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Abstract 

We construct, in the SU(2) Yang-Mills-Higgs theory of the electroweak interac
tions, a non-contractible loop of 4-dimensional configurations. Numerical results 
for the action over the loop show the existence of a new constrained instanton 
I* with action ~ 16*3/02 an^ z e r o topological charge . We also discuss the spec
tral flow of the Dirac operator along the loop and we expect I* to have fermion 
zero-modes. As a possible application we consider the total B + L violating cross-
section, evaluated semiclassically from the imaginary part of the forward elastic 
scattering amplitude. Our numerical results for I* indicate a threshold-like be
haviour for non-perturbative effects at a parton center-of-mass energy close to the 
sphaleron energy Es ~ 10 TeV. 



1 Introduction 
The configuration space of the classical electroweak interactions, as described 
by the standard model, has non-trivial structure [1,2] at an energy scale set 
by the sphaleron E$ = 0(Mwr/ar„) [3]. Clearly, to explore these regions very 
high temperatures or energies are required. The possible occurence of signif
icant "non-perturbative" effects in high-energy particle collider experiments 
has received renewed attention recently [4,5]. A particularly clean probe for 
such effects are anomalous fermion number (B -f L) violating processes, as 
the perturbative contribution (Feynman diagrams) to them is strictly zero. 
In order to overcome the tunneling factoi exp(—Air/aw) present in the cross-
section one looks at processes with many, 0(a~1), soft W, Z and Higgs parti
cles in the final state (Fig.la). In fact, we are mainly interested in the inclu
sive cross-section, with all final states summed over. These amplitudes have 
been calculated [5,6,7] with a constrained instanton configuration [8,9,10] and 
the total cross-section, at low center-of-mass energies y/s « E$, was found 
to behave as 

0MB+L) «exp ( -^F(z)) , (1) 

with x = T/S/ES and F{x) increasing from F(0) = — 1. If F were to 
reach zero, or at least rise rapidly, the exponential in (1) would lead to a 
threshold-like behaviour in the cross-section. However, as the center-of-mass 
energy approaches Es it becomes necessary to calculate an infinite number 
of tree diagrams in the instanton background 1. In other words, the clas
sical instanton solution gets modified at high center-of-mass energy, see for 
example [7,12,13,14]. 

In a different approach it has been suggested [14,15,16] to calculate, by 
the optical theorem, the total fermion number violating cross-section from 
the imaginary part of the forward elastic scattering amplitude (Fig.lb). The 
optical theorem gives for the total cross-section 

4TT 
<*MB+L) = —" ImT(pi,p2,pi,p2), (2) 

where the calculation of the forward elastic scattering amplitude T requires 
the insertion of a projection operator to select the appropriate fermion num-

1 In addition there will be quantum corrections [11], about which we have nothing to 
say in this paper. 
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ber violating sector of the theory. The forward elastic scattering amplitude, 
properly evaluated, should automatically take into account the tree-level 
modifications encountered in the single instanton approach for increasing 
center-of-mass energy. It should then be possible to calculate by semiclassi-
ca/methods from (2) the threshold energy, which, if present, must be propor
tional to the energy Es of the classical sphaleron S. However, the value of the 
cross-section at "threshold" is a much harder problem, related to maintain
ing unitarity, cf. [17,18]. Our ultimate goal then is to calculate the threshold 
energy reliably by semiclassical methods. 

The existing calculations [15,16] of (2) use an instanton- anti-instanton 
(IÏ) pair in the attractive channel at large relative separation (Fig.2a), for 
which a saddle-point approximation can be performed. It was found that 
the (anti)instanton size behaves as ptuddie oc {y/sjEs)7^ and the distance as 
duddie oc (y/s/EsY^3, s0 * n a t ** the center-of-mass energy approaches Es the 
instanton and anti-instanton coalesce (d/p j 1). This indicates that at high 
center-of-mass energy a new configuration takes over the role of the 11 pair. 

In this paper we prove the existence of a non-self-dual constrained instan
ton P in fundamental SU(2) Yang-Mills-Higgs theory. This new solution is 
related to the somewhat exotic sphaleron S* [19]. The new instanton I*, 
characterized by an integer n = 1, has topological charge and action 

q = n-n = 0 , A~(n + n)8v2/g2. (3) 

The reason for this numerology in n lies in the fact that, not surprisingly, I* is 
related to an 11 configuration (but in the repulsive channel). Presumably, 
P is the lowest action (non-trivial) solution in the vacuum sector, hence its 
importance. The existence of I* is proven in basically the same way as for 
the sphaleron S, namely by use of a non-contractible loop in configuration 
space [1], but now for 4-dimensional configurations. Note that in pure Yang-
Mills theory similar non-self-dual solutions (3), with integers n > 2, have 
been proven to exist [20]. 

This new constrained instanton I* of Yang-Mills-Higgs theory may be 
relevant for the asymptotics and (lack of) summability of perturbation theory, 
which has been studied before with 11 configurations [21]. Here, we argue that 
P may also give an important contribution to the forward elastic scattering 
amplitude (2), at least for large enough center-of-mass energy (Fig.2b). The 
main reason is that, as mentioned above, P is expected to be the lowest 
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action, non-trivial, solution in the vacuum sector (q = 0). In addition, I* will 
have fermion zero-modes, whereas an attractive II pair loses the zero-modes 
as d/p —• 0. The presence of zero-modes shows that this configuration is 
truly different from the vacuum or small fluctuations about it. In this article 
we estimate the contribution of I* to the forward elastic scattering amplitude. 
The tentative result is a threshold in parton center-of-mass energy of order 

(v5)th«hoW ~ 0.9£s ~ lOTeV. (4) 

The first approximate equality in (4) follows from our numerical results at 
quartic Higgs coupling constant A = 0 , but, probably, a similar result holds 
for larger values of A, as long as Mmg^/Mw = y8A/p2 is not too large. Re
call that the sphaleron energy £s increases monotonically with A, from 7.6 
TeV at A = 0 to 14 TeV at A = 00 [3]. Our estimate (4) of the threshold en
ergy, if correct, implies that unon-perturbative" effects from the electroweak 
standard model, not necessarily related to B + L violation, may be within 
reach [22] of future particle colliders (LHC, SSC) and experiments can tell 
us how important they are, if at all. 

The outine of this paper is as follows. In Sect.2.1 we present the configu
rations of the non-contractible loop and in Sect.2.2 we discuss the conditions 
for the existence of a new instanton I*. In Sect.2.3 we consider the spectral 
flow of the Dirac operator along the loop and the occurence of fermion zero-
modes. In Sects.3.1 and 3.2 we present numerical results for the action over 
the non-contractible loop. These results show the existence of I*, which is 
the main result of this paper, and in Sect.3.3 we estimate some of its pa
rameters. In Sect.4 we turn to the forward elastic scattering amplitude, the 
contribution of I* and the resulting estimate of the threshold energy. 
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2 Non-contractible loop 

2.1 Configurations 
We consider a simplificaton of the electroweak standard model by taking 
only two massless chiral fermion flavours (Np = 2) and by omitting the 
hypercharge (7(1) field altogether. The remaining fields are the 51/(2) gauge 
field W, the Higgs doublet • and the fermion doublets $*, where k = 1,2 
is the flavour index. The Euclidean action of this 51/(2) Yang-Mills-Higgs 
theory is 

= J <?* -^Tr Wl + l\*J),1k + \DM + A (|*f - 0 , (5) 

where W^ = dJV, - dJW„. + \W», Wv], 0M = 0„ + W„ and a„ = (1, to). The 
semiclassical masses of the W bosons and Higgs scalar are Mw = 9v/2 and 
Â Higg» = v2A v. First we concentrate on the bosonic sector of the theory, 
then, in Sect.2.3, we turn to the response of the fermionic fields. 

The non-contractible loop (NCL), parametrized by u; 6 [—3T/2, 3X/2] , 
has the following general structure : 

build up of an initial Higgs configuration; 
separation of an II pair to a distance d; 
relative rotation of the IÏ pair; 
collapse of the IÏ pair to zero distance; 
clean up of the remaining Higgs configuration. 

Of course, several of these phases could have been merged, but the physics 
is more transparent if they are kept separate. The specific configurations of 
the NCL are (using differential forms) 

I: W= 0 

* = (cosV) h + sin'M) ( v/°^ ) 

II,III: W= -fdUU-1 

la: 
Ila: 
III: 
l ib: 
lb: 

w € [-3*/2,-x] 
u>eHr , -x /2 ] 
wG j-ir/2,ir/2] 
u>e[7r/2,jr] 
w€[*,3*/2] 

- -U)' (6) 
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with the SU(2 

and where the 

) matrix U 

U = ec"> (*- •o)e-Gi"(x+a)\ 

following notation is introduced 

x±M 

x±M 

<rM 

x2 

r2 

P2 

z 
t 

= 

= 

= 

= 

s 

= 
= 

= 

(x0±D/2,x) 

*±J M 
(M*) 
r2 + *2 

p2 + z2 

x , + x2 

*3 

*o-

(7) 

In phases II and III D = D(u) determines the distance of the cores and 
G = G(u>) their relative rotation 

Ila: D= <fsin2(u;) 
G= 0 

III: D= d 
G= u + */2 

lib: D= rfsinV) 
G= *. (8) 

As u> runs over the loop the functions ƒ = f{r,i) and ft = h(r,t) 2 change 
continuously (see below) and have the following boundary conditions and 
reflection symmetry 

linTr»..,*, ƒ, ft = 1 
/(O,±I>/2) = ft(O,±0/2) = O 

f(r,t) = f(r,-t) 
ft(r,i) = ft(r,-r). (9) 

A more general ansatz has ƒ = f{p, z,t) and h = h(p,z,t). 
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Note that the loop of configurations (6,7) is non-contractible, because the 
matrix U at space-time infinity and for u € [—*, x] is a non-trivial rmp of 
S3 x Si -+ SU(2) = S3. 

It is straightforward, but laborious, to evaluate the action (5) for the 
configurations of the NCL. The action-density a has only symmetry in the 
Xi,x2 plane, i.e. a = a(p,z,t), and contains several hundreds of terms. Since 
the functions ƒ and h depend on r and t only, we can do the 0 integral ana
lytically (z = rcos(d),/» = rsin(0)), so that we end up with a 2-dimensional 
integral for the action over the NCL. 

The maximal action over the loop occurs at u> = 0 and we minimize that 
action by solving the variational equations for ƒ and h, i.e. two coupled, non
linear partial differential equations (PDEs). As is well known, this problem 
is unstable due to the collapse of the scale and we have to constrain the 
problem. Affleck [10] has suggested to modify the theory by adding to the 
action terms of higher mass dimension (for example TrF3, (|$|2 — v2/2)3), 
but for us this would complicate the equations of motion even further. For 
this reason we follow 't Hooft's original point of view [9], which is to fix the 
scale of ƒ by hand and solve for the response of h. We beleive this to be a 
technical detail not essential for the general validity of our results. For our 
non-contractible loop we implement this simplified procedure by fixing the 
value of ƒ at a point close to the core. Of course, there are many other ways 
to fix the scale, but not all of them are numerically stable. Specifically, we 
take the following boundary conditions for the solutions ƒ and h of the PDEs 
at u) = 0 : 

Km f,h 
I3—»00 

/(0,±<f/2) = /i(0,±d/2) 

f(l/2Mj,±d/2) 

where p is the free parameter that sets the scale (this particular parametriza-
tion will be useful for comparing with the instanton, see below). With the 
solutions ƒ, h we can specify the functions ƒ, h over the NCL, starting at the 
top : 

III: f(r,t)= f(r,t) 
h{r,t)= h(r,t) 

1 

0 
1/4 

l/4 + (i>Mw)2 (10) 
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n fl fy_ * l ƒfo t + d/2- D/2) + xj f(r, t-d/2 + D/2) 
J { l ) - x\ + xi 

x+ fc(r,t + d/2 - D/2) + x_ h(r,t - d/2 + D/2) 
A(r,r) = 

x+ + x_ 

I: J(r,1)= » ( r , . ^ t l f r . . - ^ l i ( n ) 

where i? = (/ sin2(u;) and x\ = r2 + (t ± D/2)7. This simple choice of ƒ and 
& will suffice for the present paper. In principle, the best (i.e. lowest action) 
procedure is to solve the PDEs for ƒ„, ft» at iV different values wB, n = 1,.., jV, 
then make smooth interpolations for intermediate values of a; and eventually 
take N —» oo. 

This completes the construction of our NCL, which we will summarize at 
the end of this Section, and we now take the opportunity to make a minor 
excursion. Since in phase III of the NCL we have, for d —» oo, an instanton 
and anti-instanton at infinite separation, it is of some interest to evaluate the 
instanton action independently. This will be much easier as the problem has 
spherical symmetry, so that we have to solve ordinary differential equations 
(ODEs) instead of PDEs. 

't Hooft [9] has considered for the instanton [8] in Yang-Mills-Higgs the
ory the following ansatz 

W = -JidSlQ-1 

* - * - O ( .M) 
ft = x-a 

fti = y/fi 

ƒ,(*) = ~ ^ , (12) 

for which the action is simply 

* = ^ ( l + ^P2 + 0(A)). (13) 

However, even within the ansatz these radial functions do not solve the vari
ational equations. In Sect.3.1 we will calculate the numerical solutions fi,hi 

7 



of these ODEs, with the following boundary conditions 

/,(oo) = &,(oo) = 1 

7I(O) = MO) = o 

where the last equation sets the scale p. 
To summarize, the non-contractible loop we use in the rest of this paper 

has configurations W and $ as given in (6,7,8), where the axial functions ƒ 
and h (11) are defined in terms of the solutions ƒ and h of the variational 
equations (PDEs) at u; = 0 with boundary conditions (10). 

2.2 New instanton 

In this section we prepare the way for the numerical results and what can be 
concluded from them. The existence of non-contractible loops (spheres etc.) 
in configuration space implies, as Taubes [1] has shown in a somewhat dif
ferent context, the existence of new solutions of the classical field equations. 
Also in our case the non-contractible loop (6,7) implies the existence of a new 
4-dimensional solution different from the vacuum. However, we have to ex
clude the possibility that this so-called new solution is merely a superposition 
of two known solutions at infinite separation, i.e. a constrained instanton and 
anti-instanton (12) with total action 2A\. Obviously, this loophole is closed 
if we manage to construct a non-contractible loop for which 

max J4 N C LM < 2v4i, (15) 

where ut parametrizes the position along the loop. At this point the heavy 
numerics (or subtle analytical estimate) enters the game. Note that we are in 
a regime (d,p ~ M^) where perturbative results for the IÏ interaction [23] 
are no longer valid. In Sect.3 we present numerical results for A(u) which 
show that (15) can be satisfied, at least for large enough values of p. This 
then implies the existence of a new constrained instanton I*. In other words, 
there exists a new classical solution I* in Euclidean 51/(2) Yang-Mills-Higgs 
theory, with terms of higher mass dimension added to the action to fix the 
scale, see the discussion above (10). 
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The exact solution I* is not known and may be hard to find in view 
of the limited amount of symmetry expected, cf. the remark below (9) on 
the action-density. Based on our experience with sphalerons, we may hope 
that the best maximal (u; = 0) configuration of our non-contractible loop is a 
reasonable approximation of I*. If rf* is the value that minimizes A(u — 0, </), 
at a fixed value of p, we have an upper bound on the action of this new 
solution 

A\* < ^NCL(W = 0, d = <T) = A*. (16) 

In Sect .3.3 we present some numerical results for A*. 
Let us comment on the relation of this new instanton I* to other classical 

solutions. First, recall that the sphaleron S, whose existence 3 follows from 
a non-contractible loop of static 3-dimensional configurations, sits at the top 
of the constrained instanton I. Now for the new instanton I*, whose existence 
follows from a non-contractible loop of 4-dimensional configurations. Again 
there is a corresponding sphaleron S*, which is a particular slice through I*. 
This sphaleron S* was found recently [19] by considering a non-contractible 
sphere of 3-dimensional configurations and an energy bound similar to (15). 
Note that the existence of I* and S* follow from the same homotopy X4(S3) = 
Zi : for I* there is a non-trivial map S3 x Si —» S3, see the remark below 
(9), and for S* a non-tri vial map S2 x S2 —• S3. Dynamically, I* and S* arise 
from the binding of, respectively, an instanton-anti-instanton pair 11 and 
a sphaleron-anti-sphaleron pair SS, with attraction provided by the Higgs 
field (and the photon field in the complete theory). There is also an analogy 
between the new instanton I* and the old sphaleron S, namely both give the 
barrier height (in action and energy, respectively) for an anomaly or, from a 
larger perspective, are related to spectral flow over non-contractible loops. 

2.3 Spectral flow 

At this moment we reintroduce the fermions in the theory and ask how 
they respond to the 4-dimensional gauge and Higgs configurations of the 
non-contractible loop. We do not consider the back-reaction of the fermions 
on the bosonic fields. Specifially, we are interested in the behaviour of the 
eigenvalues of the Dirac operator 7 M ^, as one moves along the loop, and 

3 In this case the solution is known explicitly, for the bosonic [24] as well as the 
fermionic [25] fields. 
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if this behaviour is non-trivial we speak of spectral flow. According to the 
mod-2 Atiyah-Singer index theorem [26] there is spectral flow for the non-
contractible loop (6). This was first discussed by Witten [27] in his paper on 
the 51/(2) anomaly. The theory we consider has no anomaly (Np = 2), but 
nevertheless there is spectral flow. As u> runs from — x to x, a pair of opposite 
eigenvalues crosses through C an odd number of times, presumably once 4. 
We would like to investigate this numerically for the specific configurations 
of the loop. However, a direct evaluation of the Dirac spectrum would be 
quite demanding computationally and, instead, we look for a short cut. 

For the configurations of our non-contractible loop we propose to monitor 
?+(<*>), where q± is the integral of the Pontryagin density over half of space-
time 

*meiL»*'HT,(v**-w*)\- (17) 

The symmetry in the configurations of the non-contractible loop gives q_ = 
—q+, so that the total topological charge vanishes q = q. + q+ = 0. We will 
call q± the "local-topological-charge", where local refers to the core position 
at r = 0 and t = ±D. For large values of d there is an "approximate" index 
theorem q+ « n+p„ — n+nef, which is the difference of the number of zero-
modes of positive or negative chirality in this part of space-time (+x0 > 0), 
and similarly for ?_. Clearly, this is only approximative, since q+ need not be 
integer as long as the fields on the hyperplane x0 = 0 are not pure vacuum. 
As d —* oo and u € [—x/2, x/2] we expect to find for the configurations 
of the non-contractible loop q+ —* +1, since for the instanton n ^ = 1 
and Hntg = 0, and q. —» —1, since for the anti-instanton n ^ = 0 and 
Untg = 1. By the mod-2 Atiyah-Singer index theorem [26,27] we know that, 
for arbitrary values of d, there must be at least one pair of zero-modes of 
different chirality somewhere along the non-contractible loop and we will 
interpret the peak of q+(u>) (= |g_(u/)|), if there is one, as the position of 
these zero-modes. 

4 Note that the spectral flow for the non-contractible loop of the tphaleron S is quite 
different and amounts to an over-all shift of the spectrum, with one level crossing zero at 
the position of S along the loop. 
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3 Numerical results 

In this section we present some numerical results for the configurations of 
the non-contractible loop. We will express distances, such as d and p, in 
units of Af̂ 1 and the action A in units 8x2/g2. Furthermore, we set the 
quartic Higgs coupling constant to zero : X/g2 = 0. We have solved the 
differential equations (ODEs and PDEs) by numerical relaxation methods 5. 
This means that the action of our numerical "solution" is always somewhat 
above the true value, which will be especially important in Sect.3.3 below. 

3.1 Instanton 

At the end of Sect.2.1 we suggested to solve the variational equations (ODEs) 
for the instanton ansatz (12) subject to the boundary conditions given in (14). 
The results are presented in Fig.3b, where the dashed curve is the result (13) 
for the functions of (12). For pMw > 0.5 the difference is mainly due to the 
effect of the Higgs field on the gauge field, giving j \ an exponential tail (with 
a length scale set by Mw) instead of the power law behaviour of the original 
BPST instanton. These results show that already within the ansatz (12) the 
action can be lowered significantly by a better choice of radial functions f\ 
and h\. Also, this means that for instanton calculations in Yang-Mills-Higgs 
theory the integration over the collective coordinate p has a much less sharp 
cut-off than suggested by 't Hooft's original result (13) . 

3.2 Non-contractible loop 

We have solved numerically the variational equations (PDEs) for the ansatz 
(6,7) of the non-contractible loop at u = 0 with boundary conditions (10). 
The action for the solutions f,h is shown in Fig.3a as a function of the 
distance parameter d and for three values of the scale pMw =0 (pure Yang-
Mills), 0.5 and 1.5. For comparison, we also show, for pMw = 0.5, the 
action obtained from the PDEs at w = ±TT/2, corresponding to the attractive 
IÏ channel. As d —• oo the action approaches twice the instanton action 
(Fig.3b). In Fig.4 we give the corresponding results for the local-topological-
charge q+, which show, in particular, a sharp drop for the attractive channel 

6 The PDEs were solved on lattices for the compactified (r,t) coordinates of, typically, 
20 x 460 points and the results reported here required several hundreds of CPU hours . 
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towards small relative separations d/2p. Note that this drop in q+ is entirely 
due to the fact that we solve the variational equations for ƒ (and h). This is 
illustrated by the following numbers at d/2 = f> = 0.5 : for LJ = 7r/2 starting 
from an 11 ansatz with A = 1.82 , q+ = 0.75 the numerical relaxation ends 
up at A = 1.21 , q+ = 0.19, whereas for w = 0 the value of q+ stays high. 

Starting from the solution ƒ, h at u> = 0 we can evaluate the profile of 
the non-contractible loop (6,11)- AH profiles are, by construction, symmetric 
under m *-* —w. We compare the behaviour of A(u) and q+(u>) for "small" 
and "large" relative separations in, respectively, the left- and right-hand-
side half of Fig.5. A posteriori, we verify that the configuration at w = 0 
has maximal action over the loop. We also observe that, for small relative 
separations d/2p < 1, the peak in q+(v) is quite pronouced, which indicates 
that only the u> = 0 configuration has fermion zero-modes (see Sect.2.3). 
In Fig.6a,b we sketch the spectral flow of the Dirac operator that would 
be consisitent with our results for 9+(u>). However, we can not exclude the 
possibility that for large d the flow would look like that sketched in Fig.6c, 
cf. Sect.2.3. Barring a direct evaluation of the Dirac spectrum we cannot 
decide between Fig.6b and 6c for the behaviour at large separation. 

3.3 New Instanton 
In the previous section we discussed the profile of the non-contractible loop, 
here we focus on the maximal action configuration at u; = 0. The results for 
A(0,d) (Fig.7) show that, for pMw > 1.0, there are parameter values of d 
so that the maximum action on the non-contractible loop is less than that 
for d —* co, which equals twice the constrained instanton action. In other 
words the inequality (15) holds, which implies, as discussed in Sect.2.2, the 
existence of a new constrained instanton I*. We are reasonably confident in 
having established this inequality, because, on the one hand, the action at 
intermediate values values of d, obtained by numerical relaxation, is already 
an upper-bound and, on the other hand, the single instanton action has been 
evaluated independently (see Sect.3.1 and Fig.3b). Furthermore, we have 
obtained some variational bounds, which agree with the behaviour shown in 
Fig.7. 

The maximum action J4(0, d) over the non-contractible loop is an upper-
bound (16) on the action of I* and the closest upperbound is obtained by 
minimizing over d. From the results of Fig.7 we obtain numerical estimates 
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for the value d* that minimizes A(0,d) and the corresponding value A* (Fig.8, 
which is plotted in a way suitable for the next Section). Clearly, we would 
like to have more (and better) data at larger values of p, but this is quite hard 
computationally. It is of some interest to note that d*/2p ~ 1, so I* is really 
a tight object. Moreover, I* is expected to have fermion zero-modes (Fig.6a), 
as discussed in Sects.2.3 and 3.2 above. We may hope that the u) = 0, d = d* 
configuration of the non-contractible loop is a reasonable approximation of 
I*, certainly as far as the over-all action is concerned, but perhaps less so 
for a detailed parameter as d*, which is essentially the distance between the 
points of vanishing Higgs field. 
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4 Cross-section 

As a possible application of the new instanton I* we consider the fermion 
number violating cross-section. For the anomalous processes of Fig.la there 
are, in the simplified model (5), no fermions in the final state, so that in the 
forward elastic scattering amplitude (FES) we have to project on intermedi
ate states without fermions (Fig.lb). Turning to I*, there are two reasons to 
beleive that it may give an important contribution to the FES (2) : 

• I* is, most likely, the lowest action (non-trivial) solution in the vacuum 
sector ; 

• there is at least one negative mode, which contributes to the imaginary 
part of the FES. 

In a certain sense I* is like the sphaleron of a 5-dimensional theory and we 
perturb around it, just as for the high-temperature case one perturbs around 
the sphaleron S [28,29]. 

In principle, it is straightforward to calculate, with our approximation to 
I*, the Euclidean Green's function for the FES (Fig.2b) . We refer to the 
paper of Khoze and Ringwald [16], where we replace their attractive 11 con
figuration by the configuration of the non-contractible loop (6) at w = 0 and 
d = d* . There are basically two modifications : 
1. different collective coordinates, of which we mention the scale p and the 
orientation of the I*-axis R^ (i?M is the relative position of the points of van
ishing Higgs field ; in the ansatz of Sect.2 i?M was aligned along the xo-axis). 
2. new determinant and fermion zero-mode factors, where the quantum fluc
tuations, in particular, give rise to an imaginary part for the amplitude (cf. 
the sphaleron calculation at high-temperature [28]). 
We postpone the study of this last, difficult point and, for the sake of ar
gument, take the product of the standard (anti)instanton factors [9] (since 
d*/2p is not at all large this is only a rough approximation). Anyway, we 
are not concerned with the details of the fermion zero-modes and the only 
assumption we make is that they are pinned down at the points of vanishing 
Higgs field, so that their Fourier transform gives a factor exp(z(pi +fr) • R), 
with i?M the relative position of the cores and |#J = d*. For the rest these 
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determinant and fermion zero-mode factors do not appear to affect the ex
ponential factor we are interested in. Integrating over the orientation of the 
r axis and making the analytic continuation back to Minkowski space we 
have for the forward elastic scattering amplitude 

TcxTdpN {yfsd*)-*'2exp (vSrf* - A*) , (18) 

where the prefactor N comes from the fermion wave functions and the quan
tum fluctuations (including the Jacobian for the single collective coordinate 
p) and where <f* and A* are the distance parameter and action of I*, both as a 
function of the scale p. The formula (18), as it stands, is valid for y/sd* » 1 
and for further details we refer the reader to [16], in particular the discussion 
leading up to equation (3.7). 

As a simple estimate of the threshold center-of-inass energy we look for 
a vanishing exponent in (18). From our numerical results at p = 1.5 we find 

1 fi Sir2 

(vA)lh™*oW ~ W ^ U i . 5 ^ T M " ~ ° ^ > (19) 

where we have used the error bars in Fig.8 to make the threshold as large as 
possible and defined 

_ M\v TT 47TV 
Es = it = - — , 

ow I g 
which is close to the true value 1.52 Anv/g for the sphaleron energy at A = 0 
[3]. At this threshold energy our classically evaluated cross-section violates 6 

unitarity, which should be restored by multi-instanton induced processes [17], 
for example by iteration of the effective I* vertex in the FES. These effects 
make it difficult to calculate the value of the fermion number violating cross-
section and it may very well be negligably small [18,30]. Still, we beleive that, 
if "non-perturbative" effects manifest themselves in one way or another, this 
should be at a center-of-mass energy of order Es, which is precisely what our 
calculation (18,19) seems to indicate. 

In order to get an idea of the behaviour of the cross-section as a function 
of center-of-mass energy we calculate, by saddle-point approximation, the 

6 Note that unitarity, as embodied in (2), refers to the complete forward elastic scat
tering amplitude, not to an essentially incomplete evaluation as the classical contribution 
considered here. 
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integral over the exponential factor only 

j£°° dp exp (v£<T - A*) = exp (^-F(x)\ , (20) 

with x = y/s/Es- Here we will use the following simple ad hoc parametriza-
tion (action A in units Bit2/g2 and d, p in units Mjy) 

p<Po: d* = 0 
A* = Al 

p> po : d* = * (£ ~ />b) 

1 + A(?-A>) 
A*= i45 + M(p-^o), (21) 

with parameters /c = 80, A = 10, ft = 0.05, po = 0-5> ^ = 2.475, which give 
the curves of Fig.8. In Fig.9 the resulting F^uie is plotted as the dashed 
line (the corresponding values for /widie run from 1.2 to 3.0 with increasing 
energy). As expected, Fuddle is nearly linear in the center-of-mass energy. 
For comparison, we show in Fig.9 the perturbative (x « 1) IÏ result 

F = - l + C 2(s2 /3)2-c3(x2 /3)3 , (22) 

with coefficients Cĵ  as calculated in [16]. A similar calculation [31] of F at 
larger (finite) values of x also gives a result below that of I* in Fig. 9. 

We stress that the I* curve of Fig.9 is only indicative. We can nevertheless 
make some general remarks on the behaviour of the cross-section with center-
of-mass energy, as calculated by the optical theorem (2). At low center-of-
mass energies, the attractive instanton-anti-instanton configuration (w = 
±*/2) gives the dominant contribution (22) to the cross-section, with the 
effective instanton size p and separation d increasing with energy. Note that 
our numerical results indicate that I* may not even exist for p < 0.5, i.e. 
at scales relevant for low center-of-mass energies. As the energy increases 
the attractive 11 pair gets more and more deformed, coalesces and loses the 
fermion zero-modes. At a certain moment the solution I* takes over and the 
exponent F in the cross-section rises linearly with the center-of-mass energy. 
Clearly, to describe this phase reliably a better understanding is required of 
I* (or other classical solutions) and, in general, of instanton methods applied 
to cross-sections. 
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Figure captions 
Fig. 1 : (a) Fermion number violating amplitude for two incoming quarks 
(arrows indicate flow of fermion number) and many outgoing particles, mainly 
W,Z and Higgs, but also some additional (anti-)fermions, depending on the 
number of flavours in the theory. 
(b) Total cross-section from the imaginary part of the forward elastic scat
tering amplitude. 

Fig. 2 : (a) Forward elastic scattering amplitude (Fig.lb) calculated with 
an instanton-anti-instanton pair at large separation d. The wavy lines indi
cate the interaction between the IÏ pair, 
(b) Same as for (a) but calculated with the (approximate) I* solution. 

Fig. 3 : (a) Action A (in units 8ir2/g2) of the numerical solution of the 
variational equations (PDEs), at Higgs coupling constant A = 0, for the non-
contractible loop (6) as a function of distance parameter d and scale p, both 
in units of M$ • All results are for loop parameter u = 0, corresponding to 
repulsive Yang-Mills forces between an instanton and anti-instanton, except 
for the open circles, which are in the attractive channel (u = ±ir/2). The 
symbols indicate the different values of the scale parameter : p =0 (crosses), 
0.5 (open circles and dots) and 1.5 (triangles); lines are drawn to guide the 
eye. 
(b) Action A\ of the numerical solution of the variational equations (ODEs), 
at A = 0, for the instanton (12) as a function of scale p (the data point at 
p — 6 is uncertain). The dashed line gives 't Hooft's original result (13). 

Fig. 4 : Local-topological-charge q+, as defined in (17), for the solutions of 
Fig.3a (same symbols). 

Fig. 5 : Profiles of the action A and local-topological-charge q+ over the 
non-contractible loop (parameter w € [—3TT/2, 3ff/2]) for small and large rel
ative separations d/2p. The lower(upper) curves are for p = 0.5(1.5). A and 
q+ are normalized to their values at u> = 0 as shown in Figs.3a and 4. 

Fig. 6 : (a,b) Sketch of the expected spectral flow of eigenvalues of the 
Dirac operator along the non-contractible loop (parameter u>) for small (a) 
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and large (b) separation. 
(c) Alternative behaviour for the case of large separation. 

Fig. 7 : Action A vs. distance parameter d for the numerical solutions of 
the PDEs, at Higgs coupling A = 0, for the non-contractible loop at u; = 0 
with p = 0.5 (dots), 1.0 (diamonds), 1.5 (triangles) and 3.0 (squares); lines 
are drawn to guide the eye. 

Fig. 8 : Estimates of the distance parameter d* and corresponding action 
A* of the new instanton I*. The dashed curves are the parametrization (21). 

Fig. 9 : Estimate (dashed line) of the exponent F(x), with x = y/s/Es, 
in the fermion number violating cross-section (1) as calculated, semiclassi-
cally, from the forward elastic scattering amplitude (2) with an approximate 
I* configuration (see text). For comparison, the instanton results (22), valid 
at low center-of-mass energy, are shown (dotted curve with terms up to order 
x4 '3 and dot-dashed curve with terms up to order x2). 
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