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An Introduction to Baryon Violation in
Standard Electroweak Theory

Peter B. Arnold1

High Energy Physics Division
Argonne National Laboratory, Argonne, IL 60439

1. Overview

Baryon number is not conserved in the standard model: This statement is at first
sight absurd because (1) baryon number is manifestly a symmetry of the standard
model Lagrangian, and (2) it is impossible to draw a Feynman diagram for a process
that violates baryon number. There are no interactions that will convert a quark line
into something else; any quark line entering a Feynman diagram must eventually
leave it, and so baryon number is conserved. Insofar as Feynman diagrams reproduce
perturbation theory, the conclusion that baryon number is conserved is unassailable.
But there is a loophole, which is that baryon-nuiriber violation proceeds by non-
perturbative processes. Such violation is possible because the symmetry which
guarantees baryon number conservation is anomalous, meaning that, though it is
an exact symmetry of the classical Lagrangian, it is necessarily broken by the process
of consistently quantizing and regularizing the theory. The fact that baryon number
violation is nonperturbative makes it sound intractable, and its relation to consistent
quantization and regularization procedures makes it sound obscurely mathematical.
My goal is to show you that it is neither. There is a fairly simple picture of baryon
number violation in terms of the Dirac sea that makes it accessible to one's intuition.

As we shall see, B violation under normal conditions, such as those in your
thymus, is nonexistent. The rate of such violation is proportional to

rate ~ e-
2*/«-j „ lO"173. (1)

I haven't told you what the units are in this equation, but the exponential is so
small that it doesn't even matter. It is so small that, if this estimate were taken for
all time, then B violation has never happened, even once, in the past history of the
entire observable universe!

I would disconsolately end the lecture here except that B violation, though
nonexistent under normal conditions today, does occur under extreme conditions,
such as those of the early universe. We shall see that at temperatures above roughly
1 to 10 TeV, the rate of B violation is unsuppressed. This violation has implications
for the generation of the matter/anti-matter asymmetry of the universe.

Unfortunately, we can't recreate the Big Bang to check our understanding of B
violation. The study of B violation would be immensely richer if there were some
way to test its predictions in the laboratory. There has recently been a flurry of
activity surrounding the controversial issue of whether standard model B violation



should be expected in accelerators at energies above roughly 10 TeV. The conse-
quences of calculations that suggest it might happen are bizarre and remarkable.
One of the predictions is that the weak interactions will necessarily become strong
at roughly 10 TeV and W's and Z's will be produced as copiously as pions, even if
the Higgs self-coupling is weak. The controversy is not yet resolved, and towards
the end of these lectures I shall sketch the calculations that started it.

I shall begin with a qualitative overview of the anomaly and B violation at zero
and non-zero temperature, demonstrating how these processes may be understood
on the back of an envelope. Then I shall discuss a part of the formalism necessary
for doing calculations in more detail. Specifically, B violation is related to various
solutions to the Euclidean equations of motion: instantons, sphalerons, and calorons
(also called periodic instantons). The applicability of the various solutions may be
understood by analogies with elementary quantum mechanics problems. Finally, I
shall touch upon the computation of high-energy B violation mentioned above.

l . l ANOMALOUS SYMMETRIES

A symmetry is explicitly broken if the Lagrangian contains "small" interactions
which violate the symmetry. A simple example is parity. A symmetry is sponta-
neously broken if the Lagrangian respects the symmetry but the ground state does
not, such as occurs in the Higgs mechanism. On the other hand, a symmetry is
anomalously broken if it is fully respected by the classical theory, preserved by both
the Lagrangian and the classical ground state, but is broken when the theory is
quantized.

There are familiar examples of anomalous symmetries in particle physics. One
of the simplest is scale invariance. For example, QCD without quark masses is
classically scale invariant, and scale invariance implies that the coupling constant
as should be independent of distance. But when we quantize the theory we must
regularize it, and regularization requires the introduction of a mass scale, such as an
ultraviolet cut-off A. The introduction of A explicitly breaks scale invariance, and
even though we decouple A —> oo at the end of the day, its passing leaves behind
the relic of broken scale invariance. JYAA/W,

Other examples of anomalous symmetries may
be found in chiral symmetries of QCD and QED, •
which are frequently discussed in terms of the tri- "V*
angle diagram shown in Fig. 1. Every continuous
symmetry should be associated with a conserved
current dtfp. = 0. In particular, the divergence FIG. I. The triangle anomaly.
of (f\Jti\i) should be zero for any physical states
i and / . The triangle diagram represents the computation of {77bVivac) in lowest
order. If one regularizes and computes it and finds that the divergence of the result
is not zero, then the symmetry is anomalous. An anomaly is generally a disaster for
gauge symmetries because the conservation of the current is required for renormal-
izeability; however there is no reason that global symmetries may not be anomalous.
Indeed, the decay of the neutral pion to two photons is dominated by the triangle



graph and related to an anomalous global symmetry of QED.*
One way to check that bnxyon number is anomalous is to compute the triangle

diagram in electroweak theory for the divergence of (Wl^lc^j^lvac), which turns
out to be non-zero. It is important to understand that, though the triangle dia-
gram provides a perturbative proof that baryon number is not conserved, there is
nonetheless no perturbative process which explicitly violates baryon number—that
is, there is no Feynman diagram for which the number of quarks entering differs
from the number leaving.

Instead of discussing triangle anomalies in any detail, I shall switch to a more
intuitive picture of anomalies, starting with a simple toy model: QED in two space-
time dimensions and chiral charge.
The Schwinger Model

Consider QED in two space-time dimensions coupled to a massless fermion of
charge e. The relationship E2 = p2 + m2 is simply E = ±p for the massless fermion
and is represented by the two diagonals in Fig. 2. The Dirac equation has both
positive and negative energy solutions. The states with E = +p have chiral charge
+1 and those with E—-p have chiral charge -1. Chiral symmetry, corresponding
to ip -* exp(i6 j5)rj>, is a good symmetry of the Lagrangian. We shall see, however,
that it is anomalous.

For simplicity, assume that the spatial ex-
tent of the system is finite and anti-periodic with
length L. The momentum is then quantized in
half-integer units of I-KTIJL. The advantage of
this assumption is merely that we can now distin-
guish the individual states when we draw Fig. 2,
where they are represented by circles. The ad-
vantage of choosing anti-periodic rather than pe-
riodic boundary conditions is that there is no
degeneracy of states at p = 0, which would be
harder to draw.

The lowest-energy configuration (the vacuum)
of this theory is the one where all of the negative- F I G 2 The Dirac sea
energy states are filled with fermions and all of
the positive-energy states are empty. (The energy of any other state can be reduced
by either adding a new negative-energy fermion to or removing a positive-energy
fermion from the system.) The collection of filled negative-energy states is known
as the Dirac sea. The Dirac sea is both translation and Lorentz invariant. Physical

E

* Ignoring quark masses, the diagram is naively zero because the *° couples to the quarks as
Trdnj" where j " is the current for the third component TZ.A of axial isospin (for which ir° is the
Goldstone boson). T3tA is a classical symmetry of QED. The anomaly manifests in a non-zero
value of 3(Jj'

<.
t The Dirac equation in two dimensions uses 2 by 2 Dirac matrices, one possible convention in

Minkowskian time being -f = a1, -y1 — ia2, and y5 = tr3.



particles correspond to excitations of the vacuum. Fig. 3a shows such an excitation:
a left-moving fermion from- the Dirac sea is excited to a right-moving positive-energy
state, leaving behind a hole. The absence of a left-moving negative-energy fermion
is equivalent to the presence of a right-moving positive-energy anti-fermion, and
this is a picture of pair creation. Note that chirality was conserved since the excited
fermion remained on the E = +p line. Put another way, the end result is a +1
chirality fermion and a -1 chirality anti-fermion, and the change in chiral charge is
AQ5 = 0.

E E

(a) , . (b)
FIG. 3. Pair production.

Now consider Fig. 3b, which denotes a pair creation process that violates chi-
rality, because a negative-energy fermion is excited from the E = —p line to the
E~+p line. The result is a +1 chirality fermion and a +1 chirality anti-fermion,
violating chirality by two units. The secret of the anomaly is that one can para-
doxically reach this same final state by a sequence of allowed excitations - that is,
excitations which individually conserve chirality. To see this, place the Dirac sea in
a constant, uniform electric field £ directed to the right. Right-moving fermions will
gain momentum and left-moving fermions will lose it. Working in AQ = 0 gauge,
A\ = —£t and the Dirac equation is

0/ + cJf)$ = ( 7 °^ - f\p + eA1))rl, = 0. (2)

This is the same as the free Dirac equation with p —*.p — e£t. So the effect of
applying an electric field for time At is to shift the momentum of any fermion by
Ap = e£At. Leave the electric field on just until Ap is equal to the discrete spacing
2~7ijL of the fermion states. Fig. 4 shows the effect on the E=+p line. The top-
most fermion of the Dirac sea shifts out, becoming a real fermion and leaving behind
a hole. Chirality is conserved. But the next fermion down in the sea simultaneously
shifts up to fill the hole left by the first and leaves a hole of its own. Chirality is still
preserved—there is a +1 chirality physical fermion and a -1 chirality hole. But the
next fermion down simultaneously moves up, and so on ad infinitum. And because
of that magic phrase, "ad infinitum," there is no hole left on the E=+p line. The
entire line has shifted one unit in momentum, creating a physical fermion without



leaving behind a balancing hole. Similarly, the E = —p line also shifts one unit
of momentum to the right, creating a hole without a balancing fermion. The net
result is Fig. 3b; chirality has been violated even though the shift of each individual
fermion conserved it.

(b)
FIG. 4. The shifting sea.

The above picture depends on the infinite depth of the Dirac sea, and we know
that infinities don't really make sense unless they are somehow regularized. Imagine
cutting-off the Dirac sea at some large negative energy —A. Then the above process
would have left an additional fermion and hole at the very bottom of the Dirac sea.
In a renormalizeable theory, the physics we observe shouldn't depend on exactly
what's going on at infinitesimal distance scales, so the regularization of the theory
must somehow sweep up the chirality turds left at the bottom of the Dirac sea.
Indeed, this turns out to be the case; any well-behaved gauge-invariant regulator
must break chirality. The picture of the shifting Dirac sea shows why this violation
does not decouple when we take A —* oo at the end of the day; any violation at the
bottom of the sea feeds up to manifest as an observable violation at the top. Those
desiring a less impressionistic discussion of the sea are referred to Ref. [2].

Putting aside the subtleties of regularization, let's now relate the net chirality
violation to the electric field strength. The momentum of each fermion shifts by
eSAt and the spacing between discrete momenta is 2xh/L, so

«
This is the result for a constant homogeneous electric field. The result turns out to
generalize to the case of arbitrary electric fields by simply replacing L Af by J dx dt:

(4)

The spatial size L of the system is no longer explicit, and this form is appropriate
for the infinite limit L —» oo.
Generalizations

Now that we have a picture of how the anomaly occurs, I shall briefly discuss
its generalization to the case of baryon number violation. First, we live in four
space-time dimensions rather than two. The analogous result in four dimensions



turns out to be

£ 4 i I ^ (5)£r2 l 7 T T SAn IT* J oh TT*-

As with the two dimensional case, the result may be understood by examining how
levels shift in a constant electric (and magnetic) field. This picture is reviewed in
Ref. [3].

A potential problem with the four-dimensional result is that £-B may be written
in the form dpK*1 and so is a total divergence. In QED, for example,

fd^xFF = fdixdli{e'"'<"TAvFp(r) = IdSn^"""AvFpa = 0, (6)
where I have assumed that the physical fields F should fall off at infinity for any
local process. * So, at the end of any local experiment, chirality will be conserved
after all! The situation is different for non-Abelian gauge theories, however, where

4x trFF = / d4x 3
J

= j>
I have again assumed that F is local but have made no such assumption about the
unphysical fields A. The result is therefore not necessarily zero. In fact, it turns
out that it can be any integer multiple of 16TT2 (for vacuum-to-vacuum transitions)
when t r T T 6 is normalized to 6ab/2. The discreteness of the result has a topological
origin, and the interested reader should pursue the wonderful review of Ref. [4] to
understand it in the four dimensional case. Here, I shall instead fall back on another
two-dimensional example: the 1+1 dimensional Abelian Higgs model.

The model is spontaneously broken, two-dimensional electrodynamics, given by
the Lagrangian

where $ is a charged scalar field. One may also add a charged fennion, in which
case there will be. the same chiral anomaly as in the Schwinger model. For a local
process, the system should approach the vacuum at space-time infinity, meaning

*>(z) -> eie^v, A^ - -d^ix) (9)
G

for some function #(a:). Now note that the anomaly is proportional to

e j d2x e*"*"„„ = efd2x 9Me*>'Av = e I dC • A = J~" d a £ = 2™wind. (10)

* There ate technical details concerning how fast the fields fall off in various situations. For
a vacuum-to-vacuum transition, f FF will be zero. For a transition between perturbative
excitations of the vacuum, it will be close to zero. Between states far from the vacuum, it
need not be zero but f FF does not necessarily reflect anomalous excitation of states from the
Dirac sea.



The contour integral is around the circle at space-time infinity, and a is an angle
parameterizing the points on that circle. nwind = \8{2it) — 0(O)]/2?r, is called the
winding number and must be an integer if 4>{x) is single-valued. The spontaneous
symmetry breaking was not an essential ingredient; the anomaly is also integral in
unbroken gauge theories like QCD.

The discreteness of the anomaly is reassuring. At the end of an experiment, it
would be distressing to be left with arbitrary fractional amounts of baryons.

So far I've only discussed anomalies of chiral symmetries. In the Schwinger
model, chirality was violated but particle number was not; both a fermion on the
E=+p line and a hole on the E — —p line were produced. It is a general property
of vectorially-coupled gauge theories that only chiral symmetries can be anomalous.
Imagine, however, if the electric field had coupled only to positive chirality states.
Then only the E = +p line would have shifted, producing a fermion but no accom-
panying anti-fermion and so violating fermion number! This is the situation with
electroweak SU(2), which couples only to left-handed particles. In the Schwinger
model, the shifting of the Dirac sea occurs independently for every species of mass-
less, charged particle; in the electroweak model, it occurs independently for every
species of weak doublet. A unit shift of the Dirac sea produces one red up or down
quark, one blue up or down quark, one electron or neutrino, etc. This yields three
quarks and a lepton for every family. For three families, baxyon and lepton number
are then violated by AB = AL = 3. The net anomaly equation is

where N{ is the number of families. For future reference, note that the combination
B — L remains exactly conserved, and so is not anomalous.

The discussion has so far focused on mass-
less fermions. The case of massive fermions may
be quite different. In the Schwinger model, the
energy-momentum relationship for massive fermi-
ons is shown in Fig. 5. The slow application of an
electric field again continuously shifts the sea fer-
mions, but now they simply shift into themselves,
and the final state does not differ from the ini-
tial. This is the effect of an explicit fermion mass.
The situation is different in electroweak theory,
however, where the fermion mass is dynamical—
proportional to the Higgs field—rather than ex-
plicit. As discussed above for the Abelian Higgs
model, the Higgs field also winds in anomalous FIG. 5. The massive Dirac sea.
processes. Non-trivial winding of the Higgs field
at the boundary of space-time implies that the Higgs field, and therefore the effec-

I The set of produced particles obeys electric charge conservation, e.g. uude~ for one family.

7



tive fermion mass, must be zero somewhere. This suggests that the picture of states
shifting out of the sea can be recovered, which turns out to be the case.

1.2 THE RATE: ZERO TEMPERATURE

„ With the anomaly relation (11), it is easy
to roughly estimate the rate of B violation un-
der normal conditions. For an anomalous tran-
sition, we need aw /fw • Bw ~ 1. So we must
pass through configurations with non-zero £w

and Bw. Such configurations must have non-
zero energy. Fig. 6 depicts the situation qual-
itatively. The horizontal axis represents a se-
quence of gauge-configuration time-slices A(x)
which interpolate between two vacua Xi and
X2 (which will be A^ = 0 and its gauge trans-
formations) in such a way that aw J £w • Bw ~

V(AJ

FIG. 6. Potential energy barrier
for B violation.

1. The vertical axis represents the potential energy of those configurations. At
2ero energy, motion from one vacuum to the other is classically forbidden, and the
only way to proceed is by quantum tunnelling through the energy barrier. Tunnel-
ing is an exponentially suppressed process, controlled roughly by the uncertainty
principle:

rate ~ (12)

where AE is the amount by which energy conservation is temporarily violated while
crossing the classically forbidden region and At is the time spent doing it. Ignoring
the non-Abelian character for the moment, which won't affect these rough estimates,
the energy violation is

AJS- I*'* ~ L3 (S2 + B2), (13)

where £ and B represent typical field strengths for intermediate configurations and
L is the rough spatial extent of those configurations. If the process is anomalous,
we must also have

1 ~ AB ~ ff [d3xat£-B~ %LzAt£B. (14)

Putting these together, and taking £ ~ B, we find the exponent of the rate Eq. (12)
given by

(AE)(At)/h ~ h/gl ~ l/ttw. (15)

This is the basic form of the rate. I shall discuss later how to get the factors of 2
and 7r in the exponent, which give,

rate~e-4l r/° f-. (16)
Expand this result in a Taylor series in aw about aw = 0; every coefficient of the



series is identically zero! This verifies that the process does not occur in perturbation
theory and should not correspond to any Feynman diagram.

1.3 THE RATE: HIGH TEMPERATURE

Return to Fig. 6. The rate is exponentially suppressed because the transition
is classically forbidden at zero energy. Suppose, however, the temperature is very
large compared to the energy barrier AE separating the vacua. Then the system
will typically have energy large compared to AE, and classical transitions will be
possible.' In the intermediate case, where the temperature is non-zero but small
compared to the barrier height, there will still be some probability that a thermal
fluctuation will have enough energy to cross the barrier classically. The probability
of such a fluctuation should be controlled by a Maxwell-Boltzmann factor:

r a t e~e - / ? A £ . (17)
To estimate baryon violation at non-zero temperature, we need to know the barrier
height AE in electroweak theory.

Imagine a ball rolling about in the potential drawn in Fig. 6. There is a static,
unstable solution to the classical equations of motion—the ball can precariously
balance atop the barrier. The corresponding solution in electroweak theory is called
the sphaleron, and its energy gives the barrier height AE.

In the case Mw ~ Mj,, it is easy to roughly estimate the sphaleron mass without
finding the explicit solution. Take the Hamiltonian of the theory and scale out
dimensions and coupling constants by

x --> i / M w , A(x) -> MwA(x)/g, <f>{x) -» My,$(x)/g. (IS)

The energy then takes the form

E = ~ d'xH \A{x),#£);X/gl\, (19)
Q J

where A is the Higgs self-coupling. Except for A/</2, all of the parameter dependence
has factored out front. If we assume A ~ g2, then the energy of the sphaleron must
be order

AE ~ Mw/aw ~ a few TeV. (20)

Since all distances were scaled by Mw, the sphaleron radius must be roughly 1/MW.
For temperatures large compared to AE, baryon violation will be unsuppressed.

The exact solution for the sphaleron was found by Manton and Klinkhamer
and in AQ = 0 gauge takes the form

' h(r)f • a

* It is usual to make the approximation that the weak mixing angle is zero so that the theory
is purely SU(2). The inclusion of the U(l) will not have any qualitative effect on the results.



/(r) and h(r) are determined numerically and interpolate from 0 at the origin to 1 at
spatial infinity. At spatial infinity, Eq. (21) is pure gauge. The classical energy AS
of the sphaleron lies between 8 and 14 TeV, depending on the Higgs self-coupling.

I have suggested that the probability of thermal excitation over the barrier
should be controlled by the Maxwell-Boltzmann factor (12). When the temperature
is large enough that exp(—^Mw/aw) is order 1, then the sphaleron size 1/MW is
at least l /aw times the thermal correlation length 1/T. It was controversial for a
few years whether a coherent configuration could be formed on scales very much
larger than the correlation length. As an analogy, one would never form a bomb
or an elephant in a thermal bath with temperature large compared to M(bomb) or
M(elephant). The reason is entropy—a bomb has very little entropy compared to a
hot gas of bomb fragments. Alternatively, the combinations of subatomic particles
that we would agree, "Yes. that's an elephant," represent an utterly infinitesimal
portion of the total phase space open to particles at that temperature, and so the
spontaneous appearance of a hot elephant is utterly improbable.

The sphaleron itself represents but a single point in phase space and so has no
entropy and will never be produced. But a slightly deformed sphaleron may be
just as good as a sphaleron. The question to be answered is what configurations
are "close enough" and how much phase space do they cover? If the sphaleron is
a coherent lump such as depicted in Fig. 7a, is a sphaleron superposed with lots of
short-distance noise on scale 1/T, as in Fig. 7b, just as good?

(a)

FIG. 7. (a) the sphaleron; (b) the sphaleron distorted by high-frequency thermal noise.

To imagine what "close enough" means, return to Fig. 5 but add to this simple
picture an additional degree of freedom so that it becomes two valleys separated
by a mountain pass. The sphaleron is the lowest point on the mountain ridge that
separates the valleys. To make a classical transition, the system can cross at any
point on the ridge, not just at the lowest point. If the pass is very wide, there will be
many places where the system can cross at roughly the same energy as the sphaleron;
if the pass is very narrow, there will be relatively few places. Thus, the probability

10



of transition is proportional not only to exp(—/? AE) but also to the width of the
pass. It is straightforward to extend this picture to include more degrees of freedom
and then to generalize to the full infinite-degree-of-freedom problem. This may be
found in Ref. [7], and the result for Mw ~ M, has the form:

where B is baryon number and C is a numerical constant, depending on A/<72, that
g

has since been computed. The point here is simply that the entropy factors are
algebraic, not exponential, and do not make the rate infinitesimally small, as they
would for the production of hot elephants.

The most compelling evidence that sphaleron production is not similar to ele-
phant production are some beautiful numerical studies of Ref. [9] which followed
the evolution of a thermal system. A qualitative argument for the same conclusion
may be found in Ref. [10].

1.4 APPLICATIONS

In grand-unification scenarios, baryon number violation due to explicit GUT
interactions stops when the universe cools below the grand unification scale, at
about 1016 GeV. In contrast, standard model baryon violation, due to the elec-
troweak anomaly, continues down to about 1 TeV. (For comparison, primordial
helium nucleosynthesis takes place at about 0.1 MeV and the interior of the sun is
roughly 1 KeV.) One of the great successes of GUTs was their ability to explain
the preponderance of baryons over anti-baryons in the universe. The generation of
a baryon excess requires three elements: (1) B violation, (2) CP violation, and (3)
disequilibrium. Disequilibrium is required because, in equilibrium, the distribution
of particles is determined simply by Maxwell-Boltzmann factors exp(—fiE) and the
mass and energy spectrum of anti-baryons is the same as those of baryons by CPT.
But if GUTs do produce a baryon excess as their interactions fall out of equilibrium,
the baryon violation from electroweak theory will still be going strong and will re-
lax the universe back to chemical equilibrium, washing away the baryon excess.
This disaster is trivial to avoid. Recall that the combination B-L is not anomalous
and is exactly conserved in the standard model. If the GUT theory generates a
B-L excess (which can be achieved, for example, in an SO(10) theory), then the
electroweak processes cannot dissipate this excess but' can only redistribute it into
some equilibrium ratio of B and L.

Of more interest is the possibility that the standard model itself is the source
of the matter asymmetry. Because the universe is expanding Kore slowly at TeV
temperatures than at GUT temperatures, the expansion does not provide enough
disequilibrium to produce the observed asymmetry. Suggested scenarios "~ rely
upon assuming a first-order phase transition of the electroweak theory around the
TeV scale to provide the necessary disequilibria. (First-order phase transitions are
violent, involving bubble nucleation, bubble expansion, and collisions of bubble

II



walls.) So far, no scenario is compelling, but the possibility of being able to post-
diet the size of the matter asymmetry from the standard model or simple extensions
of it is intriguing.

The other possible application is accelerator physics. If B violation can be
produced at temperatures of a few TeV, why not in high-energy collisions at a few
TeV? In fact, large energy is not at all synonymous with large temperature. To see
this, estimate the number of W quanta in a sphaleron. The size of a sphaleron is
order 1/MW, which means its Fourier transform is dominated by momenta k ~ Mw,
so the typical energy per quanta is order Mw. The total energy of the sphaleron is
roughly Mw/aw, and so the number of quanta in a sphaleron is

iVquanla ~ 1/<XW ~ 30. (23)
So, to cross from one vacuum to the other, 30 W's must come together, briefly form
a sphaleron, and fall apart. In a high-temperature plasma, finding 30 W's is no
problem—there are as many W's present as any other species of particle. If one
started with a high-temperature system that had no W's, then W's would slowly
form by weak interaction processes until they reached their equilibrium density. A
high-energy collision, on the other hand, doesn't last long enough for W's to come
into equilibrium. Naively, the probability of making 30 W's in a single collision
is order a^, which is not really any better than the exp(—4^/aw) at zero energy.
The claim that B violation can be observed in accelerators is counter-intuitive.
Nonetheless, some formal calculations have suggested the possibility, and I shall
return to it later.

2. Euclidean Solutions
Earlier, the rate of baryon number violation at zero temperature was estimated

as exp(—S) where S ~ l /aw . I shall now discuss how one determines the exponent
S more accurately to obtain the factors of 2 and ir. As we shall see S is the action of
a Euclidean-time solution to the equations of motion known as the instanton. The
zero-temperature instanton will be crucial to the later discussion of B violation in
accelerators. At non-zero temperature, a variety of additional Euclidean solutions
are relevant. In this section, I classify the solutions and explain their applications.

2.1 INSTANTONS: ZERO TEMPERATURE

Forget about field theory and consider the simple quantum mechanics prob-
lem of a particle moving in the potential of Fig. 6. In the WKB approximation
to the wave function, recall that plane waves exp(ikx) = exp(ixV2mE) general-
ize to exp(i / dx->j2m(E — V)). In the classically disallowed region E < V, this
gives exponential damping: exp(— f dxy/2m(V — E). At zero energy, the rate for
tunneling between one well and another is therefore

2
(24)expra te •

Henceforth I shall work in units where m = 1.
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Now think instead in terms of the path integral. Consider all paths going from
x\ to 22 and weight them by exp(iS). Without rigorous justification, rotate to
Euclidean time. The action rotates to SE — / < M | i 2 + V(x)], where the dot now
represents differentiation with respect to Euclidean time r, and the path integral of
exp(—5E) is dominated by the maximum of exp(—5E). The guess, then, is that

rate ~ max \e~SE\ , (25)

subject to the constraint ar(—oo) = x\ and a;(+oo) = xo. The guess may be jus-
tified by comparing it to the WKB result. SE is
minimized, and hence exp(—SE) maximized, for
paths which solve the Euclidean equations of mo-
tion: x = V\x). This is the same as the real-time
equation for a particle moving in the inverted po-
tential —V{x) shown in Fig. 8. There is clearly
a solution which starts at x\ at r = —oo, slowly
rolls off the hill, down the trough, and up the
other hill to come to rest at 12 at T = -f-co. This
solution is called the instanton. It is left to the
reader to show that the Euclidean action of this FIG. 8. The inverted potential,
solution is just / dx y/2V, so that

exp (- f y/2V{x)\ = max (e"5 e) • (26)

Thus the Euclidean formulation indeed reproduces the WKB result. Note also that
the Euclidean Lagrangian has the same form as real-time energy. So, in a loose
sense, exp(—SE/7I) ~ exp[—(AJ5)(A<)/6], providing the connection with the earlier
back-of-the-envelope estimates of tunneling.

Why bother with the Euclidean formalism? If it is ultimately justified by WKB,
why not always solve for the WKB wave function instead? The answer is that the
Euclidean formalism more elegantly generalizes to systems with multiple degrees
of freedom. For n degrees of freedom, the Euclidean method involves solving the
Euclidean equations for a particular solution x(i); the WKB method involves dis-
cussing the wave function rj>[xi, xo, —, xn). In field theory, n is infinite and the wave
functional ij> is fairly unmanageable.

For the case of pure SU(2) gauge theory, there is a solution to the Euclidean
equations of motion of the form

when centered at the origin. This is the instanton of QCD. (There is one for
SU(2) subgroup of color SU(3).) At space-time infinity, it is a pure gauge g~1dlig. R
parameterizes the size of the instanton and is arbitrary since pure gauge theories are
classically scale invariant. 77°,, is a numerical tensor whose definition and properties
may be found in Ref. [16]. Computing the Euclidean action gives
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(28)
which provides the factors of 2 and it for the exponent of the transition rate. Com-
putation of the anomaly associated with this solution gives

16JT* 7 " J L (29)
So the QCD instanton anomalously violates chiral charge, and the electroweak in-
stanton will anomalously violate baryon number.

There is a problem, however. Because of classical scale invariance, instantons in
pure gauge theory can be arbitrarily large. Indeed, if we include the running of the
coupling constant, then the amplitude exp(—27r/as) is bigger for large instantons
than small ones. The corrections to the WKB approximation also grow with as

and the instanton picture becomes nonsense when the instanton is bigger than the
confinement scale. As a result of this infrared problem, instantons are not a very
useful calculational tool for QCD at zero temperature. (In high temperature QCD,
electric screening in the plasma suppresses large instantons and the approximation
is controlled.)

Electroweak theory is quite different; scale invariance is broken by the W mass,
suppressing instantons larger than 1/MW. For small instantons [R <C 1/MW), the
gauge field behavior is approximately (27) and the Higgs solution is

fx*+w w v 2 y ' (30)

where rp = (i,f). As in the 1+1 Abelian Higgs model, the Higgs field also winds:

at space-time infinity where Ap -» g^d^g.
Eqs. (27) and (30) are approximate; the only exact solution for instantons in

electroweak theory is the degenerate case R = 0. This is an inessential technicality,
and the techniques for dealing with it may be found in Ref. [17]. The approximate
instantons, for small enough R, have very close to minimal action and so are essen-
tially just as probable as the true R = 0 solution. Later, I shall discuss just what
range of R is relevant.

2.2 INSTANTONS: FINITE TEMPERATURE

Here is a lightning summary of how to treat finite-temperature systems with
the path integral. Recall the derivation of the path integral at zero temperature.
The evolution operator exp(iHt) between an initial state at time —to/2 and a final
state at time +to/2 may be split into a sequence of infinitesimal evolutions and
reassembled to produce the path integral:

(/;* = +to/2 e'Hi\ i;t = -to/2) = / [V<f>]explij ^ dtL(<j>) . (32)

At the end of the day, you take to —* oo. If convenient, you may rotate to Euclidean

14



time T = —it to get

j{V4\ exp [- j °° dr ZE(#J • (33)

In the case of finite temperature, the fundamental quantity is the partition function

(34)

Exp(—/3H) is the same form as the evolution operator but evolves for imaginary
time ifl. The derivation of the path integral proceeds exactly the same way as the
usual case, now yielding

Z= f[D<f\exp\i f dtL((f>)\ = /[Dp]exp - / dr.LE(£) , (35)
J I Jo \ J [Jo J

where the path integral is only over periodic paths: 4>(x,T = f}) = ^(a-,r = 0). The
periodicity constraint implements the trace in Eq. (34). Any study of solutions
to the Euclidean equations of motion at finite temperature must be restricted to
periodic solutions.

Is there a formal generalization of instantons to finite temperature—a Euclidean
solution, with period /3, that interpolates from one vacuum to the other? There is
indeed, and it is called the caloron or finite-temperature instanton. For small in-
stanton size, it resembles a string of zero-temperature instantons superposed at
T = O,±jS, ±2/3, etc. The exact form for pure gauge theories may be found in
Ref. [IS]. The Euclidean-time winding number is 1:

i, (36)

and the tree-level action is the same as the zero-temperature case:

f"
SE= drLE=2ir/a. (37)

Jo
The tree-level action is independent of temperature because of its classical scale
invariance; a solution of any periodicity may be scaled into a solution of any other
periodicity.* Spontaneously broken gauge theories are qualitatively the same, but
instantons larger than 1/MW are suppressed. If the rate of transitions at finite
temperature were controlled by the instanton action IT:fa, then all would be lost:
B violation would remain remain utterly negligible.

However finite-temperature instantons, unlike their zero-temperature cousins,
have no direct bearing on the net rate of transitions. This is easily seen in a simple
quantum mechanics problem: the rigid circular pendulum. A circular pendulum
moves in the gravitational potential shown in Fig. 9, where the periodic coordi-
nate x represents the angle of the pendulum relative to its rest position. At finite

* At one-loop, effects arise due to electric screening in the plasma, which suppress instantons
larger than the screening length 1/gT.
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temperature, this system has instantons, which are Euclidean solutions where the
pendulum winds once in Euclidean time /?. Recall that Euclidean solutions are
equivalent to a particle moving in the inverted potential —V(x), as was depicted in
Fig. 8. At 2ero temperature, the instanton starts at rest at x\ = 0 and takes infinite
time to roll down and up and come to rest at X2 = 2~. Since x\ and X2 should
be identified, this corresponds to a solution with infinite periodicity. If we instead
start the solution at x\ — 0 with some initial velocity x, it will reach 12 = 2TT in
finite time. By adjusting the initial i , we can find a solution with periodicity /?.
This is the finite-temperature instanton.

-27T 0 2TT
FIG. 9. Potential for a circular pendulum.

As we increase the temperature so that j3 —+ 0, the instanton has less Euclidean
time in which to wind, and so requires a higher velocity, and so has higher kinetic
energy, and so has higher Euclidean action. As a result, the instanton action SE
goes to infinity in the high-temperature limit T —> 00 and instantons completely
decouple. So far I have talked abstractly about the winding of the pendulum in
Euclidean time. But we know what happens in real time: high temperatures mean
high energies which means that the pendulum is rapidly winding around. The moral
is that exp(—5E) of these finite-temperature instantons does not give the transition
rate at finite temperature, and that winding in Euclidean time has nothing to do
directly with real-time winding. I shall now dis-
cuss the Euclidean solution whose action does
give the correct real-time transition rate. But
remember the finite-temperature instantons—
they will be relevant later.

2.3 FINITE TEMPERATURE TUNNELING

Consider the case of barrier penetration at
finite temperature, such as in Fig. 10. At zero
temperature, we tunnel all the way from Xi to
X2- At finite temperature, the system has some
non-zero energy E and only needs to tunnel

X l X 2

FIG. 10. Barrier penetration at
finite energy.

\ You may find it useful to work out the exact solution and action in the limit that gravity is
turned off so that V(x) = 0. See also Ref. [19]
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part of the way, between turning points xa and xj where V(x) = E. At zero
temperature the instanton correctly reproduced the WKB tunneling factor, from x\
to X2- Since tunneling here occurs between xo and xj, let us try looking for Euclidean
solutions that interpolate from xa to x&. In the inverted potential of Fig. 8, we see
such a solution: starting at rest at xa, the solution rolls down and up to xj and
then back to xa. This solution is periodic, as required by the finite-temperature
Euclidean path integral.

Return for a moment to first principles. The probability of transition is the
combination of the probability exp(—@E) for starting with energy E at temperature
1//? with the probability of tunneling from xa to xj. Roughly speaking, this is:

rate ~ e^'E |e-(A£KAi>|2 ~ e^B \e-l
B-V**^ „ e-V-2M>Be-£**t ( 3 g )

where E is the total energy that would be classically required during the transition.
For the Euclidean solution discussed above, note that the periodicity is 2At since
the solution double-covers the transition from xa to xj. If we choose the solution
with the correct periodicity, 2At ~ j8, then the rate (38) becomes e~^'2A1 which is,
loosely speaking, exp(—SE).

The above argument suggests that exp(—SE) of the new solution yields the
transition rate. It is left to the reader to prove the more precise result

exp | - / ax^/'Z^V -&) j | =extremum(e~SE) (39)extremum B-fiB

where the first extremum is over values of the energy E and the second is over paths
satisfying x(0) = x(/3) that cross the barrier. Note that the rate is proportional to
exp(—Sg) here rather than |exp(—SE)|2. This is because the Euclidean solutions
double-cover the transition and exp(—SE) = |exp(—SE/2)|2.

In Weinberg-Salam, the oscillatory solutions discussed above have winding num-
ber less than 1. This is because the configurations between which they interpolate
represent only the part of the transition xa -* xj requiring quantum tunneling, not
the full transition x\ —» xo for which the winding number is integral.

2.4 A LIMITING CASE: THE SPHALERON

The sphaleron is the limiting case /? —> 0 of the solution just discussed. Then
the solution is constant, sitting at the bottom of the inverted well of Fig. 8. Note
that this solution exists at any temperature. The rate is controlled by

e-s> = exp f- J' Qx2 + V(«)) 1 = e ~ W H (40)
which is the Maxwell-Boltzmann factor discussed when I introduced the sphaler-
on earlier. In Weinberg-Salam, this solution has zero Euclidean winding number
because it corresponds to the case where xa = xj and none of the transition involves
quantum tunneling.

The sphaleron dominates the transition rate whenever the rate is large enough to
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be observable. Consequently, oscillatory solutions in Weinberg-Salam have received
little attention and are known only approximately.

2.5 THE ANOMALY REVISITED

The net transition rate is given by exp(—SE) for sphalerons or the oscillatory
Euclidean solutions of section 2.3; it is not given by the finite-temperature instantons
of section 2.2. But the latter instanton solutions are nonetheless intimately related
to anomalous baryon violation at high temperature. To see why, I need to allude
to a more formal treatment of anomalies.

First recall the proof of Noether's theorem. If $ —* et9£ty is a global symmetry,
then consider a local transformation of the same form:

i> -> eieW$. (41)
This is not a symmetry, but one may show the variation of the action has the form

6S = -fdizj>'dll0(x). (42)

Classically, the requirement that 6S = 0 for any variation gives fl^y = 0 after
integration by parts. In terms of the path-integral, where paths need not satisfy
£5" = 0, the equivalent observation is made by rewriting

J[Dj>][V$]{VA]eiS -> J[VrP][V$)[VA]eis \l-ijd4*y V(*)l (43)

for an infinitesimal transformation. Because the path-integral is invariant under a
change of variables such as (41), we conclude (fl^y) = 0. However, a change of
variables also affects the integration measure by introducing a Jacobian. Fujikawa20

showed that a gauge-invariant regularization of the path-integral measure will yield
an additional factor for anomalous symmetries—the exponential of the anomaly:

\l - i f ^xj^d (44)

Expanding in 6(x) yields the anomaly equation (dpi11 — cg2FF\ = 0. This is how
the anomaly equation manifests in the path-integral.

Now take Eq. (44), specialize to the case where 8{x) is constant, and switch to
Euclidean time. For definiteness, consider baryon-number to be the anomalous sym-
metry, and for simplicity assume there is just one family. A B-violating transition
then produces three quarks and a lepton. Eq. (44) gives

I ^ (45)= f
where the exp(i#) comes from the transformation of qqql. Integrating over the
constant 6, we find

J FF - l\. (46)

The only configurations which contribute to B-violating Green's functions {qqql)
are those with Euclidean winding number one! The action of such configurations is
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minimized by the finite-temperature instantons dismissed earlier, and so

(qqql)~<r2*'a\ (47)

returning us to the naive conclusion that B violation is always infinitesimal.
The resolution is that classical transitions over the sphaleron do not simply

correspond to the Green function (qqgl). "When the sphaleron configuration decays,
it will produce a large number of gauge (and Higgs) bosons as well as the anomalous
fermions. As discussed earlier, a sphaleron is made up of order l / a w gauge bosons.
The relevant processes are ones where l/e*w gauge bosons come together in the
thermal bath, briefly form a sphaleron-like configuration, and decay back into l /a w

gauge bosons. The qqql production is just a side effect of the anomaly. The Green
functions which represent these processes are of the form

(qqql^A^). (48)

These Green functions involve a non-perturbative number of external legs. Though
the argument that configurations must have unit Euclidean winding number still
holds, the estimate of their contribution as exp(—SE) breaks down. I shall demon-
strate this breakdown in the trivial example of 0+0 dimensional space-time, also
known as calculus.

Consider the integral

This is analogous to the case of instantons in that the minimum action is order
l/<72, which occurs when the field x is order 1/g. Ia is meant to be analogous to an
n —> n amplitude. For small n, the dominant behavior of In is simply exp(—S1!Xin).
When n ~ 1/g2, however, rewrite

r+oo r •, -i

I w = / dx exp -S(x) + -2 In x2 . (50)
J-oo L 9 1

It is now incorrect to treat the external legs perturbatively; their effect in the
exponent is order 1/g2 and so just as important as the action 5. By trying x = 1/g,
one sees that the integrand can be large and so I\jgi is unsuppressed! Of course the
field theory case is much more complicated, but the basic conclusion that I/a —* I/a
scattering need not be suppressed persists.

Fig. 11 reviews the various Euclidean solutions that I have discussed for the case
of the circular pendulum. Analogous solutions exist in Weinberg-Salam. Fig. l l a
shows the zero-temperature instanton, where | exp(—5E)|2 ~ exp(—4?r/aw) gives
the net transition rate. Fig. l ib shows the finite-temperature version, the caloron,
which does not give the net transition rate. However, at all temperatures the
instantons are useful for computing exclusive B violating amplitudes such as (qqql)
that involve only a few quanta. For computing the inclusive transition rate at high-
temperature, however, one should use the sphaleron and oscillatory solutions of
Figs, l i e and d. The rate is given simply by exp(—SE), and whichever of the two
solutions gives the larger rate is the appropriate one.
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FIG. 11- Review of Euclidean solutions.
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3. B Violation in Accelerators

21 2**

I shall now sketch the derivations of Ringwald and Espinosa " that started
the current controversy over whether B violation might be observable in future ac-
celerators such as the KSC. We have seen in a simple 0+0 dimensional analogy that
the inclusion of many W's in a process might compensate the instanton suppres-
sion exp(—4ir/a). Ringwald and Espinosa set about doing the real calculation in
electrovveak theory. They focused on the case relevant to accelerators, 2 —> n at
very high energy, rather than the high-temperature case n —* n, where we already
have reasons to believe the rate is large. The goal is to compute all of the exclusive
cross-sections at a given energy by using instantons and then sum them to obtain
the total rate of B violation.

We need first to review a little more about electroweak instantons at zero tem-
perature. It is convenient to work in a different gauge than was used for the instan-
ton solution in Eqs. (27) and (30). In that gauge, the Higgs field is not constant
at space-time infinity, which is technically inconvenient for identifying the physical
Higgs. It is easier to switch to a gauge known as singular gauge, where:

4* m 2 H? rfajx-z).

The gauge contribution to the action is the usual 8ir2/g2. Note that a constant
Higgs field $ ~ (0, v) would give a Higgs contribution of the form:

(52)I dAx{D$f ~ v2 I AAx{gAdf ~ v2R2.

In fact, the Higgs field responds to the presence of the instanton and the action is
minimized by Eq. (30) for small instantons. In singular gauge this is

(53)
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giving total action

^ 22R2. (54)

As R —» 0, the action reduces to the pure gauge action. Henceforth I shall drop
factors of 2 and TT even in exponents. (For the correct factors, see Refs. [21,22].)
The instanton amplitude is order e"1 '3 e~v R , so the typical instanton size will be
R ~ 1/v. For future reference, note that the asymptotic behavior of the physical
Higgs field in Eq. (53) is <f>c\{x) ~ -vR2/x2 as x2 —* oo. The small p behavior is
given by the Fourier transform: 4>c\(j>) ~ —vR2/p2 as p2 —» 0. I have ignored the
mass of the Higgs and shall continue to do so. If it is properly included, one finds
that <j>d(x) vR2/(p* + m?) rather than -vR2/p2.

Consider a process where two particles collide in at high energy and produce
a number rif of fermions which anomalously violate baryon number, as well as
rew W bosons and raj, Higgs bosons. To compute the cross-section, we need the
Green function {ij;ni An" <fi"h). Compute it in Euclidean space. As usual, the cross-
section is obtained by then rotating to Minkowski space, amputating the legs by the
LSZ prescription, squaring the amplitude, and integrating over phase space. Since
the Green function violates baryon number, it can only receive contributions from
configurations with Euclidean winding number. Expand the path integral about
the most dominant such configuration: the instanton. Having used the anomalous
creation of fermions to justify an expansion about the instanton, now ignore the
fermions completely; they have no qualitative effect on the rest of the derivation, and
you are again referred to Refs. [21,22] for details on their inclusion. To simplify the
presentation, I shall only consider Green's functions involving Higgs particles in the
initial and final states. So examine (<£(pi) • • • $(pn)) in the instanton background.

Since the instanton dominates the Euclidean path integral, write <f> = 4>d + $4*
where 4><& 1S the instanton and S4> is a small fluctuation. Ringwald and Espinosa
made the approximation that the small fluctuations could be ignored, so

(<t>(pi) • • • tf(P»)) ~ (^l(pi) • • • &lO>»)} ~ <f>d(pi) • • • <f>d(pn)e-Se. (55)
The last step follows because <f>c\ is a c-number and may be pulled out of the path
integral. 5 E is simply the usual instanton action.

From the form of the approximation (55) it is easy to understand why the cross-
section grows with energy. Because 4>c\{pi) is a scalar, it can only depend on p2.
The right-hand side of (55) thus depends only on p2, p2, ... and not on pi •pj for
i T^ j . After rotation to Minkowski space, the p2 become masses, independent of
energy, and therefore (55) yields a Green function that is independent of energy.
Since phase space grows with energy, the resulting cross-section will also. The

* In general, f(p = 0) = fdxf(z), which is not determined by the large * behavior alone. But
if the integral is infrared singular, then the singular small p behavior of /(p) is determined by
the large x behavior of / ( i ) .

f which isn't quite true but doesn't change the qualitative features at low energy. See Ref. [23].
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situation is similar to the old Fermi four-point interaction used to describe the
weak interactions; in the approximation at hand, the instanton induces an n-point
interaction between the particles.

The cross-section for 2 —» n — 2 in the instanton background is

>|a, (56)

where assume n is large and for simplicity shall only keep track of the leading
behavior of n in exponents. So zn~2 will be treated the same as z", and shortly I
shall treat n! the same as n". If the total energy of the process is E, the average
energy per final particle will be order E/n. Each phase space integral J d3p/2p has
dimensions of mass-squared and so gives a factor of order (E/n)'2, so that

.2p.
Recall that <j>c\(p) ~ —vR2/p2 as p2 -» 0. In the Ringwald-Espinosa approximation
<f> —* ̂ c j , the amputated amplitude is order

'<t>{Pn)) ~ / d-R C~ elPl^cl(Pl)-"Pn^d(Pn)
7 (58)

P\ • • • vl

J <
I have used the classical action (54), again ignoring factors of 2. The R-integration
superposes the amplitudes for processes involving instantons of different sizes, and
is dominated by R ~ y/n/v. Combining (56), (57) and (58):

n'.s

The inclusive cross-section is found by summing over n, which gives a simple expo-
nential series dominated by n ~ E2/v2:

\ . (60)

Suggestively, the exponential suppression exp(—1/gr2) is compensated when E ~
t;/<7, which is the same order as the sphaleron energy. In this case, we also have
R ~ 1/pu and n ~ 1/j , which are the same order as the sphaleron's size and
number of quanta.

Eq. (60) implies that the cross-section begins to grow at E ~ v and is totally
unsuppressed at E ~ v/g. Unfortunately, the approximations that lead to (60)
certainly break down when E is as large as v/g; one can no longer treat the process
perturbatively about the usual instanton. A number of attempts have been made
to remedy this breakdown, and the controversy continues. The interested reader
should explore the current literature, a small selection of which is Refs. [23-29].
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