then of just taking a limited (finite) number of terms to calculate the (approxi-

mate) T-matrix. We use a procedure which enables us to sum over an infinite subseries (of the

full multiple scattering series) that contains the largest and most divergent pieces. This procedure

leads to the optical potential and supplies us with an expansion of this potential in single-nucleon

distributions (densities), two-particle correlations, three-particle clusters, etc. If the higher-order

clusters do not contribute much, we can expect that this procedure leads to a convergent method.

We derive an expression for the optical potential which for the first time is given by Feshbach

[2.4]. Let P denote the projection operator on the nuclear ground state, which we will denote by

the ket | 0 > (so P = | 0 >< 0 | ) , and let Q be defined by the equation

Q=\-P, (2.2.1)

where 1 represents the identity operator. We now introduce the optical potential by the require-

ment that the elastic pion - nucleus T operator, as given by eq. (2.1.2), can also be written as

T=U +UG0PT. (2.2.2)

(Note the difference with equation (2.1.2) where no projection operator was included in the pro-

pagator). By using the fact that

sion for the optical potential U

pagator). By using the fact that Q2 = Q we find, after some trivial algebra, the following expres-

U=V+VQ\ \QV. (2.2.3)

[ 1 \

When U is taken to be equal to the expression on the right hand side of eq. (2.2.3), or even when

U is approximated by an operator proportional to V, the kernel of eq. (2.2.2) is a connected ker-

nel. Kowalski [2.5] has shown that the derivation of eq. (2.2.3) from eqs. (2.1.2) and (2.2.2) is

well defined, which means that the essential aspects of the optical model formulation based on

multiple scattering is mathematically secure. We make use of a Lippmann-Schwinger equation

for U; from such an equation we can easily deduce a multiple scattering series for U. From eqs.

(2.1.2) and (2.2.2) we find

U=V+VG0QU. (2.2.4)

While eq. (2.2.4) is a valid relationship among the constituent operators, it is not a well-defined

equation because the operator inverses, that are needed to solve for U, do not exist in general. For
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us this fact is unimportant since Kowalski [2.5] proved that equation (2.2.4) yields the correct

form (eq. (2.2.3)) and can be used for manipulative purposes provided one does not implicitly

assume that the inverse operators needed to solve this equation exist. In fact we only use eq.

(2.2.4) for manipulative purposes and don't apply this equation itself. Starting from equation

(2.2.4) and following the same procedure we used in deriving eq. (2.1.12) from eq. (2.2.2) (with

the role of T now taken over by U), we arrive at the multiple scattering series for the optical

potential:

x = l i =

A

with

f'Vi+ViGoQt?. (2.2.6)

The operator t? is called the Watson operator. Note that this operator is not the same one which

appears in the Watson series for the pion - nucleus T-matrix (compare eq. (2.1.8) with eq.

(2.2.6)). Before we continue to discuss the optical potential we want to comment on our use of

the expression "optical potential". This expression is mostly used for the ground state matrix ele-

ments of the operator U. We will also use it for the operator U itself, keeping in mind that, when

doing calculations with this operator, we always use ground state matrix elements. Apart from

the fact that in practical calculations we are bound to take a limited number of terms of the series

(2.2.5) into account (which always results in using infinitely many terms of the series for the T-

matrix, although in an approximate form), we now also have to deal with a complicated many-

body operator t{ . This operator is even more complicated than r; since an additional (many

-body) projection operator is contained in the propagator. This projection operator excludes the

ground state of the system as being one of the intermediate states. The appearance of the ground

state as scattering state is already accounted for in eq. (2.2.2). By making the impulse approxima-

tion in this scheme, i.e. by putting tf=tf" , the occurrence of the operator Q is neglected and

one double counts the ground state as intermediate state when using eq. (2.2.2). This difficult

problem is elegantly solved by Kerman, McManus and Thaler [2.3]. As we already mentioned

they make use of a Hilbert space of fully antisymmetric scattering states and derived a multiple

scattering series for the T-matrix given by eq. (2.1.10) (remember, it is also assumed that the ini-

tial and final states are antisymmetric). The matrix elements of each /,. , i = 1,2,...,A, are

identical, and the condition of no successive scatterings on the same nucleon before visiting
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another (expressed byi*j#k) can simply be taken into account by using a counting factor. Eq.

(2.1.20) now becomes

A A , A A
T _ T* .KMT, A ~ l ~ .KMTf, ~ _ , KMT

2 A

(2.2.7)

This can be rewritten as

A A \ A

T = £ t*MT+ — — 2 t?MTGoa T . (2.2.8)

We now define

T'-^-T. (2.2.9)

For this (modified) T operator we then find

A - 1 A A - 1 A

= X '< + 2 ' ; GoaT • (2.2.10)
A j_l A .^j

Since X U i s a symmetrical operator it commutes with (2. By working with antisymmetric

initial and final states we then can omit the operator a in the second term of eq. (2.2.10). We thus

have

A -1 _ KUT A -1 _ KmT'=— X {"+ — X t?mG0T'. (2.2.11)
A ;=i A i . i

Let us now introduce the optical potential in the KMT formalism by defining it by

T' = UKm+UKmPG0T', (2.2.12)

where P is the already discussed ground state projection operator. From eq (2.2.11) and (2.2.12)

we find

,rCoQ j

A - 1 I * A ^
+ S t*mG0Q X tfmG0Q X t™7+ (2.2.13)

A ) i = l ; = 1 * = 1

In this formulation the ground state is allowed to be one of the scattering states in r, (it has no
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Q operator in its definition) and the double counting of this state is avoided merely by using a

counting factor. To calculate the scattering matrix from U we first solve eq. (2.2.12) to obtain

T' and then use eq. (2.2.9) to get T. It is also possible to build the antisymmetrization in the

Watson optical potential which allows us to drop the i * j * k conditions in eq. (2.2.5). We again

depart from eq. (2.2.4) and use the fact that V (= £ v,) is a symmetrical operator and that we

work with antisymmetric initial and final states. Next we write

U =V+VG0QU =V + VGodQU . (2.2.14)

Comparing this with eq. (2.2.2) and following the same procedure which led us to eq. (2.2.5) we

find

A A
1 1 / 1 1 / W

U = T T + V x G n a Q Y x

A

+ X i?Goa Q I xjGoa Q £ tf + (2.2.15)

with

xf = v; + v,. G 0 a Q X?. (2.2.16)

We now use the antisymmetrization operator a and the antisymmetry of the initial and final state

to "symmetrize" the summation instructions (drop the i *j *k conditions), after which the

operator a becomes redundant in eq. (2.2.15) and we can write

(2.2.17)

In order to calculate the scattering matrix from this optical potential we use the Lippmann-

; Schwinger equation given by eq. (2.2.2) (which doesn't contain the operator a ) . In contrast to

the method of KMT we now use the antisymmetrization operator to symmetrize the expression

f; for the optical potential. The double counting of the ground state is avoided by using the Q

: operator in T; . Since in the expression for the KMT as well as for the Watson optical potential

only symmetrical sums of tfMT or if play a role, the antisymmetrization operator a can also be

I omitted from their defining equations (eqs. (2.1.19) and (2.2.16)). This means that in eq. (2.2.17)

i
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we can take T(- =t,- .

2.3 The first-order optical potential.

By taking only the first term of the series for the optical potential into account we can write

(in the Watson scheme)

A

< 0 | t / ( 1 ) | 0 > = < 0 | £ t™ \0>=A <0\tW | 0 > , (2 .3 .1 )

wi th

tw =v+vG0Qtw . (2.3.2)

In eq. (2.3.1) the antisymmetry of the ground state | 0 > enabled us to drop the index i of f; and

of v; (the pion - nucleon potential) in eq. (2.3.2). i / t l } is our first-order optical potential. It is

possible to show (see for example Eisenberg and Koltun [2.1]) that the first-order optical poten-

tial is approximately proportional to the single-nucleon distribution (density) of the nucleus. The

second-order potential (for which we take the second term in the series) is proportional to two-

particle correlations, the third-order potential to three-particle clusters etc. Using this fact we

assume that for application of the theory to Ji-3He scattering, taking the first term into account

(i.e. working with l / ( ' ' ) will suffice. In other words we neglect two- (and more) panicle correla-

tion effects. Stating this a little differently: we assume that the nuclear density p of 3He is small

enough to neglect terms in the series for the optical potential proportional to p2 and higher

powers of p (low-density approximation). Without really proving this (for this one should make a

full-scale calculation of these terms) we want to make it plausible with the following arguments:

• A nucleon in a nucleus has a typical volume of 4 jt TQ / 3, with r0 = 1.3 A1 n fm, while the range

r KN of the pion-nuclcon interaction is typically smaller than 0.5 fm. So our approximation may

be correct to a level of accuracy characterized by rnN / r0 ~ 0.11A (see Hiifher [2.6]).

• The mean-free-path (m.f.p.) which gives the probability for a "scattering encounter", at a pion

energy of 50 MeV (which is a typical energy in our application) is ~ 4.5 fin (see Ginochio [2.7]).

; The corresponding de Broglie wavelength \ of the pion is = 1.5 fin, so the pion has a m.f.p.

% much greater than Xn, which means that the scattered wave reaches its asymptotic value before

II the next encounter.

;' • Eisenberg and Koltun [2.1 ] find in their estimate of the second-order potential an upper limit

I, equal to 20 % of the first-order potential for pion energies in the (3.3) resonance region (around
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200 MeV). While this is not really a small number they stress the fact that in making this estimate

they used some crude approximations which surely results in an upper limit which is too high.

Although the arguments presented above are only rough indications that for pion scattering

the higher-order optical potentials play only a minor role, we have an extra indication that gives

us more confidence in our neglect of the higher-order terms:

• Wakamatsu [2.8] made a calculation for jr-3He scattering in which he included a second-order

optical potential. Although he had to make some approximations to make the second-order poten-

tial calculable, his results are nevertheless very informative: he finds that over a wide energy

range (100 - 260 MeV) for the incoming pion, the contribution of the second-order potential is

very small. One of the approximations he made was the so called factored approximation. By

doing so it is probable (in view of our experience with this approximation for the first- order

potential [see chapter 5]) that the contribution of £/(2) is overestimated.

Taking only i / ( ' * into account for the calculation of the pion - nucleus T-matrix, one impli-

citly makes the so called coherent approximation. In this approximation one replaces the matrix

elements which appear in the series for 7* in the following way

<0 | tw Got
w Got

w | 0 > = < 0 | t H ' | 0 > < 0 | G 0 | 0 >

.<0\tw | 0 x 0 | GQ | 0 x 0 | tw | 0 > . (2.3.3)

We see that this approximation allows for exited nuclear states in the calculation of the operator

t (see eq. (2.3.2)), but that it is assumed that the nucleus is in its ground state after the pion has

interacted with one nucleon and proceeds to the next one.

In the KMT scheme the first-order optical potential is defined as

A

UKMTll)=<0\ £ f * M r | O > = / l < O | t A r M r | 0 > , (2.3.4)

with

tKMT=v+vGot
KMT . (2.3.5)

By using eqs. (2.3.2) and (2.3.5) we come to the following relation between the Watson and the

KMT operator

tw =tKm -tKmPGot
W . (2.3.6)

From this equation we can derive the following relation between the first-order optical potentials

in the different schemes
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A-l
UKMT(l)

u
(1) (2.3.7)

A A I A

It is easy to show that the resulting pion-nucleus T-matrix is the same using either f/(" or

yKMT (i) ( r e m e m |3 e r t n e fact t j , a t j n (},e j ^ j scheme a different procedure is followed to calcu-

late the T-matrix then in the Watson scheme). Of course the corresponding terms coming from

the iteration of the Lippmann-Schwinger equations in both schemes are different. Only the result-

ing T-matrices are the same.

Let us turn to the question of the reliability of the commonly used impulse approximation.

We already discussed this approximation in connection with the multiple scattering series for the

pion-nucleus T-matrix (see section 2.1). In the optical potential formalism we have in fact two

impulse approximations, one in the Watson formalism:

tw=t/r", (2.3.8)
and one in the KMT formalism:

tKMT=tJreet ( 2 3 9 )

where tfr" is given by eq. (2.1.13). These two approximations do certainly not give identical

results for the pion-nucleus T-matrix. This might be obvious since in the KMT scheme we still

correct for the double counting of the ground state, while in the Watson scheme we don't (we

simply ignore the Q operator). The investigation of these different approximations can probably

best be done by using the three-body model for the first-order optical potential of Tandy, Redish

and Bolle' (TBR) [2.9]. In this model we can depict £/{ ' ' schematically as follows:

Fig. 2.2. A schematical representation of the first-order optical potential in the three-body model of Tandy,

Rcdish and Bolle'.

The pion interacts with nucleon N of the nucleus via the potential vnN, while the nucleon N at

the same time has an interaction with the other nucleons of the nucleus (which we think of as

forming a particle which we call "core C ") via a single-particle potential vNC (this potential

replaces the sum of the interactions of nucleon N with the other nucleons). It is assumed that the
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pion has no interaction with the core (which is consistent with the notion of a first-order optical

potential where it is assumed that the pion only "sees" one nucleon at a time). TBR defined the

free Hamiltonian for the three-body model by

HF=KK + KN+KC+HC, (2.3.10)

where KK, KN and Kc are the kinetic energy operators of the pion, the nucleon and the core

respectively. Hc is the internal Hamiltonian of the core. The Watson and KMT operators in this

model are given by

f ! B = v n \ + v«wCG :3B'3S' (2.3.11)

and

KMT , >-» KMT fy o yy\

with

e - * 0 + . (2.3.13)

To arrive at another form of the defined equations for t jB and t*" , TBR introduced the follow-

ing operators

be = VNC + VNC GF hie - <2-3-14>
and

T — v 4-v n T f ? ^ I ^
*nN ~ vnN + V7tJV UF lnN • (4.^.13)

with
- 1

(2.3.16)

With the help of these operators it is possible to write eqs. (2.3.11) and (2.3.12) in the form of

three-body equations

(2.3.17)

\N =GF~* + ['NC GF ~ GF*r G3B ] ~^!N - (2-3.18)

and

(2.3.19)

C r = GF' + v̂c GF *™T- (2-3.20)

The term of eq. (2.3.18) in parenthesis has the property of prohibiting on-shell propagation of the
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elastic channel in the intermediate states, and thus takes account the projection operator Q in the

defining equation (2.3.11). By taking only the first term in eqs. (2.3.18) and (2.3.20) into account

one obtains

tl=TxN, (2.3.21)

KMT •;• /^ i i<i\
f3« = *KN • (2.3.22)

TBR showed, by applying the operator unitarity relation to the pion-nucleus T-matrix, that the

unitarity properties are fulfilled when making these approximations, but when making the

impulse approximation (replacing TnN by r£r") the unitarity properties are still fulfilled in the

Watson scheme but not in the KMT scheme. In this way the implications of the unitarity theorem

suggests that the Watson operator is more suited to approximation by the free pion-nucleon T-

matrix than the KMT operator. This last statement can also be made plausible by looking at eqs.

((2.3.17),..,(2.3.20)). Since the kernel of equation (2.3.18) is weakened by the subtraction of the

ground state pole, it is likely (but not proven) that eq. (2.3.18) for the Watson operator converges

faster than eq. (2.3.20) for the KMT operator. In fact the presence of the Q operator in the

definition of the Watson operator tends to cancel the distorting effects of the binding potential

(yNC). In chapter 5 we will show that this is indeed the case.

We end this brief discussion of the TBR model by mentioning that TBR also showed that

from unitarity relations it follows that the imaginary part of the first-order optical potential is gen-

erated by one-panicle knockout. The particle of the nucleus which interacts with the pion is

knocked out of the ground state and "returns" to it before a next scattering takes place. There is

an additional reason why the Watson scheme is preferable to the KMT scheme when the

Coulomb interaction is also taken into account, which will be discussed in section 3.4.

2.4 True pion absorption.

We know from experiments, e.g. those of Backenstoss etal. [2.10], Moinester et al. [2.11]

and Aniol et al. [2.12], that true pion absorption gives a non-negligible contribution to low

f" energy it - 3He reactions. In order to take the effects of true absorption on the elastic scattering 4

amplitude (which by definition is not included in the first-order optical potential) into account, we

applied a model of Landau and Thomas [2.13]. This model is a generalization of the momentum- .,

space version of the absorption part of the potential constructed by Ericson and Ericson [2.14] to

explain pionic atom data. Assuming that pion absorption on a nucleus mainly takes place on two

(correlated) nucleons. Landau and Thomas defined the following phenomenological absorption

potential

fj

?.•

i
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A(A-\)

Co«o) — k'-k •p'(k'-k). (2.4.1)

In this equation © is the energy available in the JC AW system. The term including Bo is called S-

wave absorption and the one including Co P-wave absorption. Both terms are complex.

p 2 ( k ' - k ) is the Fourier transform of the squared nuclear density. The factor ji equals EnEA I

( £ „ + £ , ). The form factors g0(K) and g, ( K ) are introduced to give the JTN interaction a finite

range. They are related to the form factors of Thomas' model [2.15] for the rcN amplitudes: the

parameters are averaged over the isospin, but the functional form is the same.

The energy dependence of the parameters Bo and Co have been derived from a parametrization

made by SpuUer and Measday [2.16] of the total cross section for the ic+D - » p p scattering pro-

cess. The threshold values (co = 0) of Im Bo and Im Co are taken to be 0.04 m^ and 0.08 m^6

respectively, in agreement with the analysis of pionic atom level shifts and widths [2.6]. This

value of Im Bo is consistent with the model of Hachenberg and Pimer [2.17], and that of Im fi0 is

in agreement with the model of Ko and Riska [2.18]. The more recent model of Chai and Riska

[2.19] gives a slightly smaller value for Im BQ. We take Re B o = - Im B o as suggested by pionic

atom fits [2.20]. Unfortunately there is little knowledge of the real part of Co. To facilitate a

comparison with the calculations of Landau, who follows Tauscher [2.21] in putting Re Co = 0,

we kept Landau's choice. Other choices will be discussed in chapter 5.

One of the difficulties in setting the threshold values, is the fact that most pionic atom fits are per-

formed on large series of nuclei excluding 3He. Moreover, it became clear from other investiga-

tions, that the threshold values found in this way do not always give satisfactory results when

applied to He. So it seems to be useful to reexamine the model we applied for the 3He nucleus.

We return to this issue in chapter 5.

2.5 The optical potential for spin 0 • spin V4 scattering.

In dealing with the scattering of spin 0 by spin Vi particles we follow Goldberger and Wat-

son [2.22] by decomposing the (optical) potential and the T-matrix in a spin-independent (cen-
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lral) and spin-dependent (spin-orbit) term. In the momentum space representation we therefore

write for the T-matrix elements

< k ' | 7 | k > = < k ' | 7 - c | k > + J o n < k ' | T 5 | k > , (2.5.1)

i

i-

1

[2.2]

[2.3]

[2.4]

[2.5]

[2.6]

[2.7]

[2.8]

[2.9]

where n = k"'xk.

Here k and k' stand for the incoming and outgoing pion momenta in the pion-nucleus cm. system

and k and k' are the corresponding unit vectors. In the same way we can write for the matrix ele-

ments of the optical potential

< k ' | £ / | k > = < k ' | Uc | k > + « o n < k ' | Us | k > . (2.5.2)

In chapter 4 we derive the explicit formulae for the matrix elements of Uc and Us.
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CHAPTER III

CALCULATION OF THE

FIRST-ORDER OPTICAL POTENTIAL

Introduction

In this chapter we present our first-order optical potential as well as some frequently used

approximation schemes which facilitate the calculation of the potential. We discuss in detail the

building blocks of the potential, i.e. the nuclear wave function (as well as the nuclear density used

in approximation schemes), and the pion-nucleon T-matrix. In the last section of this chapter we

discuss the way the Coulomb force is taken into account. The more technical subjects, like the

partial wave decomposition of the potential, and the numerical techniques we used to solve our

equations are discussed in chapter 4.

3.1 The first-order optical potential based on a microscopic Helium-3 wave function.

In our model we use the impulse approximation (i.e. we use the free pion-nucleon T-matrix)

and in doing so we prefer to work in the Watson scheme of multiple scattering theory (see section

2.3). In the pion-nucleus cm. system our first-order (central plus spin) optical potential

(schematically depicted in fig. 3.1) is given by

4

< k ' | U | k > = 4 £ Jd3pd3Af <»P |p ' , q '>
a=l

.<iCUo(a>)|K>0a<p Jq|«F>. (3.1.1)

w i t h O a = l , t f l - t , , i o n , i ( t N - t K ) ( o - n ) .

In this equation < p , q | *P > stands for the antisymmetric internal ground state momentum-

space wave function and < to > are the free JIN transition matrix elements, where o denotes the

spin-isospin labels. tN and tn denote the isospin vectors of the nucleon and of the pion respec-

tively. The momenta p and q are Jacobian variables which can be expressed in the momentum

variables k,, k2, and k3 (see fig. 3.1) of the nucleons of 3He in the following way

Y j 2 k , ) . (3.1.2)

The momenta K ' and K are relative ic - nucleon momenta. The momentum K is the sum of the
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momentum of the pion and of the active nucleon (i.e. the nucleon at which the scattering takes

place)

3 ' 3
(3.1.3)

The momentum — K also equals the sum of the momenta of the (two) spectator nucleons. Since

- k is the (incoming) momentum of the nucleus we can write

-k = k,+k2i
(The same relation holds for the primed momenta.)

n

> - K

(3-1.4)

Fig. 3.1. Kinematics of the first-order optical potential. The wavy line represents the %N T-matrix. The

circle segment represents the 3He wave function.

We denote the three-momentum transferred to the pion by the nucleus by Q, so we have

Q = k ' - k . (3.1.5)

The energy variable ca is the pion-nucleon collision energy. Its square is given by the following

expression:

2[ J 2 K 2 , (3.1.6)

with k0 the on-shcll pion momentum. The energy shift B (which is a constant) is used by some

authors to account for the effect of the binding of the active nucleon. We use it as a free parame-

ter to investigate the effect of such a shift on our results but take B = 0 in our model. We will

give a motivation for this choice in chapter 5. Note that ro, as defined by eq. (3.1.6), is a

Lorentz-invariant quantity. By taking the nonrelativistic expressions for the energies of the spec-

tator nucleons we obtain

Jtf
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K 2 + 4 p 2

2mN+— =-. (3.1.7)
4m

2mA,
2 mN

From this equation we note that, in our model, the pion-mtcleon collision energy does not only

depend on the total momentum (-K) of the spectator nucleons, but also on the relative momen-

tum (p) of these nucleons. This in contrast to other models such as the model of Landau and Tho-

mas [3.1 ] which will be discussed in the next section. The Fermi motion is taken into account by

the integration over the momentum variables K and p.

In our calculations we have used two different (internal) wave functions for 3He: a) a wave

function of Groenenboom [3.2], which is a numerical solution of the the Faddeev (three-particle)

equations, and b) a gaussian wave function. For the construction of his wave function (denoted

as ULPQ in [3.2]) Groenenboom used a separable nucleon-nucleon potential. For the lS0 and the
3S,-3£>, interactions the unitary pole approximation to the 'SQ and 3Sl~

3D1 part of the Reid

Soft Core potential are used respectively. This wave function gives a good description of the

charge form factor of 3He in the momentum region important for our calculations. For the partial

wave decomposition of this wave function Groenenboom used the J-j coupling scheme for which

the following relations hold

J , .=L ,+ . ( i >. J = j ; +J J f (3.1.8)

t , .=t ( > ) + t ( * \ T = t i + t ( O .

Here I, is the relative orbital angular momentum of the particles j and k, and L ; is the orbital

angular momentum of particle i with respect to the cm. of the pair Gk). The vectors s(l) and t(<)

are the spin and isospin of particle i, respectively. The angular momentum and isospin basis-

states can be written as

\a^> = \(.ti,t
0))T>[Ui.Si)ji;(Li,s

li))Ji]J>, (3.1.9)

where p* is shorthand for the quantum numbers r;, /,•, st, j , , Lt, and / , , necessary to identify the

basis-states. Because the wave function is fully antisymmetric the label i is redundant, hence we

drop it in what follows. The internal wave function of 3He is given by

< p , q | 4 ' > = j : < p , q | Q | j > ^ p ( p , < ? ) . (3.1.10)

Here W^(p ,q ) are the radial parts of the wave function components. Groenenboom calculated

\ 42 components of this wave function. In table 1 we give the quantum numbers and the

Jtf
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contribution to the normalization of the first 5 components.

In our calculations we have used (he first two components of the Groenenboom wave func-

tion (a purely S-wave part, contributing 88.7 % to the normalization of the full wave function), as

well as the first three components (an S-wave plus D-wave part contributing 91.6 % to the nor-

malization). In both cases we renormalized that part of the wave function we took into account.

The neglected components give a rather small contribution to the normalization and including

them will probably not significantly change our results (but enlarge the demand on computer

memory dramatically). We will come back to this in chapter 5.

TABLE 1

Quantum numbers of (he angular momentum states of the 3He wave function

No.

1

2

3

4

5

h

0

0

2

0

2

*

0

1

1

1

1

J>

0

1

1

1

1

h

0

0

0

2

J<

1/2

1/2

1/2

3/2

3/2

1

0

0

0

0

Contribution
lo the norm (%)

44.25

44.45

2.88

0.96

0.20

The gaussian wave function is defined as

_2_2

(3.1.11)

Here | %A > is the (antisymmetric) spin-isospin wave function, rm the root-mean-square radius of
3He and N a normalization constant. This wave function has two components (both S-wave) with

identical radial parts. We will mainly use this wave function to test the factored approximations.

3.2 The factored model and the model of Landau and Thomas.

A frequently used, but rather crude, approximation is the so called "factored approxima-

tion". It is based on the assumption that the two-body amplitude < ta > varies that slowly with

momentum compared to the rest of the integrand (the nuclear overlap function), that it can be

taken out of the integral in eq. (3.1.1) and be calculated at some average value (kfl) for the

momentum of the struck nucleon. After performing the resulting integrations one obtains
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4
<k'|{/ |k>=4 £ <k',ka-Q|ra[«>(ka)]|k,ka>pa(Q), (3.2.1)

o t = l

where Q is defined by eq. (3.1.5), and the factors pa( Q ) stand for the nucleus (matter and spin)

form factors.

P«(Q) = jd3pd3q < « P | p , q - - Q > 0 a < p . q | > F > . (3.2.2)

The factor 2/3 in front of the vector Q is a result of working with Jacobian variables (p and q).

Note that in using the factored approximation one implicitly assumes that the pion-nucleon colli-

sion energy is independent of the momentum variable p. One choice for the momentum of the

struck nucleon is the so called "optimal momentum choice" of Landau [3.3]:

Here A is the nuclear mass number (in our case A = 3). In fact ka is the average of the momen-

tum of the nucleon in the initial state and the one in the final state of the nucleus, where the

nucleon is thought to be "frozen" in the nucleus.

The second approximation to the first-order optical potential we want to discuss is the so

called "semi-factored approximation" of Landau and Thomas [3.1]. In their model it is assumed

that the wave function can be properly described by an independent-panicle model. AVhile in the

factored approximation (eq. (3.2.1)) the nucleons are considered to be "frozen" in the nucleus, in

this model a momentum distribution is introduced to account for (some) effects of the Fermi-

motion. The pic.vmicleon T-matrix is folded with the (square of) the single-particle wave func-

tions (On) of the struck nucleon. The result is integrated with the spin-isospin form factors.

Since an extensive treatment of this model can be found in a number of papers [e.g. 3.1, 3.3-3.5],

we will limit ourselves to give their final expression of the optical potential:

4

I < k ' | l / | k > = i4 S p o ( Q ) jd3k"

i
- < k ' , k " - Q + ka U a [ o o 3 B ( k f l ) ] | k , k " + k a > O a > (3.2.4)

where the momentum of the struck nucleon is given by k" + ka. The pion-nucleon collision

energy is calculated in the so called three-particle (pion, nucleon and core) picture developed by

Tandy, Redish and Bolle' [3.6] (see section 2.3). Denoting the momentum of the core by
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P (= -k -ka -k"). and its mass by mc (=2mN) we find

with £ c ( P ) = > / ( m c
2 + P i ) .

We want to stress the fact that the core is considered as a particle without internal degrees

of freedom. As a result o>jfi does not depend on the relative momentum of the spectator nucleons

( p in our model). Note that when putting k" equal to zero in the matrix elements of ta in eq.

(3.2.4), we just retain the factored model given by eq. (3.2.1) (we implicitly assumed that the

single-particle wave functions are properly normalized). In calculations where the factored

approximation of eq. (3.2.1) is applied we also used eq. (3.2.5) for the collision energy. Apart

from the differences in the way the collision energy is defined, there is another important differ-

ence between the factored models we just discussed and our model of section 3.1: while in our

model we need to know the (internal) wave function of the nucleus, in the factored models one

only needs to know the nuclear single-particle densities (or to be more explicit: the matter- and

spin-densities of the proton and the neutron in the nucleus). For the gaussian wave function of eq.

(3.1.11) these densities are easy to determine and are given by the following expressions

A proton , r* * ^ neutron / r\\ neutron t n \

and

0. (3.2.6)

(Our normalization is p ^ J ^ ( O ) = 1.)

Landau, when performing calculations with the semi-factored model, makes use of densities

which arc constructed from the charge and magnetic form factors of 3He ( Fa?* and F»He) and

from the charge form factor of the Triton ( FCH),

prown.fy. _ Fc» W) >,iulrmfn, _ Fc» (W
PnvaerW- ^ ^ . ?„»„„ <U) - ^ ^ ,

P 5 T ( Q ) = C [ ̂ ""(Q) - J ^!!e(Q) - 1 F™H(Q) , (3.2.7)
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P

with £ = •

In these equations/& (Q) stands for the proton charge form factor and \ip and (!„ for the proton

and neutron magnetic moments respectively.

3.3 The pion-nucleon T-matrix.

Besides nuclear-structure information also knowledge of the pion-nucleon scattering matrix

is essential for the construction of the optical potential. We divide the discussion of the pion-

nuclcon T-matrix into two parts; one dealing with the kinematical aspects which are related to the

transformation from the pion-nucleon to the pion-nucleus cm. system, and one dealing with the

off-shell behavior of the T-matrix.

3.3.1 The kinematical transformation.

For a calculation of the matrix elements of the (factored or non-factored) optical potential

we need to know the off-shell rcN T-matrix elements in the pion-nucleus cm. system. We denote

these by < K ' | fa((o) | K > in eq. (3.1.1). We relate these to the off-shell JIN T-matrix elements

in the pion-nucleon cm. system (which we denote by < K ' | /„(©) I <>) by applying the

transformation formula for on-shell matrix elements (see Goldberger and Watson [3.7])

(3.3.1.1)

1 I
\En(K')EN(.K')]2 [ £ , ( K ) £ A , ( K ) ] 2

with Y'= and v=
UOO^Ck') J

LfiB(k)£w(kI)
_ _

For the two-body momenta K ' and K we use the covariant prescription of Aaron, Amado and

Young (AAY) [3.8] applied to on-mass-shell particles. In this case it is legitimate, as Giebink

[3.9] has shown, to use the transformation given by eq. (3.3.1.1) also for off-energy-shell matrix

elements. Using the momenta as defined in sect. 3.1 the AAY prescription reads

K = R - R K 1 f / 2 • (3.3.1.2a)
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with

2R = k-k. , E=En(k) + EN(k.l), s=E2-K2. (3.3.1.2b)
s

For K ' we have a similar expression with k and k, replaced by k' and k,' respectively. The AAY

prescription (applied to on-mass-shell particles) gives the same values for | K | and | K ' | as the

well known prescription based on Mandelstam invariants:

^ j [s-(mn-mN)}
K=~ — — . (3.3.1.3)

4s

with a similar expression for K '.

The AAY prescription has the advantage over the Mandelstam prescription that no unphysical

scattering angles in the pion-nucleon cm. system can be generated, since now |cos(8j,-) | s

|cos(8K.lc)| < 1 for all k and k'. We can rewrite eq. (3.3.1.2) in a form which turns out to be

more practical when performing a partial wave decomposition (see chapter 4).

i c=aK + k,

w i l h

1 K-k
(3.3.1.4)

(Note: a is unrelated to the label a in eq.(3.3.1.1))

3.3.2 The off-shell model.

For the off-shell itN T-matrix we used a rank-one separable-potential model. Above the

elastic threshold (o>>mN +mK) the off-shell behavior of the partial-wave T-matrix elements

can be written as

<K' I fy[O)(Ko) ) | K>= •— <KQ\ fy[0»(Ko) ] | Kg>, (3.3.2.1)
Sy (Kb)

and below the elastic threshold (co< mN + mK) we write

< K ' | f v ( a » | i c > = - J L - , (3.3.2.2)

wilh
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_J_
r

Here gy are the form factors which describe the off-shell behavior and K^ is the on-shell value of

the relative re - nucleon momentum. cy equals +1 (repulsion) or-1 (attraction) and y labels the

partial jtN waves (and is consequently not the same as label a introduced in eq.(3.1.1)). In our

calculations we used the S- and P-wave form factors of Coronis and Landau (CL) [3.10], as well

as those of Thomas [3.11] and of Schwarz et al. [3.12]. In this way we investigated the sensitivity

of our model to the shape of the form factors. The form factors of CL are constructed by using

the inverse-scattering technique. Their model is an extension of the work done earlier by Landau

and Tabakin (LT) [3.13], and by Londergan, McVoy and Moniz (LMM) [3.14]. A major differ-

ence between the CL model and the models of LT and LMM is the use by CL of modem low

energy phases (the Rowe, Salomon an Landau fit [3.15]). LT and LMM used the CERN theoreti-

cal phase shifts [3.16], which now can be considered as obsolete. The form factors of Thomas

and of Schwarz et al. are purely phenomenologic. Besides differences in the analytical expres-

sions for the form factors, another difference between these last two models lies in the choice of

dynamical equation: Thomas used the Lippmann-Schwinger equation (with relativistic kinemat-

ics) and Schwarz et at. used the relativistic Blankenbecler-Sugar equation. The differences in

shapes of the form factors of the different models mentioned will be discussed in chapter 5. For

the Pj, TCN partial wave we did not use any of the models discussed above. In fact this partial

wave needs extra care: having quantum numbers which are the same as those of a nucleon, it con-

tains a pole- and a non-pole (background) part. Since we used a phenomenologic potential to

describe the effect of absorption on the elastic scattering (see section 2.4), we left the pole-part

out of the calculations of our first-order optical potential to avoid double counting. We used a

background P,, partial wave which has been constructed by Vogelzang et al. [3.17] from a JIN

off-shell model of Blankleider and Afnan [3.18].

3.4 The Coulomb interaction.

To perform realistic calculations for the T^-^He scattering process one has to take the

Coulomb force into account. Unfortunately the treatment of the Coulomb interaction in a multi-

ple scattering theory is far from trivial and one is bound to make approximations in order to come

to a practical calculation scheme. Ray et al. [3.19] have shown that within the Watson formula-

tion it is possible to make a complete separation of the Coulomb and the nuclear pan of the

(first-order) optical potential, when neglecting virtual Coulomb excitations. Since the Coulomb

force is relatively weak we assume that the role of the intermediate Coulomb excitations is small.
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Under this assumption the Coulomb part of the optical potential is just the classical static poten-

tial due to the observed nuclear charge distribution (which can be calculated from the nuclear

wave function). This enables us to write

< 0 | U \0> = Vc+A <0\tW | 0 > , (3.4.1)

where Vc is the Coulomb potential the pion experiences from the nucleus in its groundstate (the

other symbols have the same meaning as in eq. (2.3.1)). In the KMT formulation one can not use
W KMT

eq. (3.4.1) (with t replaced by t ) since it is incorrect to apply the KMT ground-state exclu-

sion procedure to the Coulomb potential vc . In the paper of Ray et al. [3.19] a method is dis-

cussed to incorporate the Coulomb interaction in the KMT scheme. We will not discuss this

method here since we preferred to follow the Watson formulation (for reasons given in sect. 2.3).

Due to the long range of the Coulomb interaction, the matrix elements of v c in momentum space

contain a singularity at zero momentum transfer. To deal with this problem we applied the pro-

cedure of Vincent and Phatak [3.20]. To explain this method let us denote the nuclear part of the

optical potential denned by eq. (3.4.1) by UN and the Coulomb part by Vc. This results in

U =UN +VC . (3.4.2)

In configuration space we divide U in a short- and a long-range part:

V =US+UL, US=(UN +Vc)G(R-r), UL =(UN + Vc )0(r -R). (3.4.3)

Here 0(x) is the usual step function (i.e. B(x) = 0 forx < 0 and 6(x) = 1 for x > 0) . Since the

nuclear potential UN is short-ranged and the nuclear charge density is finite in extent, it is possi-

ble to choose a large value for R (which we call Rcul), such that for r 2 Rcul we obtain

UN V = 0 , Vc (r) = * *B , (3.4.4)
r

where *F denotes the pion-nucleus wave function and Zn and ZA represent the charge numbers of

the pion and 3He. Since Us is a short-ranged potential it has no Coulomb singularity at forward

angles. Consequently the Lippmann-Schwinger equation including Us can be solved. Let us

denote the resulting phase-shifts by SSL. We calculate the phase-shifts &L for r —>°° by matching

the wave function for r < Rcul to the wave function for r > Rcul at the position Rcul. By using a

logarithmic matching procedure we obtain

^ ,G0] + [F,F0]
tanS, = , (3.4.5)

lFG} + tanb [G0,G]

where F and G stand for the regular and irregular Coulomb wave functions and the subscript 0
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indicates that the Coulomb parameter has been set to zero. The brackets denote the Wronskian:

(3.4.6)T8fdr d r

which in eq. (3.4.5) has to be evaluated at r = Rcut.

The matrix elements of the cut off Coulomb potential in momentum space have the following

form (see Taylor [3.21])

j ZnZ. e2

<W\VC | k > = — r—[p(G)-cos(Q Rcm)), (3.4.7)
2TC2 G

where Q = | k' - k | and p(Q) represents the charge density of the nucleus.

The resulting pion-nucleus scattering amplitude is given by

/ ( e ) = / ( e ) + — £ (2L + l)e2iaL(r\e2i L -l)PL(cosQ). (3.4.8)

Here fc (6 ) is the point Coulomb amplitude, 8L is the phase shift (given by eq. (3.4.5)) and r\L

the inelasticity for the scattering from the optical potential in the presence of the Coulomb force.

The way we treated the influence of the Coulomb interaction is incomplete: Dedonder [3.22]

showed that in the case of an energy-dependent potential (such as our optical potential), the

Coulomb force also causes a shift in the energy argument of the nuclear optical potential. For

•' n- 16O scattering he found this shift (which has a different sign in the case of JC+ and n~ scatter-

ing) to be of the order of 5 MeV. We used his procedure to calculate this shift when dealing with

? a 3Hc nucleus and found it to be of the order of 1 MeV. Since such a small shift has a negligible

f effect on the differential cross sections, we did not take it into account.
|
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CHAPTER IV

NUMERICAL METHODS AND TESTS

Introduction

In this chapter we explain our numerical approach in order to come to a calculable expres-

sion for the optical potential. It is rather technical of nature and can be skipped by readers who

arc only interested in the outcome of our calculations and not in the method of calculation. We

also spend a section on the validation of the computer code.

In section 4.1 we apply the method of partial waves to arrive at an expression which is more

suitable for numerical treatment then the original 6-dimensional integral of eq.(3.1.1). We use a

graphical method for the angular momentum algebra, which method has been summarized in

appendix A.

In section 4.2 we give details of the numerical calculation itself as well as the tests per-

formed to verify the correctness of our code. Appendix B summarizes the solutions of the

applied integrals.
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4.1 Partial wave analysis of the first-order optical potential.

Our starting-point is eq.(3.1.1). In a somewhat different notation this formula reads

<k' | U | k> = A Jd3pd3K<¥ | p ' .q'xK' | t ^ o ) | t c x p . q | ¥ > , (4.1.1)

where
4

According eqs. (3.3.1.1) and (3.3.2.1) the matrix elements of the itN T-matrix can be written as

< K ' | tBN(CO) | K> =

2 <K'|tt;s,/Ijm>Y'

with

t""j(©) = 2~ (4AA)

for to > m^ + nijj, and

l *J(<») = — (4.1.5)

for © < mN + mK.

(Note: g1 *J and t' *J were denoted as gy and tyin eq.(3.3.2.1).)

We first work out the pion-nucleon part of our potential. Applying eqs. (Al), (A2), (A 14)

and (A23) we can write
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x (4.1.6)

and applying eqs. (Al), (A3), (A 15) and (A24) we obtain

m X

t
K li

(Note: (-) =1 since /„ is integer).

Because K = a K + k and K ' = a' K + k, we can apply eq. (A 18) and obtain

£ < K ' I t t ; s , / n j m x t f , s , / n jm | K>

(4.1.7)

t, )
(4.1.8)
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Next we work out the wave-ftinction part of our potential. For the wave function of the initial

state we can write

And for the final state

<r|q',p'>= T W* '2 ,J' ! JL',J' ,J . 1

q'L''

(4.1-9)
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•<-)*-•"'" (-)'»-tl + r la f

To come to a calculable expression we perform a partial wave decomposition for the scalar

parts:

v/»Ti,,*i,w,i(qip)_L!_lip '•

(4.1.11)

and

W
!'2Jr r2,s'2,j'2,L\j\j , _,. l g * (<O „, ,/i#

(4.1.12)

Since q = 2 / 3 k - K and q' = 2 /3k ' -K (see eq. (3.1.3)) we can again apply eq.(A18). We

further use p = p' and perform the integration over p by applying eq. (A21).

After putting all the pieces together we obtain the following expression for our first-order

optical-potential matrix elements:

< k' | U | k > =

(-2/3 k')"*'
V <i'

X V
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'(k'.K.p) JdK

T l23

• t ,

-» T.
t_ *

(4.1.13)

In the derivation of this equation we applied eqs. (A26), (A9) and (A4). We also used J = J' and

T = T . which follows from the conservation of total angular momentum and of isospin.

Let us first work out the isospin part of this expression. By applying eq. (A 10) we can

rewrite the isospin diagram of eq. (4.1.13) as

*• ' ' l o t (4.1.14)

I . *

which is equivalent to
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'23

lot t
n ^ T

(4.1.15)

Since we consider elastic scattering, we write MT' = MT and zx' = TK. The first two diagrams

of eq. (4.1.15) can be rewritten in the form of eq. (A31) which gives us two 6-j symbols. The last

diagram represents a summation over MT M of a product of two 3-j symbols (see eq. (A6)). We

consider the scattering of pions on a 3He nucleus so MT= 'A and TB equals +1 in case of posi-

tively charged pions and -1 for negatively charged pions. Since MTm = MT + i:n, tAT^ can only

take one value in case of the scattering of pions of a certain polarity. This means that we can

omit the summation over this quantity in our formulae. Our final expression (which includes the

isopin factors of eq. (4.1.13)) for the isospin part consequently reads

T I2

J
Next we work out the spin-orbit diagram in eq.(4.1.13). We apply eq.(A16) to the product

of the spherical harmonics. The integration over K can be performed by using eq.(A21):

vovo'vL,L',

V

a,.
0

/

\

\

\

/

{

\
/

a.
]

(4.1.17)
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The first two of these diagrams can directly be written out as a product of two 6-j symbols

(see eq.(A31)) and a phase factor. We give the exact expression later. Let us first work oui the

third diagram of eq.(4.1.17). By applying the orthogonality property (A10) for the j and v lines,

this diagram can be separated as follows

v'
0

Vo

M,
(4.1.18)

The first two diagrams of eq.(4.1.18) are equivalent to

(4.1.19)

l l

which represents the product of two 12-j symbols of the first kind (see eq.(A33)) and a phase fac-

tor. By applying eq.(A 10), the last diagram in eq.(4.1.19) can be rewritten as
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M; .J23 J23, M,
(4.1.20)

which after applying eq.(A12) can be put into the form

j ,

, J 2 3 J 2 3 a

•r, J

A\ X — * • »— M,

(4.1.21)

The first two diagrams of eq.(4.1.21) each represent a 6-j symbol (see eq.(A31)). By applying

eq.(AlO) the third diagram can be written as

,2L
v'\ /vo \ / o

This is (according eq.(A12)) equivalent to

(4.1.22)

-»— M, (4.1.23)
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The second diagram of eq.(4.1.23) represents a 6-j symbol (see eq.(A31)) multiplied with a phase

factor. We will give the exact expression later and first work out the first diagram.

Since for 3He we have J = Vi , L can only take the values 0 and 1 (this follows from the triangu-

lar relations for the 6-j symbol). Let us first consider the case that L =0. The first diagram of

eq.(4.1.23) after applying eq.(Al 1) becomes

°M'M - °vovo- „
Vl Vo

where, according eq.(A17), we can write this diagram as

j - ( - ) V o P V i ) (k ' -k )

For L = 1 the first diagram of eq.(4.1.23) becomes

(4.1.24)

(4.1.25)

(4.1.26)

From the triangular relations of the 6-j symbol in eq.(4.1.23) it follows that v0 and v0' can differ

at most 1 and from eq.(4.1.17) we can deduce that ( - ) ° ' = ( - / " ' . Because

s23' = s23,123 ' = 123 and j ^ ' = j 2 3 , it follows that ( - ) ' + ' = 1. From these results we conclude that

Using this fact and applying eqs.(A28) and (A20) we rewrite eq.(4.1.26) as

- p < VzM' | c 1 • [YVo(k') x YVo(k)] | (4.1.27)

P'v (k'k) io (k 'xk) (4.1.28)

By writing out all the diagrams, and combining all pieces, we arrive at the final formula for our

first-order optical potential:

which is equivalent to (see eq.(A29))

( v 0 l v 0 0 | l l ) -
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where for the spin-independent part we have to take the first term between the square brackets

into account, and for the spin-dependent part the second term.

Eq.(4.1.29) is the starting point of our numerical calculations. It gives the expressions for

the partial waves of Uc and Us which are inserted in the Lippmann-Schwinger equations for the

central and the spin-flip part of the Jt-3He T-matrix. From the latter the differential cross sec-

tions can be calculated.

In eq.(4.1.29) we can beforehand fill in the quantum numbers which have a fixed value: J = '/i,

T = Vi, s, = 'A, tK = 1 and tt =
 xh. The upper limits of the summations are determined by the

number of components of the nuclear wave function and the number of rcN partial waves which

arc taken into account.

Since our final expression is still rather complicated we certainly need some good tests for the

reliability of our calculations. We discuss these in the next section.

4.2 Testing of the code.

By using a gaussian nuclear wave function and a simplified form for the pion - nucleon T-

matrix it is possible to derive analytical expressions for the partial waves of U and Us. In this

way we have an important test for the correctness of our code for calculating eq.(4.1.29).

Let us therefore take a wave function of the form (see also eq. 3.1.11)

<P(p,q)=Nexp - - j ( p 2 + j q 2 ) , (4.2.1)

where a = (rm)~' , rm being the root-mean-square radius of the nucleus. (For the moment we

ignore the spin-isospin part of the wave function). The normalization of ¥ is

J d 3 p d 3 q | V ( p , q ) | 2 = l , (4.2.2)

from which it follows that

3 1

Concerning the pion - nucleon T-matrix elements we ignore the factors y and y' which

results from the center of mass system transformation (e.g. we take 7 = 7 ' = 1 in eq.(3.3.1.1)).

For the expression for K we take the non-relativislic counterpart of eq.(3.3.1.4):

ftl
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- m N k - m B k ,
K= = k - p K , (4.2.4)

m^ + m^
with

mn
p= . (4.2.5)

(For K ' we have a similar expression, with k replaced by k'.)

For the JCN form factors we also take a gaussian form:

g(1(K) = icVexp[-K2/b |?], (4.2.6)

where 1̂  denotes the value of the orbital angular momentum characterized by j i , and b^ is the

corresponding gaussian parameter.

In fact the most drastic simplification we make is

< i c o | t ) 1 [ c o ( K o ) ] | ^ ) > = l , (4.2.7)

which results in (see eq.(3.3.2.1))

< K ' I V ( a ) ) | K > = g ( l(K')g l l0c). (4.2.8)

We confine ourselves to one isotopic spin state so we omit the isospin quantum number and

write

< k ' | t n N ( ( » ) | k > = [
7=0

+ io-(KXK')

wilh

(4.2.10)4 4
K'K

However, since this simple model is only used to test our code and shouldn't be seen as a serious

physical model, this simplification is justified.

By taking only S and P it N partial waves into account this last equation reduces to
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<W I tnN(<o)

We use these expressions in the equation for the optical potential (eq.(4.1.1)) and perform

the integrations by making use of eqs. (Bl) and (B3). For the contribution of jtN S partial waves

we find

U ( k ' , k ) = U c ( k ' , k ) = AC,exp — k ' k d , (4.2.12)
I 25

with

3/2 r
3 1 2 2 „ 'H ,

' -exp - ( k ' z + k 2 ) ( p - — , (4.2.13)
a363/2 L 4 5 .

, • , . (4-2.14)
a2 b2

p = - ! - + -!- . (4.2.15)
3 a2 b2

8 = ^ 7 + 2 ' ( 4 ' 2 - 1 6 )

and

In these formulae b = bs 1/2 (the gaussian parameter for the JtN s wave).

Let us now only take the TtN P3/2 wave into account. We then have the Pauli spin operator in

our expression which has to be evaluated between the antisymmetric spin-isospin nuclear wave

functions ( | 4A-* )•

It is evident that
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(4.2.18)

where O)He is the spin vector of 3He. In what follows we will simply denote this quantity as o.

By using the above formulae and applying eqs. (B1)-(B5) we find

where

',k) + U s (k ' ,k ) io(k 'xk) ,

25

U s(k',k) = -k 'kC ,exp |—k '
25

5

(4.2.19)

(4.2.20)

(4.2.21)

(4.2.22)

(4.2.23)

C,, T|, p , 5 and £ are given by the same equations as given for the liN S wave contribution

except that now b = bp3/2.

To get analytical expressions for the partial waves of Uc ( U^") and U ( UL ) we use the

following equations:

+ I

uL
c(k',k)= (2L + 1) JdCPL(Ouc(k',k), (4.2.24)

u L V.k)- ( 2 L + 1 ) jdC( l -^)P L ' (C)U s (k ' ,k ) . (4.2.25)
2 L ( L + 1 ) _J,

(Nolc that L was denoted as v0 in section 4.1)

By applying these to the expression for the "optical potential" which only contains the rcN S

wave contribution (eq.(4.2.12)) we find (using cq.(B5))

U,C= 0 ( k', k) = C, i0 ( \ k' k ). (4.2.26)

wiih
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ill

For the expression which only contains the jrN P wave contribution (eq.(4.2.12)) we find (again

after using eq.(B5))

(4.2.27)

Li i 2 2 3 I , (4.2.28)

UL
c

=2(k',k) = AC, { 2 C 2 i l ( | k ' k ) + 5 C 3 i 2 ( ^ k ' k ) + 3 C 3 i 3 ( ^ k ' k ) } , (4.2.29)
and

(4.2.30)

, , (4.2.31)

The results of our calculations, under the assumptions mentioned, were tested against the

analytical formulae where we used the S31 and P33 JtN partial waves. The factors coming from
14 2

the isospin coupling are in this case — and - — for the central and spin parts of the optical
9 9

potential respectively. These factors have to be taken into account when comparing our analytic

expressions with the results from our code.

The matrix elements calculated with our code don't differ more then 1 % from the corresponding

matrix elements calculated employing the analytical solutions.

It can be easily shown that the isospin factor ratio P13 : P33 in case of n+-3He elastic scattering

equals 2 : 7. Our code reproduced this ratio.

By eliminating the pion-nucleon part from eq.(4.1.1) we get a formula for the normalization

of the wave-function. For each wave function component we calculated the contribution to the

normalization of the wave function by using eq.(4.1.29). We did this for the gaussian wave func-

tion as well as for the wave function of Grocnenboom, which is a part of our standard model cal-

culations. In this way we have a good test for the correctness of the partial wave decompositions

given by eqs.(4.1.11) and (4.1.12).

1 The differences between our results and the values Groenenboom has calculated (see table 1 in

| chapter 2) are less then 0.5 % The same is true for a comparison with the gaussian wave function

j (where both components contribute equally to the norm).
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We numerically solved the Lippmann-Schwinger equation (eq.(2.2.2)) for the T-matrix (in

which our optical potential is the driving term) by using the Haftel-Tabakin procedure [4.1]. First

the R (reaction)-matrix is calculated. This R matrix contahis a principal-value integral. The

principal-value prescription is implemented by subtracting an integral of zero value and approxi-

mate the resulting non singular integral as a weighted sum over a grid of N appropriately chosen

points. In this way we get a set of linear equations. After solving this set the T-matrix can be cal-

culated from the R-matrix. The numerical implementation of this procedure can be found in the

article of Landau, in which he describes the program LPOTT [4.2].

The integrals to be calculated in the formula for the optical potential and in the Lippmann-

Schwinger equation for the pion - nucleus T-matrix were calculated by using a Gauss-Legendre

(G-L) quadrature [4.3].

For the transformation of the G-L points {x(i)J from the interval (-1, 1) to the interval (0, <~) the

following formula is used

±^il (4.2.32)
l - x ( i )

The corresponding weights transform according

w'( i ) = 2 b — W ( l ) , . (4.2.33)

( l - x ( i ) ) 2

For the momentum k (as well as for k ' ) we used 16 G-L integration points with b = 9 MeV/c.

For the momentum K we used also 16 G-L integration points now with b = 144 MeV/c. For the

momentum p we used the same G-L integration points for which the wave function components

have been calculated by Groenenboom: 32 points with b = 3frn~1. In the calculation of the

coefficients WjJ" and W^ we used 32 G-L integration points on the interval (-1,1) for the

cosine of the angle between k (or k') and K.

The wave function components are given by Groenenboom on a set of 30 selected values of the

momentum q lying in the range of 0.02 to 50 fin"1. To get the value of the components for an

arbitrary value of q we used the rational approximation method. We applied this method by mak-

ing use of the routines E01RAF and E01RBF of the NAG FORTRAN library [4.4].
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CHAPTER V

RESULTS AND DISCUSSION

Introduction

In this chapter we present the results of our numerical calculations. A comparison with the

experimental data is given. We investigate our optical potential in more detail by varying dif-

ferent components and by comparing our results with those coming from similar models. In this

way the influence different types of approximations have on the calculated results is studied.

The type of data we present are differential cross sections for the elastic scattering of posi-

tively charged and negatively charged pions by an unpolarized 3He target. The calculations were

performed for three different values of the incoming pion laboratory energy (30.2,45.1 and 65.0

McV) where experimental data exist, as well as for a number of energies (20.0, 25.0 and 35.0

MeV) where experimental data might become available in the near future. For some of the ener-

gies the analyzing power is also presented.
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5.1 The definition of the standard model.

In order to gauge the importance of various approximations and different models for the

dynamical input, we denote one particular version of our calculation as our standard model. Our

standard model comprises:

- Coronis-Landau S- and P-wave TiN amplitudes except for P n where the Blankleider-Afrian

background part is used. The TTN phase shifts are taken from Rowe et al. [5.1].

- The Coulomb potential included according to the method of Vincent and Phatak [5.2],

- An absorption potential as defined by Landau and Thomas (together with their choice for the

values of the parameters),

- The first two components of the 3He wave function of Groenenboom (corresponding to the first

two lines of table 1 in section 3.1).

5.2 The importance of an exact treatment of the Fermi motion.

To test the validity of the different factored approximations we have used a gaussian wave

function as this wave function allows us to easily construct the corresponding (matter and spin)

densities (eq. (3.2.6)). For the root-mean-squarc radius of the gaussian wave fiinction we took the

value 1.79 fm. This corresponds to the value for the Faddeev wave function we used.

GAUSS FACT.
GAUSS FOLDED
GAUSS

65.0 MoV

30 90 150 30
©cm. W

90 15O

Fig. 5.1. The calculated differential
cross sections for n-3He elastic
scattering al 30.2. 45.1, and 65.0
MeV incoming n laboratory energy.
The following options are taken:
the factored approximation (dashed
curves), the semi-factored approx.
(doited curve) and an option where
the full Fermi integral is retained
(solid curve). A simple gaussian is
used for the 3He wave function. For
the lowest energy the curves are
multiplied by 0.1 and for the
highest energy by 10. The Coulomb
and absorption potentials are taken
into account. The data are from ref.
[5.10].
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In fig. 5.1 we show the results of the calculations performed at three different energies for

the cases where the factored approximation (eq.(3.2.1)) and the semi-factored approximation

(eq.(3.2.4)) are applied, and when the Fermi motion is treated in an exact way (eq.(3.1.1)).

We observe from this figure that there is a significant difference between the factored

approximations and the exact calculations. The large difference between the semi-factored and

the exact calculations may be somewhat surprising, since Landau and Thomas [5.3] have argued

that for gaussian wave functions this approximation should be satisfactory. We return to this

point in sect. 5.5.

We conclude that the factored approximations are not accurate at the energies considered.

Liu and Shakin [5.4] came to the same conclusion in the case of it - 4He scattering when compar-

ing their factored and non-factored calculations.

The main numerical difference between the factored approximation and the calculation

where the full Fermi-motion integral is retained, involves the high momentum components of the
3He wave function. For that reason we expect that the accuracy of the factored approximation will

not be improved in the case of realistic 3He wave functions compared to the gaussian wave func-

tion. In addition we may again refer to Ernst et al. [5.5] and also to section 5.5; the choice for the

subsystem energy is the most important factor that affects the accuracy of the factored approxi-

mation.

90 150

Fig. S.2. The calculated differential
cross sections for n-3He elastic
scattering at 30.2, 45.1, and 65.0
MeV incoming Jt laboratory energy.
The dashed curves correspond to
our standard model with a gaussian
wave function, the dotted curves
represent the model of Landau and
Thomas and the solid curves our
standard model (Faddeev wave
function). For the scaling and ref. to
exp. data see fig. 5.1.
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By looking at the effect of factorization for each pion-nucleon partial wave separately, we

found that the differences mainly come from the use of factorization for the P33 partial wave. For

65.0 MeV incoming pion energy there is little difference between the results of the exact calcula-

tions and those where factorization is performed in all partial waves other than the P33. The rea-

son for this will be explained in sect. 5.5.

5.3 Comparison of the results using different wave function models.

In fig. 5.2 we display the results for our standard model and compare them with those we

obtained by using the gaussian wave function. We observe that these results mainly differ at

backward angles and that for the lower energies there is hardly any difference at all in the case of

ic+ scattering.

The fact that the discrepancies mainly show up at higher scattering angles can be explained

in the following way: high momentum matrix elements of the optical potential give a large con-

tribution to the differential cross section at backward angles (see section 5.5). Since the gaussian

wave function falls off more rapidly with momentum compared to the Faddeev wave function,

this contribution is largely suppressed in the case of a gaussian wave function. To illustrate the

difference between the two wave functions, we depicted the charge form factors of 3Hc and the

Triton constructed from these wave functions in fig. 5.3. The charge form factors of 3He and the

-FADD. W.F.
. GAUSS
ST. MCMILLAN

I"ig. 53. The charge form factors
for 3He and 3H. The solid and (he
dashed lines arc calculated by using
two different wave function models
(gaussian and Faddeev). The doited
lines arc fits to the experimental
data (see refs. 15.11,5.121).
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Triton are directly correlated with the proton and neutron density in 3He respectively (see eq.

(3.2.7)). For scattering energies up to 65 MeV, only the form factors in the momentum region up

to Q2 = 6 fm~2 play a significant role.

By comparing the gaussian and the Faddeev wave functions we see that the difference between

their neutron densities is larger than the difference between their proton densities. This explains

why we see a larger difference between the jt~ cross sections than between the n+ cross sections:

in n~ - 3He scattering the n~ - neutron interaction plays a dominant role while in n* - 3He scatter-

ing the Jt+ - proton interaction dominates.

As well as using our standard model we also calculated cross sections using three com-

ponents of the Faddeev wave function of Groenenboom (i.e. we included the most important D-

wave component). The results (which we haven't shown in the figures) differ only negligibly

from those we obtained with the standard model (which contains the symmetric S-wave part

only). This is consistent with the fact, which we independently checked, that the third component

docs not change the proton and neutron densities appreciably in the momentum region up to Q2 =

6 fm~2.

5.4 The dependence on the off-shell model.

Besides the calculations performed using the pion-nucleon potential of Coronis and Landau,

1.40

1.00

" 0.60

0.20

•SCHWARZ ET AL.
-CORONIS LANDAU Fig. 5.4. nN form factors for the

Su and P33 partial waves
normalized to unity at zero
momentum.

4 6
MOMENTUM
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we also used the potential of Schwarz et al. [5.6], and the one of Thomas [5.7]. The models of

Thomas and Schwarz have simple parameterized form factors and differ mostly in the P33 partial

wave. For this wave, Schwarz used a monopole form factor with a cut off of 291 MeV/c and Tho-

mas a form factor which consists of two parts: a monopole part with a cut off of 291 MeV/c and a

dipole pan with a cut off of 671 MeV/c. Consequently, the pion-nucleon interaction of Thomas

has a larger range in momentum space.

The model of Coronis and Landau [5.8] is less phenomenological. Their form factors are

the solution of an inverse scattering calculation and their forms are different from those of Tho-

mas and of Schwarz et al. In fig. 5.4 we show the three types of form factors for the two most

important partial waves (the S31 and the P33).

In fig. 5.5 we display the cross sections calculated with three different jtN models. We note

that, especially for the lower energies, there is a non negligible difference between the cross sec-

tions. Obviously our model is sensitive to these differences and as a result the specific choice of

the off-shell pion-nucleon interaction is important.

5.5 Comparison with experiment and with the model of Landau and Thomas.

In fig. 5.2 we also show the results calculated with the help of the model of Landau [5.9]

together with our own results and the experimental data from Saclay [5.10]. Landau used the

65.0 MeV

..-THOMAS
SCHWARZ ET AL.

—CORONIS LANDAU

30 90 150 30 90
eC.m.<de9>

150

Fig. S.S. The calculated differential
cross sections for tt-'He elastic
scattering at 30.2, 45.1, and 65.0
MeV incoming 71 laboratory energy
for different 1tN off-shell models.
The models used are: Thomas
(dashed curves), Schwara et al.
(dotted curves) and Coronis and
Landau (solid curves). For scaling
and rcf. to exp. data see fig. 5.1.

jrf
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semi-factored approximation (eq. (3.2.4)) and constructed the (matter and spin) form factors from

experimental electron scattering data (see section 4). For the charge and magnetic form factor of
3He he used an analytic expression which McCarthy et al. have constructed to fit their electron

scattering data [5.111, and for the charge form factor of the Triton he took a wave function of

McMillan [5.12] which fits the data points of Collard [5,13], given up to Q2 = 8 fin"2. We depict

these charge form factors in fig. 5.3.

In his model Landau used the "three-body choice" (eq. (3.2.5)) for the subenergy, in which

he included a negative shift of 5 MeV (i.e. B = -5), and the so called "optimal momentum

choice" (eq. (3.2.3)) for the momentum of the struck nucleon in the nucleus. The input pion-

nucleon phase shifts, the off-shell model, the treatment of the Coulomb force and the choice

made for the absorption potential are identical to the choices made for our standard model. This

makes a meaningful comparison possible.

From the figures we observe that Landau achieves a reasonable agreement with the experi-

mental data at backward scattering angles, while our standard model has serious problems to

describe the data at these angles. Looking at forward angles and at the position of the second

interference minimum for n+ scattering, the discrepancy between Landau's results and the data is

larger than between our standard model results and the data. To understand these differences we

have to look in more detail at the equations which define the subenergy in both models (eqs.

(3.1.6) and (3.2.5)). In our standard model, as an important consequence of the use of wave

10'

E

c:
TO

10

P- INDEP.
SHIFT: B*10 MeV
STANDARD

TC

65.0 MeV

30 90
ec.m. ( d°9 )

150

Fig. 5.6. The calculated differentia]
cross sections for u-3He elastic
scattering at 65.0 MeV incoming n
laboratory energy. The standard
model is used with the following
choices for the JI - nucleon
subsystem energy: the p-
momenrum independent definition
of eq. (5.5.1) (dotted curve), the
standard choice given by eq. (3.1.6)
with an extra shift of B= 10 MeV
(dashed curves) . and the standard
choice with B=0 (solid curve). The
data are from the same reference as
in fig. 5.1.
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functions instead of densities, and because of the performance of the Fermi integral (and not

using any factored approximation), the subenergy depends on the relative momentum (p) of the

spectator nucleons. This is in contrast to Landau's three-body subenergy which has no such

dependence. This variable plays no role in Landau's model since in this model the core is con-

sidered as a particle without internal degrees of freedom. To investigate the effect upon the cross

sections of this dependency we also applied our standard model with a p -independent definition

of the subenergy <o:

2[ ] 2 K 2 . (5.5.1)[ ]
Here Ec (K) I = y[m£~+K2\ , is the energy of the "core" with mass mc=2mN.

In fig. 5.6 we show the results for 65.0 MeV. From this we see that the cross section is

significantly higher as compared to our standard model. In addition the second minimum has

shifted slightly to a higher scattering angle. We could reproduce this result by using our standard

model (with the p -dependent definition of e^g ) with a value of 10 MeV for the shift parameter

(B = 10 in eq. (3.1.6)). This gives a possible explanation of the fact lhat Landau gets a better

agreement with the experimental data; it stems from his neglect of the dependence on the suben-

ergy of the momenta of the spectator nucleons. This neglect results in a larger value for the

subenergy and gives larger cross sections since, when working below the P33 resonance region,

the P33 wave becomes more dominant with growing energy. Nevertheless, although this explains
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the higher cross sections of Landau, it doesn't explain the "better" form at larger angles. To

understand this behavior, we again have to look in more detail at Landau's definition of the

subenergy (eq. (3.2.5)). We see that this subenergy depends on the momentum of the "core" (P).

Following Landau in substituting the expression for the optimum momentum kB (eq.(3.2.3)) into

the definition of P ( = - k -ka -k" ) we obtain

4 F
(5.5.2)

A A 4 "'" A

where pF is the nucleon momentum in a Fermi model for the nucleus (Landau takes pF = 174

MeV/c). We note that P and consequently also <% depends on the pion-nucleus scattering

angle. We show this dependence in fig. 5.7. Apparently a^g grows with increasing scattering

angle. The amount of growth depends on the incoming pion energy. For 65.0 MeV the difference

of co3B at 0 and 180 degrees is as large as 7 MeV, meaning that the cross section at backward

angles is calculated at a substantially higher effective energy and rises because of the growing

importance of the P33 pion-nucleon partial wave.

To conclude this detailed comparison of the two models, we show the spin non-flip and spin

flip amplitude separately at 65.0 MeV (fig. 5.8). As expected we see that at larger angles the

differences mainly show up between the spin non-flip amplitudes since the spin flip amplitudes

are negligible at these angles.

Fig. 5.8. Contribution of the flip
and non-flip part of the 7l-3He T -
matrix to the differential cross
sections according to the model of
Landau and according to the
standard model both for incoming It
laboratory energy of 65.0 MeV.

150 180
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In summary we can state that the main differences between the model of Landau and our

standard model are: (i) the dependence of the subenergy on the relative motion of the spectatoi

nucleons (which results in a negative shift of this subenergy in our model) and (ii) the indepen-

dence of the subenergy of the pion-nucleus scattering angle. It is partly a coincidence (partly,

since a shift of 5 MeV is used to improve the results) that Landau, although making more approx-

imations, gets a better agreement with the experimental data. We emphasize that in the case

where one makes the factored approximation, the choice of the subsystem energy in the TCN T-

matrix affects the numerical results far more than the particular choice made for the wave func-

tion. The remaining differences (in particular at larger angles) of our results with the data can be

a consequence of physical effects which are not incorporated in our model, or of the improper

treatment of some which are included. We will come back to this in the next subsections.

We end this section by showing the results of the calculations we obtained by using the first

Bom approximation of our standard model (see fig. 5.9). By comparing these with the

corresponding full calculations done with our standard model we can get an indication of the

importance of multiple scattering.

5.6 The form of the phenomenological absorption potential.

So far we have presented results from calculations where we used the same absorption

30 9 0 150 30 90 1S0
9cm. < d >

Fig. 5.9. The calculated differential
cross sections for Jt- He elastic
scattering at 30.2, 45.1 and 65.0
MeV incoming it laboratory energy,
employing the standard model and
for the corresponding first-order
Bom approximation.
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potential as Landau. This enabled us to study the effect of the differences in the first-order poten-

tials. We also investigated the absorption potential itself.

A question that may be raised, is whether it is legitimate to use a spin and isospin indepen-

dent absorption potential (which gives identical results for JI+ and JTscattering) in n - 3He scatter-

ing. It is improbable that the inclusion of a (realistic) spin and isospin dependence in the absorp-

tion potential will have a large effect on the differential cross sections, because it is known from

experiments of for example Moinester et al. [5.14], Backenstoss et al. [5.15] and Ashery et al.

[5.16], that there exists a strong preference for pions to absorb on T = 0 (np) pairs as compared to

T = 1 pairs. In 3He the n+ can only be absorbed by np pairs while for n~ there exists also the pos-

sibility of absorption by pp pairs. Considering the strong dominance of absorption by np pairs and

the validity for our purposes of describing the He nucleus by an S-state wave function (see sect.

5.3), we expect that the spin and isospin independence of the absorption potential is a good

approximation.

Another question concerns the reliability of the choice of the threshold values, and of the

energy dependence of the absorption parameters. One of the most important uncertainties in the

model of Landau and Thomas is their proposition of Re Co = 0, which is quite arbitrary. Since

the publication of the paper of Landau and Thomas, there has been much experimental and

iheoretical activity on the question of absorption. The experiment of Batty et al. [5.17] suggests

that Re Co > 0, and the theoretical models of Oset etal. [5.18], Brown et al. [5.19], Ko and Riska

0.150

Fig. 5.10a. The S-wave absorption
potential parameter Bo as a function
of pion momentum. The dashed
line represents the model of Landau
and Thomas for which
-Refio=Im£o, and the solid lines
the model of Chai and Riska. The
vertical arrows mark the incoming
7t momentum in the it - two-
nucleon system for incoming n
laboratory energies of 30.2, 45.1
and 65.0 MeV respectively.

0.4 Q8 1.2 1.6
II MOMENTUM (1/FM)
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[5.20] and of Chai and Riska [5.21] also give a positive value for Re Co (with a threshold value

lying in the range of .03 - .12 m^). The threshold value and the energy dependence of the other

absorption parameters they adopted are also different from that we used so far. We compared the

model of Chai and Riska with that of Landau and Thomas as to their effect on the differential

cross sections.

In figs. 5.10a and 5.10b we show the parameters Bo and Co for both models as a function of

the incoming pion momentum in the n - two nucleon cm. system. In fig. 5.11 we depict the dif-

ferential cross section calculated with these models (with the first-order potential from our stan-

dard model). It is clear that the use of the model of Chai and Riska instead of that of Landau and

Thomas gives no improvement when compared to the experimental data.

To see whether the p2 potential we use can fit the experimental data at all, we made fits to

the data from Saclay [5.22] (using our standard model) for each energy separately. In these the

four absorption parameters, Re Bo, Im Bo, Re Co and Im Co were treated as free parameters (the

only constraints put on the parameters were Im 5 0 > 0 and Im CQ £ 0 to ensure absorption). It

was possible to obtain good fits but the values of the corresponding total cross sections became

unrealistic. Only in the case of 30.2 MeV (where we applied the additional constraint Im Bo > .03

m^4, suggested by pionic atom fits), the results were more satisfactory, although we still found a

difference in the resulting values of the parameters for K+ and iC scattering (see table 2).

0.5

0.4

,0.3

u°0.2

0.1

\ I I T
• LANDAU AND THOMAS
-CHAI AND RISKA

ImC,• p . .

0.4 0.8 1.2 1.6
Tt MOMENTUM (1/FM)

Fig. 5.10b. The P-wave absorption
potential parameter Co as a function
of pion momentum. The curves
have the same meaning as in fig.
5.10a. In the model of Landau and
Thomas Re Co = 0.
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TABLE 2

Absorption parameter values at 30.2 MeV

Landau and Thomas

Chai and Riska

fit lo TT~ data

fit to 7C+ data

ReB0

-0.028

-0.002

-0.035

-0.162

ImB0

0.028

0.029

0.021

0.032

ReC 0

0.0

0.040

0.066

0.097

ImC 0

0.136

0.052

0.0

0.063

We could only obtain better results for the higher energies when a very large negative value

for Re BQ and (in particular in the case of 65.0 MeV it+ scattering) a very large positive value of

Re Co were used.

In fact we realize that by making a fit, one can not interpret the outcome as representing the

values for the absorption parameters, since one does not only fit the absorption part but the total

difference between the first-order optical potential result and the experimental data. In this way

all the second- (and higher-) order effects not resulting from absorption (such as binding,

nucleon-nucleon correlations etc.), together with the absorption contribution are parameterized in

a p potential form. Since the work of Wakamatsu [5.23] shows that these effects are expected to

163
30

65.0 MeVJ

• • • . . . • •

ASS. PAR. LANDAU

ABS. PAR. CHAI RISKA
FIT

9 0 150 30 90
«c.m.<da0>

150

Fig. 5.11. The calculated
differential cross sections for
tt-3He elastic scattering at 30.2,
45.1, and 6S.0 MeV incoming 7t
laboratory energy. For the second-
order optical potential we used the
model of Landau and Thomas. The
parameters for this potential are
taken from Landau and Thomas
(dashed curves), from Chai and
Riska (dotted curves) and from our
fits to the experimental data. For the
first-order optical potential the
standard model has been used. The
experimental data are the same as
in fig. 5.1.
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be far less important than absorption at an energy as low as 30.2 MeV (for some higher-order

effects it is likely that they are negligible at higher energies as Wakamatsu showed), we take the

values we found at 30.2 MeV more seriously.

5.7 Analyzing powers.

In fig. 5.12 we depict the analyzing power for a number of energies, calculated with the help

of the model of Landau, our standard model and our standard model in which the fitted parame-

ters from sect. 5.6 were used. Unfortunately there are no experimental data of this quantity avail-

able at low energies. Obviously one of the reasons is the fact that the analyzing powers have a

maximum (i.e. are the most easy to "detect") at scattering angles where the cross sections have a

minimum. The results show that the calculated analyzing powers are nearly model independent.

As we find them to come close to 1 in some cases, they are not very small and may be measur-

able. If it should be found by experiments that the peak values of the analyzing power is much

lower than the calculated values, the validity of any model of the kind discussed here would be

questionable. For that reason an experimental determination of the analyzing power would be

highly interesting.

0.50

45.1 NEY S.i mn

3 0 . 2 HEV

Fig. 5.12. The calculated analyzing
powers corresponding to the cross
sections of fig. 5.11. The results of
the fits aie only depicted for 30.2
MeV.
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5.8 Results at very low energy.

For a possible future comparison with experimental low energy data, we present in addition

some results from calculations (see fig. 5.13) in the very low energy regime (namely for 20.0,

25.0 and 35.0 MeV). We used our standard model with the Landau and Thomas absorption

parameters, as well as with the values for the parameters coming from the 30.2 MeV fits, which

are expected to be a reasonable choice for these energies too, since most of the theoretical models

predict a rather flat energy dependence for these parameters at low energy. Since especially the

Coulomb potential and the absorption potential play such a dominant role at very low energies,

experimental data are of considerable interest to test the reliability of the way these interactions

were taken into account.

30

35.0 MeV

TT

ABS. PAR. LANDAU
ABS.PAR.CHAI AND RISKA
FIT PAR. 30.2 MaV

90 150 30 9 0 »50

Fig. 5.13. The same as fig. S.I 1 but
now for ft energies equal to 20.0,
25.0 and 35.0 MeV. The parameters
for the second-order potential are
taken from the 30.2 MeV fits.
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CHAPTER VI

SUMMARY AND CONCLUSIONS

The main aim of this work is the construction of a first-order optical potential for the scattering of

pions by 3He at low energies with as few approximations as possible. In particular the Fermi

motion is treated extremely carefully by using microscopic 3He wave functions and by perform-

ing the complete Fermi-integral. Differential cross sections and analyzing powers have been cal-

culated.

We found that factored approximations are not reliable at the energies considered, and that

the discrepancy with the non-factored results mainly comes from applying factorization in the P33

pion-nucleon partial wave. Although the use of densities instead of wave functions may be legiti-

mate, as far as the wave function part is concerned, it causes problems because of the additional

approximations one has to make for the nN subsystem energy.

We studied the sensitivity of our results to the use of different microscopic wave functions,

and the effect of the use of different pion-nucleon off-shell models. It appeared that one can

clearly distinguish between the results we obtained with the help of our Faddeev wave function

and those we obtained by using a gaussian wave function. Consequently one should not use the

simpler gaussian wave functions when a reliable first-order optical potential is desired.

With respect to the form of the pion-nucleon off-shell form factors, we found a moderate

sensitivity to the choice made for the off-shell model. Since for other parts of our model, in par-

ticular the absorption part, there is no unique description, it is not possible to draw firm conclu-

sions about the reliability of these off-shell models by simply comparing our results with the

experimental data.

In a detailed comparison between our first-order optical potential with one which results

from using the semi-factored approximation, it became clear that the latter has the following

shortcomings: (i) the dependence of the subenergy on the pion-nucleus scattering angle and (ii)

the independence of this energy on the relative motion of the spectator nucleons. For proton-3He

scattering, where Landau applied a similar semi-factored model [6.1 ], we believe these shortcom-

ings are less important since the proton-nucleon partial waves do not vary strongly with energy.

Although it has been known for a long time that absorption plays a very important role in

pion-nucleus scattering at low energies, this process is still not well understood. By using dif-
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ferent absorption potential models in combination with our first-order optical potential we found

that neither the model of Landau and Thomas nor the more recent model of Chai and Riska

results in a good description of the experimental data.

By using the parameters of the absorption potential in our standard model as free parame-

ters we also fitted our theoretical data to the experimental data. The interpretation of such fits is

difficult because they presuppose the validity of the quasi -ctcuteron model and, when interpreting

the outcome in terms of an absorption contribution, the contribution of other higher-order effects

(binding, nucleon-nucleon correlations etc.) is neglected. We still find it useful to report our

findings since Wakamatsu found these other high-order effects to be small at low energies. Our

fits result in a rather large negative value of Re Bo (and in Re BQ * -Im SQ), as well as a positive

value of Re Co. It is possible that the large negative value of Re Bo is related to the well known

lack of S-wave repulsion found by other groups in their optical-potential descriptions of pion-

nucleus scattering. Our result Re Bo * -Im Bo contradicts many old pionic atom fits done for a

large set of nuclei. We should however remark that in these old fits 3He was not included, and

that for other light nuclei (i.e. 4He) the choice Re Bo = -Im Bo gives unsatisfactory results as well.

Our finding that R". Co > 0 (and certainly not Re Co = 0 ) agrees with the predictions of many

more recent theoretical models.

To gain more insight into the differences between the models we also calculated the

analyzing power. Future experiments on this quantity might give further information about the

reliability of the use of an optical potential model although we are aware of the technical

difficulties in measuring these quantities at low energies.

Besides experimental analyzing power data it would be extremely useful to possess more

data in the Coulomb-nuclear interference region, where the models clearly give different results

for the differential cross sections. This could shed some light on the question of the reliability of

the way the Coulomb interaction is treated.

We also advocate experiments at extremely low energy. Particularly at very low energies it

is extremely important to treat the absorption and the Coulomb interaction in a proper way. Also

for these experiments the technical limitations for getting accurate data at low energies have to be

overcome.

Finally we want to stress the fact that there remains much more work to be done before the

elastic scattering of pions by He nuclei can be understood in all its details. In particular the use

of phenomenological absorption models, like the quasi-deuteron model, has in our opinion little

chance to lead to a better understanding of the absorption process. Calculations making use of a

more fundamental TIAW absorption model are needed. However it might be that at this time pion
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physics is not mature enough to enable such calculations.
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Appendix A

GRAPHICAL METHODS IN ANGULAR MOMENTUM ALGEBRA

Introduction

In this appendix we present a graphical representation of angular momentum algebra. Part

of the material can also be found in a number of books [see e.g. refs. A.I, A.2 and A.7] although

sometimes with some difference in convention and notation.

We follow Boersma f A.5] for the diagrams and rules applied in the derivation given in

chapter 4. Also the other formulae we made use of in the derivation of the optical potential are

given here.

For the 3n - j symbols we follow Rotenberg et al. fA.3]). The phase conventions are those

of Condon and ShorHey [A.4]. Furthermore] = (2j + 1 )'"*.
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For the relation between Clcbsch-Gordan coefficients and 3-j symbols we write:

'Ji k h

, m, -m.

= (-)
Ji h h

—m, —rru m'2 ' "3
(Al)

with m, + m, = m,.

We represent a 3-j symbol by:

Ji h h
m 3

(A2)

The angular momenta are depicted as lines and the meaning of the arrows is as follows: for a line

with an outgoing arrow (i.e. an arrow which points from the vertex) the associated magnetic

quantum number appears without a change of sign in the 3-j symbol (see e.g. the arrows in eq.

(A2», while for a line with an incoming arrow the associated magnetic quantum number in the

3-j symbol obtains an extra minus sign. The sign of the vertex denotes the way the vectors are

coupled: a plus sign for counterclockwise coupling and a minus sign for clockwise coupling. A

cross at the end of a line ( say j , with corresponding magnetic quantum number m,) represents a

phase factor of ( - ) J ' m'. We so write

h h h
(A3)

From the symmetry rules of the 3-j symbol it follows that

= (-)
J1+J2+J3 (A4)

(corresponding arrows in the left and right diagram must point in the same direction, out or in)

and
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h
= (-)J1+J2 + JJ

h
(A5)

An internal line {i.e. a line with no open ends) with quantum number j and magnetic quantum

number m, stands for a summation over the magnetic quantum number and a phase factor of

m j 11I2 m
( - ) •

j - m (A6)

(The "blob" in the graph above represents that part of the graph whose precise structure is

irrelevant).

Changing the direction of an arrow of an internal line with quantum number j results in an extra

phase factor of (~)2':

\3J \JY
(A7)

The direction of an internal line is irrelevant if (-)1' = 1 and has often been omitted in these

cases.

The first orthogonality relation for 3-j symbols can be depicted as

h
~ ^ 1

(A8)

From this equation it follows that
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W i
= (-} « (A9)

From the second orthogonality relation for 3-j symbols we find

(AH))

The arrows (not shown) of the corresponding lines in the l.h.s. and the r.h.s. diagram, must point

in the same direction.

In case one of the quantum numbers of a 3-j symbol is zero one can write

m,
J,

o
o =

Jl
(All)

rn J? m •* J"1

2 - 2

The following important theorem concerning the decomposition of a graph reads

VU
(A12)

Also here, the arrows (not shown) of the corresponding lines in the l.h.s. and the r.h.s. of the

equation, must point in the same direction. The sequence of coupling of the quantum numbers in

the iwo diagrams on the r.h.s. must be the same. The three outgoing arrows in the second

diagram at the r.h.s. can (all three at the same time) be replaced by ingoing arrows.

Before we continue with the diagrammatic representation of spherical harmonics and spinors we

give some general properties of our graphs:

ji
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Property I

When changing the direction of all the arrows and (at the same time) the signs of all the vertices

of a graph, the resulting graph is equal to the original one.

Property II

The value of a graph doesn't change when it is reflected and simultaneously all vertices are

changed in sign.

Property III

A graph in which all the crosses have been removed, and new ones have been placed at the ends

of those lines which originally had no cross, is, up to a phase factor, equal to the original graph.

ZJ,T-£j /
The phase factor is given by ( - ) ' ' , where j ( stands for an external line with an outward

directed arrow, and j , for an external line with an inward directed arrow.

An application of property III reads

m2 m 3 (A 13)

For spherical harmonics our notation is

r ;

Y{(f) = | < r'Y^(f)= j < (A14)

The conjugate spherical harmonic is given by

* = (_)'-* y^(f) = (-)XY*;[(f) (A15)

X

The well known theorem for the multiplication of two spherical harmonics which have the same

argument can be displayed by
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r ) I rJ

\ \ \ \

The sign of the vertex and the direction of the line / are irrelevant. The arrows of /, and l2 can

also all be directed upwards.

From the diagrams for the spherical harmonics we can derive the following representation of a

Lcgendre polynomial

(A 17)

The arrow in the diagram is irrelevant and therefore can be omitted.

If r = a, r, + otj r2 (with real coefficients a, and o^), we can write

W

/,+/,=/

(A 18)

where the arrows of the internal lines are irrelevant and can be omitted, and where the sign of the

vertex is also irrelevant.

The integration over a spherical harmonic gives
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(A 19)

Application of this formula gives

3C

(A20)

and

d r

For spin functions we adopt ihe following convention

where t means conjugated. In graphs this is represented by

and

The scalar product of two spin functions reads

(A22)

(A23)

(A24)

(A25)

For cc <; plicated diagrams with spin functions this means that
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(A26)

CZZID CJZZJ
The graphical notation for the iso.spin functions is identical to those for the spin functions.

The definition of the reduced matrix elements according to the Wigncr-Eckan theorem is given

by

-m Km

= m' X > | > - m < j ' I I T k | l j >

A special application of this formula is

> = m' X—a m >/6.

(A27)

(A28)

Y'ckOxY'Ck)^ = (/ l / 0 | 1 1) - i k 'x i i P',(k'-k

where we used < Vi \ \ a | | Vi> = iZ.

Another useful formula reads

f
The inner product of two vectors is given by

We conclude this appendix wiih the diagrams representing 3n-j symbols (for n = 2,?.4)

The fi-j s-ymbol

(A29)

(A 30)
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Jl J2 J3
>

\
j .

/

/
(A31)

The 9-j symbol

Ji J2 h

l2 l3

The 12-j symbol (of the first kind)

Jl J2 J3 J4

h h
L k, k2 k3 k4

J, + J

(A32)

(A33)

where the label O-S indicates that we use the notation of Ord-Smith [A.6|.
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APPENDIX B

SOME USEFUL INTEGRALS

In this appendix we list some integrals which we applied in section 4.2.

whcre we used

2

expl-^f-H^I3 (Bl)

J^ (B2)
2a V

in which a >0[B.l].

oo

f dK K c\p[-aK2 + hK ] = — ^/^exp - ^ -
j^ 2* V a [ 4A2 J

where we used

(B3)

f (B4)
-« a

in which a >O[B.2J.

+ 1

$ t ( . ) p [ ] ,a) (B5)

where J((A.) represents a spherical modified Bcssel function, which is related to the modified

Bussel function in the following way:

jdK (k'-k)xKexp[y(k' + k) 'K] = O (B7)
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Press Inc.. 1980) pg. 317, eq. 3.371 with n = 1 and v = a

[B.2] See ref. [B.I] pg. 307, eq. 3.321/3



SAMENVATTING

Dit proefschrift beschrijft de elastische verstrooiing van pionen aan 3He kernen bij lage

bundel energie ( < 70 MeV). Het toegepaste fysische model is gebaseerd op een meervoudige

verstrooiingstheorie. In deze theorie wordt de pion - 3He verstrooiingsmatrix (T - matrix) uit-

gedrukt in een (oneindige) reeks, waarbij de individuele termen de pion - nucleón verstrooi-

ingsmatrix bevatten. Het exact doorrekenen van deze reeks is nagenoeg onmogelijk, en om tot

een fysisch zinvolle benadering te komen wordt gebruik gemaakt van een optische potentiaal.

Deze potentiaal wordt gedefinieerd door middel van de Lippmann-Schwinger vergelijking voor

de pion - 3He T - matrix. De optische potentiaal kan worden uitgedrukt in een reeks waarvan de

eerste term evenredig is met de nucleon-dichtheid in de kern, de tweede met twee-deeltjes corre-

latiefuncties, de derde met drie-deeltjes correlatiefuncties enz. Op grond van het feit dat de pion-

nucleon wisselwerking bij lage energie betrekkelijk zwak is wordt in dit proefschrift alleen de

eerste term in rekening gebracht hetgeen resulteert in een "eerste orde optische potentiaal".

Een fysisch proces waarbij minimaal twee nucleonen een rol spelen, en dat niet wordt

meegenomen in de meervoudige verstrooiingstheorie, is het proces waarbij pionen in de kem

worden geabsorbeerd. Uit analyses van diverse experimenten blijkt dit proces ook een

belangrijke rol te spelen bij laag-energetische pion verstrooiing. Een goed model voor de absorp-

tie is echter niet voorhanden.

Het hoofddoel van dit proefschrift, is te komen tot een berekening van verstrooiings-

doorsneden, met behulp van een eerste orde optische potentiaal, zonder het maken van veel

gebruikte benaderingen, zoals onder meer die welke betrekking hebben op de beweging van de

nucleonen in de kem (de Fermi-beweging). Op deze wijze kan de geldigheid van deze benader-

ingen getoetst worden. Verder kan bij een zo nauwkeurig mogelijke berekening van de eerste

orde optische potentiaal door middel van een vergelijking met de experimentele gegevens

getracht worden een beter inzicht te verkrijgen in de vorm en de sterkte van de absorptiepoten-

tiaal.

Om de Fcrmi-bcweging goed in rekening te kunnen brengen is gebruik gemaakt van een

microscopische golffunctie voor de He kem. Deze golffunctie is een oplossing van drie-

dccltjesvcrgelijkingen. Ter vergelijking zijn er ook berekeningen uitgevoerd met een eenvoudige

golffunctie (gaussisch van vorm). Verder zijn ook diverse berekeningen gemaakt waarbij de

Fcrmi-bcweging slechts in benadering, of in het geheel niet, in rekening wordt gebracht.

De gevoeligheid van de gevonden resultaten voor het gebruik van verschillende modellen



voor het "off-shell" gedrag van de pion - nucleón verstrooiingsmatrix is mede onderzocht.

De absorptie wordt door middel van een fenomenologische absorptiepotemiaal in rekening

gebracht. Waarden van de parameters komende van verschillende theoretische modellen zijn

gebruikt. Ook worden resultaten voor de absorptieparameters gepresenteerd welke het resultaat

zijn van aanpassingen aan de experimentele gegevens.

De concrete berekeningen voor de differentiële doorsneden zijn uitgevoerd bij 20,25, 30.2,

35, 45.1 en 65 MeV bundel energie. Een vergelijking voor 30.2,45.1 en 65 MeV is gemaakt met

de gepubliceerde resultaten van experimenten verricht te Saclay. Verwacht wordt dat binnenkort

ook een vergelijking kan plaatsvinden met experimentele gegevens komende van het NIKHEF-K

te Amsterdam.

Uit het onderzoek blijkt, dat het volledig in rekening brengen van de Fermi-beweging

significante verschillen oplevert met berekeningen welke deze slechts in benadering meenemen

of geheel verwaarlozen. Met name de invloed van de relatieve beweging van de nucleonen,

welke niet betrokken zijn bij de botsing (de "spectator" nucleonen), op de beschikbare botsing-

senergie is belangrijk. Ook de precieze vorm van de golffunctie is belangrijk; een gaussische

vorm is een benadering die niet voldoet. Dit is mede van belang, daar benaderingen gemaakt bij

de berekening van de optische potentiaal, veelal een golffunctie van gaussische vorm veronder-

stellen.

De gevoeligheid voor de keuze van het pion - nucleón "off-shell" model blijkt relatief klein,

terwijl de aanpassingen aan de experimentele gegevens resultaten opleveren die niet altijd

overeenkomen met de resultaten komende uit de pionische-atoomdata.

Samenvattend kan gesteld worden dat de vcclgemaakte benaderingen voor het meenemen

van de Fermi-bcweging niet altijd betrouwbaar zijn, en dat het onduidelijk is of het in rekening

gebrachte fenomenologisch model voor de absorptie van pionen toereikend is.
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