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1. The Virasoro Master Equation 
Affine Lie algebra or current algebra on S 1 

[J!;m), 4n)] = ifab

c4m+n) + m G o 6£m +n,o (l.l.a) 

a,6 = l,...,dimg m,n£Z (1.1.6) 

was discovered independently in mathematics [1] and physics [2]. Here, fab

c are 
the structure constants of Lie g, Gab = ©/k/fJot ' s 'he general Killing metric of 
g = ®/5/ and the levels of the affine algebra are x/ = 2fc//V>/, where \j>j is the 
highest root of gj. 

The Virasoro algebra 

[£<»>,£(»>] = ( m _ „)£<«•+«) + ± m ( m 2 _ i ) 5 m + n 0 (i.2) 

characterizes any conformal construction, where c is the central charge of the 
construction and 

T(z) = ]TZ,<m>2-m- 2 (1.3) 
m 

is its chiral stress tensor. 
Historically [3,4], affine Lie algebra has played a central role in the construc

tion of conformal field theories, the affine-Sugawara* construction [2,6-9] on g 
and the g/h coset constructions [2,6,10] being particular affine-Virasoro con
structions on the currents of affine g. Less familiar is the spin-orbit construction 
[2, 11], studied in parallel with the early affine-Sugawara and coset constructions, 
which stood for eighteen years as an example of an affine-Virasoro construction 
which was more general than the affine-Sugawara and coset constructions. 

These constructions are included in the general affine-Virasoro construction 
[12, 13] 

T(z) = U-h ;ja{z)Jh(z) I (1.4a) 

./»(*) = £ J ' J m , * " m " 1 (1-46) 
m 

on the currents of affine y, where Lab = i 6 " is called the inverse inertia tensor 
in analogy with the spinning top. In order that the quadratic form (1.4a) be a 

"The model of Sugawara and Sommerfield [5] was a T ~ J2 model in four dimensions on 
the "algebra of fields". The first affine-Sugawara constructions [2,6], on the currents of affine 
g, were given by Bardakci and Haipern in 1971. 
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Virasoro operator, the inverse inertia tensor must satisfy the Virasoro master 
equation [12, 13] 

/3ab{L) = -Lab + 2LacGcdLdb - If*Leif„afj - Lcdfce

ffJaLb* = 0 (1.5a) 

c=2GabLab (1.56) 

where A^B^ = AaB f AbBa. The central charge c of any solution is computed 
as the invariant trace in (1.5b). 

The master equation (1.5a) generalizes the algebraic approach to affine-
Virasoro constructions that Bardakci and I used to obtain the original affine-
Sugawara and coset constructions in 1971: On each level of each affine g, the 
general system is a set of dimg(dimg+ l ) /2 coupled quadratic equations on the 
same number of unknowns Lab. The master equation has also been identified [14] 
as an Einstein-like system for the left-invariant metric on the group manifold, 
with central charge 

c = dimg-4R (1.6) 

where R is the Einstein curvature scalar. 
The maste. equation contains the affine-Sugawara constructions, the coset 

constructions, the coset nests [15] and many new constructions g* on affine g. 
The first new solutions were the non-compact generalized spin-orbit construc
tions [12], whose central charge is generically irrational. The first new unitary 
solution [13] was the continuous solution with c = 1 at level 4 of SU{2), which 
is an alternate construction of a known torus deformation [16]. The first unitary 
constructions with irrational central charge were given in Ref. [17]. 

The growing list of exact solutions with unitary irrational central charge 
presently reads [17-24] 

((simply-laced #*)')£ 

f SU(3)* 
SU(3)fASIC= S<7(3)* ( 1 ), 5£/(3)* ( 2 ) , SU(3)*(3) (1.7) 

I Stf(3)* ( I ), SU(3)*m 

( SO(2n)*[d,4], n>3 
SO(n)fiag=l SO(5)#[d,6h 

|.SO(2n + l)#[d,6]i,2, n > 3 
SU(5)*[m,2] 
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SU{n)*[m(N=l),rs] 

SUfflni)*[m(N=l);{r}{t}]. 
These constructions are called conformal level-families because they are defined 
for all levels of affine g. As in general relativity, the level-families were obtained 
in various ansatze and subansatze (BASIC D Dynkin D Maximal, diagonal etc.) 
of the Virasoro master equation and its companion, the superconformal master 
equation [25]. In particular, the last two sets of level-families are at least N — 1 
superconformal, and I will discuss the metric (m) and superconformal metric 
(m(N = 1)) ansatze below. 

As an example, the value at level 5 of SU(3) [20] 

c ((SU(3)s)tw) = 2 ( l - - g = ) * 1.7439 (1.8) 

is the lowest unitary irrational central charge yet observed. The simplest unitary 
irrational level-families yet observed are the rs-superconformal set with central 
charge [23] 

c(SU(n)*[m(N = 1),«]) = ^ ^ p r (1.9) 
nx + 8 sin (rsir/n) 

where r,s 6 N and x is the level of affine SU(n). 
2. Affine-Virasoro Space 

The solution space of the Virasoro master equation is called affine-Virasoro 
space. I collect first a number of qualitative features of the space. 
1. Level-families. Except for solutions at sporadic levels, the basic units of affine-
Virasoro space are the conformal level-families, which are essentially smooth 
functions of the affine levels. 
2. Counting. A very large number [17] 

N(q) = 2 d i m 9 ( d i l n 3 - i ) / 2 (2 i) 

of conformal level-families is expected on each g, e.g. 

N{SU(3)) ~ j billion (2.2) 

so most conformal constructions await discovery. The number of automorphically-
inequivalent level-families on g is less than (2.1) due to residual automorphisms 
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[14, 20, 21], but the corrections are apparently negligable, at least on large man
ifolds (see Section 6). 
3. Unitary irrational central charge. It is clear from the form of the master 
equation that the generic level-family has generically irrational central charge. 
Unitarity is recognized on positive integer level of affine compact g when Lab is 
real in any Cartesian frame of g, and it is a puzzling fact that the level-families 
which have been observed are generically unitary. 
4. Generalized graph theories. In order to classify their conformal field theories, 
the Virasoro master equation and the superconformal master equation are gen
erating generalized graph theories on Lie g [21-27], including graph theory as a 
special case on the orthogonal groups. I will return to this subject in Sections 
5. 6 and 7. 

We also know a number of exact properties of the master equation, includ
ing: 
1. The afnne-Sugawara construction [2, 6-9] Lg is 

L° e T T T ' c« = 2^ „ , 7 (2-3) 
xi + ft; / xi + tii 

where ft/ and tpi are the dual Coxeter number and highest root of gi respec
tively. Similarly, the affine-Sugawara subgroup construction L^ follows on Lie 
subgroups ft C g. 
2. A'-conjugation covariance [2, 6, 10, 12]. When L is a solution of the master 
equation on g, then so is the A-conjugate partner L of L 

-Lab = L«b _ Lab } c = C3-C (2.4) 

while the corresponding stress tensors T(L) and T(L) are a commuting pair of 
Virasoro operators. The coset construction [2, 6, 10] Lg/h = Lg — Lh is the 
A'-conjugate partner of Lh on g. 
3.Affine-Virasoro nests [17]. Repeated A'-conjugation on embedded subgroups 
produces the affine-Virasoro nests. For example, the nests on g D ft' D ft are 

L(h), Lh,-L(h), Lg-Lh,+L(h) (2.5) 

where L(h), called the bottom of the nest, is any construction on ft. Restriction 
of the bottom to the subgroup construction Lh gives the affine-Sugawara nests 
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[17], which include the affine-Sugawara constructions, the coset constructions 
and the coset nests. 
4. Automorphisms [14, 20, 21]. Aut g is a covariance group of the master 
equation on affine g, and 

(L')ab = L^V-V^'V , ueAutg (2.6) 

is an automorphically-equivalent solution when Lab is a solution. 
5. Self A'-conjugate constructions [21, 22, 30]. These constructions are autc-
morphically equivalent to their A'-conjugate partner 

Lab = Led(u>-l)e"(u-l)d

b, w € Autg (2.7a) 

c = c3j2 (2.76) 

and live with half affine-Sugawara central charge on Lie group manifolds of 
even dimension. In particular, each self-complementary graph of graph theory 
(see Section 6) is a level-family of self A'-conjugate constructions [21] on the 
orthogonal groups, and self A-conjugate constructions have also been observed 
onSU(2n+l) [22]. 
6. Spectrum. The Lol>-broken conformal weights of the affine primary state with 
matrix representation T are the eigenvalues of the matrix [4, 17] 

A(T,L) = LabTaTb (2.8) 

are similar results are easily obtained for the broken conformal weights of affine 
secondaries. 

A relativistic, conformal and diffeomorphism-invariant world sheet action 
[28] has been obtained for the generic high-level smooth solution of the master 
equation. A cornerstone of these theories is A'-conjugation covariance, which dic
tates that the theory of level-family L is gauged by its commuting A'-conjugate 
theory L. As an introduction, the classical Hamiltonian of theory L is 

H = J da (jj^{J«Jb + JJb) + v • K(lx)) (2.9) 

where L^ and Z ^ are the high-level or semi-classical limits [20] of Lab and 
Lab, vm is a Lagrange multiplier analogous to A0 in Yang-Mills theory, and the 
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"Gauss law" Km = (K, K) are the commuting Virasoro operators of the K-
conjugate theory L. Further discussion of the corresponding world sheet action, 
including a preliminary study of the classical primary fields, is found in Ref. 
[28]. 

/{•-conjugation also plays a central role in Ref. [29], which proposes a scheme 
to compute the fusion rules of the generic theory. The construction of full 
irrational conformal field theories is one of the most important open problems 
in the program. 

3. The C-Function and a C-Theorem 

Consider the function on affine-Virasoro space [30] 

A(L) = 2LabPabl0i{Lai - 2/3oi(L)) (3.1a) 

Pab,cd = z4(T*{z)Td(p)) = Ga(cGd)b - |/„<cV<o(/Ge/ (3.16) 

where Tab = \JaJb ', — Tba,Pab,cd is the natural metric on the space and j3ab{L) 
is defined in (1.4). The function A(L) is an exact C-function on affine-Virasoro 
space because 

^ - = -lW^I) = 0 (3.2) 

is the Virasoro master equation and 

A{L)\e*o = c (3.3) 

is the central charge in (1.4b). All the conformal field theories of the master 
equation are fixed points of the associated flow 

l*b = pab^ ( 3 4 ) 

which satisfies the C-theorem [31] 

A(L) < 0 (3.5) 

on positive integer level of affine compact g. 
The flow equation (3.4) bears a strong resemblance to the expected form 

of an exact renormalization group equation. Such a connection will not be 
straightforward, however, because the generic off-critical quantum field theory 

H = Lo + Lc = Lab( ;jaJb + Jjb l)0 (3.6) 
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is scale-invariant and non-relativistic when Lab does not satisfy the Virasoro mas
ter equation. See Ref. [30] for further details and applications of the C-function, 
including a study of the flow on the space of graphs and related connections be
tween graph theory and Morse theory. 

4. The Superconformal Master Equation 

The superconformal master equation [25] collects all the solutions of the Vi
rasoro master equation on gx x SO(F)i which are at least N = 1 superconformal. 
In this construction, the general supercurrent is 

G = eAIJAS, + l-t'JK IS,SJSK I (4.la) 

A=l,...,dimg, I=1,...,F (4.16) 

where J A are the currents of the "bosonic" affine g, with Killing metric GAB-, 
and Si are the world sheet fermions of level 1 of SO(F), with carrier space 
metric rju. The coefficients eAI and t U K are called the vielbein and the 3-form 
respectively. 

The system is at least Ar = 1 superconformal when the vielbein and 3-form 
satisfy the superconformal master equation [25] 

*AI _ J3J'CK JDl I cA/~i , f At £N 
e = e e e (OBUCD + JEB JCD IIJK 

1 (4.2a) 
+ ' (5 VLR + e e JBC IVJM^IKN 

t = e e c t ' OABILM -Me ' 1. JAB GDC 

+ ( I j H / ^ ^ + 2tMP't^JtL^)r)PQrlMRr]NL 

(4.26) 

c = leA'eBJGABmJ + \t1J,<tLMNmLVJMVKN (4.2c) 

e the cyclic product 

A[UBK\ = AUBK + AJKBI + AKlBJ ( 4 3 ) 

is totally antisymmetric when AIJ is antisymmetric. Special cases of the super
conformal master equation were obtained in [32, 33]. 
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The superconformal master equation is a consistent ansatz of the Virasoro 
master equation on gx x SO(F)i, in that the superconformal system contains 
the same number of (cubic) equations and unknowns. This allows the generic 
counting [25] of superconformal constructions and computation of the super
conformal fraction of conformal field theories by comparison with the Virasoro 
master equation. Further details are found in Ref. [25], including the cor
responding stress tensor, super C-function, super C-theorem and the N = 2 
superconformal master equation. See also Sections 5 and 7. 

5. Graphs and Generalized Graph Theories 

In order to classify their conformal and superconformal field theories, the 
master equations are generating graph theory [21] and generalized graph theories 
[22-26], including the 2-dimensional simplicial complexes [27]. So far, we have 
found seven* "graph-theory units" 

SO(n)diag • graphs ofSO(n) 

SC/(n)m <. t r; c : sine-area graphs of SU(n) 

SUinin^netric • sine(©area) graphs of SC/(II'n,) 

SO(n)diag[^] : signed graphs of SO(n) x SO{n(n - l))/2) 

SU(n)metric[^=o] : signed sine-area graphs of SU(n) x SO(n2 — I) 

5[ / (n^ , ) m e t r t c[^To] : s]S^ed sine(earea) graph* of St/(n, sn,) x SO(nfn? - 1) 

SO(dim SO(n)) [N=l] : 2-complexes of 50(dim SO{n)). (5.1) 

whose conformal or superconformal field theories are classified, as shown, by the 
graphs and generalized graphs. I will not have space to review the sine-area 
graphs [22-24] or the sine (© area) graphs [24], but signed graphs are simply 
ordinary graphs with extra ± signs on the graph edges. 

Among these, the first three units are examples of the metric ansatz [21,22,24] 
9rnetric 

Lab = Aar?°6 (5.2) 

*An eighth graph-theory unit is the N = 2 bosonic ansatz of Kazama and Suzuki [34], 
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on affine g, while the second three units, which involve signed generalized graphs, 
are examples of the superconformal metric ansatz [26, 23, 24] gmetTic [ tZ^] 

A = I: eAB = eAr,AB, t A B C = Q (5.3) 

on affine g x 50(dim g). The (purely fermionic) constructions on 2-complexes 
are also superconformal. 

The metric and superconformal metric ansatze are part of a prescription 
[21-24] which generates a graph-theory unit of conformal field theories and a 
graph-theory unit of superconformal field theories in each so-called "magic basis" 
[22] of Lie g. The total number of magic bases, and hence the total number of 
graph-theory units of conformal field theories, is not known. 

In this development, the graphs and generalized graphs not only classify the 
conformal level-families of the ansatze, but an unsuspected Lie group structure, 
called generalized graph theory on Lie g [21-24], is seen in each of the graph 
theories. In particular, the conventional graphs live on the orthogonal groups, 
and the defining relations of each graph theory (edge-adjacency, graph isomor
phisms, etc.) axe expressed in terms of the structure constants of the magic 
basis. The interested reader should consult Ref. [24], which axiomatizes the 
subject. 

In what follows, I review only the classification aspect of conventional graph 
theory. 

6. The Graphs of SO{n)diag 

The standard Cartesian basis of SO(n) is a magic basis [22] with adjoint 
index 

a = ij , 1 < i <j < n (6.1) 

where i and j are vector indices of SO(n), and the diagonal ansatz SO{n)iiag 

on affine SO(n) has the form 

Lab = LijM = Li&^Safijt (6.2a) 

T(L) = ^252Lij;4: (6.26) 
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where ip„ is the highest root of SO(n). This ansatz is a special case, with 
diagonal Killing metric t]ai, = 6ab, of the metric ansatz (5.2). The reduced 
master equation of SO(n)diag is [21] 

n 
La{l- xLij) + rn J2 [LuLtj - LijiLu + Lje)] = 0 (6.3a) 

c = x ^ L i j (6.36) 

where £,# = Lij,Lu = 0, r = 2&/$j is the level of affine SO(n), and r n , with 
r 3 = 2,r n ?t3 = 1, is the embedding index of Cartesian SO(n) in Cartesian 
SO{p > n). 

The ansatz contains 2'=' level-families generically, all of which are observed 
in the high-level expansion [20,21] 

Lid(G) = - M G » ) + 0 (*" a ) (6.4o) 
x 

M G ) e { 0 , l } (6.46) 

co(G„,x) = d im£(G n ) + 0 ( x _ 1 ) (6.4c) 

r ( G n , x ) = - ^ J ] :Jg-: + ... • (6.4d) 
^" (y)es(G„) 

This form is easily obtained from the first two terms of (6.3a), which determine 
that Lij ~ 0 or x _ 1 to this order for each t j . We have also identified [21] the 
values i = 1... n of the vector index as graph points, so that 0ij(Gn) is the 
adjacency matrix of any graph G„ of order n. 

The all-order expansion [21] of (6.3a) is well defined, so the level-families 
Lij(G„,x) of SO(n)diaS are in one to one correspondence with the graphs G„ of 
order n. The expansion also indicates [21] that the level-family of each graph is 
unitary down to some finite critical level, which is quite low in known examples. 
The central charges of the generic level-family are generically irrational. 

I collect here a few features of this classification: 
1. The graph isomorphisms G'n ~ G„ are the residual automorphisms of SO(n)diag, 
so the automorphically-inequivalent conformal level-families of SO(n)aiag are in 
one to one correspondence with the unlabelled graphs. 
2. The level-family of Gn has the symmetry of its graph: Lni)„(j)(Gn,x) = 
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L^{Gn,x) when 7T is a permutation in Auto G„. 
3. The afnne-Sugawara construction on SO(n) is the complete graph A'n, with 
all possible graph edges among n points. 
4. Given a level-family L(G„,X) of a graph Gn, the AT-conjugate level-family 
L(Gn,x) = L(G„,x) lives on the complimentary graph Gn = Kn — G n . 
5. The coset constructions of SO(n)nas live on the complete //-partite graphs 
of order n. 
6. The self A'-conjugate level-families of SO{n)diag live with c = c^/2 on the 
self-complimentary graphs G„ ~ G„ of order n (see Fig. 1). These have been 
counted in graph theory, so we know, for example, that there are 11,220,000 
automorphically-inequivalent self A'-conjugate level-families on SO(17). 

a_ O 

Fig. 1 The first three self-complementary graphs 
Further details are found in Ref. [21], including those exact unitary ir

rational level-families which are labelled SO(n)fiag in the list (1.6). I confine 
myself here to some general remarks based on the asymptotic forms [21] 

N:(total on affine SO{n)) = 0(en*u'2/8) (6.5a) 

Ni(SO'n)diag = unlabeled graphs of order n) = 0(e" 2 U l ' J / 2 ) (6.56) 

A*j(affine-Sugawara nests in SO(n)dias) < 0(e2n]n2) (6.5c) 

which satisfy Ari > > N3 » N3. I focus first on A^, which is the number of 
automorphically-inequivalent level-families in SO(n)diag. Note that removal of 
graph labels is only a factorial reduction, so the asymptotic order of N2 is the 
same as the total number 2'2' of level-families (labelled graphs) in SO(n)diag. 
We conjecture that, similarly, the number (2.1) of level-families on g is a good 
estimate of the number of automorphically-inequivalent level-families, at least 
for large manifolds. 

Also important is the number N3 « N2 of known constructions in SO(n)diag 

which shows that the generic level-family in the ansatz is a set of new conformal 
field theories. Perhaps most important is the comparison Ni > > N2, where Ar

J 
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is the number of level-families in the full Virasoro master equation on SO(n). 
This inequality shows that affine-Virasoro space is a structure which is much 
larger than any particular graph-theory unit of conformal field theories. 

7. Superconformal Constructions on Triangle-Free Graphs 

The level-families of the superconformal metric ansatz [26, 23, 24] gmctric 
[^JQ1] s a t ' s f y Uncar equations on each "triplet-free" signed generalized graph. 
The signs of the generalized graphs, like the graph labels, are further automor-
phic copies, so automorphically-inequivalent superconformal level-families are 
obtained by gauge-fixing to the generalized graphs. 

I discuss only the example [26] of SO(n)dias[^g] on affine SO(n) xSO(n(n— 
l)/2), whose automorphically-inequivalenfc level-families live on each triangle-
free graph G n of order n, 

Vi,j,t: eij(Gn)8jk(Gn)0ke(Gn)=O. (7.1) 

The variables Xij(Gn,x) of the level-families live on the edges (ij) of each 
triangle-free graph, and determine the supercurrent according to 

(ij)eE(G) v h 

The linear equations of the ansatz are 

£ ( l + ^(G„))y .HA„(G„, x) = 1 (7.3a) 
k<e x 

3 
c(Gn,x) = -J2^ij(Gn,x) (7.36) 

^ i<i 

where I is the unit matrix in tlie space of graph edges of Gn and 

A- AG ) = (1 W h e n ^ ' S a d ^ a c m t t o ( k l ) ( 7 A) 
'J' " \ 0 when(y)is not adjacent to (kl) 

is the edge-adjacency matrix of Gn. The linear system (7.3a) shows nearest-
neighbor coupling of the edge-variables on the lattice defined by each graph. 

The level-families of SO(n)diag[ j ^ 1 ] are generically unitary with rational 
central charge, yet the generic level-famiiy is a new set of superconformal field 
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theories. To understand this, see Table 1, which shows the central charges of 
the level-families of S0(6)diag[r^] °n the triangle-free graphs of order 6. In 
this table, all constructions are unitary on affine level x € N unless indicated 
explicitly (e.g., x ^ 1) with the central charge. Known constructions are labelled 
by h (subgroup) and KS(Kazama-Suzuki coset construction [35]), while new 
superconformal level-families are marked with the usual # . 
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Table 1. 7Vie triangle-free graphs of SO(6)diag[n

tZ^] 
Look, for example, at the first new level-family of the table, which is the 

path graph of order 4. The denominator of this central charge has roots at affine 
level x = ±V2, so the level-family cannot be attained by coset construction. 
Similarly, the generic level family A,-.,(G„,x) is new because the roots of the 
denominator oi c(G„,x) are among the eigenvalues of the edge-adjacency matrix 
(7.4) of G n , which are generically irrational. 

We expect that most of the level-families in S0(n)diag[ t^] have irrational 
conformal weights, but there appear to be many new level-families whose con-
formal weights are rational. These constructions, along with the generic KS 
N = 2 bosonic constructions, are candidates for new rational conformal field 
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theories. Superconfornial constructions with unitary irrational central charge 
are discussed in Refs. [23] and [24]. 

8. Conclusions 

The Virasoro master equation and the superconformal master equation be
gin the study of irrational conformal field theory, that is, the space of all con-
formal field theories. The program is far from complete, since only very small 
regions of solution space have been classified and correlators etc. have not yet 
been constructed. I finally mention some generalizations of the master equations 
which I have not had space to review: extension to include linear terms in dJ 
[12, 25], the master equation on affine Lie superalgebra [36], and the interacting 
bosonic constructions [37, 34, 29], which may contain unitary conformal field 
theories beyond those on affine Lie algebra. 
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