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ABSTRACT 

The fourth CER.N Accelerator School (CAS) basic course on General Accelerator Physics 
was given at KFA, Jiilich, from 17 to 28 September 1990. Its syllabus was based on the 
previous similar courses held at Gif-sur-Yvette in 1984, Aarhus 1986, and Salamanca 1988, 
and whose proceedings were published as CERN Reports 85-19, 87-10, and 89-05, 
respectively. However, certain topics were treated in a different, way, improved or extended, 
while new subjects were introduced. All of these appear in the present proceedings, which 
include lectures or seminars on the history and applications of accelerators, phase space and 
emittance, chromaticily, beam-beam effects, synchrotron radiation, radiation damping, tune 
measurement, transition, electron cooling, the designs of superconducting magnets, ring 
lattices, conventionnal RF cavities and ring RF systems, and an introduction to cyclotrons. 
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FOREWORD 

The CERN Accelerator School was established in 1983 with the mission to preserve and 
disseminate the knowledge accumulated at CERN and elsewhere on particle accelerators and 
storage rings of all kinds. This is being carried out principally by means of a biennial 
programme of basic and advanced two-week courses on general accelerator physics aiming to 
bridge the gap between the level of knowledge attained with a science or engineering degree and 
that required for starting accelerator research work. In addition, topical courses are organised 
jointly with the US Particle Accelerator School, while specialised courses are staged as the need 
or opportunity arises and in conjunction with appropriate bodies or organizations. This policy 
has led to the vigorous programme of courses shown in the table overleaf. 

The present proceedings are for the fourth basic course on general accelerator physics 
held at KFA, Jiilich in September 1990. The course follows closely the earlier ones at Gif-sur-
Yvette, Aarhus and Salamanca but with improved or different presentations of some of the 
topics. In addition some completely new subjects were added, especially in the case of the 
seminars. In this way the chapters included in the present volume are complementary to those 
published for the first three basic courses. 

In organising this course, the support of the KFA, Julich and the CERN Managements as 
well as the School's Advisory, Programme and Local Organising Committees is most gratefully 
acknowledged. The financial help given by KFA and the logistics support provided by its staff, 
especially B. Krahl-Urban, R. Maier, S. Martin, R. Mengels, U. Pfister and J. Range was 
most generous. Very special thanks are due to the lecturers, not only for the tremendous effort 
they put into preparing and presenting their topics but also for maintaining the splendid tradition 
of promptly and carefully writing them up. The sponsorship of AEG, Hewlett Packard, 
Interatom, NTG, Rheinbraun, Scanditronix and Siemens was most welcome. The help of the 
many CERN service sections who contributed in one way or another to the organisation of the 
school and the production of this present volume was most invaluable. Finally, the attendance, 
enthusiasm and friendliness of the participants at the school was the best reward for the effort 
made on their behalf. 

S. Turner, Editor 
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A BRIEF HISTORY AND REVIEW OF ACCELERATORS 

P.J. Bryant 
CERN, Geneva, Switzerland 

ABSTRACT 
The history of accelerators is traced from three separate roots, through a 
rapid development to the present day. The well-known Livingston 
chart is used to illustrate how spectacular this development has been 
with, on average, an increase of one and a half orders of magnitude in 
energy per decade, since the early thirties. Several present-day 
accelerators are reviewed along with plans and hopes for the future. 

1. INTRODUCTION 

High-energy physics research has always been the driving force behind the development 
of particle accelerators. They started life in physics research laboratories in glass envelopes 
sealed with varnish and putty with shining electrodes and frequent discharges, but they have 
long since outgrown this environment to become large-scale facilities offering services to large 
communities. Although the particle physics community is still the main group, they have been 
joined by others of whom the synchrotron light users are the largest and fastest growing. There 
is also an increasing interest in radiation therapy in the medical world and industry has been a 
long-time user of ion implantation and many other applications. Consequently accelerators now 
constitute a field of activity in their own right with professional physicists and engineers 
dedicated to their study, construction and operation. 

This paper will describe the early history of accelerators, review the important milestones 
in their development up to the present day and take a preview of future plans and hopes. 

2 . HISTORICAL ROOTS 

The early history of accelerators can be traced from three separate roots. Each root is 
based on an idea for a different acceleration mechanism and all three originated in the twenties. 

2.1 The main "History Line" 

The first root to be described is generally taken as the principal "history line", since it was 
the logical consequence of the vigorous physics research programme in progress at the turn of 
the century. Indeed, particle physics research has always been the driving force behind 
accelerator development and it is therefore very natural to also consider high-energy physics as 
the birth place. 

The main events along this "history line" are listed in Table 1. The line is started at the 
end of the last century to show the natural progression through atomic physics to nuclear 
physics and the inevitable need for higher energy and higher intensity "atomic projectiles" than 
those provided by natural radioactive sources. In this context, the particle accelerator was a 
planned development and it fulfilled its goal of performing the first man-controlled splitting of 
the atom. It was Ernest Rutherford, in the early twenties, who realised this need, but the 
electrostatic machines, then available, were far from reaching the necessary voltage and for a 
few years there was no advance. Suddenly, the situation changed in 1928, when Gurney and 
Gamov independently predicted tunnelling [ 1] and it appeared that an energy of 500 keV might 
just suffice to split the atom. This seemed technologically feasible to Rutherford and he 
immediately encouraged Cockcroft and Walton to start designing a 500 kV particle accelerator. 
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Four years later in 1932, they split the lithium atom with 400 keV protons. This was the first 
fully man-controlled splitting of the atom [2] which earned them the Nobel prize in 1951. 

Table 1 
Main"History Line' 

1895 Lenard. Electron scattering on gases 
(Nobel Prize). < 100 keV electrons. 

1913 Franck and Hertz excited electron shells by Wimshurst-type machines. 
electron bombardment. J 

1906 Rutherford bombards mica sheet with natural 
alphas and develops the theory of atomic 
scattering. 

» Natural alpha particles of 
1911 Rutherford publishes theory of atomic structure. several MeV 

1919 Rutherford induces a nuclear reaction with natural 
alphas. „ 

... Rutherford believes he needs a source of many MeV to continue research on 
the nucleus. This is far beyond the electrostatic machines then existing, but... 

1928 Gamov predicts tunnelling and perhaps 500 keV would suffice ... 

1928 Cockcroft & Walton start designing an 800 kV generator encouraged by 
Rutherford. 

1932 Generator reaches 700 kV and Cockcroft & Walton split lithium atom with only 
400 keV protons. They received the Nobel Prize in 1951. 

Figure 1(a) shows the original apparatus, which is now kept in the Science Museum, 
London. The top electrode contains the proton source and was held at 400 kV, the intermediate 
drift tube at 200 kV and final drift tube and target at earth potential. This structure can be seen 
inside the evacuated glass tube in Fig. 1 above the curtained booth in which the experimenter 
sat while watching the evidence of nuclear disintegrations on a scintillation screen. The voltage 
generator, Fig. 1(b), was at the limit of the in-house technology available to Cockcroft and 
Walton and the design voltage of 800 kV was never reached due to a persistent spark discharge 
which occurred at just over 700 kV. However, the famous atom-splitting experiment was 
carried out at 400 kV, well within the capabilities of the apparatus. The Cockcroft Walton 
generator, as it became known, was widely used for many years after as the input stage (up 
to 800 kV) for larger accelerators, since it could deliver a high current. 

At about the same time Van de Graaff, an American who was in Oxford as a Rhodes 
scholar, invented an electrostatic generator for nuclear physics research and later in Princeton, 
he built his first machine, which reached a potential of 1.5 MV [3]. It took some time to 
develop the acceleration tube and this type of machine was not used for physics research until 
well after the atom had been split in 1932. The principle of this type of generator is shown in 
Fig. 2. 
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Two new features appeared in later versions of the Van de Graaff generator. Firstly, 
the sparking threshold was raised by putting the electrode system and accelerating tube in a 
high-pressure tank containing dry nitrogen, or Freon, at 9-10 atmospheres, which enables 
operation typically up to 10 MV. The second was a later development, which has the special 
name of the Tandem accelerator (see Fig. 3). 

Pressure 
tank 

High-voltage 
terminal 

Analysing 
magnet 

Negative 
ion 
source 

Stripping 
foil or gas 

Charging belt 

Fig. 3 Two-stage Tandem accelerator 

The new feature in the Tandem accelerator was to use the accelerating voltage twice over. 
First an extra electron is attached to the neutral atoms to create negative ions. In recent years, a 
great deal of development has been done and it is now possible to obtain negative ion sources 
for almost all elements. The negative ion beam is injected at ground potential into the Tandem 
and accelerated up to the high-voltage terminal where it passes through a thin foil which strips 
at least two electrons from each negative ion converting them to positive ions. They are then 
accelerated a second time back to earth potential. The Van de Graaff generator and the Tandem 
provide beams of stable energy and small energy spread, but they are unable to provide as high 
currents as the Cockcroft-Walton generator 

The highest energy Tandem is at Oak Ridge National Laboratory and routinely operates 
with 24.5 MV on the central terminal. However, development is not at a standstill and there is 
a project (the Vivitron) underway at Strasbourg to build a Tandem operating at 35 MV. 

2.2 The second "History Line' 

The direct-voltage accelerators were the first to be exploited for nuclear physics research, 
but they were limited to the maximum voltage that could be generated in the system (except for 
the astute double use of the applied voltage in the Tandem). This limitation was too restrictive 
for the requirements of high-energy physics and an alternative was needed. 

In fact, an alternative had already been proposed in 1924 in Sweden by Ising [4]. He 
planned to repeatedly apply the same voltage to the particle using alternating fields and his 
invention was to become the underlying principle of all of today's ultra-high-energy 
accelerators This is known as resonant acceleration. The main events along this "history 
line", starting with Ising, are given in Table 2. 

The difference between the acceleration mechanisms of Cockcroft and Walton and Ising 
depend upon whether the fields are static (i.e. conservative) or time-varying (i.e. non-
conservative). The electric field can be expressed in a very general form as the sum of two 
terms, the first being derived from a scalar potential and the second from a vector potential, 
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where 
B = V x A . (2) 

Table 2 
The second "History Line" 

1924 Ising proposes time-varying fields across drift tubes. This is "resonant 
acceleration", which can achieve energies above that given by the highest voltage 
in the system. 

1928 Widerôe demonstrates Ising's principle with a 1 MHz, 25 kV oscillator to make 
50 keV potassium ions. 

1929 Lawrence, inspired by Widerôe and Ising, conceives the cyclotron. 

1931 Livingston demonstrates the cyclotron by accelerating hydrogen ions to 80 keV. 

1932 Lawrence's cyclotron produces 1.25 MeV protons and he also splits the atom just 
a few weeks after Cockcroft and Walton (Lawrence received the Nobel Prize 
in 1939). 

The first term in (1) describes the static electric field of the Cockcroft-Walton and Van de 
Graaff machines. When a particle travels from one point to another in an electrostatic field, it 
gains energy according to the potential difference, but if it returns to the original point, for 
example, by making a full turn in a circular accelerator, it must return to its original potential 
and will lose exactly the energy it has gained. Thus a gap with a DC voltage has no net 
accelerating effect in a circular machine. 

The second term in (1) describes the time-varying field. This is the term that makes all 
the present-day high-energy accelerators function. The combination of (1) and (2) yields 
Faraday's law, 

V X E = - T B , dt 

which relates the electric field to the rate of change of the magnetic field. There are two basic 
geometries used to exploit Faraday's Law for acceleration. The first of which is the basis of 
Ising's idea and the second "history line", and the second is the basis of the third "history line" 
to be described later. 

Ising suggested accelerating particles with a linear series of conducting drift tubes and 
Widerôe built a 'proof-of-principle' linear accelerator in 1928 [5]. Alternate drift tubes are 
connected to the same terminal of an RF generator. The generator frequency is adjusted so that 
a particle traversing a gap sees an electric field in the direction of its motion and while the 
particle is inside the drift tube the field reverses so that it is again the direction of motion at the 
next gap. As the particle gains energy and speed the structure periods must be made longer to 
maintain synchronism (see Fig. 4). 

Clearly, as the velocity increases the drift tubes become inconveniently long, unless the 
frequency can be increased, but at high frequencies the open drift-tube structure is lossy. This 
problem is overcome by enclosing the structure to form a cavity (in a circular machine) or series 



of cavities (in a linear machine), working typically in the MHz range. The underlying principle 
remains unchanged, but there are several variants of the accelerating structure design. 

Ising's original idea can be considered as the beginning of the 'true' accelerator. 
Indeed, the next generation of linear colliders, which will be in the TeV range, will probably 
still be applying his principle of resonant acceleration, except that the frequency will probably 
be in the tens of GHz range. 

Fig. 4 RF linac 

Technologically the linear accelerator, or linac as it is known, was rather difficult to 
build and, during the 1930's, it was pushed into the background by a simpler idea conceived by 
Ernest Lawrence in 1929 [6], the fixed-frequency cyclotron (see Fig. 5). Lawrence's idea was 
inspired by a written account of Wideroe's work and M. Livingston demonstrated the principle 
by accelerating hydrogen ions to 80 keV in 1931. Lawrence's first model worked in 1932 [7]. 
It was less than a foot in diameter and could accelerate protons to 1.25 MeV. He split the atom 
only weeks after Cockcroft and Walton. Lawrence received the Nobel Prize in 1939, and by 
that year the University of California had a 5-foot diameter cyclotron (the 'Crocker' cyclotron) 
capable of delivering 20 MeV protons, twice the energy of the most energetic alpha particles 
emitted from radioactive sources. The cyclotron, however, was limited in energy by relativistic 
effects and despite the development of the synchrocyclotron, a new idea was still required to 
reach yet higher energies in order to satisfy the curiosity of the particle physicists. This new 
idea was to be the synchrotron, which will be described later. 
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Radius of gyration 
Ions produced 
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Extraction 
electrode 
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Fig. 5 Schematic cyclotron 

Extracted beam 
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2.3 The third and fainter 'History Line' 

In the previous section, it was mentioned that there were two equipment configurations 
for exploiting Faraday's Law for acceleration. First, consider the application of Faraday's Law 
to the linac, which is made more evident by enclosing the gaps in cavities. For simplicity the 
fields in a single RF cavity are shown schematically in Fig. 6(a). 

/ 
/ 

\ 

Magnet 
poles Orbit 

(a) (b) 

Fig. 6 Acceleration configurations 

The azimuthal magnetic field is concentrated towards the outer wall and links the beam. 
Faraday's Law tells us the periodic rise and fall of this magnetic field induces an electric field 
on the cavity axis, which can be synchronised with the passage of the beam pulse. 

Suppose now that the topology is transformed, so that the beam encircles the magnetic 
field as shown in Fig. 6(b). Widerôe [8, 9] suggested this configuration and the acceleration 
mechanism, now known as "betatron acceleration". He called his idea a "strahlung 
transformator" or "ray transformer", because the beam effectively formed the secondary 
winding of a transformer (see Figs. 6 and 7)). As the flux through the magnet core is 
increased, it induces an azimuthal e.m.f. which drives the charged beam particles to higher and 
higher energies. The trick is to arrange for the increase in the magnetic field in the vicinity of 
the beam to correspond to the increase in particle energy, so that the beam stays on the same 
orbit*. This device, the betatron, is insensitive to relativistic effects and was therefore ideal for 
accelerating electrons. The betatron has also the great advantages of being robust and simple. 
The one active element is the power converter that drives the large inductive load of the main 
magnet. The focusing and synchronisation of the beam energy with the field level are both 
determined by the geometry of the main magnet. As noted in the third "history line" in Table 3, 
Widerôe put this idea in his laboratory notebook, while he was a student, but it remained 
unpublished only to re-surface many years later when Kerst [10] built the first machine of this 
type. When in 1941 Kerst and Serber published a paper on the particle oscillation in their 
betatron [11], the term "betatron oscillation" became universally adopted for referring to such 
oscillations in all devices. 

Known as the Widerôe condition, or 2-to-l rule. 
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Fig. 7 Strahlung transformator or betatron 

Table 3 
The third "History Line" 

1923 Wideroe, a young Norwegian student, draws in his laboratory notebook the 
design of the betatron with the well-known 2-to-l rule. Two years later he adds 
the condition for radial stability but does not publish. 

1927 Later in Aachen Widerôe makes a model betatron, but it does not work. 
Discouraged he changes course and builds the linear accelerator mentioned in 
Table 2. 

1940 Kerst re-invents the betatron and builds the first working machine for 2.2 MeV 
electrons. 

1950 Kerst builds the world's largest betatron of 300 MeV. 

The development of betatrons for high-energy physics was short, ending in 1950 when 
Kerst built the world's largest betatron (300 MeV), but they continued to be built commercially 
for hospitals and small laboratories where they were considered as reliable and cheap. In fact 
the betatron acceleration mechanism is still of prime importance. In the present-day 
synchrotron, there is a small contribution to the beam's acceleration which arises from the 
increasing field in the main dipoles. If an accurate description of the longitudinal motion is 
required, then the betatron effect has to be included. 



9 

3 . THE MAIN DEVELOPMENT 

By the 1940's three acceleration mechanisms had been demonstrated:- D C 
acceleration, resonant acceleration and the betatron mechanism. In fact, there were 
to be no new ideas for acceleration mechanisms until the mid-1960's, when collective 
acceleration [12] was proposed in which heavy ions are accelerated in the potential well of an 
electron ring and the 1980's when there were several Workshops devoted entirely to finding 
new acceleration techniques. However, the acceleration mechanism is not sufficient by itself 
and other equally important developments are needed. 

In order to accelerate particles to very high energies, it is also necessary to have focusing 
mechanisms in the transverse and longitudinal (energy) planes. This was not always 
appreciated. In the early cyclotrons, for example, the field was made as uniform as possible 
only to find that the beam was unstable. Livingston [13] who was Lawrence's research 
student, told how they shimmed the magnet for each small step in energy to keep the beam 
stable, thus ending up with a field shape for transverse stability that decreased with radius. 
Theory has later shown that this decrease should be an inverse power law of the radius between 
zero and unity. 

The cyclotron is limited by relativistic effects, which cause the particles to slow down and 
lose synchronism with the rf field. At first glance it would appear that one would only have to 
reduce the frequency in order to maintain synchronism, but this is a little too naive since the 
spread in revolution frequency with energy would quickly exploit the natural energy spread in 
the beam and disperse the particles away from the peak of the rf voltage. In this case a 
longitudinal focusing mechanism is needed. This problem was overcome by E. McMillan [14] 
and independently by V. Veksler [15] who discovered the principle of phase stability in 
1944 and invented the synchrotron. Phase stability is general to all rf accelerators except the 
fixed-frequency cyclotron. The effect is that a bunch of particles, with an energy spread, can 
be kept bunched throughout the acceleration cycle by simply injecting them at a suitable phase 
of the rf cycle. This focusing effect was strong enough that the frequency modulation in the 
synchro-cyclotron did not have to be specially tailored and was simply sinusoidal. Synchro
cyclotrons can accelerate protons to about 1 GeV, a great improvement on the simple cyclotron, 
but the repetition rate reduces the particle yield. 

In the synchrotron [14, 15] the guide field increases with particle energy, so as to keep 
the orbit stationary as in the betatron, but acceleration is applied with an rf voltage via a gap or 
cavity. In 1946 F. Goward and D. Barnes [16] were the first to make a synchrotron work, and 
in 1947 M. Oliphant, J. Gooden and G. Hyde [17] proposed the first proton synchrotron for 
1 GeV in Birmingham, UK. However, the Brookhaven National Laboratory, USA, built their 
3 GeV Cosmotron by 1952, just one year ahead of the Birmingham group. 

Up to this time the only mechanism known for focusing in the transverse plane was called 
weak, or constant-gradient focusing. In this case, the guide field decreases slightly with 
increasing radius and its gradient is constant all round the circumference of the machine. The 
tolerance on the gradient is severe and sets a limit to the size of such an accelerator. The 
aperture needed to contain the beam also becomes very large and the magnet correspondingly 
bulky and costly. In the early fifties the limit was believed to be around 10 GeV. 

In the same year as the Cosmotron was finished (1952) E. Courant, M. Livingston and 
H. Snyder [18] proposed strong focusing, also known as alternating-gradient (AG) 
focusing. The idea had been suggested earlier by Christofilos [19] but it was not published. 
This new principle revolutionized synchrotron design, allowing smaller magnets to be used and 
higher energies to be envisaged. It is directly analogous to a well-known result in geometrical 
optics, that the combined focal length F of a pair of lenses of focal lengths f i and f2 separated 
by a distance d is given by 
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1 = _L . J d_ 
F " f l f 2 ~ f l V 

If the lenses have equal and opposite focal lengths, fi = -f2 and the overall focal length 
F = f^/d, which is always positive. In fact, F remains positive over quite a large range of 
values when f i and f2 have unequal values but are still of opposite sign. Thus within certain 
limits a series of alternating lenses will focus. Intuitively one sees that, although the beam may 
be defocused by one lens, it arrives at the following lens further from the axis and is therefore 
focused more strongly. Structures based on this principle are referred to as AG structures. 

The synchrotron quickly overshadowed the synchrocyclotron and the betatron in the race 
for higher energies. The adoption of alternating gradient focusing for machines and transfer 
lines was even quicker. CERN for example immediately abandoned its already-approved 
project for a 10 GeV/c weak focusing synchrotron in favour of a 25 GeV/c AG machine, which 
it estimated could be built for the same price. 

The next step was the storage ring collider. In physics experiments, the useful 
energy for new particle production is the energy that is liberated in the centre-of-mass system. 
When an accelerator beam is used on a fixed target, only a fraction of the particle's energy 
appears in the centre-of-mass system, whereas for two equal particles in a head-on collision, all 
of the particles' energy is available. This fundamental drawback of the fixed-target accelerator 
becomes more punitive as the energy increases. For example, it would have needed a fixed-
target accelerator of over ITeV to match the centre-of-mass energy available in the CERN ISR 
(2 x 26 GeV proton colliding rings). 

The storage-ring collider now dominates the high-energy physics field. Single-ring 
colliders, using particles and antiparticles in the same magnetic channel, were the first type of 
collider to be exploited at Frascati in the AdA (Annelli di Accumulazione) project (1961). The 
first double-ring proton collider was the CERN ISR (Intersecting Storage Rings), 1972-1983. 
The highest-energy collisions obtained to date are 2 x 900 GeV in the Fermilab, single-ring, 
proton-antiproton collider. 

Colliders have been very successful as physics research instruments. The J/\|/ particle 
was discovered at SPEAR by B. Richter and at the same time by Ting at BNL - they shared the 
1976 Nobel Prize. The CERN proton-antiproton storage ring was also the source of a Nobel 
Prize for C. Rubbia and S. van der Meer in 1984, following the discovery of the W and Z 
particles. The proton-antiproton colliders were only made possible by the invention of 
stochastic cooling by S. van der Meer for the accumulation of the antiprotons [20]. 

The use of superconductivity in proton machines has made the very highest energies 
possible. There has also been another change taking place, which has been called the Exo-
geographical transition (a phrase coined by Professor N. Cabibbo at a Workshop held at 
Frascati in 1984). This refers to the arrangements that have made it possible to bury the very 
large machines such as LEP and HERA deep under property which does not belong to the 
laboratory concerned. Without such agreements, Europe could not have maintained its leading 
position in the world accelerator league. 

In order to fill in some of the bigger gaps in this brief history, it is now necessary to jump 
back in time to mention some of the other accelerators, which may not have featured as a high-
energy machine, but have found their place as injectors or as being suitable for some special 
application. 
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The microtron, sometimes known as the electron cyclotron, was an ingenious idea due 
to Veksler (1945). The electrons follow circular orbits of increasing radius, but with a common 
tangent. An if cavity positioned at the point of the common tangent supplies a constant energy 
increment on each passage. The relativistic mass increase slows the revolution frequency of the 
electrons, but by a constant increment on each passage. If this increment is a multiple of the rf 
oscillator frequency, the electrons stay in phase, but on a different orbit. Microtrons operate at 
microwave frequencies and are limited to tens of MeV. They are available commercially and are 
sometimes used as an injector to a larger machine. 

The radio-frequency quadrupole (RFQ) suggested in 1970 by I. Kapchinski and 
V. Telyakov is useful at low energies and is increasingly replacing the Cockcroft-Walton as 
injector. The RFQ combines focusing and acceleration in the same rf field. 

The electron storage rings have given birth to the synchrotron radiation sources, more 
usually referred to as light sources. These machines are now the fastest growing community 
in the accelerator world. The first commercially available compact synchrotron light source for 
lithography is about to come onto the market. 

The linear accelerator was eclipsed during the thirties by circular machines. However, the 
advances in ultra-high frequency technology during World War II (radar) opened up new 
possibilities and renewed interest in linac structures. Berkeley was first, with a proton linear 
accelerator of 32 MeV built by Alvarez in 1946. The Alvarez accelerator has become very 
popular as an injector for large proton and heavy-ion synchrotrons all over the world with 
energies in the range of 50-200 MeV, that is essentially non-relativistic particles. The largest 
proton linear accelerator to date is the 800 MeV 'pion factory' (LAMPF) at Los Alamos. 

The first electron linear accelerators were studied at Stanford and at the Massachusetts 
Institute for Technology (MIT) in 1946. This type of accelerator has also had a spectacular 
development, up to the largest now in operation, the 50 GeV linear accelerator at the Stanford 
Linear Accelerator Centre (SLAC). Like betatrons they have become very popular in fields 
outside nuclear physics, particularly for medicine. 

The Livingston chart (see Fig. 8) shows, in a very striking way, how the succession of 
new ideas and new technologies has relentlessly pushed up accelerator beam energies over five 
decades at the rate of over one and a half orders of magnitude per decade. One repeatedly sees 
a new idea, which rapidly increases the available beam energy, but only to be surpassed by yet 
another new idea. Meanwhile the first idea continues into saturation and possibly into quasi-
oblivion. 

This brings the section on the main development almost up to date, except for the 
Stanford Linear Collider (SLC), but this will be mentioned under future accelerators where it 
fits more naturally. 
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4 . THE CURRENT SITUATION IN HIGH-ENERGY 
PARTICLE PHYSICS ACCELERATORS 

Table 4 contains a selection of the main operating high-energy physics machines, those 
under construction and those under study. The latter group encompasses the extremes of 
machines like RHIC [22], which are close to construction and the linear colliders, which are 
very futuristic. 

In the present situation circular colliders dominate the high-energy field. The proton-
antiproton colliders are now mature machines and it is unlikely that the USA or Western Europe 
will propose further facilities of this type. The technologies of stochastic and electron cooling 
that were developed for this class of facility are now being applied in smaller storage rings. 
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Table 4 
Operating high-energy physics accelerators 

Accelerator Particles Beam energy 
[GeV] 

cm. energy 
[GeV)] 

Luminosity 
[cm~2 s"1] 

Remarks 

KEK 
in Japan 

P 12 5 - Fixed target 

AGS at 
Brookhaven 

P 33 8 - Fixed target 
Polarised p 

PS at CERN P 
e+,e~,p",ions 

28 (p) 
3.5 (e) 

7 - Fixed target 
Injector 

CESR at 
CORNELL 

e + , e" 9 18 1032 Collider 

Tevatron II 
atFNAL 

P 
P. P~ 

800 (p) 40 - Fixed target 
Injector 

SPSat 
CERN 

P-e 
P. P" 

450 (p),20(e) 
2x315 

30(p),-
630 3x 1 0 3 0 

F. target.injector 
Collider 

SLCat 
SLAC 

e + , e" 100 (6 x 103°) Linear 
Collider 

Tevatron I 
atFNAL P. P" 900 1800 1031 

s.c. collider 

TRISTAN 
in Japan 

e + , e~ 32 64 8 x 1 0 3 1 Collider 
s.c. cavities 

LEPI 
at CERN 

e + , e" 55 110 1.6 x 1 0 3 1 Collider 

High-energy physics accelerators under construction 
UNKIin 
USSR 

p 400 28 - Fixed target 
Conventional 

HERA at 
DESY 

e,P 30 (e") 
820 (p) 

310 3 x 1 0 3 1 
Collider 
s.c. p-ring 

LEPn e+e" 100 200 1 0 3 2 Collider.s.c. 
cavity upgrade 

High-energy physics a< xelerators under study 
RHIC in 
Brookhaven 

p to Au 0.25 to 
0.1/amu 

0.5 to 
0.2/amu 

3 x 1 0 3 0 

1.2 x 1 0 2 7 

s.c. collider 
for heavy ions 

UNKIIin 
USSR 

P. P 
P. P" 

3 6 - 4 x 1 0 3 2 

~ 1 0 3 7 

s.c. collider 
for 1996 

LHCat 
CERN 

P. P 8 16 - l O 3 * s.c. collider 

SSC in 
USA 

P. P 20 40 ~ 1 0 3 3 s.c. collider 

CLIC at 

CERN 
e + , e" 1 2 ~ 1 0 3 3 Linear 

Collider 

SCat 
Stanford 

e + , e" 0.5 (1) 1(2) - 1 0 3 3 Linear collider 
proposal 1990 

VLEPP in 
USSR 

e + , e" 0.5 (1) 1(2) - 1 0 3 3 Linear Collider 
for 1996 

JLC in Japan e + , e" 0.5 1 ~ 1 0 3 3 -
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Once LEP [23] has been upgraded to around 100 GeV, it will almost certainly be the 
highest energy electron ring to be built, since the penalty to be paid in rf power to compensate 
the synchrotron radiation loss is already prohibitive at this energy. The solution is to change to 
linear electron colliders; a solution that was already foreseen in 1965 by Tigner [24]. The 
Stanford Linear Collider (SLC)[25] is a test bed for these future machines. 

At the moment, the proton community is poised to build the SSC (Super Superconducting 
Collider) in Texas [26] and the LHC (Large Hadron Collider) in CERN [27]. Both machines 
are superconducting and of very large dimensions. At present there is no hard limitation on the 
size of hadron colliders, except of course cost. However, synchrotron radiation is already a 
bothersome heat load in these machines and will be a very real problem in machines of the size 
of the Eloisatron [28] for example. The LHC is a high technology project which will use high-
field magnets (10 T) with probably 'niobium-titanium' technology at 2 K in the arcs ard 
niobium-tin technology at 4 K in the insertions. The magnets will also be of the twin-bore 
design first proposed by Blewett [29]. 

5. CONCLUSION 

Led by the example of the SLC, accelerator builders are now tackling formidable 
theoretical and technological problems in all stages of the accelerator design. In the next 
generation of proposed linear electron colliders the typical values required for the normalised 
emittance are of the order of 10~7 rad.m. Beam sizes at the interaction point will have to be 
around 1 to 30 nm high with pulse lengths of 200-800 \im. With a few 1 0 1 0 particles per 
bunch and a repetition rate of over 1000 Hz the beam power is then a few MW. The luminosity 
in such designs is around a few times 10 3 3 cm"2 s"1, far higher than anything that has yet been 
achieved. Stability of the supporting structures and power converters driving the final focus 
become critically important with such small beam sizes and the fabrication of elements such as 
the final focus quadrupoles requires new techniques. 

At present the linear collider designs are called quasi-conventional. For example, the 
CERN CLIC study [30] assumes the use of a warm copper accelerating structure operating at 
29 GHz giving 80 MV/m. If this sounds easy, then consider that the structure will be powered 
from a superconducting drive linac. Such high-gradient, high-frequency structures have never 
before been used and neither has a superconducting linac been used in this way to drive a 
second accelerator. In fact, the term "quasi-conventional" is really a misnomer. 

The future holds many challenges for the accelerator engineer both in the gigantic 
superconducting hadron machines now proposed and in the new generation of electron linear 
colliders. 
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APPLICATIONS OF PARTICLE ACCELERATORS 

O. Barbalat 
CERN, Geneva, Switzerland 

ABSTRACT 
Particle accelerators are now widely used in a variety of applications for 
scientific research, applied physics, medicine, industrial processing, 
while possible utilisation in power engineering is envisaged. Earlier 
presentations of this subject, given at previous CERN Accelerator 
School sessions have been updated with papers contributed to the first 
European Conference on Accelerators in Applied Research and 
Technology (ECAART) held in September 1989 in Frankfurt and to the 
Second European Particle Accelerator Conference in Nice in June 1990. 

1. INTRODUCTION AND OVERVIEW 

Particle accelerators are one of the most versatile instruments designed by physicists. 
From its inception, as the cathode ray tube by JJ. Thomson who used it to discover the 
electron, to the present giant colliders, it is intimately associated with the major milestones of 
nuclear and particle physics. 

Today it is widely used in nearly every field of physics from elementary particles to solid 
state. It is also an essential instrument in many other areas of research to study structures in 
chemistry and biology or to perform sensitive trace element analysis. Its range of application is 
being considerably extended by its capability of generating synchrotron radiation. Progress in 
nuclear and particle physics originated from studies with accelerators is playing now a 
determining role in astrophysics and cosmology. 

Industrial applications cover a broad range such as ion implantation in the semiconductor 
industry but also the modification of surface properties of many materials. A particularly 
promising application is microlithography with synchrotron radiation for high density integrated 
electronic circuits. 

Radiation is being used in a variety of processes to preserve food, sterilize toxic waste or 
polymerize plastics. Activation methods with compact-accelerator-produced neutrons are 
applied in geophysics and are being developed for the detection of explosives. 

It is probably in medicine that accelerators have found their wider field of applications, 
either for isotope production in view of diagnosis or treatment, or for therapy with gamma rays 
and, more recently, with neutrons and heavy charged particles. 

Accelerators may also play a key role in power engineering. Studies of inertial 
confinement fusion by heavy ions are actively pursued in several countries. Accelerators are an 
essential ingredient to provide the additional heating needed for plasma ignition in magnetically 
confined tokomaks. Finally research is also going on to use accelerators to incinerate long-life 
nuclear waste which could lead to an acceptable long-term disposal solution. 

When discussing the application of particle accelerators one should also mention the 
technical and industrial evolution induced by these applications. Whereas the front line 
machines are usually general purpose facilities designed for fundamental physics research, such 
as particle or nuclear physics, these machines may later find a new life in more applied research 
fields such as solid state or material science. They are then followed by dedicated facilities for a 
more specialised type of research or process (synchrotron radiation, isotope production) and 
finally by single purpose optimized devices such as soft X-ray generators for microlithography, 
compact cyclotrons for positron emitting isotope production, ion implanters or radiotherapy 
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electron accelerators. They are then produced on an industrial basis rather than designed and 
built by or for a research laboratory. 

2. RESEARCH APPLICATIONS 

2.1 Particle physics 

The development of particle physics has been directly determined by the progress 
achieved in building accelerators of ever increasing energy. One can easily recall examples, 
such as the discovery of the antiproton at the Berkeley Bevatron in the mid-fifties, the two 
neutrinos with the Brookhaven AGS machine in the early sixties, neutral currents with the 
CERN PS, the J/<)) with the AGS and the Stanford Linear Accelerator in the seventies. More 
recently, the W and Z particles with the CERN Spp_S collider and the number of neutrinos with 
CERN's LEP are a clear demonstration of the continuing importance of accelerators to get a 
better and deeper insight in the structure and properties of the building blocks of matter, quarks 
and leptons, and in the forces by which they interact. 

In about forty years, from 1959 to 1990, accelerators and colliders have allowed 
physicists to gain three orders of magnitude from 10"^ to 10"^ m (corresponding to 100 
GeV for the constituents in the centre-of-mass reference frame) in their quest for probing matter 
at an increasingly finer scale. They can describe our complicated world with only three families 
of particles, each being constituted of two quarks and two leptons characterized by the 
properties of charge, flavour and colour which are responsible for the electromagnetic, the weak 
and the strong interactions. Accelerators of the present generation have led to the discovery of 
the carriers of these interactions, the gluons and the intermediate vector boson better known as 
W and Z particles. 

A new generation of very high energy machines (the large hadron collider (LHC) and the 
super superconducting collider (SSC)) are now under design in the hope of elucidating some of 
the many questions which are still open, while lower energy specialized devices such as t-charm 
and B-factories are envisaged to study more specific areas. 

2.2 Nuclear physics 

Accelerators are the essential tool by which physicists have been able to probe the nucleus 
and to determine its structure and behaviour. Depending on the properties of interest, one is 
using electron, proton and more recently heavy ion beams. The increase of available energy 
and intensity is also opening new opportunities. 

In the past nuclear physics research has been devoted to the study of the structure of 
individual nuclei, their excited states and the associated spectroscopy. Present areas of interest 
are for instance super-deformed nuclei with extremely high angular momenta or exotic nuclei far 
from the line of stability produced by facilities such as Isolde at CERN or GANIL in France. 
The availability of heavy ion machines allows the dynamics of nucleus-nucleus collisions and 
the fragmentation of nuclei to be studied. Subnucleonic degrees of freedom of nuclei such as 
meson exchange currents are investigated with both electron and hadronic probes, hence the 
interest for the Kaon project in Canada. The study of nuclear matter under extreme conditions 
allows phenomena related to the composite nature of nucléons to be investigated. It is, in 
particular, hoped to reach the phase transition from nucleous to quarks and gluons by 
accelerating lead ions in the CERN SPS. 

Electromagnetic properties of nuclei are best studied with electron beams of high energy 
(~ 10 GeV) to reach spatial resolution of 0.1 fm. 
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A new generation of high intensity electron accelerators will allow the quark structure of 
nucléons and how they combine into hadrons to be investigated. A 4 GeV machine (CEBAF) is 
under construction in the U.S.A. and a 10 GeV version is planned in France. 

Beam cooling developed for the pp" collider is opening up many possibilities in nuclear 
physics on machines like LEAR at CERN and on dedicated-heavy ion storage rings under 
construction in Germany and Scandinavia. 

2.3 Cosmology and astrophysics 

Accelerators are now becoming more and more complementary to telescopes. The 
universe originated in a hot Big Bang. Temperature decreased with time and the increasing 
energy of accelerators and colliders allows the physicist to study experimentally processes 
closer to the origin of the universe. At temperatures equivalent to an energy of 100 GeV, which 
is where present machines allow observations, one is 10" 10 second from this origin and it is 
possible to study the moment when W and Z particles acquired their mass and disappeared from 
the scene. Results obtained with accelerators have made it possible to explain cosmic observa
tions such as the hydrogen/helium ratio, and to determine the number of neutrino families. 

Astrophysics issues can also be settled with accelerators. For example the understanding 
of the synthesis of elements in stars (nucleo-synthesis) requires the determination of the rate and 
cross sections of nuclear reactions. A recent development is the need to use radioactive particle 
beams which are necessary to investigate some reactions. Their understanding could explain 
some not yet understood features of stellar burning and, in particular, aspects of the sun's 
behaviour such as the 11-year solar cycle. 

2.4 Atomic physics 

The detailed behaviour of the complex multiparticle systems which constitute atoms and 
ions is still far from being understood and computable. A large amount of research is 
conducted in many institutions, although the total number of facilities has probably decreased 
from the 850 positive-ion accelerators with energies below 33 MeV reported to exist in the early 
1970's. 

The following topics discussed at recent conferences illustrates this type of research: 

- Mechanisms of atomic collisions and ionization processes (charge distribution and 
rotational properties of electron clouds during collisions). 

- Correlation effects in atomic collisions. 
- Study of highly excited atomic states produced during atomic collisions. 
- Physics of highly-ionized ions and of bare atoms. 
- Charge exchange cross sections of high velocity or even relativistic ions (electron capture 

and electron losses). 
- X-rays produced by relativistic ion collisions. 
- Quasi-molecular states produced by nearly symmetric ion-atom collisions. 
- Electron impact ionization processes and electron ion collisions (of particular interest for 

the study of both laboratory and astrophysical plasmas). 
- Electron emission following fast ion impact on thin solid targets (in view of quantitative 

analysis of surface contamination). 
- Resonant transfer and excitation (RTE) in ion-atom collisions (effect due to the resonant 

capture of a target electron by the projectile ion and the subsequent excitation of that ion). 
- Production of convoy electrons. (This term refers to the electrons ejected in ion-atom and 

ion-solid collisions closely matched in vector velocity to that of the incident ions). 
- Precision ion energy loss in solids. 
- Precision range distribution and electronic stopping power in solids. 
- Study of molecular ions. 
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2.5 Condensed matter physics and material science 

The main tools used by physicists to probe the structure and properties of matter in the 
solid state have for a long time been X-rays produced by conventional sources and neutrons 
generated by nuclear reactors. 

This picture has changed dramatically over the last few years with the advent of new 
accelerator derived radiation sources, synchrotron radiation now produced by dedicated electron 
machines, and neutrons from spallation neutron sources. In addition ion beams are used in a 
variety of ways. 

Many research fields have been opened up or offered new prospects by the availability of 
synchrotron radiation with its brightness and tunability. The latter makes it possible to exploit 
the fact that each element exhibits a sharp increase in absorption at certain wave-lengths called 
absorption edges. This is used to obtain information on the local or long range structure of 
material. The technique called EXAFS (Extended X-ray Absorption Fine Structure) gives 
information on the atomic environment around a particular elemental constituent of a complex 
material. This is used to study atomic arrangements in many condensed matter systems such as 
catalysts, crystals, glasses and other amorphous materials, polymers, surface layers, thin films, 
etc. 

Because of their absence of charge and their penetration ability, neutrons make excellent 
probes for the study of condensed matter. Neutron scattering has made it possible to 
understand the bonding and cohesion of metals, semiconductors and insulators. Neutron 
diffraction is concerned with the structural arrangement of atomic particles in a material and the 
relation of this arrangement to its physical and chemical properties. 

Energetic (500 MeV to 1 GeV) protons produce intense bursts of neutrons by spallation in 
a target which allows a substantial intensity improvement compared with nuclear reactors. 
Furthermore, the time structure of the beam provides the added advantage of low background 
because the source is off most of the time. Studies with spallation neutrons are complementary 
to those carried out with synchrotron radiation on topics like crystallography, in particular for 
powders when single crystals cannot be grown, liquids and amorphous materials, surfaces and 
intermaterial interfaces (air-liquid, liquid-liquid and liquid-solid), polymers, thin films, 
membranes, measurements under shear flow, magnetic and electrical fields. 

Ion beams are utilized in many complementary processes to determine the elemental 
composition of samples. The main techniques are: 

- Rutherford Backscattering (RBS) 
- Proton Induced X-ray Emission (PIXE) 
- Charged Particle Activation Analysis (CPAA) or Nuclear Reaction Analysis (NRA) 
- Secondary Ionisation Mass Spectrometry (SIMS) 
- Particle Desorption Mass Spectrometry (PDMS). 

RBS and PIXE are well-established techniques, CPAA and NRA are newer. While RBS 
is well adapted to the study of heavy elements in a light substrate which is the case of 
semiconductor research (Si substrate), NRA is better adapted to studies of the behaviour of light 
elements in heavy substrates (metals) and finds, therefore, a natural field of application in 
metallurgy. It is being used in particular for understanding the structure and features of high-Tc 

superconductors. It makes it possible to characterize unambiguously what a sample really looks 
like and not what it was intended to be before the constituents were made to react. 

Charged Particle Activation finds its field of application in two areas: ultra-low 
concentrations and wear studies. It is applicable to most elements and allows trace elements to 
be identified at the ppb (parts per billion i.e.10'9) level. One can determine the effect of 
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impurities such as C, N or O in metals, monitor the elaboration process and detect low-level 
contaminants. Ion beams are used in a wide energy range (1 to 45 MeV) allowing depth 
analysis ranging from microns to millimetres. 

CPAA is also a sensitive and fast technique for wear studies (corrosion, erosion). One 
activates a thin surface layer and for suitable isotopes, the loss of activity will correspond to the 
loss of matter. The method was reported to be used to monitor on-line industrial processes. It 
has also been applied to study the effect of pH on the corrosion rate in nuclear reactors. 

The utilisation of small-spot-size ion beams, also called nuclear microprobes, in the 
scanning mode has transformed the PIXE technique from an analytical tool into an imaging 
device. It permits a map of the elements and their distribution in the studied sample to be 
obtained so that the device could be described as being a nuclear microscope. 

The elemental map can be compared with the structure given by optical or electron 
microscopes. A compromise must be found between resolution requiring a small spot size and 
sensitivity which is directly related to beam intensity. Hence the requirement of high brightness 
(which is however limited by the need not to destroy the sample). Recent progress has allowed 
the spot size to be reduced to the micron level. 

Reported applications of this technique include the mapping of structures in multilayer 
semiconductor devices to monitor the manufacturing process, the study of high-T c 

superconductor compound structures, the analysis of weld failures,.... 

The combination of RBS (Rutherford BackScattering) which allows the depth profile to 
be determined with PIXE can give a three dimensional picture of the element distribution in the 
sample. 

Whereas with ion beam analysis, the accelerator is used to bombard the sample with ions 
and detect the induced atomic or nuclear processes, in accelerator mass spectrometry (AMS) the 
constituents of the sample are ionized, accelerated and identified by mass spectrometry. 

The high sensitivity of AMS finds applications in the semiconductor industry. 
Semiconductor devices are rapidly degraded by even a small concentration of some impurities 
which can be readily detected by AMS. Up to now this was essentially studied by SIMS 
(Secondary Ion Mass Spectrometry). AMS gives a dramatic improvement of two orders of 
magnitude in sensitivity. The sample is ionized by a cesium beam. Scanning of the sample by 
the cesium beam allows imaging. 

Another application of accelerators in material science is for radiation damage. It is of 
particular interest in studies of structural material for a future fusion power generator or for 
satellites and space systems. 

2.6 Chemistry and biology 

Accelerators are a source of radiation, in particular synchrotron light allows unique 
information on the chemical state to be obtained (e.g. oxidation of molecules, the chemical 
bonding in solids, gases and absorbed layers, structure of complex molecules and their 
dynamics, kinetics of chemical reactions). 

Electron accelerators with energies up to a few MeV are used in radiation chemistry 
studies, for instance the radiation-enhanced chemical reactions of the highly active intermediate 
chemical states produced by the electron beam. 

Radiation biology studies using accelerators have mainly been aimed at understanding the 
molecular pathways of radiation damage and with related cancer therapy. 
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Synchrotron light has revolutionized many fields of biology. It is now possible, because 
of the brightness and tunalibility of this source, to study the crystallography of proteins and 
solve large structures like viruses, and to follow the structural changes of a molecule binding to 
an enzyme. It is possible to study the dynamics of biological processes, for instance muscles 
under contraction with time frames of 10 ms. 

The nuclear microprobes mentioned in the previous section also find applications in life 
science studies. Reported examples are the metal uptake of organisms, biomineralisation in 
teeth and bones, metal-related diseases, element gradient in membranes, trace elements in 
neurological disorders (Alzheimer disease), etc. 

3 . ELEMENT ANALYSIS 

The various accelerator laboratory techniques mentioned in the previous section for 
sample composition analysis and trace element detection are now extensively used in applied 
science, archeology, art or even for air travel security. 

In geology and minerology one can proceed to element zoning in rocks and minerals, 
determine the composition of inclusions and analyze grain boundaries. These techniques have 
also been used in the analysis of the structure of lunar material and meteorites. 

Progress in geology has direct application to oil exploration and mineral research. A 
widely used technique in the oil industry is neutron well logging. Neutrons produced by the 
bombardment of a tritium target by deuterons activate the surrounding rocks. The gamma ray 
spectrum of the activated nuclei allows the rock composition along the well to be determined 
and to 'log' its profile. 

For acheological dating with carbon 14, accelerator mass spectrometry is used more and 
more instead of beta decay counting because of its much greater sensitivity. A noteworthy case 
has been the successful dating of the Turin Shroud with comparable results obtained in three 
different laboratories with a sample of only a few milligrams. 

PIXE or Nuclear Reaction Activation Analysis is non-destructive and is used for studies 
of precious art objects. One has in this way been able to determine the composition of ancient 
jewels or of the pigment layers in old paintings. Pigment composition is a way to detect 
forgeries or additions to art-work, as old masters could not use the yet undiscovered organic 
compounds used in modern dies. 

A recent application is the possibility to detect concealed explosives. These substances 
are nitrogen rich and can therefore be detected by neutron activation. Compact accelerators for 
use in airports have been designed for this application. 

4 . MEDICINE 

Accelerators are used in two broad ways in medicine for diagnostics and for therapy. 

4.1 Medical diagnostics 

Radio-isotopes have proved that they can give unique biochemical and physiological 
information when injected into living organisms. The possibility of external detection offers a 
non-invasive way to follow changes in the distribution of tagged atoms, observe anomalies of 
metabolism (changes in blood flow, oxygen utilization, glucose metabolism) or detect tumours. 
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Recently accelerator produced positron emitting radio-isotopes have been found to 
respond better to the needs of nuclear medicine than traditional gamma emitting nuclides, in 
particular the widely used technetium-99 (produced in nuclear reactors). 

The annihilation radiation of positrons is easily detected and localized and has given rise 
to the growing field of Positron Emission Tomography (PET). They are short-lived and can be 
injected into human beings without giving rise to high radiation doses. 

The production of these positron emitters is achieved by cyclotrons accelerating protons 
or deuterons in the 10 to 40 MeV range. The short half-life of these nuclei requires them to be 
produced and utilized on the same site by dedicated facilities. Special purpose cyclotrons are 
now manufactured by industry and commercially available (Ion Beam Applications in Belgium 
or Scanditronix in Sweden). 

Another technique is based on the high X-ray flux available from synchrotron radiation. 
The sensitivity to contrast agents such as iodine can be enhanced by two or more orders of 
magnitude by taking the difference between a pair of exposures with monochromatic X-ray 
beams, one just above, the other below the agent absorption edge. The increased sensitivity 
makes it possible to detect restrictions in arteries by angiography without the invasive procedure 
of inserting a catheter in a major artery. 

Finally one should mention the application of accelerator derived superconducting 
magnets to the fastly growing field of nuclear magnetic resonance (NMR) imaging, a device 
which has become a powerful diagnostic tool superior in many respects to X-rays scanners. 
The availability of reliable and powerful magnets with small energy requirements and an already 
proven technology has been a decisive factor. 

4.2 Radiotherapy 

It is estimated that 25 to 30% of the population of industrial countries will contract cancer 
in their life-time and that about half of these will receive some form of radiation therapy. The 
aim of radiotherapy is to destroy the malignant cells without damaging the healthy tissues. 
Unfortunately radiation travels in straight lines through the body and destroys cells in the 
entrance region between the surface and the tumour and most kinds of radiation also have 
effects downstream before exiting the body. Unwanted damage to normal tissues are 
minimized by delivering the radiation from different directions crossing at the location of the 
tumour. 

The vast majority of present facilities use X or gamma rays, or photons produced by 
60Co or by linear electron accelerators. Accelerators are more versatile and can provide deeper 
penetration when necessary. Machines of 5 to 20 or even 40 MeV are constructed industrially 
by several manufacturers: Siemens in Germany, CGR-MeV in France and Philips Medical 
Systems in Great Britain. 

Major progress in cancer therapy is being achieved by improvement in the local control of 
the tumour. This is the result both of improved diagnostics tools which allow a better 
localisation of the malignant tissues and of the use of particle beams which permit a higher 
energy deposition (the characteristic parameter is the LET : Linear Energy Transfer) and a more 
accurate range. 

Because of their high penetration and their biological effectiveness, neutrons are, for 
some cases, more advantageous than photons. Neutrons are generated by the reaction of 
200/300 keV deuterons on a tritium target. Large deuteron currents are needed to obtain 
sufficient fluxes resulting in rather short target life-times. Furthermore, the neutron energy 
obtained in this way does not allow to treat deep seated tumours. One is therefore using 
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classical cyclotrons with energies from 30 to 65 MeV to produce fast neutrons by reaction on a 
beryllium target. 

Pions, protons and heavier ions offer the possibility of improving the damage ratio 
between malignant tumours and healthy tissues. With heavy charged particles one can achieve a 
highly localized distribution. The so-called Bragg peak (region of maximum energy deposition) 
is only a few millimetres wide near the end of the range, which allows a high dose to be 
delivered with less damage to the overlaying tissues. The required penetration depths make it 
necessary to use machines capable of producing particles in the several hundreds of MeV range. 
Present installations have still an experimental character and are located near accelerators built 
for another purpose (SIN, Bevalac, TRIUMF, Dubna,...) but dedicated therapeutical facilities 
are under design or construction. One should in particular mention here the European Light Ion 
Medical Accelerator (EULIMA) proposal. Heavy ions combine the advantages of high LET and 
precision penetration depth. Another feature is the possibility to combine therapy with 
treatment monitoring with the use of positron emitting ions which allow the adjustment of the 
beam to be checked by tomography. 

The improvements in tumour control, reduction in mortality and restoration of individual 
quality of life reported at the recent EPAC Conference is a testimony of the contribution of 
accelerator technology to medicine. 

In contrast with radiotherapy proper which involves radiation dose delivery to a 
substantial volume of tissue by a large number of daily treatments spread over several weeks, 
charged particle radiosurgery is the treatment of a well defined target, such as an intracranial 
lesion, with a narrow particle beam delivered in one or a few fractions. Various ions in the 100 
to 500 MeV range are being used for that application. 

5 . INDUSTRIAL PROCESSING 

5.1 Ion implantation 

Ion implantation for manufacturing semiconductors is one of the major present industrial 
applications of particle accelerators. This process allows the introduction of ions of a specific 
type at the desired depth to dope in the appropriate way the semiconductor substrate to achieve 
the required circuit pattern. This technique has replaced the traditional ion diffusion used 
previously. It allows accurate and reproducible manufacturing of all the present compact micro-
circuits. 

The present generation of low and medium current implanters derive from physics 
laboratory devices with current of a few mA and voltages of a few hundred kV generated by 
multistage voltage multipliers. High current machines (say 300 mA) derive from the wartime 
Calutron isotope separator. A major technical issue is the scanning either of the beam or of the 
target to achieve a tight control of the implant angle variations across the semiconductor wafer to 
achieve consistent electrical characteristics. 

The present trend is in the direction of higher energies produced either by electrostatic belt 
generators, RF linacs or RF quadrupoles to achieve penetration depths exceeding one micron. 
This gives the possibility to modify bulk rather than only surface properties or to produce 
buried patterns, or to synthesize local and in depth oxides or silicides, so as to achieve truly 
three-dimensional semiconductor circuits. 

Ion implantation can also be used to modify other properties than just electrical 
conductivity, surface hardness, corrosion resistance, friction coefficient, fatigue behaviour, 
adhesive properties or catalytic behaviour. Applications have been found in the automotive 
industry to improve the performance of highly-stressed components (ball bearings, crankshafts, 
helicopter rotor shafts, ...). Other applications have been found in the medical field where 
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spectacular increase in the lifetime of artificial joints (hip, knee,...) have been achieved and are 
now commercially successful. 

5.2 Radiation processing 

When passing across matter, particle beams cause excitation and ionization of the 
material. Charged and uncharged fragments of molecules, resulting from bond breaking, have 
high chemical activity and tend to react quickly with one another or with other molecules. This 
opens the possibility to perform a variety of chemical processes. 

Examples are: 

- Polymerisation of low molecular components (monomers). The rate of polymerisation 
can be enhanced by a factor 100 compared with the process in an untreated monomer. 

- Radiation modification of wood to improve mechanical, fire or biological resistance. 
- Radiation cross-linking of polymers to create three-dimensional structures to achieve, for 

instance, insolubility in organic solvents. This process is most extensively used with 
polyethylene pipes and insulated wires and cables operating in hard environmental 
conditions (high temperature, aggressive chemical media, irradiation,...). 

- Polyethylene cross-linking to achieve a 'memory' effect and so obtain a thermo-shrinkable 
material used for tight packing of goods. 

- Radiation vulcanisation of rubber to improve heat resistance and resistance to ageing and 
deformation at high temperature. The effect is again obtained by cross-linking. 

- Curing of varnish and paint coatings. Radiation processing acts in three ways by 
polymerisation of the monomers, cross-linking of the produced polymeric molecules and 
the development of chemical bonding between polymer and substrate. 

- Fabrication of crease-resistant, fireproof and hydrophobic textiles. This is the result of 
inducing polymerisation and cross-links and grafting water repellent compounds such as 
fluorinated acrylates or siloxanes on cotton or viscose rayon fibres. 

- Destruction of noxious material by causing scission of unwanted molecules. The 
industrial and domestic utilisation of surface-active synthetic agents (such as detergents) 
creates a serious sewage treatment problem since these products feature a high chemical 
stability. Radiation promotes their breaking into lighter and more easily removable 
substances. In the presence of oxygen, organic compounds are oxidized, which enhances 
the treatment effect. 

- Purification of industrial gases. To clean gas containing sulphur or nitrogenous impurities 
one adds ammonia (NH3). Irradiation initiates reactions of NO x and SO2 with NH3. 
The resulting ammonia salts can then be trapped with an electrical precipitator. 

5.3 Food preservation 

Radiation sterilisation of foodstuff has a great economic potential. It allows one to avoid 
the chemical additives now used for food preservation and which are meeting increasing 
objections in view of their potential carcinogenic effects or to avoid the need to maintain at low 
temperature ready-to-serve meals. 

One of the most promising applications of radiation technology is sterilisation of culinary 
processed foodstuff which can after suitable packaging be stored at room temperature for 
several months. Successful tests have been carried out with a large variety of foods such as 
smoked and fried sausages, ham, roasted potatoes, meat, chicken, filleted fish 

Another use of radiation is to suppress the activity of micro-organisms in fresh perishable 
food stuffs. Storage life of strawberries, cherries, peaches, grapes, tomatoes,... can be 
extended by 1 or 2 weeks. Unwanted germination of agricultural crops like potatoes or onions 
can also be prevented by radiation. 
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Radiation is also used in storehouses for crop protection against insects. The main 
method of insect control at present consists of treating grain with chemicals, like methyl 
bromide or chloropicrin. This has the disadvantage, besides the high cost, of leaving toxic 
substances in the products. It has been demonstrated that with radiation doses of 100 to 
200 Gy most insects become sterile and die within 2 or 3 weeks while there is no measurable 
deterioration of wheat, maize, peas, rice or dried fruit. 

Insect sterilisation by radiation is not only appropriate for food preservation in storerooms 
but has also been used for suppression of pests in natural conditions by releasing sterile insects 
over large areas. Successful operation against certain types of flies have been reported in the 
United States and in Japan. 

5.4 Sterilisation 

Industrial and domestic sewage sludge contains useful organic and inorganic substances 
which may be used as fertilizer in agriculture or as a nourishing addition to fodder. Special 
treatment for killing pathogenic micro-organisms is however required beforehand and can be 
achieved by moderate radiation doses (30 Gy). This treatment can be combined with the 
destruction by radiation of harmful chemicals mentioned in a previous section. 

Radiation is also employed to sterilize medical products (garments, gloves,...) and to treat 
hospital waste products to ensure safe disposal. 

5.5 Ion-beam processing 

Heavy-ion accelerators are used to produce microporous membranes in thin film 
materials. One can make holes ranging in diameter from 0.05 to 1 mm in membranes having a 
thickness of several tens of microns. The main applications are filters for the food industry and 
porous substrates for growing cells or micro-organisms for biology or medical research. 
Commercial companies have been set up and buy beam time on research accelerator to produce 
these membranes (GANIL, Louvain-la Neuve). 

5.6 Microlithography 

X-ray lithography with synchrotron radiation produced by electron accelerator is 
considered a very strong contender for the production of the next generation of integrated 
circuits. 

Present mass produced circuits are made by the photo-lithography process by which a 
master mask is projected onto the surface of a silicon wafer coated with a 'photoresist'. Present 
technology uses visible light which limits the resolution to around 1 micron. Resolution of 0.7 
to 0.5 p:m can be reached with strong lenses, but at the expense of depth of focus which raises 
serious problems of process control and yield. This is adequate for the present 4 MBit 
memories, but it reaches its limit with 16 MBit memories which require a ~ 0.5 Jim line-width. 
However 64 MBit will require 0.35 |im and 256 MBit will need 0.2 Jim. 

The most promising technique is to use X-ray lithography which allows a 0.1 |im 
resolution. Synchrotron radiation, because of its brightness, good collimation and capability to 
deliver the required power of the order of a kilowatt, appears well suited for this application. 
Some ten machines in the 500 to 1000 MeV range, of which six in Japan, are under various 
design stages in the world. 
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6 . POWER ENGINEERING 

6.1 Heavy ion fusion 

The acceleration of heavy ions for fusion is one of the great challenges of accelerator 
physicists. Heavy ions to achieve inertial confinement offer several advantages over lasers 
which are currently studied for the same goal. The acceleration of ions can be achieved with a 
higher efficiency than for the corresponding laser beam and with a higher repetition rate. 

Heavy ions have a high specific deposition power in matter and the beam can easily be 
transported and focused. A major problem is to achieve a symmetric implosion and one is 
therefore led to consider the so-called indirect drive whereby the kinetic energy of the beam is 
converted into radiation before imploding the pellet of material to be fused. Requirements for 
inertial confinement fusion are pulses of 10 MJ of 10 ns duration, with therefore instantaneous 
power of 10l5 \y over areas of the order of one cm^. 

To achieve these values a considerable amount of R&D work is still necessary, but steady 
progress is reported at accelerator conferences. 

6.2 Plasma heating 

It now appears that to achieve the required ignition temperatures and obtain an appreciable 
level of commercial power from a magnetically confined plasma, new methods of heating must 
be developed. One of the most attractive sources of additional power is the use of a multi-
megawatt ion accelerator. The accelerator generates a negative ion beam which is neutralized in 
a gas or by photo-detachment, before crossing the confining magnetic field. It seems possible 
to reach the desired performance (~ 1 MeV/1-2 A) with an RFQ. Initially deuterium had been 
proposed, but heavier ions like oxygen appear more suitable. 

6.3 Radioactive waste incineration 

The possibility of using high energy accelerators for transmuting long-life-time 
radioactive waste from fission reactors into stable or short-life isotopes is under investigation in 
several laboratories. Studies have been carried out at CERN in the early eighties with "Osr and 
137 C s using the 600 MeV beam of the synchro-cyclotron. 

An ambitious Japanese project for the incineration of transuranium waste using a high 
energy proton induced spallation reaction was presented at the last European Particle Accelerator 
Conference in Nice. One of the major problems of these incineration schemes has always been 
the energy balance. The process must not require a disproportionate amount of energy 
compared with the reactor production. The Japanese proposal is based on a 1.5 GeV proton 
linac with an average current of 10 mA. 

The actinides transmutation target would be a subcritical sodium-cooled assembly. The 
generated reaction energy would be recovered through a heat exchanger and a power plant to 
drive the accelerator. The facility could handle some 200 kg of actinide waste per year, 
corresponding to the production of about eight reactors of a nominal capacity of 1000 MW with 
an efficiency of 50%, requiring therefore 30 MW. The proposed facility could generate excess 
energy for the electrical network. Another accelerator based incineration scheme is under study 
at Los Alamos 

6.4 Other 

The possibility of using muons, a type of heavy electrons produced by accelerators, has at 
one time been envisaged to catalyze thermonuclear fusion. Muonic atoms, because of the large 
muon mass, have smaller radii than normal atoms. Their probability to fuse is therefore higher 
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and the conditions for ignition easier to achieve. Unfortunately more detailed calculations have 
shown that the muon life-time is too short to achieve an overall positive energy balance. 

Accelerator derived technologies, in particular in the field of superconductivity, may have 
a major impact in power engineering in the coming decades. Superconductors developed for 
high field accelerator magnets could be used for large scale magnetic energy storage of 
electricity. Superconductors have the potential of transporting large quantities of electricity in a 
compact cable compared with overhead lines. Superconducting alternators are under 
development. Commercial magneto-hydrodynamic or magnetically confined fusion generators 
would require efficient magnets and therefore have to use similar technologies. 

7 . CONCLUSION 

In the hundred years following their first use to discover the electron, particle accelerators 
have evolved into a wide variety of devices up to the giant colliders of particle physics. They 
have given rise to a multitude of applications, the most widespread of which is the television 
picture tube which is too familar to be even worth mentioning. They now encompass most of 
the fields of physics research, play an essential role in medicine for both diagnostics and 
therapy, are used for many industrial processes and may, in the next century, offer possible 
technical answers to the energy problems of mankind. 

Accelerator derived technologies are even more diverse, ranging from the already well 
established NMR imaging to novel methods of electricity generation, transport and large scale 
storage. 
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B E A M P H A S E S P A C E A N D E M I T T A N C E 

J . B u o n 
LAL, 91405 Orsay, France 

A B S T R A C T 
The classical and elementary results for canonical phase space, the 
Liouville theorem and the beam emittance are reviewed. Then, the 
importance of phase portrai ts to obtain a geometrical description 
of motion is emphasized, with examples in accelerator physics. Fi
nally, a statistical point of view is used to define beam emittance, to 
study its law of approximate conservation and to treat two particular 
examples. 

1. I N T R O D U C T I O N 

Beam phase space and beam emittance are topics presented in many textbooks. It 
is not very necessary to repeat here what can be found elsewhere, particularly in previous 
CERN Accelerator School courses. It is also assumed that the reader is already familiar 
with the Hamiltonian formalism of mechanics at least at an elementary level. 

To refresh the reader's memory and to guide him, the most important classical 
and elementary results are reviewed in Section 2. No proofs are given and the reader 
is referred to the literature. In particular, there are several different proofs of the 
Liouville theorem of which perhaps the shortest and most direct is that reported by 
Weiss^J. Examples of emittance non-conservation are also only listed, without trying 
to be exhaustive. After this review, the aim is to develop two particular and important 
topics : the phase portraits and the statistical concept of emittance. 

Section 3 is devoted to the phase portraits : the pictures made by all the possible 
trajectories in phase space. Their importance lies in the geometrical description of 
motion tha t they give. They are particularly useful when the phase space dimensionality 
is low (2 or 3 at most) and when phase trajectories do not cross. The non-linear 
pendulum, considered in Section 2 is the simplest example. It is also the case of the 
uncoupled motion of non-interacting particles submitted to time-independent forces. 
However, in accelerators particles experience guiding and accelerating forces that vary 
from place to place. The non-crossing property of the phase trajectories can be restored 
at the price of increasing the dimensionality by one unit . ' Fortunately, the Poincaré 
sections make it possible to reduce the dimensionality later without loosing the non-
crossing property. The usual turn-by-turn stroboscopic view of the betatron motion 
in a circular accelerator follows these general lines. It is used here to illustrate the 
procedure. Finally, some examples of phase portraits in accelerator physics are shown. 

In Section 4 a statistical point of view is taken to define and study the beam 
emittance. It is more satisfactory than the traditional emittance definition using a lim
iting contour in phase space since the latter suffers from arbitrariness of the contour. 
Moreover, the statistical definition lends itself more easily to calculations. This defini
tion, initially given by P. Lapostollet 2!, j s introduced here in the most natural way, as 
a measure of the spread in phase space of the points representing beam particles. It 
generalizes in two dimensions the standard deviation that measures the dispersion of 
points distributed on a line. 
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With the statistical definition and in the case of a Hamiltonian motion, the con
servation of emittance is not a direct consequence of the Liouville theorem as in the 
usual definition. It is shown that the theorem applies and the emittance is conserved 
only if the motion is linear. The conclusion is that emittance is conserved, but only 
approximately, in accelerators where particle motion is made as linear as possible and 
where other causes of emittance dilution are minimized. 

Finally, the emittance growth by scattering, and the emittance reduction by sto
chastic cooling, are studied in an elementary way to give two examples of calculation 
using the statistical definition of emittance. 

2. S U M M A R Y O F C L A S S I C A L A N D E L E M E N T A R Y R E S U L T S 

2.1 T h e canonical phase space 

For many physical systems, their evolution after a time t only depends on their 
state at that time. This is determined by the values of r coordinates qi (i = l , . . . ,r) and 
their time derivatives g,, the integer r being the number of degrees of freedom. 

In the absence of friction forces, the equations of motion can be written in the form 
of Hamilton : 

{ dH 

dH 

where the Hamiltonian H(qi,pi,t) is a function of the coordinates qi, of the conju
gate momenta p t-, and of time t. If H does not explicitly depend on the time t, the 
Hamiltonian H is the total energy of the system that is invariant. 

The first set of these equations allows the time derivatives <?i to be expressed in 
terms of the conjugate momenta pi, or vice versa. The second set allows the second-order 
differential equations of the motion to be derived, the so-called equations of Lagrange. 

The canonical phase space is the 2r-dimensional space with the conjugate coor
dinates qi, pi (i = l , . . . ,r) . The state of the system at a t ime t is represented by a 
point M(t) with coordinates qi(t), Pi(t) in the canonical phase space. As t increases, 
the representative points M(£) generate a curve, called a phase trajectory. 

When the Hamiltonian is time-independent, there is only one phase trajectory 
originating from any point M in the phase space, apart from where the derivatives — , 
T^7 vanish. Different trajectories cannot cross each other. The motion along a closed 
trajectory is periodic. If the phase space is two-dimensional, all trajectories, originating 
from points inside the region limited by a closed trajectory, are bounded by this closed 
trajectory. 

A beam of N interacting particles is a system of 3N degrees of freedom if the 
internal degrees of freedom (like spin) can be neglected. The 3iV coordinates qi are the 
components of the coordinate vectors ry (j = 1,....,JV) of each particle. The canonical 
phase space is 6iV-dimensional. 

i = l , . (1) 
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When the N particles are identical and without mutual interaction, only the cano
nical phase space of one particle can be considered. The latter is 6-dimensional. At a 
time t, the state of the beam is represented by the set of N points Mj(t), where the 
point Mj corresponds to the particle j (j — 1,...,JV). 

The N particles form a beam only if the N points are clustered in a relatively 
small volume of the 6-dimensional phase space. When N is large, the beam state can 
be represented by a phase density f(q,p,t) such that at time t the number diV of 
representative points in an infinitesimal volume d3pd3q is given by : 

dN = f(q,p,t)d3qd3p. (2) 

In general, the phase density f(q, p, t) explicitly depends on the time t as the density 
does not stay constant at a fixed point M(q,p). 

The phase density can be considered as a probability distribution in the phase 
space, resulting from the lack of information on the initial state of the beam. Very often 
the phase density can be approximated either by a parabolic function, by a gaussian, 
or again by a uniform density in an ellipsoid. 

Usually, the longitudinal motion along the beam axis is decoupled from the motion 
in the plane transverse to the beam axis. In that case, the 6-dimensional phase space 
can be split into a longitudinal phase space (2-dimensional) and a transverse phase space 
(4-dimensional). 

Finally, if the transverse motion can be decomposed into two independent mo
tions along two orthogonal directions, the transverse phase space can be split into two 
2-dimensional phase spaces. This is the ultimate reduction of the phase space dimen
sionality. 

Canonical transformations allow the conjugate variables qi,Pi to be changed for 
new conjugate variables Qi,P{ ; the canonical phase space (qi,Pi) then being mapped 
into a new phase space (Qi, Pi). One usual canonical transformation in beam dynamics 
is the change of the longitudinal coordinates z, pz for the phase shift 8<p and the energy 
increment SE, both relative to a synchronous particle. 

Limits are set by quantum mechanics on the knowledge of two conjugate variables 
qi and p^ According to the Heisenberg Uncertainty Principle, the product of the un
certainties 8qi and 8pi cannot be made smaller than the Planck constant h (divided by 
2TT) : 

Sqiôpi > k = 2 x 1 ( T 1 0 — — x mm. (3) 
c 

This limitation can be expressed by saying that the state of a particle is not exactly 
represented by a point, but by a small uncertainty volume of the order of h in the 6-
dimensional phase space. 

Nevertheless, the practical accuracy on the knowledge of position and momentum 
is normally far away from this quantum limit. Classical mechanics can be used to very 
good approximation to study particle motion, except when there are interactions at the 
level of atomic size, like the quantum jumps of electrons emitting photons in a magnetic 
field (synchrotron radiation). 
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2.2 T h e Liouvil le t h e o r e m 

The evolution of a physical system can also be considered as a mapping of the phase 
space onto itself, relating the two representative points M(t) and M(i ' ) at two different 
times. When this evolution is governed by a Hamiltonian, the particular form of the 
equations of motion implies that there are quantities left invariant by the mapping. 

In particular, the Liouville theorem states that volumes in phase space are invariant. 

By mapping from time t to time t', all the points M.(t) in a finite volume V are 
transformed into the points M(i ' ) that define the transformed volume V. From the 
Liouville theorem, the measures of the volumes V and V are the same. This property 
applies to the 6iV-dimensional canonical phase space of a beam of N interacting parti
cles, as well as to the 6-dimensional phase space of identical particles without mutual 
interactions. It is a property of the mapping that results from the Hamiltonian form 
of the equations of motion and does not depend on the particles themselves. In the 
6-dimensional phase space, the invariance of a volume does not depend on how many 
particles are represented in it. There may be no particles in that volume. 

Nevertheless, the hypersurface limiting a finite volume is not invariant in general. 
Its geometrical form is modified, but in a way such that the enclosed volume is conserved. 
For instance if the N points, representing a beam in a 2-dimensional phase space, are 
enclosed in an ellipse at time t, then at another time t', the N points are enclosed in a 
new closed curve, transformed from the ellipse and may be with a different form. 

Moreover, volumes in a subspace corresponding to a part of the degrees of freedom 
are not generally invariant. They are only invariant when these degrees of freedom are 
uncoupled from the other ones. For instance, when the betatron motions are coupled, 
areas in horizontal and vertical phase spaces are not conserved. 

An immediate consequence of the Liouville theorem and of particle conservation, 
when beam losses are negligible, is the invariance of the phase density f(q,p,t) in the 
6-dimensional phase space. More precisely, the density at the point M(<) is equal to the 
density at the transformed point M(t ') at another time t' : 

fw),m,t) = fwipint)- (4) 
In other words, the phase density stays constant when running along a phase trajectory 
as a representative point does. 

The motion of the representative points in the 6-dimensional phase space is analo
gous to the flow of an incompressible fluid. In this picture, the phase density is analogous 
to the mass density of the fluid. However, in general a fluid is homogeneous with a uni
form density, while the phase density may not be uniform and often has a gaussian 
variation in phase space at a given time. On the other hand, there are many examples 
illustrating the non-invariance of the phase space volumes for non-Hamiltonian sys
tems. For instance, the phase trajectories of a linear damped oscillator are spirals all 
converging to the origin. Any finite volume shrinks and ultimately vanishes. 

2.3 T h e b e a m emi t tance 

Neglecting mutual interactions and coupling between the three coordinates of a 
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particle, one defines the emittance of each degree of freedom ; horizontal, vertical and 
longitudinal. 

The horizontal (vertical) emittance is usually defined considering the x,x' = ^ | 
phase space, instead of the x, px canonical phase space (s is the curvilinear abscissa 
along the reference orbit). One is more interested to know about the slope x' than the 
transverse momentum px. 

Representative points of particles with the same betatron amplitude, but with 
different phases, are on the same ellipse at time t. Homothetic ellipses correspond to 
different amplitudes. 

It is usual to define the emittance ex as the area (optionally divided by TT) of the 
ellipse containing 95 % of all the particles in its interior (see Fig. l a ) . The 95 % 
proportion is somewhat arbitrary. One could equally use 90 % or 99 %. 

The emittance is also the product of the two semi-axes of the ellipse. If the ellipse 
is upright, its axes coincide with the horizontal and vertical axis. The two semi-axes 
are half the beam size Ax and the beam divergence Ax' respectively (see Fig. l b ) . 

Fig. 1 : A set of points representative of a beam in the 2-dimensional (x,x') phase 
space 
a) Tilted emittance ellipse. 
b) Upright emittance ellipse. 

In a beam transport line with negligible longitudinal magnetic field, the potential 
vector A of the magnetic field is longitudinal. The transverse components of the particle 
momentum p-eA are equal to the transverse components of the conjugate momentum 
p. Therefore, the slope x' is proportional to the conjugate momentum px : 

px = Trifl-ycx' (5) 

where m is the rest mass of the particles, /3 — - and 7 = l / \ / l — P2 being the usual 
relativistic quantities attached to the velocity v of a particle. 

In a transport line, or in a ring without acceleration, the energy of a non-radiating 
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particle is constant, and so is ^ 7 . The Liouville theorem is also valid in the x,x' phase 
space and the emittance ex is conserved. Along the line or the ring, the beam passes 
through focusing or defocusing lenses. The beam size Ax and the beam divergence Ax' 
vary, but the emittance stays constant. 

In linear, or circular accelerators, the emittance is not invariant. Instead one defines 
the so-called normalized emittance : 

€XN = Pl^x (6) 

that refers to the area in the x,px canonical phase space. The normalized emittance is 
conserved during acceleration. 

As /?7 increases proportionally to the particle momentum p, the emittance e de
creases as I/p. It is called "adiabatic damping". An equivalent point of view is to 
consider that when crossing accelerating cavities, the longitudinal momentum py is in
creased while px is not changed. Therefore, the slope x' = ^ is decreased. 

It is worth noting that , due to adiabatic damping, higher-energy accelerators are 
able to deliver smaller beams to counteract the decrease of the particle interaction 
cross-section as the energy increases. 

An important challenge in accelerator technology is to preserve beam emittance 
and even to reduce it. In spite of the Liouville theorem, there are many phenomena 
that may dilute the emittance. A list, not necessarily exhaustive, of phenomena causing 
non-conservât ion of horizontal (vertical) beam emittance' 3] includes : 

- coupling between degrees of freedom 
- intrabeam scattering 
- beam-beam scattering 
- scattering on residual gas 
- multiple scattering through a thin foil 
- electron cooling 
- stochastic cooling 
- laser cooling 
- synchrotron radiation emission 
- filamentation due to non-linearities 
- wake fields 
- space charge effects. 

The horizontal ex and vertical ez emittances are also related to the beam brightness 
defined as : 

(7) 7r 2 e r e, 

In most applications either emittances or brightness are the main figures of merit of 
particle beams. 

Similarly, the longitudinal emittance measures the product of the energy spread SE 
by the phase dispersion 8(j). In the linear and smooth approximation of the synchrotron 
motion, the trajectories of representative points of the particles are ellipses in the 6E, 8<f> 
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plane. The area (divided by 7r) of the ellipse containing 95 % of the particles is the 
longitudinal emittance es. As the ellipse is now a phase trajectory, the emittance es is 
also half the action J of this trajectory : 

j = _L l SE d{84>). (8) 
Z7T J 

One can also say that the conservation of the longitudinal emittance is a consequence 
of the invariance of the action J . However, the longitudinal Hamiltonian is energy-
dependent and varies during acceleration in a synchrotron. Consequently, phase tra
jectories are not exactly ellipses. Nevertheless, when acceleration is sufficiently slow, 
ellipses are mapped into ellipses of the same area, according to the adiabatic theorem. 
The action and the longitudinal emittances are still conserved quantities. 

3. P H A S E P O R T R A I T S 

The usefulness in considering phase space is not just to represent the state of a 
dynamical system by a point in such a configuration space, and its evolution with time 
by a phase trajectory. More important is the topological structure of the trajectories 
in the phase space. All the possible trajectories form a picture, a "phase portrai t" , 
characteristic of the dynamical system, with typical topological features. For instance, 
circular trajectories around a centre, as in small oscillations of a pendulum, reveal a 
state of stable equilibrium (an elliptic point in phase space). On the contrary, diverging 
trajectories looking like hyperbolae reveal an unstable equilibrium (a hyperbolic, or 
saddle, point). Many other topological aspects, like separatrix, limit cycle, spirals, 
islands, attractors, chaotic attractors,.. . , reveal other dynamical behaviours. 

As was recognized by H. Poincaré, a phase portrait gives a complete geometrical 
description of all the possible behaviours of a dynamical system. Nevertheless, it could 
be argued that the analytical solution of the equations of motion for linear dynamical 
systems is enough to obtain a complete description of their behaviour. With that point 
of view, phase portraits would only be useful for non-linear systems for which analytical 
solutions are scarcely available. Particle accelerators are made to be linear systems and 
phase portraits would not be very useful for studying particle dynamics in accelerators. 
However, a real dynamical system is only nearly linear and its stability and long-term 
evolution are essentially determined by its non-linear aspects, even if they are weak. The 
importance of phase portraits is very general, even for particle dynamics in accelerators. 

3.1 T h e non-l inear p e n d u l u m 

The equation of motion of an undamped pendulum is : 

d26 
-—+Lo2sin9 = 0 (9) 
at1 

with u> = \f\, g being the gravitation intensity and I the pendulum length (Fig. 2). 
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Fig. 2 : A simple and undamped pendulum. The weight of the bob is mg and the 
length of the rod is £. 

Making the approximation of small oscillations, one obtains the linear equation of 
a harmonic oscillator : 

It2 + UJ26 = 0. (10) 

The motion of an undamped pendulum gives the classical and simplest example 
of phase portrait in a two-dimensional phase space. The motion is governed by a 
Hamiltonian H that is identified with the total energy, sum of the kinetic energy T 
(T = 2mti Po) a n < ^ ^ e potentisl energy V (V = —mg£cos8) : 

H(8, P9) = T + V 

where m is the mass of the bob. 

The Hamilton equations with the conjugate variables 0,pe are : 

( H ) 

<W 
It 

dH Pe 

dt 

dps rn£2 

dH „ . n 

- — = -ragt sind. 

(12) 

These two equations are equivalent to the second-order differential equation 

d2d 
ml' 

dt2 + mgl sinQ = 0. (13) 
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The canonical phase space is two-dimensional with the conjugate variables 6, pg as 
coordinates. The trajectories in the phase space (Fig. 3a) are the curves of constant 
energy E : 

H(6,Pe) = E. (14) 

b) 

Fig. 3 Phase trajectories of the non-linear pendulum 
a) on a plane, 
b) on a cylinder. 

The direction of the arrows on these curves are readily obtained by observing tha t 6 
increases when pg is positive. 

For small-amplitude oscillations, the phase trajectories are ellipses centred on the 
origin 0. It is the point of stable equilibrium with the pendulum hanging vertically 
without swinging. 

The second equilibrium position is where the pendulum is balanced vertically on 
end. It is an unstable equilibrium state for which 6 = 180° and - ^ 7 = 0 . It appears as a 
saddle point in phase space, associated with the crossing of a particular phase trajectory, 
named the separatrix. This is the curve corresponding to the energy of the saddle point. 
If the pendulum is launched with this energy, it rotates towards the unstable equilibrium 
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position. Its velocity decreases when approaching it such that it would take an infinite 
time to reach the position. 

The wavy lines above and below the separatrix correspond to the whirling motion 
of the pendulum. 

As the pendulum motion is periodic, with a cyclic coordinate 9 (the state of the 
pendulum is unchanged by adding 2TT), one can also use a cylindrical phase space as 
illustrated in Fig. 3b. 

3.2 T h e non-cross ing trajec tory property 

The phase portrait is especially clear when phase trajectories do not cross, as 
illustrated by the example of the pendulum. It is an advantage to have the "non-
crossing" condition. 

To also include the case of a separatrix crossing itself at a saddle point, one only 
requires that there is no crossing in finite time. A sufficient condition is that the hamil-
tonian of the system should not explicitly depend on time. Therefore, the Hamilton 
equations show that the tangent to the phase trajectory at any point is uniquely deter
mined (if not an equilibrium position). From this one can infer the uniqueness of the 
phase trajectory originating from that point. 

The topological consequences of this non-crossing property are best illustrated in 
the case of a two-dimensional phase space. If a phase trajectory is a closed loop, the 
corresponding motion is periodic. This trajectory divides the plane into two regions, 
the interior and the exterior. Any trajectory, starting from inside, stays inside for ever 
and is then bounded. 

When the Hamiltonian is time-dependent, one can nevertheless satisfy the non-
crossing property at the price of increasing the phase space dimensionality. It is exactly 
what happens for betatron motion and it can be taken as an example of the procedure. 

In the linear approximation, the betatron motion along one direction x is governed 
by an equation of Hill's type : 

£±+u>\t)x = 0. (15) 

The angular frequency u depends on time t as the focusing strength varies along the 
ring. The Hamiltonian H is : 

H = ZlL + \muj2{t)x2. (16) 
2m 2 

To the canonical variables x and px, one adds a third variable s = et that can be 
interpreted as the abscissa of a particle with velocity c along its reference orbit. The 
system of the two Hamilton equations : 

dx px 

dt m 
dpx 2, 

(17) 

dt 
= —mu (s)x 
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becomes a system of three equations, with the third equation : 

ds 
~r — c-dt 

(18) 

The phase space is now three-dimensional with the coordinates x,px and s. There is 
only one phase trajectory originating from any point (x,px, s). Figure 4 shows an 
example of a betatron phase trajectory in the (x, px, s) phase space. 

p«* 

© 

Fig. 4 : A betatron phase trajectory in the (x, px, s) phase space (a), corresponding 
to a periodic FODO transport line in the thin lens approximation (b). The 
betat ron phase advance is 120° per period. 

3.3 T h e Poincaré sect ion 

The phase portrait gives a geometrical and global view of motion. However, this 
view becomes difficult to perceive when the phase space dimensionality is larger than 
2 or 3. Nevertheless, the topological structure can still be revealed by only looking at 
the intersection of the phase trajectories with a hypersurface in phase space. Such a 
hypersurface is called a Poincaré section. 

Again, one can illustrate the procedure with the example of the betatron motion, 
here in the periodic lattice of a ring. The angular frequency u>(t) is periodic with the 
period T = L/c (L is the lattice period). 

In the three-dimensional (x, px, s) phase space one looks at the intersection of 
any phase trajectory with the planes x, px whenever s is a multiple of the lattice 
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period L (see Fig. 5). These intersections give a series of x, px dots. It can be considered 
as a stroboscopic technique where a snapshot of the phase trajectory is taken at each 
period L. 

Pxu 

A3 

\ A 4 

1 ^ . 
V 0 / A , ^ 

A 2 

Fig. 5 : Intersection points Ai , A2, A3, A4 of the phase trajectory shown on Fig. 4. 
Ai and A 4 coincide as the tune is 1/3. The ellipse passing through the points 
is also shown. 

The series of x, px dots is a mapping of the (x, px) plane into itself, called a Poincaré 
mapping. 

According to the Floquet theorem, this Poincaré mapping is a linear mapping. The 
dots are located on a common ellipse, assuming that the motion is stable. If the phase 
trajectories have the same period as the lattice, any dot is mapped into itself and the series 
is reduced to a single dot. It corresponds to an integer betatron tune. If the phase 
trajectories are closed after n periods, the dot series reduces to n points. The betatron 
tune is a rational m/n. 

Due to the periodicity of the lattice, the Poincaré mapping is invariant by a trans
lation of L. It means that the Poincaré mapping is time-independent and satisfies the 
non-crossing property. The ellipses in the (x, px) plane do not cross and one has the 
phase portrait of a linear oscillator. 

Similarly, the finite difference equations of the synchrotron motion between RF 
cavities also define a Poincaré mapping. 

3.4 E x a m p l e s of phase portrai ts in accelerator physics 

Three examples taken from previous CAS lectures will be briefly mentioned, the 
reader being referred to the CAS proceedings mentioned for further details. 

Resonant extraction uses the action of a sextupole non-linearity near a third-integer 
resonance^ 4 , 5]. The time-dependence of the Hamiltonian is suppressed by the use of a 
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rotating reference frame. Figure 6 shows the phase portrait in the J , (p canonical phase 
space. 

Fig. 6 : Phase portrait of a resonant extraction' 4 , 5 J 

The phase portrait (Fig. 7) of the synchrotron motion depends on the R F phase 
4>s of the synchronous pa r t i c l e ' 6 , 7 , 8 ' . The phase space domain inside the separatrix is 
the RF bucket. 

Fig. 7 : Phase portrait of synchrotron m o t i o n ' 6 , 7 , 8 ' (-| < <j)s < ir) 

The betatron motion, driven by the non-linear beam-beam force, is commonly stud
ied by the technique of the Poincaré sections and mapping. Two-dimensional Poincaré 
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sections show peculiar phase p o r t r a i t s ^ , with eventually stochastic domains (Fig. 8). 

Fig. 8 : Phase portrait of betatron motion perturbed by a beam-beam force^ 

4. B E A M E M I T T A N C E : A S T A T I S T I C A L P O I N T O F V I E W 

Considering a beam as a statistical set of points in a two-dimensional phase space, 
the beam emittance is a measure of their spread in that plane (see Fig. 1). The beam 
emittance is similar to the standard deviation a that measures the dispersion of a set 
of points on a line : 

\ 

i " 

i = l 

(19) 

where x is the average of the abscissa x,- of each point. Similarly, the beam emittance 
should be a "root mean square" quantity, i.e. a function of the second-order moments 
of the point distribution. 

Within the statistical point of view, the emittance is not related to any contour 
limiting the area occupied by the points. The usual definition of emittance as the area 
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of a limiting contour suffers not only from the arbitrariness of the chosen contour, but 
also from its distortion when time is running. It may become so twisted and bent that 
its area is no more representative of the spread of the particles. Higher-order moments 
of the point distribution could also be introduced to parametrize other aspects, like 
skewness, but the emittance is the main parameter of the distribution. 

4.1 T h e stat is t ical definit ion 

A distribution of x, x' points in phase space can be translated and rotated without 
changing its spread. One is free to choose an origin and two coordinate axes. It is 
natural to take the origin at the barycentre of the points, such that the averages x 
and x' of their coordinates x î. x • ctrc null. It is also convenient to orientate the axes to 
minimize (maximize) the sum of their squared distances to these axes. If 9 is the polar 
angle of such an axis, the distance d{ of a point Xi,x\ to this axis is (see Fig. 9) : 

dj — \x\cos9 — X{sin0\. (20) 

X'i 

* ( X j , X j ) 

'*.di 

X 

Fig. 9 : The distance d{ to an axis with polar angle 9 

N 

— 1 

The mean square distance d2 — jj / di is minimized with respect to the angle 9. The 
i = i 

solution of -QQ- = 0 gives : 

2 xx' 
t a n 2 0 = _ _ (21) 

x2 — x'2 

where : 

x' N 

N N 1 N 

E X ' ' ? ^ S " ' and i ^ = - J ] xix'i 
i=l i = l i = l 

(22) 

file:///x/cos9
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are the central second-order moments of the point distribution. It can be seen that the 
quantity to minimize is not the same as the one used to find the regression line. In 
general, the axis will not coincide with the latter. In fact, two solutions 9 and 9 + § 
giving two orthogonal axes have been found, one with a minimum value ( d 2 ) i , the other 
with a maximum value (d2)2 of d2 : 

(d2)i,2 
1 H A.— , 2 x x ' \ 
- [ X1 + XU ± sin20 ) 

(23) 

( J 2 ) i and (d2)2 measure the dispersion of the points in the direction perpendicular to 
each axis. It is then natural to define the emittance e, i.e. the spread of the distribution, 
as : 

The expression so obtained 

= 2yJ{^)l . 2^), 

= 4-Jx2 • x'2 — (xx'Y 

(24) 

(25) 

was first given by P. Lapostolle™, and is sometimes called either "effective emittance" or 
"r.m.s. emittance". The factor 4 in front of the square root is optional. The expression 
in the square root (in fact always positive) is also the determinant of the covariance 
matrix : 

e = 4 

N 
det 

x2 xx' 

xx1 x'2 

(26) 

With the use of the standard deviations ax, ox> and the correlation coefficient r : 

xx 
r = 

x2 x'2 

(27) 

the expression of the emittance can also be written as 

e = 4 <7X ax< v 1 — r 2 (28) 

and the latter expression is still valid when the mean values x and x' do not vanish. 

Now, a straightforward algebraic manipulation produces : 

2v^ 
€ = N 

\ 

N N 

J2 S (XiX'j - XJX'iY 
i=\ j=\ 

(29) 

The expression in the square root is just the sum of the squared areas A 2 - of all the 
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triangles formed by any couple of points M, M;- and the origin 0 (ignoring a factor 2) 

e = N N 
N N 

2Z £ 4- (30) 
i=l j = l 

(Caution : each M, Mj couple enters twice in the double sum.) 

Thus the emittance can be considered as a statistical area : the r.m.s. area of 
the triangles. One could have taken this definition a priori as well. Here again, this 
statistical area is not the area of a limiting contour, but the measure of the spread of 
the points around their barycentre. 

This statistical definition of the emittance leads to some differences with the usual 
definition with a contour. For instance, both definitions give a null emittance to a 
distribution on a straight line in the phase space. However, if the line has a curved 
shape, the usual emittance is still null (using a non-elliptic contour in this case), while 
the statistical one is not (Fig. 10). 

T' • • • ^ • S — 

Fig. 10 : Distribution of points on a curved line 

This example also shows that the emittance is not unambiguously related to the 
entropy. The latter is defined as the logarithm of the area occupied by the points in the 
two-dimensional phase space. Again in this example, the area is null for a curved line, 
while the statistical emittance is not. 

Care is also needed with the tail of a point distribution when considering the 
statistical emittance e, as well as the standard deviation. Points at very large distance 
from the barycentre give large contribution to e. If there is a long but small tail, the 
statistical emittance overestimates the spread of the distribution. 

In the case of a long tail, one can also extend to two dimensions the usual alterna
tive to measure the spread of a one-dimensional distribution. Instead of the standard 
deviation, the spread is better represented by the full width at half maximum (FWHM) 
of the distribution. Figure 11a shows a one-dimensional gaussian distribution with a 
standard deviation 1 on which is superimposed a 10 % gaussian tail with a standard de
viation 10. The tail increases the overall standard deviation by 29 %, while the FWHM 
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is only 7 % larger. Similarly, the emittance can be represented as the area limited by 
the contour at half-maximum. Figure l i b shows a bi-dimensional gaussian distribution 
with standard deviations ax = 2 and ax< = 1. A 10 % gaussian tail, with standard 
deviations <7T aTi 10, is superimposed. 

1 1— 

a) 

1 

/ F W H M \ 

-\ 1 

, , , 

Fig. 11 : a) Full width at half-maximum of a one-dimensional distribution, 
b) Contour at half-maximum of a two-dimensional distribution. 

Exercises : 1) Show that the emittance of three points at the tips of an equilateral 
triangle, inscribed in a circle of radius R is : e = 2R2. 

2) Show that the emittance of a uniform distribution in a circle of 
radius R is e = R2. 

3) A distribution of points has a gaussian density : 

/ ( * , * ' ) = 
2TT(JXG xt 

Show that the probability p that a point lies outside the ellipse 

- ' 2 

2a\ + 2a2. 
X 

= C 

is p = e~c. Show that the emittance eo, traditionally defined as the 
area (divided by 7r) of the ellipse containing 95 % of the points, is 
e 0 = 6 axax< and that the ratio of the r.m.s. emittance e and of the 
traditional emittance eo is — = | . 

4.2 E m i t t a n c e conservat ion 

Consider now the time evolution of the beam emittance e. The particle motion is 
assumed to be Hamiltonian, uncoupled, and in general non-linear : 

x 
12 

ff(x,x') = — + / ( * ) • (31) 
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The Hamilton equations of motion, with respect to the independent variable s, are : 

dx . 
x 

ds 
(32) 

dx' _ dH 
ds dx 

The equations of motion of the barycentre (~x, x') are : 

dx — 
ds 

_ (33) 
dx<_ _ dH 
ds dx 

If the motion is linear, ^ is proportional to ~x. Then the barycentre stays at rest 

("Is = ~T~ = ^) ^ ^ coincides with the origin (x = x' = 0) at some time. 

However, if the motion is non-linear, the time derivative of x' involves higher-order 
moments of the coordinate x, and generally does not vanish. The barycentre moves in 
the phase space. 

Moreover, the R.H.S. of the second equation of motion ^ is not in general equal 
to -Q^-ÇX). It means that in the non-linear case, the barycentre does not generally move 
according to the same law as the representative points. Even if this was so, the straight 
lines joining a couple of points Mi, M;- and the barycentre O are not mapped into 
straight lines, and the triangle OM^Mj is not mapped into another triangle, except in 
the linear case. Therefore, the Liouville theorem does not imply that the area A{j of the 
triangles OM,Mj is conserved. The emittance here defined as a sum of areas Ajj is not 
conserved except when the motion is linear. That is in contrast with the conservation 
of the traditionally defined emittance due to the Liouville theorem. 

To obtain this result analytically, one calculates the derivative ^ of the emittance. 
Here, one cannot in general assume ~x = x' = 0. One must replace x2,x'2 and xx' by 
the central second-order moments fJ,20,fJ-02 and / in respectively in the expression of the 
emittance : 

= 4 y/fi20 ^02 - A*11 ( 3 4 ) 
where : 

—-i 

^20 = CFX = (x - x)2 = x2 - x 

^Q2=a2

x, = ( x ' - ^ ) 2 = ^ 2 - ^ (35) 

Mil = faxaxi — (x — T)(x' — x') = xx' — ~x. x'. 
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A straightforward calculation gives the derivatives of the moments 

dfl20 

dfJ.02 
ds 

dfin 
ds 

where : 

ds = 2 ^ 

= - 2 / i o i H ( 3 6 ) 

^02 — fJ'lOH 

OH dH 
VlOH = X -T X dx dx 

(37) 
, dH - dH 

OX OX 

With these relations, the derivative 4^ of the emittance is : 
' ds 

de 16 
~T = — ( ^ l i VIOH — /"20 HoiH)- (38) 

This equation has been derived in a different way by I. Hofmann^ 1 0!. 

In the case of a linear motion : 

dH dH 
-=- = ax, -=— = ax, (39) 
ox ox 

one has : 

MIOH = a^20 and ^ 0 i ff = a / x n . 

The derivative -r- vanishes and the emittance is conserved. 
as 

When the motion is non-linear, j ^ cannot vanish for all s, and the emittance is not 
conserved. In practical situations, one generally observes an increase of the emittance 
through the process of filamentation. However, non-linearities are harmful to the stabil
ity of motion. They are maintained at the smallest possible level in particle accelerators. 
Moreover, other causes of emittance dilution (coupling, scattering, radiation,...) are also 
minimized. 

It can be concluded that in accelerators the beam emittance is nearly conserved, 
but not exactly. 

Exercise : Show that , assuming a single even multipole term in the Hamiltonian 
and neglecting the coupling with the other transverse coordinate z : 

xn x2n 

* = T + a 2 " * 7 ' ( n > 1 ) 



50 

the barycentre stays at rest if it coincides with the origin 0 at an ini
tial time and if the point distribution is symmetrical with respect to 
the origin. Prove without any calculation that the emittance is not 
conserved. 

4.3 E m i t t a n c e growth by scat ter ing 

The statistical definition of beam emittance allows the emittance growth by scat
tering to be calculated very simply. 

Consider a beam passing through a thin foil where particles are scattered at random. 
Considering the horizontal direction x only, when a particle is scattered, its position x 
is not changed, but its horizontal slope is changed from x' to x' + Sx'. The change Sx' 
is independent of x and x' and averages to zero. The change of x ' 2 and xx' are : 

Ax'2 = (x' + Sx')2 - x'2 = Sx'2 

_ _ (40) 
Axx' = x(x' + Sx') — xx' = 0. 

Finally, according to the statistical definition, the change of the emittance is simply 
given by : 

Ae 2 = IQx^Sp1. (41) 

A similar use of the statistical definition for studying emittance growth by radiation 
fluctuations can be found in a paper by M. Sands ' 1 1 ' . 

4.4 Stochast ic cool ing 

The statistical definition of beam emittance is particularly useful in understanding 
the principle of stochastic cooling which aims to reduce the statistical spread of particles 
in phase space. It is based on a non-Hamiltonian process and one cannot claim any 
violation of the Liouville theorem in spite of an apparent decrease of a phase space area. 

The principle of stochastic cooling can be described as follows^1 2' : A pick-up 
electrode makes it possible to select a small sample of n particles among the N particles 
of a beam (n < < N), and to measure their mean displacement x, i.e. the x-barycentre of 
the sample. The latter may be finite, even if the x-barycentre of the beam is vanishing. 
The signal on the electrode is proportional to x~ and is used to apply a correction signal 
to another electrode such that the x-barycentre of the sample is reduced, eventually 
down to zero if the correction is complete. This procedure is repeated many times on 
different samples of particles from the same beam, so reducing the beam emittance. 

In order to understand the mechanism of stochastic cooling, the simplest way is 
to consider samples of only one particle (n = 1) whose position xo becomes zero after 
correction. This correction modifies the second-order momenta of the N particles : 
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The change of the emittance is 

A e 2 = 16 
N 

„/2 XX' 

Ae2 = -
16 
N 

Cn X Zi XQXQ XX ~\~ 

XQXQ 

N ) ' 
-x2 . x'2 + xx' 

™ 2 „ / 2 l 
XQJ-Q 

N 

(43) 

As the correction procedure is repeated on many samples, the final change of the 
emittance is expected to be given by the preceding expression averaged over all the 
possible xo,po values. One has just to replace x2 and xopo by their respective averaged 
values x2 and "xp. Finally, neglecting the JJ term in the bracket, one obtains: 

A e 2 = -
16 
N xA x n 2 xx' 

or : 

Ae2 = - ^ U 2 . x - ' 2 ( l -2r 2 ) 

(44) 

(45) 

The emittance is reduced only if r < w \ . It is easily seen that the emittance would 
be increased for larger values of r, in particular when x and p are linearly dependent 
(?' = 1). The correction is also most efficient when x and p are not correlated (r = 0). 
In fact, the correction is incomplete and xo is only replaced by (1 — g)xo where g is 
the gain (0 < g < 1). The final expected change Ae 2 becomes (the proof is left as an 
exercise) : 

Ae 2 = ~ x2 .x12 g(2-g-2r2). (46) 

to 1. 
In practice, the gain is small and the emittance is reduced, except if r is very close 
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CHROMATICITY 

S. Guiducci 
Frascati National Laboratories - INFN, Frascati, Italy 

ABSTRACT 
A simple calculation of the contribution of quadrupoles and sextupoles 
to storage ring chromaticity is given. Problems arising from chromatic -
ity correction are discussed. An accurate derivation of chromaticity for
mulae for a general bending magnet, exact also for small machines with 
small radius of curvature, is given. 

1 . INTRODUCTION 

In the design of storage rings there are many similarities with geometrical light optics. In 
analogy to chromatic aberrations in light optics, in particle accelerators a parameter called chro
maticity is introduced. In light optics rays of different wavelength find a different refraction in
dex in a lens and therefore experience a different focal length. Similarly in a storage ring parti
cles of different momentum see a different focusing strength in the quadrupoles and, as a con
sequence, have a different betatron oscillation frequency. 

We define the chromaticity as the variation of the betatron tune Q with the relative 
momentum deviation 0(6 = Ap/p): 

0 ' = ^ (1) 

Sometimes the relative chromaticity £, is used: 

* = $ • (2) 

Let us point out the importance of the chromaticity in circular accelerators. The 
chromaticity has a deleterious influence on the beam dynamics for two main reasons. 

First, a momentum spread o p is always present in a particle beam, therefore the chro
maticity produces a tune spread in the beam: 

AQ = Q' Op . (3) 

In large rings, with high tune values, this tune spread is so large that it is impossible to 
accommodate the beam in the space between the resonance lines in the tune diagram. How dan
gerous these resonances can be for beam stability has been described in a previous lesson [1]. 

Second, in the case of bunched beams the chromaticity produces a transverse instability 
called "head-tail effect" (see Ref. [2] for a detailed treatment). The wake field produced by the 
leading part of a bunch (the head) excites an oscillation of the trailing part (the tail) of the same 
bunch. In half a synchrotron period the head and the tail of the bunch interchange their posi
tions and the oscillation can be anti-damped and may cause a beam loss. A complete mathemati
cal treatment shows that the growth rate of this instability is much faster for negative than for 
positive chromaticity values and vanishes for zero chromaticity. It may be counteracted by a 
transverse feedback system, but this makes machine operation much more critical. Therefore 
most of the storage rings operate with zero or slightly positive chromaticity. 
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The "natural" chromaticity of a storage ring is that due only to the elements of the linear 
lattice, i.e. quadrupoles and dipoles. As it will be shown later the "natural" chromaticity of a 
strong focusing storage ring is always negative, therefore special elements have to be intro
duced in the lattice to correct it. 

In strong focusing lattices the main contribution to the chromaticity is due to the 
quadrupoles, in particular, in large rings with very large radius the contribution of the dipoles 
can be neglected; for small rings, however, the dipole contribution is important and has to be 
carefully calculated. 

In sections 2 and 3 it is shown how to calculate the chromaticity due to the quadrupoles 
and sextupoles respectively. Then, in section 4, the effects on beam dynamics due to the 
chromaticity correcting sextupoles are briefly discussed. Finally, in section 5, a detailed 
derivation of the chromaticity for a general bending magnet is given, following the approach 
given by M. Bassetti in Ref. [3], which is very simple and intuitive, avoiding long math
ematical derivations. 

2 . CHROMATICITY CALCULATION FOR A QUADRUPOLE 

Let us consider the motion in a quadrupole of a particle which obeys the equation: 

y" + k yy = 0 (y = x or z) (4) 

with 
k x = - k 
k z = k . 

Now we consider the dependence of k on momentum: 

k = -^-L = ,, g . T ^ = ,, u

g . " kn (1- 8 + 0Z -...) (5) 
p dx po(l+ô) dx (1+6) u y 

to first order in Ô: 

k-k 0 ( l -5 ) = ko-ko8. (6) 

The chromatic variation has always the opposite sign with respect to the focusing 
strength, therefore a particle with a larger energy sees a weaker focusing strength. On the con
trary, in light optics, the variation of the refraction index with the wavelength can be either 
positive or negative and the chromatic effect can be corrected to first order combining lenses of 
different material. 

Keeping only the linear term in 8 the equation of motion in a quadrupole yields: 

y" = -ky (1-8) y (7) 

which is equivalent to adding to the focusing quadrupole a defocusing one with a strength -k y8 
and viceversa for the defocusing quadrupole. 

In a thin section of a quadrupole of infinitesimal length ds the particle receives an angular 
kick 

d y ' = y " ds = k y 8 y ds (8) 
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described by a thin lens (defocusing for the focusing quadrupole) matrix: 

( 1 0 \ 

i kyôds 1 
(9) 

To compute the effect of this kick on the betatron tune, the one-turn matrix is obtained by 
multiplying the unperturbed matrix (8 = 0) by this thin lens. 

M = 
f cosily Pysin^iy W 1 0 > 

-sin^y/py cos|iy J y kyôds 1 

cos^iy+Pysin^iykySds (3ySin(j.y N 

-sin|iy/Py+cosHykySds cos(iy 
(10) 

Then we compute the trace of M to get the new value of |a.y (jiy=2jiQy): 

since: 

we get: 

-j Tr M = cos(jiy+dp.y) = cos ^iy + ^ pysin(j.y k y 5 ds 

d(cos(iy) = cos (jiy+d^iy) - cosjiy = -sinfiy dfiy 

(11) 

(12) 

or 

dp.y = - 2 Py ky Ô ds 

dQy = - -^ Py ky Ô ds 

(13) 

(14) 

Integrating over all the ring circumference L, the formulae for the two planes, horizontal 
and vertical, are : 

aQx 
as 47Ï! 

p x(s) k x(s) ds (15) 

3Qz 
85 $ 

P z(s) k z(s) ds (16) 

From these formulae we can see why in a strong focusing lattice the chromaticity is 
always negative. In each plane a focusing quadrupole has a positive strength (kX j Z > 0), and 
therefore a negative chromaticity, while a defocusing quadrupole has negative strength ( k x z < 
0) and positive chromaticity. In a strong focusing lattice the p x z-functions have the maximum 
values at the focusing quadrupoles, therefore the total chromaticity of a ring is dominated by the 
negative contribution of the focusing quadrupoles. 
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3 . CHROMATICITY CALCULATION FOR A SEXTUPOLE 

For off-momentum particles the closed orbit is displaced with respect to that of the refer
ence particle by a quantity DO, where D is the dispersion function. This fact allows to correct 
the chromaticity through the insertion of special magnets, called sextupoles. 

The field of a sextupole is given by : 

B x = g'xz 
(17) 

B z = i g ' ( x 2 - Z 2 ) 

with 

g = 
3 B | 
3x2 

and the equations of motion become: 

c"+ \ r ( x 2 - Z 2 ) = 0 

z" - rxz = 0 

where r = — g' (18) 

In Fig. 1 an example of the pole shape of a sextupole magnet is given. 

Fig. 1 - Schematic representation of a sextupole magnet cross section. 
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The sextupole kick is 

dx' = - « r (x 2-z 2) ds 

dz' = r x z ds 
(19) 

Substituting the total coordinates for the off-momentum particle 

x t = Do + x 

Z t = Z 

it becomes: 

(20) 

dx' = Do x + ^ ( D 5 ) 2 + j( x 2 - z 2 ) r ds 

dz' = [Do z + xz ]r ds . 
(21) 

The first term of Eqs. (21) is equivalent to the kick of a quadrupole with gradient -rD§ 
and, analogously to Eq. (14), gives a tune shift 

AQ - - ^ p rD Ô* ds (22) 

and a contribution to the chromaticity: 

^ = ^ \\Px(s) r(s)D(s) ds 

^ = -MPz( s ) r ( s )D( s )ds 

4 . CHROMATICITY CORRECTION 

(23) 

The most efficient way to correct chromaticity is to perform a localized correction, i.e. to 
insert sextupoles just close to each quadrupole, where the chromatic effect is produced. For 
each quadrupole is inserted a sextupole with a strength: 

r Is = 
k i p 
D 

(24) 

where Is and 1Q are the lengths of the quadrupole and sextupole respectively. 

Unfortunately, in most cases localized correction is not possible. For example collider 
storage rings have low-(3 insertions with very strong quadrupoles and zero dispersion function. 
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Similarly, storage rings for synchrotron light production have many zero dispersion straight 
sections for insertion devices, like wigglers and undulators, and strong focusing quadrupoles to 
get low emittances. In these cases a strong chromaticity produced in the insertions has to be 
corrected in the arcs. If the arcs are built up by regular cells, two sextupoles are inserted in each 
cell, one in a high (3X place, to correct horizontal chromaticity, and the other in a high p z 

position to correct the vertical one. The sextupole intensities are obtained by solving the follow
ing linear system of equations, where TH and ry are respectively the strengths of the horizontal 
and vertical chromaticity correcting sextupoles and N is the number of periodic cells: 

rHlsP2DH + r v l s f t D v = f 
(25) 

- rH l sP z

H DH-r v l sP z

v DV = ^ . 

It has to be that 

rn < 0 and ry > 0 

since Qî and Qz are, usually, both negative. Therefore, in order to reduce the sextupole 
strengths, it is important to place them where the dispersion is high and the P functions are well 
separated. In fact, if p x » Pz at the horizontal sextupole and viceversa at the vertical sextupole 
location, each sextupole corrects the chromaticity in one plane, without affecting it in the other 
plane. Often the vertical sextupole has a strength higher than the horizontal one because the 
dispersion function follows the behaviour of the horizontal P-function and therefore D is high at 
the horizontal sextupole and low at the vertical one. This is specially true for collider storage 
rings, where, due to the low value of p z at the interaction region, the vertical chromaticity is 
generally higher than the horizontal one. 

The sextupoles necessary to correct the chromaticity introduce unwanted effects due to the 
other two terms in Eqs. (21): 

- the chromatic aberration term (Do)2 

- the geometric aberration term ( x 2 - z 2 ), xz . 

The geometric aberration term introduces higher order terms in the equations of motion. 
In fact each sextupole inserted into the linear lattice, also in thin lens approximation, doubles the 
order of the polynomial which links the initial and final coordinates for one turn in the ring. 
With N sextupoles in the ring the final coordinates depend on the 2N-th power of the initial one. 

x(L) = an x(0) + a n x'(0)+ a i 3 5+...aij x(0) 2 N . (26) 

The worst consequence of this is that in the case of nonlinear motion the stability of the 
trajectories is not given anymore from the knowledge of the one-turn matrix (Itr MI=I2COSJI|<2), 
but depends on the amplitude of the betatron and synchrotron oscillations. 

In some very simplified cases an analytical calculation of the stability region is possible, 
for example in the unidimensional case (x,x' or z,z' phase plane) in the vicinity of a single res
onance. In this case a closed curve, called separatrix, can be found which divides the phase 
plane in two regions, a stable one inside the separatrix and an unstable region outside. 

In more general cases tracking is used, i.e. a computer code which, given the initial co
ordinates for a particle in phase space, follows the evolution of a trajectory with the mathemati
cal model chosen for the ring. A trajectory is considered stable if it remains confined in a certain 
phase space region for a given number of turns. Changing the initial coordinates of the particles 
tracking is performed to determine the largest region of phase space which contains all stable 
trajectories. This region is called dynamic aperture. 
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This procedure is limited by computer time and precision, in fact the range of initial co
ordinates which can be explored in a six-dimensional phase space is very poor and the number 
of turns is always much smaller with respect to the beam lifetime or damping time. 

After the linear lattice design a dynamic aperture optimization has to be done by choosing 
the distribution and the strengths of the sextupoles , the working point in the tune diagram, and 
even modifying the linear lattice to reduce chromaticities and sextupole strengths. 

5 . CHROMATICITY CALCULATION FOR A GENERAL BENDING 
MAGNET 

In a bending magnet the betatron motion is given by the following equations: 

with 

y" + ky(s)y = 0 (y = x or z) 

k x = -k+h2 

k z = k 
h = - | B z p p ox 

(27) 

The solution of these equations is represented, in each plane, by the two-by-two betatron 
matrix A. This matrix can be written as the product of N matrices AJ: 

n 
i=l 

(28) 

where 1B is the length of the bending magnet. We choose N large so that 

As = ^ - > 0 

This is equivalent to subdividing the magnet into N thin pieces of length As. To first 
order in As, Aj can be written as the product of a thin lens and a drift space: 

( 1 0 A 

-ky(s)As 1 

( 1 As 

0 1 
(29) 

Now we consider the changes that occur in the betatron motion (i.e. in the matrix Aj) for 
a particle with a relative momentum deviation Ô* oscillating around the off momentum closed 
orbit. 
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As(l + x /p) 

x = D6 

h= l /p 

Fig. 2 - Orbit lengthening. 

Two changes occur in the matrix Aj: 

i) an orbit lengthening (see Fig. 2) 

As(6) = As(l +hD8) 

ii) a change in the focusing strength of the thin lens due to: 

- momentum dependence of the focusing functions 

- variation of the length 

- ky(s,ô) As(Ô) = - [ k y(s) + ki y(s)ô + ky(s)hDÔ] As 

where k i y is the derivative : k i y = 3ky/98 . 

As already seen, a change Ak in the focusing function at the position s gives a 

AQ = - (l/4n) P(s) Ak 

and, similarly, a change As in the length of a drift space gives: 

A Q = (1/4TC)Y(S)AS 

where y (s) is the Twiss function. 

Integrating over all the circumference gives 

it =h \{ p y [ k l y + k y h D ] + y*hD } d s-
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This formula is a generalization of that for a quadrupole, in fact for a quadrupole we have 
h = 0 and k i y = dky/dÔ = -ky and we obtain again the formulae of Eqs. (15) and (16). 

In order to calculate k i y for the general bending magnet we need to know the fields seen 
by an off-momentum particle . First we write the second-order magnetic field expansion in die 
reference system of the design orbit for zero momentum deviation. The formulation of the field 
equations is that given by K. Steffen [4] with the only difference that h(s) has the opposite sign 
and its dependence on s is explicitly given, i.e: 

h(s) = [h + h's + \ h"s 2 + 0(3)] (35) 

As it will be useful in the following to distinguish the second-order terms they have been 
enclosed in square brackets: 

B z = Pj-h - h's + kx + -\ h " s 2 + k'xs+ \ rx2+Jr (h" - hk - r) z 2 + 0(3) 

B x = 2 {kz + [k'zs + rxz ]+ 0(3)} (36) 

B s = £ { - h ' z + [(hh' + k')xz]+0(3)} 

The previous equations are completely general, they are only based on the assumption of 
a field symmetry with respect to the median plane (z = 0). Therefore, if we change the mo
mentum of the particle, the origin and the orientation of the axis in the z = 0 plane, the magnetic 
field has always the same form, but different values of the coefficients. 

Now we make a transformation to the reference system of the off-momentum particle, as 
shown in Fig. 3: 

p = p*/(l+S) 
z = z* (37) 
x = d + x*cos9 + s*sin9 
s = - x*sin8 + s*cos6 

where d = Do and 9 = D'8. 

Fig. 3 - Transformation of the reference system. 
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The field equations change in the following way: 

B z * = B z[x(?*)] 
B x * = B x[^(^*)]cos0 - Bs[j?(j?*)]sine (38) 
B s* = BX["X(J?*>] sine + Bs[x(x*)] cos6 . 

We are interested in the first-order field expansion, therefore we take only the first-order 
terms in Eqs.(36) and make the substitution: 

B z * = P [-h + kd + x*(k cos6 +h'sin0) - s*(h' cos6 - k s in0)] 

B x * = ,? ^ z l k cos0 + h' s inel (39) 
e(l+o) L J 

B s * = ^ T T z r k sine - h' cos0l . s e(l+8) L J 

As already said, the various terms in the field equations have to be the same as in Eqs. 
(36), therefore equating the corresponding first-order terms we get the new coefficients: 

n ~ 1+8 

k* =

 k cose + h'sine ( 4 Q ) 

u.* h'cose - ksinO 
h " 1 + 8 

Using 

sine ~ D'8 ; cos0 ~ 1 

and keeping only first-order terms in 8 we get: 

k x* = h* 2 - k* = (h 2 - k) + 8 (-2h2 - 2hkD + k - h'D') 

k z* = k* = k + 8 (-k + h'D') . 

We obtain the values of k]y(s) as: 

k i x = ^ g - = k - 2h 2 - 2hkD - h'D' 

k i z = ̂  = -k + h 'D\ 

(41) 

(42) 
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Inserting these values into Eq. (34) we obtain the final formulae: 

^ = ^ - J{(3 ( k -2h 2 - 2hkD - h'D') + phD (h2-k) + yhDJds 

^ = i - j { ( 3 ( - k + hkD + h'D') + yhDJds . 

(43) 

As we used only first-order terms in this derivation the contribution of the sextupole term 
prD, calculated in section 3, does not appear in Eqs. (43). In the appendix a similar derivation 
using the second-order field expansion is given. The final formulae contain the same terms as 
Eqs. (43) plus the sextupolar terms coming from the second-order terms in the field expansion, 
which are linear in x and, applying the translation x = x* + Do of Eqs. (37), produce linear 
terms. 

6. END-FIELD EFFECTS 

From Eqs. (43) it is possible to calculate the contribution of the fringing fields to the 
chromaticity, once known an expression for h'(s). In Ref. [5] the same formulae are obtained 
with a different derivation, moreover a detailed calculation of the fringing field effects is given. 
For completeness we report here the final formula. The schematization of the end fields used 
there is shown in Fig. 4 and the parameters definition is the following: 

beginning of the central part 

end of the central part 

entrance of the fringing region 

exit of the fringing region 

entrance or exit angle of the trajectory 

radius of curvature of the end faces 

curvature of the reference orbit 

quadrupole component 

sextupole component 

dispersion function and its derivative 

Twiss functions. 

si 

S2 

' T i 

"T i 

e 
1 

x cos 3 9 

h = . 1_ 
"P 

k = 1 8Bx(0,0,s) k = 1 
3x 

1 
Bp 

d2B z(0,0,s) 
r = 

1 
Bp 3x2 

D, D' 

a, P , Y 
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Fig .4 - Field boundaries for a bending magnet. 

The formulae to calculate the chromaticity of a magnet in terms of the lattice functions at 
the reference orbit are: 

3 s 1 = - J - n( h 2 ' k )P + r D P + h (2kDp + 2D'cc - Dy)]ds 95 4TC SI 

+[-tg6 (hp + 2Dkp) + htg29 (pD' - 2aD + hDPtgG) +ThpD]..1„ 

+[-tg8 (hp + 2Dkp) - htg 26 (pD' - 2aD - hDptgG) + xhpD]..2.. 

(44) 

i& = _L 
85 4jt 

J[ kp - rDp - h (kDp + Dy)]ds 
si 

+[tg9 (hp + 2DkP) - htg26 (pD' - 2aD - hDptg6) - phD'-ThpD]., r 

+[tg6 (hp + 2DkP) + htg 28 (pD' - 2aD + hDptg8) + phD' - xhpD].,2.. 
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APPENDIX 

CHROMATICITY FOR A BENDING MAGNET TAKING INTO ACCOUNT 
SECOND-ORDER TERMS 

A . l DERIVATION OF THE CHROMATICITY FORMULAE 

The chromaticity formulae in section 5 are obtained using the first-order expansion of 
the magnetic field. To obtain an expression for the chromaticity which contains also the 
sextupolar terms, the same derivation is repeated here using also the second-order terms in the 
field expansion given by Eqs. (36). To get the new expressions for the magnetic field we apply 
the reference system transformation described in section 5 to the second-order field expansion 
of Eqs. (36). 

Following the derivation given in section 5 and using: 

sin6 ~ D'8 ; cos9 ~ 1 

we get the expressions for the magnetic field in the new reference system: 

B z * = P [-h -h'(-x*D'8 + s*) + k(D8+x*+s*D'8)+ k*(D5 + x*+s*D'8) 

(-x*D'S+s*) + ~ r (Do + x* + s*D'8)2 + \ (h"-hk-r) z 2] 

B x * = P z{k+k'(-x*D*8 + s*) + r (Do + x* + s*D'8) - [-h'-h"(-x*D,8 + s*) 

+ (hh1 + k') (D8 + x*+s*D'8)] D'8} (45) 

B s *= P z{[k + k'(-x*D'8 + s*) + r (D8 + x* + s*D'8)] D'8 -h" - h"(-x*D'8 + s*) 

+ (hh'+k')(D8 + x* + s*D*8)} . 

Neglecting the second-order terms, except for the chromatic ones, i.e. the terms x8, 
z8 and s8, we obtain: 

B z * = P . [-h + kD8 + x*(h'D*8 + k + rD8) + s*(-h' + kD'8 + k'D8) ] 

B x * = ,? sx z[k +rD8 +h'D'8] (46) 
x e(l+8) 

B s * = P + s z[-h'+ kD'8 + (hh'+k^DS] . 
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Comparing these equations with Eqs. (36) and equating the corresponding first -order 
terms, we get the new coefficients: 

n " 1+8 

k* = A ± J ^ Ô _ t _ r D Ô ( 4 ? ) 

h' + kD'S + (hh'+k')DS 
h " 1 + 8 

Now, following the same procedure as in section 5, we use the coefficients h* and k* 
given by Eqs. (47) to obtain the values of the focusing strength for the off-momentum particle: 

k x* = h* 2 - k* = (h 2 - k) + 8 (-2h2 - 2hkD + k - h'D' - rD) 

k z* = k* = k + 8 (-k + h'D* + rD). 

Then, we get the variation of the focusing strength with momentum, ki y(s) : 

(48) 

kix = ^ | - = k - 2h 2 - 2hkD - h'D' -rD 

k l z = ^ | - = -k + h'D' +rD . 
(49) 

The variation of the orbit length with momentum has been already taken into account in 
Eq. (34), therefore inserting Eqs. (49) into (34) we obtain the final formulae for the 
chromaticity, which are more complete than that of Eqs. (43) because they contain also the 
sextupolar terms. 

< ^ = _L Hp ( k - 2 h 2 - 2hkD - h'D' -rD) + phD (h 2 -k) + yhDJds 

(50) 

| 2 z = ^ - H p ( - k + hkD + h'D' +rD) + yhDJds . 
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A.2 An observation on Eqs.(47) 

Let us notice that the coefficient h'* given by Eqs. (47) is obtained as the coefficient 
of the variable z in the equation (46) for B s , and that it is different from the coefficient of s 
which appears in the expression for B z . This ambiguity comes from the fact that, while for 
Eqs. (36) the relation: 

3BZ _ 3 B S 

3s _ 3z ( 5 1 ) 

is valid, this is not true for Eqs. (46), for which it is: 

3BS* 3B 7* 
3z 3s* (52) 

Equations (46) are anyway correct, but the new variable s* has to be modified. In 
cylindrical coordinates (z,x,<f>), the radial component of the Maxwell equation is written: 

1 3Bz 3BA 

p-3T =-3T- ( 5 3 ) 

When making the transformation given by Eqs. (37), which is essentially a translation 
in the radial direction, in Eq. (53) p has to be replaced by p+DÔ. As a consequence, the 
Maxwell equation is written: 

1 3BZ* 1 3BZ* 3BS* 
p p+DS 3<j> ~l+hD8 3s* ~ 3z ' p 

(54) 

This relation is in effect verified by Eqs. (46) to first order in 8. 
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I N T R O D U C T I O N TO B E A M - B E A M EFFECTS 

H. Mais, 
DESY, Hamburg, FRG 

C. Mari, 
ENEA, Frascati, Italy 

ABSTRACT 
An introduction is given to beam-beam effects in lepton and 
hadron colliders. The experimental results and facts are sum
marized and some theoretical tools and methods are explained. 

1. I N T R O D U C T I O N 
Lepton and hadron storage rings have become one of the most important tools 

in high energy physics. These storage rings are devices which allow two beams of 
ultrarelativistic charged particles, rotating in opposite directions to be accumulated, 
maintained and collided (see Fig. 1). 

1 7 COLLISION 6 \ 

Fig. 1 Storage rings 

One important difference between a collider and a conventional accelerator is that 
during the repeated crossing of the ultrarelativistic beams the particle motion is vi
olently disturbed. This perturbation results in certain - mainly unwanted - effects. 
These so-called beam-beam effects have been the topic of special workshops and confer
ences [1 — 3] and are still being investigated intensively. Some review articles are [4 — 16]. 

This introductory lecture cannot cover the whole subject exhaustively, so we shall 
try to illustrate the problem, to introduce the reader to some basic facts and concepts 
and to explain some of the theoretical tools and methods which can be used for a quan
titative formulation of the problem. 
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The paper is organized as follows: After a short recapitulation of the concept of 
luminosity and the various interaction geometries and operational modes of a storage 
ring, we calculate the deflection of a single particle traversing a strong beam with Gaus
sian charge distribution. The next section treats simple linear beam-beam models -
at first we consider the perturbed linear dynamics of a single particle due to the elec
tromagnetic fields of the counter rotating beam. The beam-beam strength parameter 
£ is defined; this is used extensively in all studies of the beam-beam effect. As a sec
ond model we investigate the motion of two rigid bunches under the influence of the 
beam-beam interaction. In both cases a stability criterion is derived for the motion of 
the system. The next part summarizes the experimental facts and results for lepton 
and hadron colliders obtained in the past which show that the nonlinear character of 
the beam-beam interaction plays a very important role. The implications due to these 
nonlinearities are discussed next and some of the theoretical tools such as numerical 
simulations and analytical methods are explained. A list of unsolved problems and 
some comments on future colliders conclude this lecture. 

2. BASIC FACTS 

The reaction rate for a process of cross section cr obtained in a collider can be 
written as 

R = C-a (1) 

where £ is the luminosity, a parameter characterizing the colliding beam system. Gen
erally, the luminosity is calculated by integrating over all possible collisions between the 
particles in both beams [14,17] 

£ = fc • 2c nin-i dx dz ds dt (2) 

where fc is the collision frequency, c velocity of light, n x and n^ are the particle densities 
in the two beams and the integration is over the collision region and over the time of 
collision, x,z designate the transverse directions and s the longitudinal direction. 

The interaction geometry can be different for various storage rings. Head-on colli
sions are natural for particle-antiparticle single-ring colliders. Two-ring colliders gener
ally require special design work for head-on collisions as for example HERA. Collisions 
with crossing angle as in DORIS I [18] or as foreseen for the SSC [19] need special care 
as we will point out later in this lecture. 

Besides these different interaction geometries, storage rings can operate in various 
modes: interactions between bunched beams or interactions between continuous (coast
ing) beams. Furthermore strong beams can collide with strong beams or with weak 
beams. The latter case is approximately valid for proton-antiproton (p, p) colliders. 

In this lecture we will concentrate on head-on collisions of bunched beams of opposite 
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charge. In this case the luminosity for equal beams with Gaussian charge distribution 
is given by 

N2 • f 
£ = ——-^ (3) 

where N is the total number of particles per beam, / the revolution frequency, B the 
number of bunches per beam, and crx,<rz the standard deviations in x and z direction 
respectively. 

As mentioned already, the presence of two beams which repeatedly cross each other, 
leads to a variety of effects in lepton and hadron colliders e.g. the blow-up of the trans
verse beam size which causes a loss of luminosity and a reduced beam lifetime. Figure 2 
shows examples for the blow-up of the beam size of colliding electron-positron bunches 
in PETRA [20]. 

Beam dimensions at J e+ = /,.- = 0.15mA 7e+ = 0.52mA Ie- = 0.74mA 

I H H H i 

Beam dimensions at Ie+ = I e - = 0.3mA Ie+ = 0.6mA Ie- = 0.6mA 

Fig. 2 Examples of beam blow-up at P E T R A 

Furthermore, as the beam intensity increases beyond a more or less distinct threshold 
one can have rapid beam loss. In hadron colliders beam-beam effects lead to emittance 
dilation and various diffusion effects. 



72 

So the problem one is facing in storage rings is very complicated and requires the 
self-consistent treatment of ultrarelativistic counter-rotating and repeatedly crossing 
bunches of charged particles in external electromagnetic fields in finite metallic vacuum 
chambers. In addition, one has to include rest-gas scattering and - at least in the lepton 
( e + e ~ ) case - radiation effects have to be taken into account. 

A general theory considering all these facts does not exist, so one usually inves
tigates simplified models treating various aspects of the whole system. The described 
beam-beam effects are then related to instability mechanisms in the model under con
sideration. 

When crossing the electromagnetic fields of the opposing beam, a particle will be de
flected as illustrated in Fig. 3. 

particle trajectory of beam A 

t 

Ne* 

e~ 
d" M 

Ne* bunch of beam B / Ne* 

h-

s 

Fig. 3 Deflection of a particle because of beam-beam interaction 

Once we know these fields, the deflection can be calculated by using the Lorentz 
equation, namely: 

A 2 < = ** = _e r - (Ez + ̂ Bx _ *B\ idt ( 4 ) 
p J-oo \ C C ) p 

A x ' = * * = _ e r (Em + V-B. - V-Bz) Ut (5) 
P J-oo \ C C J p 

where E_ = (E,,EX,EZ) and B_ — (B,,BX,BZ) are the electric and magnetic fields 
with longitudinal and transverse components designated by s and x , z , respectively. 
v_= (vs,vx,vz) is the particle velocity and p the momentum. 

In order to calculate E_ and B_ one proceeds in several steps which we shall shortly 
sketch. For details of the calculation the reader is referred to Refs. [21,22]. 

We assume a Gaussian charge distribution of the strong counter-rotating bunch 
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with s tandard deviations ax, az, as in the laboratory system: 

*».*.«>=(2ff)vvl.. ^ H J - é " ë\ <6) 

where Nb is the number of particles per bunch. 

In addition to this Gaussian charge distribution we require that the beta-function 
of the storage ring does not change appreciably along the bunch length, i.e. 

# > ( * ) = # + i (7) 
Po 

implies that 

a, « 0* (8) 

where /3J is the value of the beta function at the interaction point. 

In the center-of-mass system (u,v,w) the charge density is given by 

, Nb-e ( u2 v2 w2 \ 
e{u,v,w) = ? exp <̂  - _ — - _ _ _ - — — V (9) 

where 7 Lorentz factor = (1 — \)~ll2. 

The potential corresponding to this charge distribution can be calculated and the 
electric field of the Gaussian bunch is obtained in the center-of-mass system. Trans
forming the field back to the laboratory system using the well-known transformation 
rules 

Ex = 7 Eu Ez = ")EV E, = Ew 

(10) 

BX=
V-7EV BZ = -V-1EU B, = 0 

and taking into account (4) and (5) one finally gets for short bunches 

, _ 2Nbrez f~ exp { - ^ - - ^ - } 

7 Jo (2*1 + q)*/>(2<rl + q)V> ** [ U ) 

2Nbrex r exp { - ^ - - ^ } 
Az = 

with r-e = - ^ - j - classical particle radius. 
m o C 

R e m a r k i: The kicks experienced by the test particle can be derived from a potential 

U(x,z) 

az 

Ax' = _ *?££ 
ox 

(13) 
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U(x,z) 
Nbr( yoo 1 — exp 

Jo (2a2. + 
{• 2<r%+q la Î+1Î dq. (14) 7 Jo (2cr2

2 + g)V2 ( 2 ( 7 2 + ç ) i / 2 

R e m a r k ii: In the limiting case of round beams with crx = crz — a Eqs. (11) and (12) 
can be evaluated easily giving 

Az' = - ^ ( 1 - exp ( - r 2 / 2 < r 2 ) ) 

A s ' = - 2 ^ = ( 1 - exp ( - r 2 / 2< r 2 ) ) 

( r 2 = x 2 + z 2 ) . 

(15) 

Fig. 4 shows schematically the beam-beam kick as a function of displacement 

Az' 

Fig. 4 Beam-beam kick as a function of displacement 

For small values x < < ax,z < < az the behaviour is linear. Using (11) and (12) one 
obtains 

Az ' = -

Az = -

2Nbrez 1 
7 ( ^ x + <7z)0"z / z 

2 J V e x 1 

with 
2iV> e 

/z 7( c rx +cr z)o- z 

1 2iV67-e 

fx l(Vx + <7z)(7x 

(16) 

(17) 

(18) 

(19) 

3 . LINEAR BEAM-BEAM MODELS 

As a simple model we now study the dynamics of a test particle which is perturbed 
by the linear beam-beam kicks. The interaction point Sip is specified by (y — x or z) 

y{sip + e) = y(sip - e) (20) 
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y'(sip + e) = y'(sip -e)-— y(sip - e) 
Jy 

or in matrix notation: 

\ y'{*ip + e) ) 

y{siP~
e) \ 

(21) 

(22) 

\ ~Tv 11 \ y\sip-£) I 
The 2 x 2 matr ix describing the beam-beam interaction in this linear model is 

equivalent to the transfer matrix of a thin lens quadrupole of focal length fy [23]. The 
influence of this additional perturbation on the particle motion can be calculated in the 
usual way [23]. 

For symmetry reasons we will split the beam-beam kick into two halves as sketched 
in Fig. 5. 

- e + £ —e + e 
_ i_ »//// ' w***\ 1-

'n> SiP + C 

half beam-beam kick half beam-beam kick 

( C distance between two adjacent interaction points) 

Fig. 5 

The transfer matr ix from one interaction point to the next interaction point is then 
given by: 

cos{(iy + Afiy) 0; sin(fiy + Afiy) 

- ^ sin(/zv + A^ v ) cos(^ v 4- Afiy) 

1 0 

-é- 1 3 / , 

cos Mt, PÔV sin fiy 

i — gr-sin^ y cos/zv 

1 0 

'A 1 

(23) 
(fiy 4- A fly), 0* are the perturbed lattice functions (phase advance between interaction 
points and beta function). As usual we assume that 0 vanishes at the interaction point. 
Afiy is calculated from 

cos(/x„ + Afiy) = cos/j.y - -^-sin/Zj, 
^Jy 

= cos fiy — 2ir • £y sin fiy 

where we have introduced the beam-beam strength parameter 

Nbrefcy 

(24) 

ty = 2ir-y<Ty(ax + <jz)' 
(25) 
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£ y plays a fundamental role in the investigations of the beam-beam interaction. It 
characterizes the strength of the interaction and for small Afj,y it gives the tune shift of 
the system due to the perturbing beam-beam kick 

2TT 
AQy (26) 

It is straightforward to investigate the stability of the particle motion in this case. The 
motion is stable if the eigenvalues of the transfer matrix (23) lie on the complex unit 
circle which implies that the trace of (23) is less than 2. 

or equivalently 

cos / i v — 27r£ y sin/i y | < 1 

«• * h cot* ( ? ) • 

(27) 

(28) 

The stability condition (28) is plotted in Fig. 6 

0 3 
1 1 1 
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0.1 

n 

-
Sioble 

i i • • 

-

0.5 
2TÏ 

Fig. 6 Stability condition of Eq. (28) 

Until now we have only investigated how the dynamics of a single particle is modified 
by a strong counter-rotating beam (incoherent effects). As a second model we study 
how the bunches as a whole, and described as rigid charge distributions, are influenced 
by the beam-beam interaction (coherent beam-beam effects) [9,13,24]. 

In order to keep the mathematics as simple as possible we only consider a storage ring 
with two oppositely circulating bunches. These two bunches have small center-of-mass 
motion in the y-direction (y = x or z). The kicks given to the two rigid bunches are com
puted by averaging the kicks over the bunch distribution. For a Gaussian distribution 
one obtains in the linear approximation 

* * = - $ < * - » ) • • & 

AV2 = ~ -r(îfe 
Jy 

y i ) - 7 r 

(29a) 

(29b) 
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(The factor 4 - is due to the averaging over a Gaussian distribution; in the case of a 

uniform beam 4 - has to be replaced by 1 [9]). y\ and y2 describe the center-of-mass 

motion of beam 1 and 2 respectively. In matrix notation the beam-beam interaction is 

given by 

yi{sip + £) ( 1 0 0 

y'i(siP +£) 
1 1 1 

-Jlfy 

yiisip + e) 0 0 1 

y'2{siP + e) 1 
>/5fy 

0 1 

\ ) 

0 

0 

0 

1 

^ ( y i ( S i p - e ) \ 

y'i(siP-
£) 

y2(sip - e) 

y'2(siP- e) 

I \ 

(30) 

/ 

After the collision the bunches execute free (linear) betatron motion for half a revolution 
described by 

c o s ^ v # ; sin/i„ 

T0 = p- sin fiy cos fiy 

V 
0 
o 

0 
0 

0 0 

0 0 

cos fiy PZy sin fiy 
• -fîT Sm fly COS fly 

(31) 

/ 

Combining (30) and (31) one obtains the motion for half a revolution 

Ttot — TQ • TBB (32) 

with TBB the 4 x 4 matr ix from (30). 
The motion of this coupled two-bunch system is stable if the eigenvalues A of Ttot 

lie on the complex unit circle. The eigenvalue equation for (32) can be written in the 
form [25]: 

A 2 - A(4 cos fiy - lefty sin fiy) + (2 cos fiy - ef3ly sin fiy)
2 - £^f%y

 2 s in 2 fiy = 0 (33) 

where we have used the abbreviations 

e = 
y/2fy 

1 
A = A + 

The solution of (33) gives four eigenvalues: 
A' 

A/,// = e ± l ' ^ (34a) 

A///,/v = e — p±'(^y + âMy) 

where Afiy is determined by 

47T 
COS(fly + Afly) = COS fly J=(y Sill fly. 

v2 

(34b) 

(35) 
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The motion belonging to (34a) is always stable and is called the <r-mode. In this mode 
the bunches oscillate in phase moving up and down together at the collision point. The 
motion corresponding to (34b) is stable if 

cos fiv V2 sin^ y J < 1 

or equivalently 

^ < ^ C O t g ^ ' 

(36) 

(37) 

In this case the bunches oscillate out of phase, colliding at an offset changing from 
collision to collision. This mode is called 7r-mode. This behaviour is similar to the 
motion of two coupled linear oscillators in classical mechanics. Figure 7 shows the 
stability condition (37) which is more stringent than in the incoherent case (28). 

0.3 -

Fig. 7 Stability region for two strong rigid beams executing small center of mass 
oscillations as a function of the total tune Qy of the storage ring. The dashed line shows 
the strong-weak stability limit of Eq. (28). 

Remark i: For a uniform charge distribution the stability is given by 

and the tune shift for small A / i v is given by 

(38) 

(39) 

(twice the incoherent tune shift). 

Remark ii: These coherent modes have been excited and detected in various colliders. 
A measurement performed at PETRA is shown in Fig. 8 [20,31]. 
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Fig. 8 Vertical eigenfrequencies of two colliding bunches 

R e m a r k iii: It is instructive to re-derive the values of the tune shifts in a different way 
by using perturbative methods. We will only sketch the derivation leaving the details 
to the reader. For a description of this perturbative approach see Ref. [26]. Using 

z T = (yi,y'i,y2,y'2) (40) 

the equations of motion for the coupled bunch system can be written in the form 

d 
ds z_= {A + 8A)z. 

where A describes the unperturbed betatron motion and 

( 0 0 0 o\ 
l 0 1 0 

I h h 
SA = 

V2 0 0 0 0 

1 
/» 

0 1 

u 
0 

6(s - sip) 

(41) 

(42) 

specifies the beam-beam interaction. 

Equation (41) is solved by the transfer matrix (from one interaction point to the 
adjacent interaction point): 

with 

Misip + C, sip) = Mj^Sip + C, sip) + SMj^Sip + C, sip) 

SMJ^Sip + C,sip) = Ko{sip + C,sip)x 

x / ds M2\s > sip)6Az(s ) • Mo(s , Sip). 

(43) 

(44) 
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In order to calculate the eigenvalues of M. w e need to know the unperturbed eigenvalues 
of Jk^ where the two bunches are uncoupled. It is easy to verify that 

\j = \ U I = e * » = A 

^ii = A/v = A* 

with the corresponding eigenvectors 

vj = v ^ 0y 

V 

I 

o 
o / 

VJII = yfift. 0y 

( 0 \ 
0 

\ ) 
and 

are solutions to 

VJI = V.I, VJV = V-III 

or explicitly: 

COS fly f3*y Sm fly 

\ 

•ip-sm fiy cos fty 

0 0 
0 0 

0 0 \ 

0 0 

COS/Iy fi^ Sill fly 
-pT Sin fly COS fly , 

v{sip) = Xv_(sip). 

(45) 

(46a) 

(46b) 

(47) 

(48) 

The eigenvectors (46a) and (46b) satisfy the following normalisation condition [27] 

^§31^ = Ske 

where + means Hermitean conjugation and 5 is defined by 

/ 0 - 1 0 0 \ 
1 0 0 0 
0 0 0 - 1 
0 0 1 0 

(49) 

5 = (50) 

From (45) it follows that the unperturbed spectrum of MQ is degenerate and there
fore the tune shifts are calculated according to the well-known quantum mechanical 
expressions 
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w. here 

SMkj = - f'"+ ds'v£(s)S6A{s')vs(s). (52) 

Substituting (46a), (46b), (47), (42) into (52) and solving (51) we get the results 

a = o 

SX = + 4 A PL 
(53) 

or equivalently 

Vîfy 

SQ = 0 

SQ = + - ^ U -
(54) 

in accordance with (36). 

R e m a r k iv: This study of rigid bunch motion under the influence of the beam-
beam interaction can be extended to more bunches per beam. 

A stability diagram for six colliding bunches is shown in Fig. 9. 

0.25 

a, 
Fig. 9: Stability diagram for two strong, rigid beams executing small center-of-mass 
oscillations as a function of the total tune of the storage ring. Case of six colliding 
bunches [9,13]. 

Remark v: Higher order effects dealing with changes in the bunch shape have 

been studied in a water-bag model by Chao and Ruth [32]. 
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where we have used 

and 

4. EXPERIMENTAL FACTS AND RESULTS FOR 
LEPTON AND HADRON COLLIDERS 

In the past 20 years the beam-beam effect has been studied intensively in many 
lepton storage rings. For a comprehensive review we refer the reader to Ref. [14]. 

In order to investigate the parameter dependence of the luminosity of a collider, 
we rewrite £ as: 

£ = *r*fB<rm*t

 = ^ k ( l + V) ( 5 5 ) 

I = N -ef = Nb-ef (56) 

(total current) 

^ 2n1Befa2(<rx + <Tzy { > 

In all lepton colliders <rz << ax therefore one can neglect (<rz/crx) in (55). 

The current I of a collider depends on single-beam instabilities and coupled-bunch 
instabilities. Due to the chromaticity compensating sextupoles the value of (3QZ is lim
ited by aperture considerations and because of (8) by the bunch length. £z depends on 
various operating conditions such as energy, tune of the machine, coupling, dispersion, 
radiation damping and all kinds of perturbations. Some important facts which have 
been found experimentally are listed below: 

Fact i: For a beam current smaller than a characteristic threshold current Ith, the 
luminosity £ is proportional to I2 which implies 

6 ~ /• (57) 

For currents of the order of Ith, £ varies linearly with J implying a saturation of £z. 
This saturation is due to a linear increase of the beam size with current. For all existing 
lepton colliders 

£z < 0.07 (58) 

the so-called beam-beam limit. The dependence of £ on J for several colliders is shown 
in Fig. 10 taken from Ref. [14]. 

Fact ii: The performance of a collider and the luminosity depend sensitively on the 
working point in the tune diagram. Due to the nonlinear character of the beam-beam 
interaction (see Eqs. (11) and (12)) various nonlinear resonances 

nQx + mQz=p ( 5 9 ) 

present. |n| + |m| characterizes the order of the resonance (n, m, p are integers). The 
influence of these resonances has been nicely demonstrated in an experiment performed 
are 
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at ACO [28] which shows the beam blow-up of a weak beam crossing a strong counter-
rotating beam as one changes the tune of the machine, (see Fig. 11). 
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Fig. 10 Luminosity and vertical tune-shift parameter versus current for seven electron-
positron colliders. Note that the tune shift saturates at some current value above which 
the luminosity grows linearly. 
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Fig. 11 Crossing of nonlinear resonances for strong-weak counter rotating beams. 
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Fac t iii: The particle distribution in a beam is changed due to the nonlinear beam-
beam interaction, (see Fig. 12 which shows scraper measurements for SPEAR [29]). A 
theoretical analysis and model should try to explain these results. We will come to this 
point later. 

X 
O 

• 1 < r 

Horizontal Density Distribution 
(0 . -32 .0 m) E'l.55GeV 

\ \ Colliding Beams r* * I" • 3.8 » 3.8 mA* 

\ \ 
\ \ 

Single Beam IL x 
I «3.8 mA \ . V -L J . 

10 20 
X (mm) 

30 

N 

N 

Vertical Density Distribution 
(p z « 3.43 m) E«l.55CeV 

\ \ 

^ v Colliding 8eoms I* * I"«3.8 *3.8 mA2 

Fig. 12 Horizontal and vertical particle density distribution at SPEAR 
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Next let us mention the experimental situation in hadron colliders. Much less in
formation is available in this case because there are only two p, p colliders existing at 
present. The main parameters and performance results are summarized in Table 1 [30]. 
The experience with these colliders has shown that nonlinear resonances play a dom-

CERN 
S pp S 

FERMILAB 
TEVATRON 

Single beam energy (GeV) 315 900 
Record peak luminosity 

x 10 3 0 cm'2*-1 

2.49 2.06 

Bunches per beam 6 6 
Protons per bunch x l O 1 0 11 7 

Antiprotons per bunch x l O 1 0 5 2.5 
Crossing per circulation 3 12 

Total AQZ protons 0.011 0.018 
Total AQZ antiprotons 0.011 0.025 

Table 1: Hadron colliders 

inant role and that even high-order resonances of order 10 up to 16 must be avoided. 
Besides the presence of these nonlinear resonances there is a further complication: In a 
nonlinear accelerator the tune is amplitude dependent and thus occupies a certain area 
in the tune diagram due to the amplitude distribution in the beam. Schematically this 
amplitude dependence for the beam-beam nonlinearity is depicted in Fig. 13. 

AQx. 

X . Z 

Fig. 13 Beam-beam detuning 

Since the maximum AQ that can be accommodated in the tune diagram avoiding reso
nances up to order 16 is roughly 0.02 (see Fig. 14 where we show the working point for 
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the Tevatron in the tune diagram) we obtain in this case for £Max 

AQ « 0.02 « n • £Max 

where n is the number of crossings per revolution. 

This gives 
(Max » 0.002 . . . 0.005. 

(60) 

(61) 

Q x = 

a* = 
19 .405 

19.415 

.39 .40 .41 .42 .43 .44 CL 

Fig. 14 Fermilab working point 

These low values of £ M a x (58) and (61) can not be explained with our simple linear 
models discussed above, thus proving that the nonlinear character of the beam-beam 
interaction is playing a fundamental role. In the next section we will study numerical 
and analytical methods to formulate the problem quantitatively. 

5. THEORETICAL TOOLS AND METHODS 
Various analytical and numerical methods have been developed to explain the ex

perimental facts described in the last section. Numerical simulations are divided into 
strong-strong and weak-strong varieties. At present, simulation is the only quantitative 
method to study the beam-beam interaction self-consistently and to calculate the lumi
nosity. 

For lepton colliders these simulations [15,33,34,35] have to include the coupled synchro-
betatron motion (six-dimensional phase space), the nonlinear beam-beam kicks, radi
ation damping, quantum fluctuations due to the stochastic emission of synchrotron 
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radiation and - if necessary - other lattice or rf nonlinearities. Some results of these 
calculations are shown in Fig. 15 for CESR (taken from [34]) and in Fig. 16 for PETRA 
(taken from [33]). 

Instability 
lines 

Excellent 

I I ».l 1.2 I.J 1-1 »•' 

Horizontal tune 
Fig. 15 Beam-beam simulation results for CESR. The contours are at equally spaced 
relative levels of luminosity. Crosses indicate bad lifetime. The straight lines define the 
positions of strong nonlinear resonances. 

a) 

ea : 

b) 

Fig. 16 Simulated vertical beam height in PETRA as a function of vertical and 
horizontal tunes a) without machine imperfections and b) with small imperfections. 
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The latter case shows the sensitive dependence of the beam size on perturbations of 
the machine. Perturbat ions can be small differences in be ta t ron phase advance between 
the interaction points and spurious dispersion at the interaction points. Because of 
these numerical results a different working point was chosen for P E T R A . Furthermore 
these simulations are very helpful for understanding the complicated interplay of non-
linearity, damping and stochastic excitation in lepton colliders. Fig. 17 taken from [36] 
shows such a calculation (weak-strong simulation). The combined effect of quantum 
fluctuations and nonlinearity can move a particle starting near the origin in phase space 
to a (nonlinear) resonance island before it is damped again and eventually pushed to 
another resonance nearby. 

N= 1 - 1 0 3 4 8 ;•;.. ,.::. 

Fig. 17 Phase diagram (z — z ) for weak-strong simulation (Qx = 25.2, Qz = 23.32) 

Analytical methods for ( e + , e~ ) machines have to include the radiation effects. In this 
case the equations of motion are given by a system of stochastic differential equations 
of the form [27]: 

x = A(x, s) + J?(x, s)ri(3) (62) 

where x is the six-dimensional phase space vector of the coupled synchro-betatron mo
tion A and J? includes the lattice nonlinearities, the beam-beam interaction and the 
average effect of the radiation. The term 77 is a stochastic vector process describing the 
stochastic emission of synchrotron radiation (quantum fluctuations). Depending on the 
stochastic process 77, x itself is a stochastic quantity specified by a distribution function 
S(x_,s) which is determined by the Fokker-Planck equation [37]: 

^-ç^)^£é(*é<H- (63) 

The Fokker-Planck equation is a linear partial differential equation. A further discus
sion of this subject is beyond the scope of this lecture but can be found in Ref. [38]. 

In lepton colliders numerical simulations have been very helpful to get a better 
understanding of the beam-beam interaction, and in many cases a good agreement is 
found between numerical results and experiments. Electron-positron storage rings are 
strongly influenced by radiation effects. On the one side radiation causes damping of 
the particle oscillations while on the other - because of the stochastic emission of syn
chrotron light - these quantum fluctuations cause a stochastic excitation of the particle 
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motion. After a few damping times the system has - hopefully - relaxed to its equilib
rium. Tracking and numerical simulation of the particle motion can thus be limited to 
a few thousand revolutions corresponding to a few damping times. 

The situation is quite different in present-day hadron colliders where radiation effects 
are almost negligible. Longtime predictions using numerical simulations are very subtle 
and CPU-time consuming. In this case, one is therefore strongly relying on analytical 
methods based on the theory of nonlinear (nonintegrable) Hamiltonian systems. We 
cannot cover this interesting field exhaustively, we can only illustrate some ideas and 
concepts. For further details the reader is referred to Refs. [7,39]. 

A model describing the weak-strong beam-beam interaction is given by the Hamil
tonian 

H = H0 + Hi (64) 

where 

JT0 = f + M ' ) y + y + M«)y (65) 
describes the transverse linear betatron motion in an ideal uncoupled machine [27], and 
kx,kz are the horizontal and vertical focusing strength. 

H1 = U(x,z)-8p{s) (66) 

describes the nonlinear kick a test particle is experiencing when crossing the strong 
counter-rotating beam at the interaction point. 

V ' ; j Jo {2*1 + g)V2 (2<r2 + g)Va H y J 

Sp(s) is the periodic delta function 

SP(s) = J2Ks-(sip + n.C)) (67) 
n 

(sjp designates the interaction and C is the distance between adjacent interaction points). 

The corresponding equations of motion read: 

, ÔH 
dp, 

px (68a) 
X 

ÔH , dU(x,z) e , . . , . 

z = - — = P z 68c 
Opz 

dH , dU(x,z) e , . , , , 
p z = - — = -kz-z i - î - J . . Sp(s). (68d) 
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In order to find the solution to (68 a-d) from sip — e to sip + C — e (see Fig. 18) we 
proceed as follows: 

-e +£ 
-\ 1 H 

— £ + £ 

— \ 1 * 

'»P 
sip + C 

« -

Fig. 18 

The motion from sip — e to sip + e is just given by (kick): 

( x{sip + e) 

Px(siP + e) 

z{sip + e) 

Pz(sip + e) 

I 

( x(sip-e) \ 

Px{sip - e) - jg{x(sip - e),z(sip - e)) 

z(sip - e) 

Pz(sip - e) - ^~(x(sip - e),z(sip - e)) 

(69) 

or in shorthand notation 

y[sip + e) = N.{y{'ip - e)) (70) 

where N_ is a nonlinear four-dimensional map. From Sip + £ to Sip + C — e the particle 
performs free (linear) betatron oscillations described by: 

1 x(sip + C-e) ^ 

Px(sip + C - e) 

z{sip + C-e) 

Pz{sip + C - e) 

) 

( cosfix fâxsm[ix 0 0 

-~-s'm(xx COS/J,X 0 0 

0 0 cos fiz (3QZ s in fiz 

0 0 — -^- sin az cos u z 

Pot 

1 x(sip + e) ^ 

Px(sip + e) 

z{siP + e) 

Pz(sip + e) 

(71) 
/ 

or 
y{sip + C-e) = L(y{sip + e)) (72) 

where L is a linear map (see Eq. (71)). The combined motion is given by inserting (69) 
into the right hand side of Eq. (71) or: 

y[sip + C-E) = LoNiy{sip - e)). (73) 
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Analysing the beam-beam interaction means investigating the nonlinear four-dimensional 
mapping (73) and its consequences for the particle motion. Numerical and perturbative 
methods have been developed to study these mappings, and it has turned out that these 
systems contain extremely complicated dynamics. In order to illustrate the problem and 
to demonstrate some of the unexpected features contained in 

y(n + l) = T(y(n)) (74) 

we make a further approximation. Since it is very difficult to visualize four-dimensional 
quantities we restrict ourselves to the two-dimensional case. This case describes, for 
example, the horizontal motion of a test particle which repeatedly crosses a round 
counter-rotating beam [40]: 

x(n + 1) = x(n)cos fi + /3 • p(n) • sin/z + /3f(x(n)) • sin /J, (75a) 

p(n + 1) 

with 

(see Eq. (15)). 

A numerical investigation < 
P(n) 

10 

5 

0 

-5 

-10 

-10 -5 0 5 10 X ( n ) 

Fig. 19 Phase space plot of (75 a,b) for various initial conditions (x (o), p (o)) 

Depending on the initial conditions (x(o),p(o)) various orbits can be seen in this fig
ure. There are closed regular trajectories, resonance islands corresponding to a rational 
tune Q — r/s and chaotic trajectories. These chaotic orbits fill a certain area in phase 
space which increases with increasing nonlinearity. Extended chaotic regions appear if 
nonlinear resonances overlap. Two adjacent trajectories which start in this region will 
separate exponentially quickly in time. A detailed analysis of this kind of mapping [39] 
shows that regular and stochastic motion is mixed in an intricate manner in phase space. 
At this point a word of caution is in order. Two-dimensional maps are special in that 
the existence of closed regular trajectories (KAM orbits [39]) implies exact stability of 
motion. Since chaotic orbits cannot escape without intersecting these invariant curves, 

— - s ( n ) sin \i + p(n) cos /z + f(x(n)) cos fi (75b) 

4*1 1 - exp ( - S 2 / 2 < T 2 ) 
x) = -—x -, (76) 

P 2^3-

(75 a,b) is shown in Pig. 19 [9,40]. 
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they are forever trapped inside. This is not true for higher-dimensional systems like our 
original mapping (73), where chaotic orbits can in principle always explore the whole 
four-dimensional phase space. Taking into account these results for nonlinear maps one 
hopes to be able to explain the beam-beam effects in hadron colliders. These effects are 
then related to the presence of extended chaotic regions in phase space or to diffusion 
effects induced by the beam-beam nonlinearities [7,40]. 

6. SUMMARY AND CONCLUSIONS 

In this lecture we have tried to illustrate the problems related to the presence of 
two colliding beams in lepton and hadron storage rings. These beam-beam effects play 
an important role in all existing machines and a complete understanding is still missing. 

All lepton colliders show a qualitatively similar behaviour concerning the current 
dependence of the luminosity and the beam-beam limit £. For all machines the upper 
limit of £ is of the order of 0.07. In these colliders, numerical simulations taking into 
account the completely coupled synchro-betatron motion, radiation damping, quantum 
excitations and the nonlinear beam-beam interaction have led to a better understanding 
of the parameter dependence of the system. In many cases, a good agreement is found 
between numerical calculations and experiments. Furthermore these simulations are the 
only method of treating the beam-beam interaction in a self-consistent manner so far, 
because the bunches will influence each other in a very complicated way. Analytical 
methods using concepts from the theory of stochastic differential equations are very 
difficult and are only at the beginning of their development. 

In proton colliders nonlinear resonances play the dominant role in determining the 
luminosity. Even high-order nonlinear resonances must be avoided. Numerical simula
tions are very CPU-time consuming and subtle because of the lack of radiation damping. 
The longtime dynamics under the influence of the (nonlinear) beam-beam interaction 
can not be extrapolated easily from tracking the particles a few thousand revolutions. 
Therefore, in the hadron case one relies strongly on analytic (perturbative) methods 
of nonlinear (nonintegrable) Hamiltonian systems. The dynamics contained in these 
models shows a very rich and complicated structure: regular and chaotic regions are 
intricately mixed in phase space. In higher-dimensional systems (e.g. four-dimensional 
maps) various diffusion processes induced by the nonlinear character of the beam-beam 
interaction are possible. These include Arnold diffusion and various kinds of modu-
lational diffusion [7,39]. The hope is that these concepts will explain the beam-beam 
effects in hadron colliders. 

Until now, we have only considered colliders with head-on collisions. Machines 
with a crossing angle have to be treated with care. A detailed analysis of this case 
shows that the crossing angle induces a coupling between the synchrotron and betatron 
motion [21,41]. In this way, the number of nonlinear resonances is drastically increased 

rQx + pQz + IQs = rn. (77) 



93 

This coupling is due to the fact that the kick a test particle experiences depends on its 
longitudinal position (see Fig. 20). 

particle 

centre of bunch 

Fig. 20 Beam-beam interaction at a crossing angle 

For further details and a comparison with experiments performed at DORIS I, the 
reader is referred to [18,41]. 

Another challenging problem not mentioned until now is the beam-beam interac
tion in linear colliders. Because of the extreme focusing of the beam to several square 
microns the deflecting fields for the particle will be very large, causing a variety of ad
ditional problems which we can only mention, such as beamstrahlung, pinch effect and 
other effects typical for plasmas. The reader can get an idea of the problem by looking 
at Fig. 21 which shows a numerical simulation of the pinch effect in linear colliders [42]. 

& 

1 

1 1 1 

».v. j i»«- ; : .> % : . 

1 1 

0 
-1 -

e + 

I 1 I 
— e~ 

I l 

: 

1 
0 
-1 -

c* 
1 1 1 

— c " 
1 1 

-

1 
• "•" • -rWt 

0 "tTJKfjW» 
ura!cy -

-1 

1 1 1 
— e" 

1 1 

1 • "i1 .*• *s~if- • 
0 WSÊfa: -
-1 . ">**?..!>'• *~ 

'-—c~ 
1 1 1 1 1 

-15 -10 -5 0 5 
Z/crz 

10 15 

Fig. 21 Pinch effect in linear colliders [42] 
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Summarizing, we can say that many experimental and theoretical facts are known. 
However, designing future colliders such as B-factories, which require an increase in 
luminosity by a factor 50 - 200 compared to the existing machines, or a linear collider 
is still very challenging. A good design has to rely on experimental observations, nu
merical simulations and, last but not least, on good theoretical models. 
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SYNCHROTRON RADIATION 

R. Maier 
Forschungszentrum Jûlich GmbH, Institut fiir Kernphysik, D-5170 Julich, Germany 

ABSTRACT 
The properties of synchrotron radiation, emitted when charged 
particles (normally electrons or positrons) with relativistic speed 
undergo radial acceleration, are presented. The important formulae 
of a circular orbit are constructed in the framework of classical 
electrodynamics. The characteristics of synchrotron-radiation light 
sources are discussed in examples. 

1. INTRODUCTION 

A charged particle moving on a circular path experiences a centripetal accelera
tion, and hence emits radiation. Therefore, when an ion is accelerated in a cyclical 
accelerator a fraction of the energy applied to it is lost as electromagnetic radiation. The 
total power radiated per revolution is propertional to E 4/p, where E and p are energy 
and radius of curvature, respectively. The losses due to radiation become very impor
tant, and constitute a serious limitation to the construction of cyclic accelerators of very 
high energy. Since electromagnetic radiation is emitted in a direction perpendicular to 
the acceleration, the synchrotron radiation is emitted mainly in the direction of motion 
within a cone whose axis is tangent to the electron's path. 

The classical theory of synchrotron radiation can be found in textbooks [1, 2, 3], 
including introductory ones [4], or review articles [5, 6]. 

Here, only a short summary of the properties of radiation from a relativistic 
electron is presented. The main results of the exact theory of synchrotron radiation are 
described. The characteristics of synchrotron radiation as a light source are discussed 
with particular stress on multipole wigglers and undulator radiation. 

The energy loss due to emission of synchrotron radiation has strong effects on the 
dynamics of the particles in synchrotrons or storage rings. The radiation leads to 
damping and anti damping of oscillations around the equilibrium orbit which determines 
longitudinal and transverse damping times, beam size and beam lifetime [3, 7]. 

The properties of the radiation influence the design of the accelerator compo
nents. Radio frequency cavities are needed to accelerate the beam and to make up the 
energy lost due to the emission of synchrotron radiation. 

The vacuum system must be designed to maintain gas pressures low enough to 
produce lifetimes due to gas scattering of 10 hours or more. The gas molecules are 
desorbed by synchrotron radiation in a two step process, whereby photons with energy 
higher than 10 eV first produce photo-electrons which then desorb surface gas molecules 
by electron-stimulated desorption. If the beam energy is sufficiently high, the radiation 
can penetrate the beam tube. Special shielding must then be added to the vacuum 
chamber to prevent radiation damage of sensitive accelerator components. 
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FIELD EQUATIONS 

Maxwell's equations can be solved by introducing the potentials <j> and A., defined 
by: 

B = rot A 
(1) 

E = g r a d < J > - ^ A 

The potentials $ and A are solutions of the two equations 

A4> 

AA 

1 g 2 ( j > = p 

c 2 3 t 2 

c^A 
? 3 t 2 

CQC 

(2) 

and satisfy the Lorentz condition 

divA + i ^ | = 0 . (3) 

3. LIENARD - WIECHERT POTENTIALS 

To describe the field of a moving point charge, the solutions of (2) are given by 

<t>(x,t) 
4TTCO 

^ ^ _ t + I ) d 3 d t , 
r(i,t') C * 

(4) 

Afe*) = ér0 h l^6(V-i+l)à]it> 

where 6{t) is the delta function. 

The radius vector x, the points of observation and f, the points of the integration 
region are linked together by 
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Integration over the spatial coordinates yields, for the scalar potential (4a), the 
charge q, and, for the vector potential (4b), the charge q, multiplied by its velocity fie. 

For an electron of charge q=e the Liénard-Wiechert potentials are 

fet) = îk(raF]r = t-l 
(5) 

fi e f — 11 
^ ' t ) = 4 l r ^ c [ l ^ F j V = t-T-

The subsript t' = t — £ means that r and fl are to be taken at the location and 
velocity of the electron at the later time t'; fi is the normalized particle velocity and 

4. FIELD OF AN ACCELERATED POINT CHARGE 

By substituting (5) into the expressions (1) the fields at the point of observation 
are 

e f IL- fi nx((n-fi)xfi } 

S f e t J - H ï ï | ( i _ ^ 3 r 2 7 2 +

( 1 _ ^ 3 r c j t , = t _ l 

(6) 

B(x,t) = ±(nxE). 

The electric and magnetic fields of a point charge in motion consist of two terms. 

The first depends only on the velocity and is proportional to - j . The second term, which 
r 

depends on the acceleration fi, is proportional to -. 

5. TOTAL RADIATED POWER 

The total power radiated is obtained by integrating the Pointing vector 

S = E x B 
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over a closed surfaced around the particle. The Pointing vector is, for the acceleration-
independent term, proportional to - j , and, for the acceleration term, proportional to -«. 

r* r 
The contribution of the acceleration-independent term becomes arbitrarily small 

at a distant point. For the acceleration-dependent term, the energy flux will be finite 
and therefore this term will be considered in the following. 

For non-relativistic velocities (fi -* 0) the acceleration-dependent part of the 
fields are 

„ n x (nxfi) 
rc 

(7) 

B (x,t) = I (n x E). 

The Pointing vector is therefore 

S = E x B = en c E 2 n. 

The power radiated by the particle into the solid angle dft is 

dP = (S • n) r 2 d fi. 

The total radiated power into the solid angle dfi = 2TT sin (j> d(J) with <f> being the 

angle formed by the vectors fi and n is 

P = - ^ f i 2 = | ^ v 2 (8) 
6ire oc5 6 c 2 

with the classical radius of the particle 

1 e 2 2 
ro = ^r—2 a n d E

0 = m o c -
o m 0c 

In the system of the particle, which moves relative to the laboratory system with 
velocity fie, the radiated power is given by (8). After a Lorentz transformation of (8) to 
the laboratory system the power radiated by an accelerated particle of arbitrary velocity 
is 
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2 r o m o , 6-2 , 4-2 P = H - * ( T ^ + 7*73. 0) 

If p is the radius of curvature, the perpendicular acceleration is given by v = 

2 • 1 (fic) I p. The parallel acceleration VM = cfi can be written by differentiation of 7 = 
„2 

\i-fr 
1 q 

as V11 = cfi 7 7. The radiated power is 

2 r_ E_ r : 2 „4 2 4 

In terms of momenta (PM = E/fic, P = m yv ) the radiated power can be written as 

p =^E7( p i + - ' 2 p 2 J- (») 

0 
Equation (11) shows that the same accelerating force produces a 7 -times higher 

radiation power, if it is applied in perpendicular direction, compared to the parallel 
direction. 

For a particle moving with a constant velocity in a circular machine (bending 
radius p) the power radiated due to curvature of the orbit is 

6. ANGULAR DISTRIBUTION OF THE RADIATED POWER 

The power, radiated per unit area, in terms of the charge's own time reference, is 
the same as the power observed in the laboratory. The radiated power per unit solid 
angle is given by 

g = r 2 (S-n) (*-) = r2 ( s .n) (1 - n-fi). (13) 
a " dt' 

By substituting S = E x B and (6) into (13) one obtains 

file:///i-fr
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d P = e

2 fa? ((**) ̂ l 2 

m (4x) 2

f o c (1-nfl)5 * 

For circular motion with fifi = o, nfl = fl cos <j>, nfi = fi sin <J) cos 
becomes 

d P _ e 2 - f. sin2<t> c o s 2 f ] 

The geometry is defined in Fig. 1. 

Fig. 1 Geometry of the emitted synchrotron radiaton 
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7. FREQUENCY CHARACTERISTICS OF THE RADIATED SPECTRUM 

The radiated power received by the observer, per unit solid angle, and per unit 
frequency interval, during a single passage of one particle is 

^ = I ^ 7 c - ( ^ 2 ( 7 + * 2 ) K 3 ^ 

£n^/*<0] 
(16) 

i/r + •' 

with f = $ ( ^ + <j>2)3/2 and K 2 , g (£) and Kj / 3 (£) the modified Bessel functions. 

The first term in the bracket of (16) is associated with radiation with parallel, 
the second with perpendicular polarisation. The normalized intensities of the horizontal 
and vertical polarisation components as functions of the vertical observation angle if> are 
shown in Fig. 2 for different photon energies, from Ref. [12]. 
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Fig. 2 Normalized intensities of horizontal and vertical 
polarization components, as functions of the vertical 
observation angle ^ for different photon energies 
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The root mean square angle of emission is 

<*2>li2=\ 
Note, that the total radiated power is obtained by integrating (15) over all angles for a 
circular orbit, in agreement with (12). 

Integrating (16) over all angles gives the spectrum of the total radiation 

(17) 

The function G, (y) = y \ Kg #„ (x)dx, where y is the ratio, photon energy to critical 

photon energy, is plotted in Fig. 3. 
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Fig. 3 The function Gi(y), where y is the ratio of photon 
energy to critical photon energy 
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The typical frequencies in the Fourier spectrum from a single electron can be 
understood from the duration of the photon pulse seen by the observer. Due to the small 
opening angle (~ -) the radiation will only be detected from the part of the electron 

trajectory which has angles smaller than ~ =-. The duration of the pulse is equal to the 
difference in travel time of the particle and the radiation between A and B (Fig. 4). 

electron 
trajectory 

observer 

Fig. 4 Estimation of the typical frequency of the electro
magnetic pulse generated by a relativistic electron 
travelling along a circular orbit 

The difference in time is 

C7 

The spectrum of the radiation is therefore 

f „ ! ~3£2? 
typical ~ ST " ? p 

which is K of the critical frequency u . 
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8. QUANTUM EMISSION 

The energy loss due to synchrotron radiation is an electromagnetic process where 
the emission in quanta of discrete energy appears. The emission of these quanta of 
discrete energy leads to a disturbance of the particle trajectory. 

The mean rate of emitted photons and the mean quantum energy can be calcu
lated in the following way. 

The emission of radiation at frequency u is equivalent to the emission of quanta 
with energy e = faj. The number of quanta n(e) emitted per unit time with energies 
between c and e + de is 

en(e)cU = £ • < ! « . (18) 

Dividing Eq. (17) by the revolution time yields the power emitted between u and u + 
du 

dP_fic dl n q > 

The power spectrum can be written: 

C C 

with the spectral function S(x), x = — expressed by 

c 

S(x) = ^ x / K 5 / 3 ( 0 d ^ (21) 

S is normalized so that 
J S(0 d£ = 1. 
o 

The quantum distribution function n(e) can be written with (20) and (21) as 

n ( e ) = 9 l 3 P , K , (x)dx. (22) 
Sir c c e/ec ' 

The number of emitted photons per second is 
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and the average quantum energy is 

< € > = ^ r J c n ( C ) d c = I | J l € c « 0 . 3 2 c c . 

The average number of photons, emitted on a circular orbit, per radian, depends 
only on the beam energy 

In Table I the beam energy, the critical energy and the quantum emission rate 
are summarized for different machines. 

Table I 

Examples of energy loss, radiated power, critical photon energy 
and the quantum emission rate 

E 
[GeV] 

P 
M 

Uo 
[MeV] 

P 
[/xW] [keV] 

N/(rad) 

DCI, Orsay 1.85 3.84 0.27 0.54 3.7 36.2 

COSY, Berlin 0.59 0.44 0.024 0.42 1.0 11.6 

BESSY, Berlin 0.8 1.78 0.020 0.09 0.6 15.7 

DORIS, DESY, Hamburg 5. 12.3 4.5 2.8 22.6 97.8 

XRAY, NSLS, Upton 2.5 6.98 0.5 0.54 5.0 48.9 

SPEAR, SSRL, Stanford 3. 12.5 0.57 0.35 4.8 58.7 

CHESS, Cornell 5. 33.5 1.7 0.38 8.3 97.9 

LEP, CERN, Geneva 55 3100 260 0.64 119.0 1076.3 

LEP, CERN, Geneva 100 3100 2850 7.0 715.6 1956.9 

LHC, CERN, Geneva (p) 8100 3100 0.011 3 - 1 0 - 5 0.06 0.096 
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9. SYNCHROTRON RADIATION FROM STORAGE RING BENDING 
MAGNETS 

The total power (12) radiated by one particle is 

p 1 2 ç e W 2 c r o m o c V 7

4 ,„, 
V = VFT^ 2 = 5 2 • t 2 3 J 

o p p 

The integration over all bending elements gives the radiated energy in one 
revolution. 

For an isomagnetic lattice the radiated energy is 

U„ = ?r m cûV? 1- (25) 
o 3 o o ' p K ' 

An electron loses this amount of energy U per turn. The energy is replaced by 
the radio-frequency system which consists of one or more cavities driven at a harmonic 
of the revolution frequency. The RF system also provides energy or phase focussing by 
giving an additional acceleration to those particles which lack energy and vice versa. 

The critical frequency u of the radiation is 

" , = | c 7 V (26) 

The critical photon energy is given by 

cc = H = i^^ < 2 7 ) 
4\A 

with the reduced Planck constant îi, = 1.055 • 10 Js. 

Table I summarizes the energy, the bending radius, the energy loss per turn, the 
radiated power and the critical photon energy for different circular machines to demon
strate the importance of synchrotron radiation. 
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10. SYNCHROTRON RADIATION FROM WIGGLER MAGNETS 

The wiggler magnets [8], which have a piecewise homogeneous higher magnetic 
field with special alternating polarity, increase the critical energy and the intensity of 
the synchrotron radiation. The simplest device consists of three consecutive dipole 
magnets with the magnetic field — 0.5 B, B, — 0.5 B, which produces a wiggle in the 
electron orbit (Fig 5). 

Fig. 5 Schematic diagram of a wavelength shifter, the simplest 
insertion device consisting of three consecutive dipole 
magnets 

A sequence of three-dipole wigglers (or wavelength shifters) with alternate mag
netic field strengths constitute a multipole wiggler. The radiation from consecutive 
magnets adds up incoherently in the direction of propagation of the electron beam 
(Fig. 6). The wiggler field along the axis, far from its end, has a sinusoidal distribution 
with amplitude B and period A : 

B = B Q sin (27rs/A0). (28) 

Fig. 6 Schematic diagram of a multipole wiggler, a sequence 
of wavelength shifters with alternate magnetic field 
strengths (number of periods = 3) with associated 
electron trajectory 
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The angle of deviation of the electron is ± k/7 and the amplitude of wiggle is 
parameter k is defined by given by kA /2TT7, where the deflection 

e B A 
2îrm c o l ' o l J 

o 

The k-parameter here is typically much greater than for multipole wigglers. 

(29) 

The total power radiated in a wiggler with bending radius p by a circulating 
current I is given by 

.2 4 L 
P w = 5 

2 r e m o c f T

 w 2 

w. 

9 2 length, L = p J p ds. The total energy loss per turn is w 2 wQ w 

U = U o [ 1 + ^ l ^ 2 ] 

w 

(30) 

with p = bending radius in the centre bf the wiggler and L the effective quadratic 
w o w„ 0 

(31) 

where p is the bending radius of the machine. 

The photons radiated from a wiggler are very energetic. This leads to strong 
quantum excitations. The natural energy spread in the beam [9] is increased 

ffEx2 , a ^ 2 l + ( W 3 / 2 ^ ) W 
( ^ = ( ^ 0 — V 

(L w /2»p)(p/|p, 

with L the effective cubic length, L = 
w 3 3 

(32) 

w. 

pZ f /T 3 ds . 
>w ' ^w 
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These quantum excitations determine also the beam emit tance [10]. The ratio of 
the emittance with wiggler on, to that with wiggler off, is 

<x 1 + ( P / P w 0 ) 2 (Lw/2xp ) (<H> w /<H>) 

S T = 1 4- (p/pw ) (V 2 *'w ) 
O 0 

(33) 

with H(s) = 7 x » | 2 + 2 f t x rtf + fix rj'2, 7 X = - j - 2 - , <*x = - \ S x, C x tor. betatron 

amplitude, rç dispersion. 
7 

The effect on the quantum excitation is small, if the wiggler is placed at a loca
tion where the dispersion is small. 

Table II shows X-ray heat load data given in Vol. 3, No. 2, 1990, Synchrotron 
Radiation news. For each device the heat loads and critical energy correspond to the 
typical ring energy and operational field of magnet. 

Table II 
X-ray heat loads (power/mA) 

Device Ring Energy 
(GeV) 

Poles Critical-
energy 
(keV) 

Total X-ray 
heat loads 
(w/mA) 

CHESS PM 
Wiggler 5.5 25 21.1 65 

NSLS supercond. 
Wiggler 2.5 7 21.6 48 

SSRL 54-Pole 
Wiggler 3.0 54 7.8 7.8 

HASYLAB X-ray 
Wiggler 4.5 56 13.6 52.5 
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11. SYNCHROTRON RADIATION FROM UNDULATORS 

Undulators are multipole wigglers with moderate magnetic fields and a large 
number of poles. In this case the deflection parameter is not large compared to unity. 
The maximum angle of the trajectory of the electron is smaller than the radiation open
ing angle and the emissions from the whole length of the trajectory interfere. The perio
dicity of the radiation field produces a line spectrum. The radiated wavelength of the 
lines is given by: 

n 2n7Z l 

with 0 the angle of observation with respect to the undulator axis, and n the harmonic 
number. 

In the forward direction, the spectrum is composed of odd harmonics only, and 
the width of the spectral peaks is determined by the number of magnet periods N and is 

n 

The spectral and angular distribution in forward direction of the radiation 
emitted by an undulator [11] results in units of [photons/sec/steradian] by 

d N n 9 •> A,, 8 i n 2 ( X J 2 ) 
a n a l e - o - » " a V l i ^ F a ( k ) - ^ ^ (36) 

where a = 1/137.04, 
I = current in A, 

U-U)_ A «I W^JJ 

^ = i R , x n = 2 x N n ( - n ) 

2n c k 7

2 

jo_' ,. 2ir 
" n l+k z / 2 "-= -C >ko = f "* <3 7) 

n ( l+k 2 /2 ) 2 L 4+2k2 S j l 4+2k 2 2=iJ 

and where the J are Bessel functions, n 
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The functions F (k) [12] for different values of n are shown in Fig. 7. 

Fig. 7 The function F n(k) for different values of n, where k 
is the deflection parameter 

An approximate formula for the flux f , integrated over the central curve, is 

n 

in unit of photons per/sec/0.1% bandwith 

fn = 1.431 • 10 1 4 N Qn(k) I [A] 

(38) 

(39) 

where Q n(k) = (l+k 2/2) Fjn. 

Figure 8 shows the spectral brilliance, i.e., flux divided by 4x and the horizontal 
and vertical emittance of the electron beam, of the BESSY multipole system [13] in the 
undulator and the multipole-wiggler mode, compared with the brilliance of a bending 
magnet. The functions for the undulator are the envelopes for the energy variation of the 
different harmonics n = 1,3,5,7. 
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RADIATION DAMPING 

R.P.Walker 
Sincrotrone Trieste, Trieste, Italy 

ABSTRACT 
The basic formulae for the damping of the energy and betatron 
oscillations are derived. The results are applied to a number of examples 
of different lattice designs in which radiation damping effects are 
important. Methods of modifying and measuring the damping rates are 
also discussed. 

1. INTRODUCTION 

The loss of energy due to the emission of synchrotron radiation, and its replacement by 
the r.f. cavities, can give rise to a damping of the oscillations in energy and tranverse 
displacement (synchrotron and betatron oscillations), a process known as "radiation damping". 
The only feature of the synchrotron radiation emission that is involved in this process is the 
continuous rate of emission of energy, given by [1,2]: 

c F 4 

p = c 9 é | <» 
from which can be obtained the total energy loss per turn, U 0: 

E 4 

U 0 = Cg J 
where, 

e 2 

Cq = / „NA = 8 - 8 5 1 0 ~ 5 m GeV 3 (for electrons). 
3 e 0 ( m c 2 ) 4 

Because of the dependence on the fourth power of the rest mass the synchrotron radiation 
emission, and hence radiation damping effects, are only relevant for electrons at the energies of 
present-day accelerators. 

The process of radiation damping is important in many areas of electron accelerator 
operation: 

i) it can give rise to a stable (Gaussian) distribution of transverse and longitudinal beam 
dimensions due to an equilibrium between the competing forces of radiation damping and 
"quantum excitation" - the growth of oscillation amplitudes due to the discrete emission of 
radiation quanta; 

ii) it permits an efficient multi-cycle injection scheme to be employed in storage rings, by 
allowing the beam dimensions to damp in size between injection pulses; 

iii) it allows large beam dimensions, produced in a linac for example, to be reduced in 
specially designed "damping rings"; 

iv) it helps to counterract beam growth due to various processes such as intra-beam scattering 
and collective instabilities. 

In this chapter the basic formulae for the damping of the energy and betatron oscillations 
are derived, following closely the treatment in earlier texts [3-5]. The main results are illustrated 
by a number of examples of different lattice designs in which radiation damping effects are 
important. Methods of modifying the damping rates in a given ring are then discussed and 
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finally techniques for the measurement of the damping rates are considered. A treatment of the 
related quantum excitation process, and the derivation of the equilibrium beam dimensions, may 
be found elsewhere [3,4,6,7]. 

ENERGY OSCILLATIONS 

Figure 1 shows the accelerating voltage, and hence the energy gain, in an r.f. cavity as a 
function of the time of arrival of an electron. The particle which arrives on every turn at the 
correct time (and hence phase with respect to the r.f. voltage) in order to make up the loss due to 
synchrotron radiation (U 0) is called the synchronous particle, and its energy is the nominal 
energy of the design orbit, E 0 . An electron with a higher energy will in general travel on a 
longer path and therefore arrive later at the cavity. It can be seen from Fig. 1 that such a particle 
will receive less energy at the cavity, which therefore compensates for the energy deviation. 
Similarly, a lower energy particle travels on a shorter path, arrives earlier at the cavity and 
therefore has a higher energy gain. This describes the usual stable oscillations in energy and 
time that occur about the synchronous point, which are analysed in more detail in Ref. [8]. If in 
addition the energy loss due to synchrotron radiation increases with the energy of the particle, 
then it can be seen that this will provide a damping of the oscillations. 

Accelerating voltage 

Time of arrival 
at cavity 

Fig. 1 Variation of accelerating voltage in an r.f. cavity as a function of electron arrival time 

We now consider this damping process in more detail. The standard terminology will be 
used which refers to the time displacement of an electron with respect to the synchronous 
particle, or equivalently to the centre of the bunch, as shown in Fig. 2. In this description an 
electron which is ahead of the synchronous electron by a distance As has a positive time 
displacement x = As/c. An electron with a positive energy deviation e = E-E 0 has a larger orbit 
length (L) and hence orbit period (T) with respect to the synchronous particle (denoted by the 
subscript o) given by: 

AT = AL = _e_ 
T 0 LQ E Q 

where a is the momentum compaction factor, neglecting the relativistic factor which is 
negligible for electrons [8]. We assume that changes in energy and time displacement occur 
slowly with respect to the orbit period, which permits use of a differential notation: 

dx e 
d T = - a F ^ (2) 

Considering the energy equation, in one turn an electron loses an energy U(e) and gains 
from the r.f. cavity eV(x); the net change is therefore: 
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Ax,z 
Synchronous 

particle 

Fig. 2 Location of the synchronous particle and an electron with a positive time 
displacement in an electron bunch 

and so on average: 

AE = eV(x)-U(e) 

de _ eV(x) - U(e) 
dt " T 0 

Taking the derivative of the above then gives: 

d^e = _e_ /dV(x) dx\ J_ fdU(e) de) 

dt 2 = T ° \ dx * " M de c 

Inserting Eq.(2) gives: 

d 2 e 1 dU(e) de e a dV(x) _ 
dt 2 + T 0 de dt + T 0 E 0 dT £ " U ' (3) 

For small oscillations it can be assumed that the accelerating voltage varies linearly with 
respect to the arrival time around that of synchronous particle: 

eV(x) = U 0 + eV 0 x 

where V 0 is the slope of the accelerating voltage dV(x)/dx at x = 0. Using this expression 
Eq.(3) can be written as follows: 

d£e 
dt 2 

+ °"£ dT + ^ e = ° 
where 

a. 
1 dU 

e " 2 T 0 de 
e 

(4) 

a 2 = f V 0 
l0 

Eo 

This can be recognized as the usual equation of harmonic motion for the energy oscillations [8] 
with an additional damping term. Assuming that the damping rate a e is small with respect to the 
oscillation frequency Q, the solution can be written as follows: 
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e(t) = Ae -^cosCOt -W 
T (t) = ^ A c"*1 sin (Qt - <t>) 

where A and $ are constants determined by the initial conditions. It can be seen that as 
anticipated the damping rate depends on the change in energy loss with energy deviation 
(dU(e)/de). 

No 
damping \ . „ 

With 
damping 

Synchronous 
particle 

Fig. 3 Illustration of energy oscillations with and without radiation damping 

Figure 3 illustrates the above solutions. In the absence of damping an electron executes a 
harmonic oscillation in energy and time with a fixed amplitude that is represented by an ellipse 
of a given size. With positive damping the particle spirals slowly towards the fixed point, 
namely the synchronous particle. Initially it was thought that this damping of the longitudinal 
bunch length might (at sufficiently high energies) limit the beam intensity that was achievable, 
as a result of the increased energy loss due to coherent radiation. However, it was later realized 
[9] that the growth of the synchrotron oscillation amplitude induced by quantum fluctuations in 
the rate of emission of radiation would lead to an equilibrium distribution for the oscillation 
amplitudes, that would prevent such difficulties arising. 

reference orbit, E„ 

Fig. 4 Elements of the reference orbit and a displaced trajectory 

We now consider how to calculate the damping rate (oce) from the rate of change of 
energy loss with energy (dU/de). When the energy deviates from the nominal energy E 0 the 
energy loss changes due to several factors. Firstly, the energy loss is itself a function of energy 
and secondly because the orbit deviates from the reference orbit there is a change in magnetic 
field B(s) and a change in the path length. Figure 4 shows a curved element of the design orbit 
in the horizontal plane for a particle of the nominal energy E 0 , where the radius of curvature is 
p. Also shown is the trajectory of another particle with transverse displacement, x. In general 
the path length for the elements are related as follows: 
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ds " l + p 

For an off-energy particle the closed orbit is defined by: 

(5) 

x(s) = D(s) 
Eo 

(6) 

where D(s) is the dispersion function. In this case therefore: 

ds p E Q ' 
(7) 

The energy radiated per turn is defined as the integral of the radiated power (P) around the 
off-energy orbit: 

U(e) = - j> P dl 

Using Eq.(7) for the path length this can be expressed as an integral over s: 

U ( E ) = ^ ( t ) P | l + | | - l d s 

We now expand P as a function of energy and transverse displacement, given the fact that P is 
proportional to E 2 and B2(x), Eq.(l): 

2PQ 2P f l dB 
P(s) = P 0 + ^ e + - ^ ^ (8) 

where P 0(s) is the power radiated on the design orbit, where the field is B 0 . Using Eq.(6) and 
inserting in the above, and keeping only linear terms in e we obtain: 

U(e) = - (J) 

J 

p +

2 P o e +

 2 P o d B e P 0 D e_ 
ds . 

For the damping rate we require the derivative: 

r 

de c 

2 P 0 2P 0 kpD P 0 D 
-= — = + ds 

; 
PE 0 J 

where the usual focusing parameter k for gradient fields has been introduced 
(kp = [-dB/dx]/B0). Since the integral of PQ/C around the design orbit is U 0 , we obtain: 

dU(e) 2U 0 l 

de 

2U 0 l f 
= "Ê7 + ^ j>P0D(l/p-2kp) ds 
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and hence the equation for the damping rate can be expressed in the following standard form: 

1 dU 

where 
tte " 2T 0 de ~ 2T 0 Eo 

1 Htt ( 2 +D) 

0 = - j - | p 0 D ( l / p - 2 k p ) d s . (9) 

Using the fact that P 0 depends on 1/p2, the important parameter 0 can be expressed in the 
following standard forms, involving only integrals over various lattice functions: 

<|>D/p( 

0 = 1 =-
1/p - 2k) ds D(l-2n)/p ds 

1/p ds i 
(10) 

1/p ds 

It is clear that 0 is a dimensionless number, with contributions only from the ring bending 
magnets (l/p^tO). One term involves both bending and focusing fields (k/p*0) which is present 
in "combined function" or "synchrotron magnets". For these magnets it is convenient to define a 
field index, n: 

n = _dB _p_ k 2 
n dx B 0

 p 

which appears in the second expression above for 0 . 

From the expression for the damping rate, Eq.(4), we recall that dU/de must be positive 
for the oscillations to be damped and hence 0 > -2. In the most common case of a "separated 
function" lattice (as will be seen later) 0 is a small positive number, in which case dU/de is 
determined only by the E 2 dependence of P. In this case we have the result that: 

tp = _ J_ TQEQ 
a F 

Uo (11) 

i.e. the damping time is approximately the time it would take for an electron to radiate away all 
its energy (at constant rate), a useful and easily remembered result. 

We conclude this section on the energy oscillations with a table giving various parameters 
connected with the energy oscillations for two widely different electron machines at CERN, the 
EPA [10] and LEP [11]. It can be seen that in both cases the damping time is much longer than 
the synchrotron oscillation and orbit periods, justifying the approximations used in the 
derivation above. As a final point, we note that for protons even at the high energy expected at 
the SSC (20 TeV) the damping time is still extremely long, about 8 hours. 

Table 1 
Energy oscillation parameters for two electron storage rings 

EPA noi LEP [111 
Energy, E 0 (GeV) 
Energy loss per turn, U 0 (keV) 
Orbit period, T 0 (|is) 
Synchrotron oscillation period (ms) 
Synchrotron oscillation damping time, x? (ms) 

0.6 55 
8 260 10 3 

0.42 89 
0.27 1 
64 18 
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3 . BETATRON OSCILLATIONS 

We consider now the damping of the betatron oscillations, considering firstly the more 
simple case of the vertical plane. 

3.1 Vertical plane 

It is convenient to use the following approximate form for the vertical betatron 
oscillations: 

z = A cos (<{>(s) + ())o) z' = -g- sin((|)(s) + 0O) 

where A is the normalized amplitude of the oscillation: 

A 2 = z 2 + (pz')2. (12) 

However, it is easy to show that the same result is obtained if the complete form for the 
amplitude is used: 

A 2 = yz 2 + 2oczz' + (k ' 2 . 

. Emission of a photon: . Energy gain in r.f. cavity: 

Fig. 5 Effect of energy loss and energy gain processes on the electron momentum 

We wish to consider the effect on the oscillation amplitude A of energy loss due to 
synchrotron radiation and energy gain in the r.f. cavities. These processes are illustrated in 
Fig. 5, occuring at an arbitrary point with respect to the phase of the betatron oscillation. It can 
be seen that since photons are emitted in the direction of the motion of the electron, there is a 
change in the value of the momentum, but no change in angle z'. On the other hand, in the r.f. 
cavity there is an increase in the longitudinal component of the momentum (p\\) which therefore 
reduces the angle. Since z'=pj_/p n, after the cavity we have 

z' + 5z' = P U + ô p p ' 

and hence: 

oz = -z —̂ . 
^ 0 
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Using Eq.(12) the change in oscillation amplitude is given by: 

A 8A = p2 z- ôz- = .p2 Z'2 Jg . 

Averaging over all possible phases of the oscillation at the time the electron passes through the 
cavity, <z'2> = A 2/2p\ we have: 

<SA> _ 1 5e 
A " "2 Eo * 

Since the gain in energy over one turn is small compared to the electron energy we can average 
over one turn to obtain: 

AA _ jOJo_ 
A ~ 2 E 0 • (13) 

The motion is therefore exponentially damped (exp - a z t ) with a time constant a z given as 
follows: 

a, = -
1 dA Up 
A dt ~ 2 E 0 T 0 

which is one half of the approximate value for the energy oscillations derived in the previous 
section, Eq. (11). 

3.2 Horizontal plane 

Fig. 6 Effect of energy loss on the off-energy orbit 
and betatron motion in the horizontal plane 

The same process as above occurs in the horizontal plane also, but there is an additional 
effect due to the emission of synchrotron radiation at points where there is finite dispersion 
(which is usually zero in the vertical plane). As before, there is no change in x or x' due to the 
radiation emission (see Fig. 6), however the change in energy implies a change in the off-
energy orbit (x e = D(s) e/E0) and hence an equal and opposite change in the betatron amplitude 
xn, since x = x e + xn. We have therefore: 

8xp = - 8xE = - D p - . 

Similarly, the change in angle of the betatron oscillation is given by: 
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Sxn' = - ôx e ' = - D' p - . 
• co 

The change in the oscillation amplitude A where: 

A2 = x p 2 + ( p X p ' ) 2 

is therefore given as follows: 

A ÔA = xp ôxp + p2 X'p 5 x 'p = - (D xp + (32 D' x'p) | ^ . (14) 

If the rate of energy loss were constant then averaging over the betatron phase would 
yield no net increase in amplitude, however, this is not the case and it is necessary to include the 
variation of energy loss with XR. Since the energy loss in a small element is given by ôe = -P/c 
51, where (Eq.(5)): 

5s p 

and expressing P as a function of XR, as in Eq.(8): 

P = Po + ̂ f H xp = P0(l-2kpxp) 

gives the result: 

1 - 2kpxp + ̂  J 8s . 
p ( 

Combining with Eq.(14) and averaging over the betatron phase, given that <XR> = 0, <X'R> 
0, <xpx'p> = 0, and <xp2> = A 2/2 gives: 

^-S^DO/p-îkp)». . 

Over one turn therefore: 

AA ^-^fp.DlM.-apld.-^f 

using the earlier definition of the quantity D, Eq.(9). 

In a separated function lattice this would give rise to an increase in oscillation amplitude, 
however, when the effect of the damping that occurs due to the energy gain in the r.f. cavities is 
added, as in the vertical plane Eq.(13), we have: 

and hence the damping rate is as follows: 

1 dA U 0 /! *w ,tf\ 
a " = - Â d r = 2 -Ê f ï ^ ( 1 - : D ) - ( 1 5 ) 
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3 .3 Origin of the damping of the betatron motion 

It is interesting to note that the main damping effect of the betatron motion described in 
section 3.1 appears to occur due to the energy gain in the r.f. cavities, not due to the energy 
loss, and as a result it has been remarked that the term "radiation damping" is somewhat 
inappropriate [3]. However, it can be seen from Fig. 5 that in fact the opposite is true if the 
canonically conjugate variables of position and momentum are used rather than the more usual 
position and angle , since the transverse momentum, p^, is reduced when a photon is emitted 
but is unchanged in the r.f. cavity [12]. The choice of variables therefore determines the 
apparent location of the damping effect, however the resulting expressions for the damping rates 
are the same in either case. 

4. DAMPING PARTITION AND THE ROBINSON THEOREM 

The results obtained in the previous two sections may be summarized as follows: 

J j U o 
CI- = ' —— 

a ' 2 E 0 T 0 

where i represents x, z or e, and Jj are the Damping Partition Numbers: 

J x = \D J z = 1 JE = 2+D 

so called because the sum of the damping rates for the three planes is a constant: 

Jx + J z + JE = 4 

(16) 

(17) 

a result known as the Robinson Theorem [13]. For damping in all planes simultaneously it is 
required that all Jj > 0 and hence that -2<!D< 1. 

We have obtained the above result for the total damping explicitly by analysing each 
oscillation mode independently, however it may be obtained in a more general and direct way 
using the following method [13]. The general transverse and longitudinal motion of a particle 
with respect to that of the synchronous particle on the design orbit may be described using 6x6 
transfer matrices, relating particle coordinates at some initial position s\ to those at some later 
position S2 as follows: 

X 

x' 
z 
z' 

e/Eo 
X s 2 

= M(S 2 ,S!) 

X 
x' 
z 
z' 

e/Eo 
x 

Since the elements of M are real then the eigenvalues of the one-turn matrix M(s + L,s) 
can be written as three complex conjugate pairs exp (-a'j ± i(3'j) with j=l,2,3. Since the 
determinant of a matrix is the product of its eigenvalues [ 14] we have: 

' 3 * 
det M(s+L,s) = exp - l 2 « V = l - X 2 a V (18) 
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since cc'j « 1 . The amplitudes of the three oscillation modes vary as exp (-oijt) where a; = 
a'j/T 0 i.e. a; are the damping rates. 

Considering a general infinitesimal element of orbit between s and s+ds, the matrix can be 
written: 

M (s+ds,s) = I + 5M 

where I is the identity matrix. Since all elements of 8M are small, it can be shown that: 

det M (s+ds,s) = 1 + T r (8M) 
where T r represents the trace of the matrix. In the absence of energy loss and gain the 
determinant of M is equal to unity. The only diagonal terms in 8M therefore are those 
calculated earlier representing changes in x' and z' due to gain of energy Sej: 

ôx' = - § 1 x" , ôz' = 8ei 
"Eo z 

as well as that for e/Eo due to energy loss: 

8e = - 2 # 2 e Eo 

since the rate of emission is proportional to E 2 . We have therefore: 

det M (s+ds,s) = 1 - 2 - | ^ - 2 - | ^ . 

For the one-turn matrix, since the determinant of a product of matrices is the product of 
the determinants and since the total energy gain and the total energy loss are equal to U 0 , we 
have that: 

det M(s+L,s) = 1 - 4 U 0 

Eo 

irrespective of the location of the energy loss and gain. Combining with Eq.(18) gives the final 
result: 

j=l n o ! o 

which is identical to the one obtained earlier, Eqs.(16) and (17). The present derivation however 
shows that the result is independent of the nature of the magnetic and electric field distributions 
acting on an electron, provided that they are determined a prion, i.e no beam induced fields are 
included. It is valid therefore even in the case of linear coupling between the horizontal and 
vertical planes, and when there is bending in the vertical plane. In the absence of these factors 
the matrices for the (z,z') and (x,x',e/E0,x) motion may be treated separately, giving the result: 

or equivalently, 

_ 3 U 0 a x + a e - 2 E Q T Q 

J x + J e = 3 
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5 . RADIATION DAMPING ASPECTS IN VARIOUS LATTICE DESIGNS 

5.1 Weak focusing lattices 

In the case of a circularly symmetric guide field the field index must lie in the range 
0 < n < 1 in order that the betatron motion is stable in both planes [15]. There is however a 
further constraint in order that there is damping in all three planes. The lattice functions are 
constant with a dispersion given by D = p/(l-n) and hence 0 = (l-2n)/(l-n). It follows that the 
damping partition numbers are as follows: 

J - — J - 1 J - — 
Jx " !_ n Jz - 1 JE - l . n 

and so for damping in all three planes 0 < n < 0.75. 

An example of this type of lattice is the NBS 250 MeV storage ring which is used 
presently as a synchrotron radiation facility (SURF). Originally however the ring was operated 
as a 180 MeV synchrotron with a field index of 0.8; when it was converted for use as a storage 
ring extra gradient coils were added to lower the field index to 0.6 in order to obtain the 
necessary damping of all oscillation modes [16]. A more recent example is the compact 
superconducting synchrotron radiation source AURORA whose field index varies in the range 
0.3-0.7 as the energy is varied between 150 and 650 MeV [17]. 

5.2 Combined function and separated function lattices 

Several early types of alternating gradient synchrotrons were constructed using magnets 
with combined bending and focusing fields, for example the CEA and DESY I electron 
synchrotrons, as well as the PS proton synchrotron. In the case of an isomagnetic lattice (i.e. 
the bending field is everywhere either zero or a constant) and assuming that there are no separate 
gradient fields (k*0 only if l/p*0) then the general expression for 0 , Eq.(10), may be 
simplified as follows. The general equation of motion in the horizontal plane is: 

H .Ï l e 
x = - - ^ - k x + — Ë~ • 

Since for any closed orbit <px" ds must be zero, in order that there is no discontinuity in angle 
x', then for the off-energy orbit with x=De/E0 it follows that: 

f (1/p -k )Dds •= £ (1/p) ds 

Introducing this into Eq.(10), with the assumptions mentioned above, then gives the following 
result: 

^ (D/ P )ds a L 

0 = 2-± = 2 
2%p 2Kp 

where a is the momentum compaction factor. Since a is usually small it may be seen that 0 ~ 2 
and hence J x ~ -1 , J z = 1 and J e ~ 4. In the case of a combined function lattice therefore the 
betatron motion is anti-damped in the horizontal plane. Electron synchrotrons can however be 
built with a combined function lattice, provided the growth that occurs in the horizontal beam 
size is acceptable. 



128 

For an electron storage ring it is necessary to have damping in all three planes. This is 
most commonly achieved using a lattice with separated bending and focusing fields (k/p=0), 
although it has been shown that radial damping can be achieved in a combined function lattice 
by using focusing and defocusing magnets of slightly different strength [13,18]. It may be seen 
from Eq.(lO) that for an isomagnetic separated function lattice we have: 

r | ( D / p ) d s a i . 
2TC p 2u p 

The value of D in this case results only from the path length effect in the dipole magnets, which 
is usually very small. In the special case of a lattice with parallel edged dipole magnets it may be 
shown that the effective field gradient at the entrance and exit of the magnet [19] cancels this 
effect exactly, resulting in D = 0. In separated function lattices therefore J x ~ 1, J z = 1 and 
J f ~ 2, and so the motion is damped in all three planes. Since this also leads to smaller beam 
sizes in a synchrotron, this type of lattice is now generally used for both synchrotrons and 
storage rings. 

The difference between the two lattice types may be illustrated by the performance of the 
original DESY I synchrotron (combined function) and the later DESY II (separated 
function)[20], shown in Fig. 7. In DESY I the increase in horizontal beam size after an initial 
period of adiabatic damping is due to fact that the horizontal motion is anti-damped. A high 
repetition rate of 50 Hz was necessary in this case in order to limit the growth of the beam size. 
On the other hand, in DESY II the beam size approaches the equilibrium value even for widely 
different injected beam sizes and a much slower repetition rate could be used (12.5 Hz). 

I 2 3 i S 6 7 B 9 10 ms < 8 12 16 20 24 28 32 36 40 m s 

Fig. 7 Variation of horizontal beam size with time during the acceleration 
cycle in the DESY I (left) and DESY II (right) synchrotrons [20] 

5.3 Low emittance lattices 

A small beam size and divergence, i.e. a small beam emittance, is required in the next 
generation of electron storage rings that will be used as high brightness sources of synchrotron 
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radiation. It can be shown that the minimum equilibrium beam emittance that can be produced in 
a given lattice configuration is as follows [21]: 

«min ~ E 0

2 63/J x (19) 

where E 0 is the ring energy, 0 the angle of each bending magnet and J x the horizontal damping 
partition number. The emittance may therefore be decreased by increasing J x which, according 
to Eqs.(16) and (10), can be achieved by adding a vertically focusing field gradient (k positive) 
in the dipole magnets [22]. Some new storage rings (e.g. ALS, Berkeley, and ELETTRA, 
Trieste) employ such a gradient field both for emittance reduction and for optimization of the 
lattice P functions. In the latter case for example, the bending magnet has a field index of 13, 
giving J x = 1.3. 

5.4 Damping rings 

A damping ring serves as a temporary storage ring to reduce the emittance of an injected 
beam by means of radiation damping. The combination of quantum excitation and radiation 
damping processes leads to a differential equation for the mean square value of the betatron 
oscillation amplitude, which is proportional to the beam emittance, of the form: 

de 2e .. = constant -dt x. 

The emittance (e) therefore varies in time as follows: 

e(t) = £;exp|- ^ ] + e 0 1 - exp | - — (20) 

where e 0 is the equilibrium emittance and e, is the injected beam emittance. For a given storage 
time, the optimum ring energy is thus a compromise between the need for both small 
equilibrium emittance (low energy) and fast damping (high energy). Since from Eq.(15) the 
damping time is proportional to T 0 p/E 0

3 it follows that a fast damping requires also a small orbit 
circumference and small bending radius (high field strength). An example is the 1.21 GeV SLC 
positron damping ring [23], which has a small circumference (35 m) and bending radius (2 m, 
coresponding to a 2 T magnetic field) resulting in a small damping time of 3.1 ms, sufficient to 
reduce the initial positron beam emittance by about a factor of 300 with a storage time of 
l l . l~ms. 

5.5 Low energy injection and compact synchrotron radiation sources 

A common type of injection scheme for electron storage rings is multi-cycle injection, in 
which the injected beam damps in size due to radiation damping in the interval between 
injections in order to prevent loss on the injection septum magnet. In this way a high current can 
be accumulated without needing a very high performance injector. The maximum possible 
injection rate depends to some extent on the damping time for the plane in which the injection is 
performed, usually the horizontal. This is particularly important when a ring is being injected at 
a lower energy than its operating value since the damping time varies rapidly with energy, 
~ 1/Eo3-

This topic is particularly relevant in the field of modern compact sources of synchrotron 
radiation [17] for industry and research. Since the critical wavelength of the radiation at the 
operating energy varies as p/E 0

3 , it follows that the same value can be obtained with a lower 
operating energy using superconducting magnets with a lower bending radius than conventional 
magnets. This tends to reduce the overall circumference and so make the ring more compact. In 
addition, since the damping time at the injection energy varies as T 0p/Ej 3 it follows that a lower 
injection energy may be used while maintaining the same damping time, which permits a more 
compact and cheaper injector to be used. 
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Many other factors affect the injection process at low energy however, such as ions, 
intra-beam scattering, instabilities etc., as well as complex beam dynamics [17,24], and the 
connection between damping time and injection rate is not well established. Table 2 gives data 
for three storage rings with a low energy injection, showing that injection can be achieved with 
a period as short as l/25th of a damping time. 

Table 2 
Damping times and injection rates in some electron storage rings 

with low energy multi-cycle injection. 

COSY rm MAX [241 ALADDIN T251 
Injection energy (MeV) 
Damping time (s) 
Injection rate (Hz) 

50 
2.5 
10 

100 
2.5 
10 

100 
13.6 
1.25 

6 . MODIFICATION OF DAMPING RATES 

In the following sections we consider various ways in which the damping rates can be 
modified in an existing lattice. 

6.1 Dipole wiggler magnet 

Fig. 8 Schematic diagram of a dipole wiggler magnet, including the electron trajectory 

It follows from Eq. (16) that an increase in the energy loss per turn U 0 will bring about 
an increase in all three damping rates.This can be achieved using a series of magnets with 
alternating polarity, arranged so that there is no net deflection of the electron beam as shown in 
Fig. 8. Such a device is known as a dipole wiggler, because of the wiggle it introduces in the 
electron orbit, or alternatively as a damping wiggler. A dipole wiggler also affects the 
equilibrium between the radiation damping and quantum excitation processes and so modifies 
the emittance in a complicated way, depending on the ring energy, wiggler parameters and the 
dispersion function [21]. 

Dipole wigglers are in operation in LEP to increase damping rates at injection energy and 
to increase the beam emittance for luminosity optimization, and Fig. 9 shows the design of the 
magnets that are used [26]. Dipole wigglers have also been proposed as a means of reducing the 
emittance of PEP for operation as a high brightness synchrotron radiation source [27]. 
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4 ENO COILS 

Fig. 9 The dipole wiggler magnet design for LEP [26] 

6.2 Gradient wiggler magnet 

Fig. 10 Schematic diagram of a gradient wiggler magnet 

In order to modify the damping partition between the three planes a wiggler magnet with 
a gradient field may be used. This was first proposed by Robinson in 1958 as a means of 
overcoming the radial anti-damping (J x ~ -1) of the CEA electron synchrotron combined 
function lattice [13] and is therefore often referred to as a "Robinson wiggler". 

The method is to reduce the damping of the energy oscillation, thereby increasing the 
damping of the radial motion, by using a magnet in which higher energy electrons radiate less 
than lower energy electrons i.e. dU/de is reduced. From Eq.(10) it can be seen that D reduces if 
2kD/p > 0 i.e. DB(dB/dx) < 0. A series of magnet poles with alternating polarity of dipole and 
gradient fields as shown in Fig. 10 will therefore achieve this. Such magnets were installed at 
CEA in order to permit operation as a storage ring [28] and also in the PS to permit operation 
with electrons [10]. The magnets used in the latter case are shown in Fig. 11. 
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Fig. 11 Cross section of the gradient wiggler magnet used in the PS [10] 

Gradient wigglers have also been proposed as a means of decreasing the beam emittance 
in various synchrotron radiation sources, e.g. PEP [29]. According to Eq.(19) increasing J x 

from its usual value (for a separated function lattice) of about 1 to a value of about 2 would 
decrease the beam emittance by a factor of two, while still providing the necessary damping in 
all planes. 

6.3 Variation of r.f. frequency 

Another technique that can be employed in large rings for modifying the damping 
partition numbers is variation of the r.f. frequency [30]. The effect of a change in frequency (f) 
is to cause the orbit length (L) to vary, so forcing the electrons to move onto an off-energy orbit: 

Af 
f 

AL e 
- r = - a ? -

where a is the momentum compaction factor. The shift in the orbit where there is finite 
dispersion, xE = D(s) e/E0, has various effects, the largest of which results from the dipole field 
seen by the particle in the quadrupole magnets, (l/p)q u ads = -kDe/E0 [31]. It follows from 
Eq.(10) that there is a change in £> given by: 

£2D 2 k 2 e/E 0 ds 
AD = 

<J> 1 /p d s 

Table 3 shows the magnitude of the effect for three rings of different size, expressed as 
the change in the horizontal damping partition number with energy deviation and with mean 
orbit radius (R = L/2rc). It can be seen that in order to change J x by unity the mean orbit 
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position needs to be shifted by only 0.5 mm in LEP, with a corresponding energy deviation of 
only 0.13%, whereas in the EPA this change would require a movement of 30 mm, with an 
energy deviation of 5.6%. The method is effective therefore only in large rings; for example it 
has been used regularly in PETRA [33] and is currently used in LEP [34], in both cases for 
luminosity optimization. 

Table 3 
Variation of horizontal damping partition number in various electron storage rings 

EPA [101 PEP [321 LEP rill 
dJx/d(e/E0) 
dJT/dR (mm 1) 

-18 
-0.03 

-100 
-0.26 

-764 
-0.47 

6.4 Betatron coupling 

The techniques discussed in the above two sections both involve changing the damping 
partition between the horizontal betatron motion and the energy oscillations. Another possibility 
is to vary the partition between the horizontal and vertical planes by means of skew-quadrupole 
or solenoidal fields, without affecting the energy oscillations. This was one of the additional 
techniques proposed as a means of overcoming the radial anti-damping in combined function 
lattices [13,30]. 

7 . MEASUREMENT OF DAMPING RATES 

There are various possibilities for measuring the damping rates in an electron ring. 
Firstly it is possible to measure the sum of the three damping rates indirectly via the energy loss 
per turn U 0 (Eq.(16)). This was done for example at the SLC electron damping ring [35] 
through the relation U 0 = Vrf sin (())), by measuring the peak accelerating voltage (Vrf) and the 
phase angle (<()), extrapolated to zero current. 

DIMENSION DU FBISCÉRU (tw) 

Fig. 12 Variation of the transverse profile of the beam in the 
EPA after excitation with a fast kicker magnet [36] 

There are also direct methods for measuring the damping rates. At the EPA the horizontal 
and vertical damping rates were measured by exciting the beam with a fast kicker magnet and 
observing the beam size in the appropriate plane with a synchrotron radiation beam profile 
monitor [36]. Figure 12 shows a sample result, from which the damping time (xx or x7) may be 
extracted using the expression below, which follows from Eq.(20): 
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Op 2 = G p i2 exp | - j | + Op 0

2 1 - exp 
f 2t 
K x 

where aa0 is the r.m.s. equilibrium beam size and Ga[ is the inital value after the blow-up using 
the kicker magnet (assuming zero dispersion at the measurement point). For the longitudinal 
damping rate there is the possibility of making the same observations as above in the horizontal 
plane but at a point with large dispersion, since the total beam size contains contributions from 
the betatron motion and the energy spread, c 2 ^ ^ = <T2R + D 2 (a 2 e/E 0

2 ) with different damping 
rates, x x and t e respectively. Alternatively, changes in the bunch length may be measured 
directly using either electron beam or synchrotron radiation monitors (depending on the bunch 
length to be measured) [37] after some form of r.f. excitation. 
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TUNE MEASUREMENTS 
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INFN - LNF - C.P. 13 ,00044 Frascati (Roma) - Italy 

ABSTRACT 
In this paper the concept of betatron tune and the techniques to measure 
it are discussed. The smooth approximation is introduced along with the 
terminology of betatron oscillations, phase advance and tune. Single 
particle and beam spectra in the presence of synchro-betatron 
oscillations are treated with emphasis on the consequences of sampling 
the beam position. After a general presentation of various kinds of beam 
position monitors and transverse kickers, the time domain and 
frequency domain analysis of the beam response to a transverse 
excitation are discussed and several methods and applications of the 
tune measurements are listed. 

INTRODUCTION 

The aim of this paper is to introduce the concept of betatron tune and the techniques to 
measure it. The subject is vast, and it is not possible to cover here all the subtleties it entails; 
moreover mere are many substantial differences between various machines, related to size, type 
of particle accelerated and user requirements. Therefore we have chosen to point out general 
concepts and cite references whereby separate arguments are treated in a more detailed way. 

In Section 1, after introducing the concept and the terminology of betatron oscillation, 
phase advance and tune, we introduce the smooth approximation with an example. 

Single particle and beam spectra in the presence of synchro-betatron oscillations and 
chromaticity are treated in Section 2 with particular emphasis on the consequences of sampling 
the beam position. The Schottky noise associated with the beam current is also introduced. 

In Section 3 we describe various types of beam position monitors and kickers and 
illustrate the underlying principle of operation and peculiarities. 

In analogy to the study of the response of linear circuits in electronics, the equivalence of 
time-domain and frequency-domain analysis of beam response is outlined in Section 4, where 
the concept of Beam Transfer Function and its use is introduced, and other indirect methods are 
mentioned. 

Finally we list several applications and motivations of the tune measurement. 

Throughout the text the symbols (0 and Q denote angular frequency [rad*secl], while 
the symbol / denotes frequency [sec"1 ]. 

1. BETATRON OSCILLATIONS 

To introduce in a consistent way the concept of betatron tune, it is convenient to briefly 
review the basics of the theory of betatron oscillations. This subject has been treated rigorously 
and extensively by several authors [1-3] to whom the interested reader is referred. 

The ideal closed path followed by a charged particle in a synchrotron or a storage ring is 
determined by the bending action of the magnets. The value of the magnetic field and the radius 
of curvature set the nominal value of the momentum. 
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Quadrupole lenses are arranged and powered in such a way as to provide focusing to 
particles deviating from the ideal closed orbit, so that the overall motion is stable, oscillating 
around the ideal orbit. Additional focusing in the horizontal plane can be obtained by suitably 
shaping the pole-pieces of the bending magnets. 

The pseudo-harmonic motion of a particle with no energy error with respect to the 
nominal value is governed by the Hill equation 

d2z 
ds2 

+ K(s) z = 0 , (1.1) 

where z is the generic horizontal or vertical transverse displacement from the design orbit, s is 
the longitudinal coordinate and K ( s ) is a piece-wise constant focusing function satisfying the 
periodicity condition K(s)=K(s + L). L is the machine period, i.e. the total length of the 
machine or a sub-multiple thereof, according to the machine symmetry. 

The solution of the differential equation (1.1) is the betatron oscillation 

z(s)=V!J p(s)cos[ Ms)- <t\> ] , (1.2) 

where <t>0 and, in the absence of damping, e are constants of motion determined by the initial 
conditions, and the betatron function fi ( s ) is the positive-definite periodic solution of the 
differential equation (primes denote differentiation with respect to s ) 

The phase advance }1 ( s ) in (1.2) is defined as 

do ti(s)= J o fa) ' 
(1.3) 

The betatron tune Q of the machine (often symbolized by v in the American literature) is 
the subject of this paper. It is defined as the number of betatron oscillations in going around one 
machine's revolution. The total phase advance is then 

s+2n R 

where R is the average radius of curvature of the machine. For large storage rings the empirical 
scaling law Q~^lR applies [4], with R in units of meters. 

In order to avoid resonant growth of the betatron oscillations, excited by unavoidable 
misalignments and imperfections, the machine lattice is tuned in such a way that Q is neither an 
integer nor a simple fraction. More generally, if non-linearities are present in the guide field, the 
condition 

nQx + mQ= p , (1.5) 

where n, m, p are integers and Q% and Qy the horizontal and vertical tunes, is potentially 
harmful to the stability of betatron motion and is called an optical resonance of order \n\ + \m\. 
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Figure la) shows an example of a typical betatron function in a storage ring with 
periodicity 12; in Fig. lb) the corresponding phase advance as defined by (1.3) is plotted. One 
can see that the phase advances rapidly where the betatron function is low and more slowly in 
correspondence to higher values of ft, but in the average it wiggles about a linear increase. 

a) 

i I"I I"I ."i I"I ."• •"• I"I I"I I"I I"I i" 

b) 

c) 

<*> y 

a.u. 

FIG. 1 - a) Example of horizontal betatron function fi(s) in Adone (periodicity 12). The 
ticks mark the position of focusing and defocusing quadrupoles. - b) Plot of the betatron 
phase advance ji(s) modulo it. - c) Betatron oscillation (solid line) and its smooth 
approximation (dashed line). - d) Plot of several betatron oscillations with different 
values of the reference phase <f>0 • The dotted line is the envelope of the betatron 
oscillations around the machine. 
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Such behavior of the betatron phase advance is quite general and leads to the introduction 
of the smooth approximation, whereby the betatron oscillation is approximated with the 
sinusoidal trajectory of a particle in a continuous, uniform focusing field; the phase advance is 
written as 

and the amplitude of the betatron oscillation is 

zSA(s) = JT~p\ cos [Q(-fi)~ (t>Q] . 

A betatron oscillation along with its smooth approximation is shown in Fig. lc). 
Introducing the angular frequency of revolution CÛQ = v/R with v the particle's velocity, t time 
and s = vt, we can also write, as a function of time 

zSA( t) = V e pn cos ( QcoQt - tf>0) . (1.6) 

The betatron frequency is the average rate of change of the phase advance and is 
denoted by CDQ = QCÛQ. 

2. BEAM SPECTRA 

The material presented in this section is mostly drawn from the treatment made by R. 
Littauer in [5]. 

2.1 Longitudinal Spectra 

A single particle rotating in the central orbit of an accelerator is described by a time-
dependent linear charge density 

oo 

Mt)=y X S(t-kTQ) , (2.1) 
A = — 

with e the particle's charge, T0 the revolution time TQ = 2xR/v and S (t ) the impulse 
function. 

By expressing (2.1) as a Fourier series, we can write 

oo oo 

Mt)=^Y- S exp (JnCÛQt) = ̂ R - X cos(nû)0O . (2.2) 
0 n=—oo n=—oo 

Note that the spectrum contains infinite positive and negative harmonics of the revolution 
frequency. 

If the velocity is close to that of light, as it is the case for relativistic particles, the electric 
and magnetic field accompanying the particle are confined in a thin pancake perpendicular to the 
direction of motion, with angular extent My, where y is the ratio of particle energy to the rest 
energy, resembling the TEM field distribution in a coaxial line. 
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A longitudinal pick-up couples to the particle field and delivers a signal proportional to the 
linear charge density, whose harmonic content copies that of (2.2) at least up to frequencies of 
the order * yclb, with b the effective radius of the beam pipe and c the speed of light, after 
which, due to the opening angle of the fields, cut-off occurs. The finite pick-up length also 
contributes to the attenuation of high frequency components of the longitudinal signal; 
moreover, if, instead of a single particle, we consider a collection of many particles confined in 
a length « a, the signal spectrum starts to drop at angular frequencies of the order « c/a. 

2.2 Transverse Spectra 

A suitable configuration of pick-up's yields a beam position monitor (BPM), used to 
measure the transverse position (see Fig. 2). A BPM is usually sensitive also to the current in
tensity so that the measured quantity is actually proportional to the the linear dipole density d, 
defined as the product of the linear charge density X and the position z . 

d= X* z . 

Let's write the position z as the superposition of two terms 

z ( f ) = z Q + z cos(a)pt) (2.3) 

where z 0 is a stable offset due for example to a closed orbit distortion or to a BPM misalign
ment and the second term is the oscillatory one, due to the betatron oscillation (see Fig. 2). 

FIG. 2 - Schematic drawing of a Beam Position Monitor. The signals from two strip-line 
electrodes are wide-band subtracted by means of a hybrid junction to suppress the 
common-mode signal. 

The resulting linear dipole density is then obtained by multiplying (2.2) by (2.3) 

d= z, o 2nR X cos ( no)Q t)+ z -Y~T> X c o s ( "^o f) c o s ( f y B *) • ( 2* 4) 
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The first term in (2.4) does not contain information about the betatron motion, but only 
about the closed orbit. Unless the closed orbit is of interest, it is usually rejected by electronic 
means, or by centering the beam or even by centering the BPM itself [6]. 

Taking into account only the second term in (2.4), the linear dipole density may be 
written as 

d = *~TizR ^ c o s [ ( n + Q)%t 1 . ( 2 - 5 ) 

showing the appearance of a whole set of side-bands beside the harmonics of the revolution 
frequency, produced by the non-linear operation of sampling the betatron motion at finite 
intervals of time. 

It is interesting to express (2.5) in terms of positive frequencies only, as seen with a 
conventional spectrum analyzer (remember that frequency differs from angular frequency by die 
numerical factor 2K). TO this purpose we first write Q = M + q ,with M the integer part of Q 
and q the fractional part, and obtain 

d= z j^-n \cos(<I%t) + Xcos[( n'± q)0)Qt][ , (2.6) 

where the index n ' - n + M has been introduced. 

The components of the spectrum (2.6) with + q are called fast waves. Those with - q are 
called slow waves. If the value of q is less than 0.5 the fast waves stand at the high-frequency 
sides of the revolution harmonics and the slow waves at the low-frequency sides; the opposite 
holds true when q is greater than 0.5 . 

Examining (2.6), we see that a whole set of ghost frequencies or aliases at distance ±qcûo 
from the revolution harmonics, plus a low-frequency line near DC (base-band) at qco0, not 
present in the original betatron motion, appear in the BPM spectrum. Each of them fits exactly 
the particle position at the BPM, as shown in Fig. 3. Therefore the measurement of the betatron 
spectrum with a spectrum analyzer (actually by any instrument, as long as we use a single 
BPM) only determines the fractional part q of the tune; the information about the integer part of 
tune is lost. 

This ambiguity is a consequence of under-sampling the betatron oscillation, so that we 
are not able to reconstruct the original signal from the information contained in the sampled 
data. Indeed, Shannon's sampling theorem [7] states that in order to reconstruct exactly a wave
form, we should sample it at a frequency at least double its highest frequency content. In our 
case we sample at the revolution frequency a wave-form, the betatron oscillation, whose 
frequency is Q times larger than the sampling frequency. 

If we replace the BPM by a device which kicks the beam transversally at each passage, 
any frequency appearing in the observed betatron spectrum may be resonantly excited. 

2.3 Longitudinal Spectra with Synchrotron Satellites 

In the presence of the longitudinal focusing produced by an RF accelerating cavity, a 
particle beam is bunched and the single particle undergoes synchrotron oscillations of the 
instantaneous energy. 
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FIG. 3 - a) Betatron motion (exaggerated) of a single particle, traced over 7 successive 
passages across a BPM. The betatron tune is Q * 3.2 . - b) Heavy dots mark the beam 
position vs. time at the BPM. The superposed sinusoidal waveforms are the first few 
betatron modes fitting the beam position. - c) Spectrum analyzer representation of the 
waveforms. The dashed lines are the harmonics of revolution frequency, the solid lines 
labeled F are the fast waves and those labeled S are the slow waves. 
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The angular frequency of revolution is affected according to 

dû) ^ 

s;—**; • ( 2 - 7 ) 

where dû) is the frequency variation, dp is the instantaneous momentum deviation with respect 
to the nominal value p0 and rj is defined by 

where Yt *s t n e transition energy at which the increase of velocity corresponding to a 
momentum increase is compensated by the increase of orbit length, thus leaving the revolution 
time unaltered. The term (//ft)2 is also called me momentum compaction factor ac . At ultra-
relativistic energies the second term in (2.8) becomes negligible and (2.7) is written 

dû) __ _4P 
% ~ a° Po * 

The time between successive passages measured at the monitor is now 

T*+*-T* a*t+ y) l » l + j-cos(Gst+ vOI . (2-9) 

where Qs is the angular frequency of the synchrotron oscillation, yns a phase constant, xs is 
the maximum amplitude of time-modulation and 

In this case the linear charge density is 

Mt)=f Z S(t- kTQ- r) . 
k=-oo 

Using 

oo 

exp [ jx cos( y )] = £ ( j ) m Jm{ x ) e xp( jmx) 
m=-<*> 

and (2.2), we can express the linear charge density as a Fourier series 

oo 

^t)=2^tR ^ (-j)mJm(nû)QTs)cxp[jinû)Q+mQs)t+mY] . (2.11) 
n, m——«> 

Each original line in the spectrum (2.2) has now degenerated into an infinite set of 
satellites right and left at ±i2y, -£1CIS,..., ±mi2s with the amplitudes modulated by the Bessel 
functions of the first kind of order m, Jm. 
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The argument na^Ts corresponds to the phase-modulation index used in telecommuni
cations. Although there is a nominally infinité number of sidebands, only a finite number 
are of appreciable amplitude: namely the coefficients Jm (n(ûQXs) fall-off very rapidly beyond 
m ~ n(ûoXs. The first few Bessel functions are sketched in Fig. 4. 

1.0 

0.5 -

0.0 
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\ m = 0 

i 1 ' ' 1 " •' T - ' •• • I" 

\ 1 
• 

/ \ ^ 
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FIG. 4 - Qualitative sketch of the behavior of the Bessel function Jm(x). 

2.4 Transverse Spectra with Synchrotron Satellites 

If we now include the betatron motion, we must also take into account the modulation of 
the betatron tune due to the energy modulation. In fact the machine lattice focuses differently 
particles with energy deviating from the nominal value. The chromaticity of a machine is 
defined as the relative change in tune of a particle with relative momentum deviation dp 

£ = chromaticity = 
dQ 

where Q0 is the tune value pertaining to the synchronous particle. 

(2.12) 

According to the above definition, the rate of change of the betatron phase in presence of 
energy oscillations is then, to first order, 

u „ = a „ » 0), k « i . ( I + ^ 
dço , dQ 

= «feu o^o TnV il) 
(2.13) 

and, taking into account the time dependence (2.9) of the time of passage and its rate of change 
(2.10), the betatron phase is 

^ ( 0 = t u 0 Q ) r + ( û ) 5 - û)0Q0)rscos(Qst+ Y) 

where the chromatic frequency û)£ = (£ Q0 It] ) CÙQ has been introduced. 

(2.14) 
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The expression of the linear dipole density d is now written, taking into account (2.11) 
and (2.14), as 

A °° 

with the mode frequency conm = (n+ Q) CûQ + m Qs 

Here we have again infinite synchrotron satellites around the betatron lines, but, due to 
die tune modulation (2.13), the amplitude envelope function is shifted by the chromatic 
frequency (0$. Thus, examining with a spectrum analyzer (positive frequencies only) the slow 
and fast waves near a harmonic of the revolution frequency, the amplitude of synchro-betatron 
modes above and below may be quite different due to the different argument of the Bessel 
function coefficient. Namely, around the sides of the n-th revolution harmonic the amplitude is 
modulated by 

Fast waves -» 

Slow waves -» 

2.5 Spectra of many Particles 

Jm{[(n-q) c^+ ©J T,} 

So far we have considered the somewhat idealized case of a single particle. If we turn to 
the realistic situation of a collection of many particles, several effects have to be considered. 

First of all, we must take into account the modification to the static transverse focusing 
caused by the collective forces of a large number of charged particles within a vacuum chamber, 
which introduce a driving term in equation (1.1), called the space-charge forcing term. This 
term and the wake-field term, arising from the image fields on the vacuum chamber acting back 
on the beam, affect both the center-of-mass motion and the motion of individual particles within 
the beam, leading to coherent and incoherent tune-shift. The subject is thoroughly discussed in 
Ref. [8]. In addition, when beams are brought to collision, beam-beam forces also cause 
incoherent tune-shift 

Secondly, associated with a distribution of momentum spread, there is a spread of 
revolution frequencies and tunes, according to (2.7) and (2.13), and the spectra (2.2), (2.5), 
(2.11) and (2.15) are effectively averaged over the entire distribution. In Fig. 5, we show an 
example of a measured betatron spectrum exhibiting synchrotron satellites. 

A BPM is sensitive to coherent motion and an external kicker excites coherent 
oscillations, so that the stimulus-response approach to measure the betatron tune, only applies 
to the coherent tune. Other indirect methods have been devised to study the incoherent tune-
shift and incoherent tune distribution [8-10]. 

In a coasting beam the particles are randomly distributed around the machine and the 
time average of spectra (2.2) over all the particles is null, except for the DC component (the 
average current). On the other hand, if we take the rms average of the spectrum over a finite 
bandwidth in frequency domain around a revolution harmonic, a signal of finite power results 
from the statistical fluctuations of the large, though finite, number of particles [11-13]. This is 
called the Schottky noise signal and its average power per observation bandwidth is 
proportional to the number of particles N. 
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FIG. 5 - Example of a base-band betatron spectrum exhibiting synchrotron satellites, measured 
in ADONE. The negative appearance is non-essential. 

The Schottky noise has been first observed in ISR and has been put to good use for 
non-destructive beam diagnostics in proton machines and to very welcome use for stochastic 
cooling of longitudinal and transverse emittance of antiproton beams. 

The same principle is used to monitor the incoherent betatron motion, although the 
signal level is much lower in this case and clever low-noise design in the detector electronics is 
mandatory. 

In the case of bunched beams, the transverse Schottky signal is also present, but the 
common-mode - the first term in (2.4) - signal power, proportional to N2, tends to obscure it. 
Then, selective filtering and careful beam centering is required. A transverse detector for 
bunched proton beams, implemented at CERN-SPS, is described in Ref. [6]. 

3. BEAM POSITION MONITORS AND KICKERS 

In this Section we briefly review various types of Beam Position Monitors (BPM) and 
kickers and notice some differences which play a rôle in the measurement of tune. 

3.1 Beam Position Monitors 

The literature about BPM's is abundant; we cite as general reference the excellent reviews 
by Littauer [5], Borer-Jung [14] and Pellegrin [15J. 
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Beam pick-up's are discontinuities in the vacuum chamber of an accelerator, which 
interrupt and divert into a measuring device part of the wall image-current of the beam. They are 
sensitive to the electric field of the beam, to the magnetic field, or both and deliver to the outside 
world a voltage or current signal proportional to the instantaneous beam charge. The pick-up 
transfer characteristics include the effects of the beam distance from it. 

A suitable combination of pick-up signals yields a beam position information. The 
operation can be made directly at the BPM, e.g. by subtracting the signals from two opposing 
pick-up's by means of wide-band hybrid junctions, or by digitizing the single p.u. signals and 
computing later the beam position by extrapolation of a calibration table. The latter method is 
obviously slower and its application in detecting betatron oscillations is possible only when the 
time interval between successive beam passages is large (e.g. : LEP ~ 89 |is) and adequate 
computing power is available; otherwise it is generally employed to measure the DC closed 
orbit distortion. 

Among BPM's sensitive to the electric field of the beam we mention the split electrodes or 
plates and the buttons (see Fig. 6). The large dimensions of the former make them highly 
sensitive and the linear diagonal cut renders the difference signal linearly dependent on the beam 
position. 

The button monitors (usually four buttons are employed to yield horizontal and vertical 
position) are generally less sensitive to the beam current and inherently non-linear with respect 
to the beam position, but a large number of them is allowed in a storage ring, owing to their 
small parasitic longitudinal and transverse coupling impedance. They are mainly utilized for 
orbit measurement. 

a) b) 

FIG. 6 - Electrostatic Beam Position Monitors: a) Split electrodes, b) Buttons. 

Small loops in the vacuum chamber (see Fig. 7) couple to the beam magnetic field. A 
variation of the loop is a short strip-line short-circuited to the vacuum chamber at one end [16]. 

The usual equivalent circuit representation of an electrostatic monitor is a current 
generator of the same value of the portion of the image current intercepted by the monitor, 
shunted by the electrode capacitance to ground. 

The equivalent circuit of a magnetic loop is a voltage generator with a series inductor. The 
voltage is proportional to the rate of variation of magnetic flux associated with the beam current 
and linked to the loop, the series inductance is the self-inductance of the loop. 
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FIG. 7 - Monitor coupling to the magnetic field of the beam. From Ref. [14]. 

The sensitivity of electrostatic and magnetic monitors to both beam current and position 
may be widely different, depending mostly on the size, shape, bandwidth of observation, size 
of the surrounding vacuum chamber and read-out circuitry, rather than on the type of monitor. 
Thus there is no point in comparing the virtues of one class of monitors with respect to the 
other. 

It is worth noting, however, the following important difference between electrostatic and 
magnetic monitors [5, 17]: if an electrostatic BPM is employed to observe the betatron motion 
of colliding beams of opposite polarities at the Interaction Point (IP), most of the electric 
fields of the two beams cancel each other, except for the contribution of the out-of-phase beta
tron motion, the so-called n-mode. At the IP, only the Tf-mode is measurable with electrostatic 
monitors. 

On the other hand, if a magnetic monitor is used, the contributions to the magnetic field 
by the opposite beams oscillating in-phase, the a-mode, add-up, while those relative to the 
7r-mode cancel. Thus we can selectively observe one or the other of the normal modes of beam-
beam oscillations depending on the type of monitor used. 

If the BPM is at a location away from the IP and the betatron motion is observed at a 
mode frequency com, the relative phase difference between the betatron motion of the opposing 
beams is 

A<p * 2 ( / i - comT) , 

with T the time-of-flight between the IP and the monitor position and ft the betatron phase 
advance. Now if A(f> is is a multiple of In, the same considerations as above apply and the 
selectivity of the monitor is the same as that at the IP; if A<p is an odd multiple of n, the mode 
selectivity is opposite to that at the IP. 

The strip-line is an electrode usually longer than the characteristic bunch length, which 
forms with the vacuum pipe a transmission line of characteristic impedance Z 0. By a suitable 
choice of the ratio between the strip width and distance from the pipe, the characteristic 
impedance is made 50 Q. The electrode is terminated at both ends via a coaxial vacuum feed-
through into resistive loads matched to Z 0 (see Fig. 8). 

In a strip-line monitor both the electric and the magnetic field contribute to the output 
signal but the beam electromagnetic field and the wave field in the transmission line interfere 
constructively at one port and destructively at the other yielding directional properties [5, 14, 
15, 18]. 
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FIG. 8 - Schematic representation of a directional strip-line monitor with beams of opposite 
velocity and charge, along with a qualitative sketch of the voltages at the output ports. 

In principle we get a useful signal only at the up-stream port of the monitor. The voltage 
at the up-stream load resistor appears as a doublet of pulses of opposing polarity reproducing 
the longitudinal time distribution of the beam current and separated in time by an interval At = 
211c, where / is the length of the strip. No signal appears at the down-stream port as long as the 
beam velocity and the propagation velocity in the strip are equal (for ultra-relativistic beams this 
means a minimum or null amount of dielectric in the vicinity of the strip) and the load resistor is 
exactly matched. In practice any mismatch introduced, for example, by the vacuum feed-
throughs or mechanical imperfections, tends to spoil the directional properties of the monitor. 

The directionality of the strip-line monitor is particularly useful with colliding beams, if 
one wants to measure only one beam position in presence of the other beam. 

The time-domain voltage response of the matched strip-line is, at the up-stream port and 
for a centered beam [14, 15, 18] 

*<"-r(3r)[*o-/,(.-¥>] 
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with a the opening angle of the strip, {afin) the factor of coverage and itft) the instantaneous 
beam current. The corresponding complex coupling impedance in the frequency domain is 

where V(jco) and ly(Ja>) are the spectral densities of the output voltage and of the beam current. 
The response is maximum at frequency/= c/4/, or odd multiples. 

The position sensitivity to a small beam displacement Az from the center line is 

b AV 
2 LV Az 

where AV is the difference voltage of two opposing strips, IV is the sum voltage and b is the 
vacuum chamber radius. 

3.2 Beam Size Monitors 
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FIG. 9 - Schematic view of a synchrotron light monitor station. 

Beam size monitors are mentioned here because they can give useful information about 
the incoherent betatron motion. For example, as we shall see later, the coherent and incoherent 
beam response to an external transverse kick may be quite different and we are interested in 
investigating both. 

A BPM may be turned into a beam dimension monitor by exploiting the non-linear 
response with respect to the position. In other words it is possible to connect the various 
electrodes forming a BPM in such a way as to make the response sensitive to die beam aspect 
ratio [19]. 
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The favourite beam dimension monitor, at least at electron facilities, is, however, the 
synchrotron radiation monitor. Due to the high directionality of the synchrotron radiation, the 
spatial distribution of the emitted light reproduces fairly well the transverse distribution of 
charge density in the beam. By projecting the light onto some slit or pinhole, an accurate 
measurement of the charge density can be obtained by means of a photodetector [20]; moreover 
the beam size may be easily observed and measured at a TV monitor (see Fig.9). Although such 
a monitor comes naturally only with electrons, its use at high-energy proton machines is also 
reported [21]. 

3.3 Transverse Kickers 

Transverse kickers, or shakers, are used to excite transverse modes by the application of 
a rapidly varying external field. 

As in BPM's, the deflecting field can be electric, magnetic or a combination of the two. 
For example, in open plates driven by a voltage generator, there is an electric field normal to the 
plates, while in the region inside shorted coils driven by a current generator, a magnetic field is 
present (see Fig. 10). 

The capacitor formed by the plates and the inductor formed by the coils may be made part 
of an L-C resonant circuit to reduce the power requirement of the driving amplifier. 

FIG. 10 - Electric kicker in the form of open plates (left) and magnetic kicker formed by 
shorted coils (right). 

The same considerations as in the case of BPM's apply to electric and magnetic kickers 
for the selective excitation of the normal modes of colliding beams. 

The matched strip-line, when used as a transverse kicker, maintains the directional 
properties described in section 3-1. Power is applied at the down-stream port and the 
combination of magnetic field due to the current flow along the strip, and electric field due to 
the strip being at non-zero potential, gives a net deflecting Lorentz force. 

The electric and magnetic forces add-up if the external voltage is applied at the down
stream port, while they cancel when the power flow is in the same direction as the beam 
velocity (see Fig. 11). Then, in the case of colliding beams, it is possible to excite selectively 
one beam without effect on the other. 
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FIG. 11 - Strip line kicker. If the beam and the voltage wave enter the strip-line from 
opposite directions, the magnetic and electric force add-up and give a deflection. If the 
voltage wave and the beam velocity are in the same direction the two forces cancel and 
there is not net deflection. 

In contrast with the former two, the strip-line kicker presents a constant load-impedance 
to the amplifier feeding it. The useful bandwidth is relatively large: in fact the efficiency as a 

- , s in(o) / /c) . . . . . . . 
function of frequency is proportional to <*= and retains the directional properties 

(û) / / c) 
down to frequencies where the skin depth becomes larger than the width of the vacuum 
chamber and the magnetic field starts leaking out of the pipe. The kicker efficiency is zero at 
frequencies / = clll or multiples, because the deflecting force encountered in the strip-line 
region is in one direction for half a transit time and in the opposite direction for the other half. 

4. TUNE MEASUREMENTS 

As in circuit theory, the beam response may be analyzed in terms of stimulus-response 
correlation either in the time domain or in the frequency domain. The two methods are 
mathematically equivalent: the pulse and frequency response are related to each other by a 
Fourier transform pair. 

4.1 Time Domain 

Measuring the beam response to a transverse excitation of short duration corresponds to 
studying the transient response of a circuit to a delta pulse. 

The stimulus is provided by a fast transverse force produced by a kicker magnet and 
lasting for a time less than a revolution period, which excites coherent betatron oscillations. An 
injection kicker is sometimes used. The response is the beam transverse position detected by a 
beam position monitor. 
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The fractional part of the tune can be determined in the simplest way by displaying the 
BPM signal at an oscilloscope, measuring the frequency of the pseudo-oscillation which 
modulates the position signal and dividing by the revolution frequency. 

Another method consists in amplitude-detecting and limiting the BPM signal and, with a 
frequency-meter, gated in synchronism with the application of the kick, measuring the 
frequency ratio of the BPM signal to a clock at the revolution frequency; in this way the 
fractional value of the tune can be directly displayed. 

It is also possible to sample and digitize with a fast ADC the beam position at one monitor 
location, and perform a numerical Fourier analysis on the sampled data to obtain the fractional 
tune and the tune distribution [22]. 
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FIG. 12 - Linear superposition of individual betatron oscillations after the application of a 
transverse kick. The curve at the right side is the distribution of incoherent tunes. In this 
example we assume a Gaussian distribution around a central value. The curve near the bottom 
is a plot of the time evolution of the center-of-mass response, as detected by a BPM, showing 
Landau damping. 
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Figure 12 shows an example of ensemble response of a collection of particles with a finite 
tune spread to an external kick. The betatron frequency spectrum in the example is assumed to 
have a gaussian distribution around a central value. One may think of an electron beam with a 
finite energy spread due to the emission of synchrotron radiation, which accounts for tune 
spread via the chromaticity of the lattice. 

At the kick instant, each particle starts a free betatron oscillation with the same initial 
phase but with a frequency slightly different from that of the others. Even if the individual 
oscillations last for a long time, the resultant coherent response detected by a BPM is damped, 
as shown, as a consequence of the decoherence of the individual oscillations, in a time interval 
of the order of the inverse of the spread of the angular frequencies. The time envelope of the 
coherent response is the inverse Fourier transform of the tune distribution, F (on) [23]. 

The beam size (as measured, for example, with a synchrotron radiation monitor), how
ever, is affected by the amplitude of the individual oscillations and takes much longer to re
cover, if ever, to the initial value. Electrons are eventually damped because of radiation, but 
protons are not, so the kick method must be used cautiously with protons because too large a 
kick may irreversibly deteriorate the transverse emittance to an unacceptable value and lead to 
beam loss. 

The damping of coherent oscillations caused by a spread of the natural frequencies is 
called Landau damping. It is not the purpose of this presentation to go into the details of the 
several mechanisms which may induce a spread of the tune values. We just list a few of them: 
- current ripple in the magnet power supplies; 
- incoherent tune-shift depending on momentum, induced by sextupoles; 
- incoherent tune-shift depending on amplitude, induced by octupole fields; 
- incoherent tune shift due to space charge forces, beam-beam forces and non-linear forces by 

ions trapped in the beam; 
- incoherent momentum spread and non-zero chromaticity. 

It is noteworthy that, when measuring the tune with the kick method, the observation time 
and, therefore, the accuracy of the measurement are limited by the damping. 

4.2 Frequency Domain 

In the RF method, sometimes called the RF-knockout (RF-KO) method [8], the stimu
lus to the beam is a CW transverse force provided by a kicker driven by a swept-frequency si
nusoidal generator and the response is the amplitude of the resulting betatron oscillation. 

A typical measurement system is basically composed of a swept spectrum analyzer with a 
tracking generator. The tracking generator is a sinusoidal source whose output frequency 
exactly follows that instantaneously displayed at the spectrum analyzer. The tracking generator 
output is used to drive the kicker and the position signal from a BPM is fed to the spectrum 
analyzer to measure the steady-state amplitude of the beam response. The kicker and the 
detector can be part of a transverse feedback system, where available. 

Due to the longer observation time, the accuracy in resolving frequency is better than with 
the kick method, on the other hand the direct perception of damping is lost. The tradeoff 
between the frequency accuracy A/ and the observation time At is imposed by the 
indétermination relation A/ > 1 / At [7]. 

An instrument which provides an RF output and measures the gain ratio and the relative 
phase between excitation and response altogether is the network analyzer. With such an 
instrument the Beam Transfer Function (BTF) can be measured. In Fig. 13a schematic layout 
of a BTF measurement is shown. In Fig. 14 we show an example of a tune measurement made 
with the above instrumentation. 
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FIG. 13 - Schematic layout of a Beam Transfer Function measurement system. 
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FIG. 14 - Example of a measurement of betatron tune distribution with a network 
analyzer. A sharp betatron line at the center, and two synchrotron satellites are clearly 
visible. 
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The Beam Transfer Function is defined as the complex ratio of the transverse velocity 
response dzldt to the acceleration G(t) at the kicker, averaged over the tune distribution F(a>) 
[12, 13, 23, 24]. The real part of the BTF gives the particle distribution in incoherent tune, 
while the imaginary part contains information about the additional acceleration from the 
transverse forces generated by the interaction of the beam with the parasitic impedance of the 
machine and fed-back to the beam. 

The inverse of the BTF corresponds to the stability diagram in the complex plane and 
gives, as in circuit theory, information about the stability margin, the transverse parasitic 
impedance and the effective impedance of feedback systems. 

In the measurement with a conventional swept spectrum or network analyzer, a long 
observation time is involved, due to the indétermination relation mentioned above and to the fact 
that a single frequency line is analyzed at a time. In addition to the intrinsic indétermination, 
every time we change the frequency we must allow the transient beam response to die-out and 
the steady-state response to be attained [20]. 

This problem can be overcome by the use of a dynamic signal analyzer, or digital 
spectrum analyzer, which is based on high-speed digital Fourier analysis (Fast Fourier 
Transform-FFT) executed by an embedded processor. N voltage samples over a period T are 
digitized and transformed into N/2 complex Fourier coefficients, spanning a frequency range 
from DC to N/2T. The frequency resolution is A/= 1/7, and the whole spectrum is instantly 
available, thus the total time of analysis is reduced by a factor 2/N with respect to a 
conventional swept analyzer with the same frequency resolution. The number of frequency 
points computed is typically ~ 200 to ~ 1000 and the frequency range extends to ~ 100 kHz. 
Such analyzers usually provide two channels, a pseudo-random noise generator and capability 
for complex transfer function calculations. 

The noise output, applied to a kicker, excites all betatron modes within the band at the 
same time. A modest power is then enough to produce measurable oscillations without 
blowing-up the beam. The beam response is cross-correlated with the noise excitation and the 
complex transfer function is measured [12, 14]. 

The relatively low operating frequency is no problem, as long as the band of interest is 
within the maximum frequency of the FFT analyzer. The noise output is up-converted to the 
frequency of the betatron mode under study and the betatron signal is down-converted to the 
operating frequency of the analyzer [12]. A schematic layout of a BTF measurement system 
with a dynamic signal analyzer is shown in Fig. 15. 
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FIG. 15 - Schematic layout of a BTF measurement system with an FFT analyzer. 
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4.3 Other Methods 

A Phase Locked Loop (PLL) is a voltage-controlled-oscillator (VCO) which servoes 
itself to the strongest signal frequency of the input signal. A PLL is functionally equivalent to a 
narrow-band adaptive filter and is commonly used in telecommunications to "lock-on" to very 
weak frequency-modulated signals and track their central frequency. A PLL can be used for 
measuring the tune in the configuration of Fig. 16. Small-amplitude betatron oscillations are 
excited at the VCO frequency; when a lock condition is detected, the output frequency is at the 
central betatron frequency. 
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FIG. 16 - Tune measurement with a Phase Locked Loop. 

In order to reduce the chance that the PLL locks onto an unwanted mode frequency, it is 
advantageous to restrict the tracking range in a region close to the chromatic frequency (ÛÇ (see 
Section 2), where the synchrotron satellites are weak and the central betatron line is sharp and 
peaked. If there are residual betatron oscillations, the PLL output can lock onto the central 
frequency without the need to excite the beam. 
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FIG. 17 - Difference orbit with magnetic correctors. 
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The integer part of Q can be obtained by powering a magnetic corrector and measuring the 
difference orbit (see Fig. 17). The number of full periods of the resultant closed orbit is the 
integer part of Q. Moreover, an estimate of the overall Q value can also be obtained by the 
difference orbit [25]. The number of position monitors must be > 2Q in order to exclude under-
sampling. The tune-shift depending on beam current intensity can also be obtained by closed 
orbit measurements, without perturbing the beam [8,26]. 

There is not an a priori criterion to determine whether the fractional tune q is above or 
below 0.5, i.e. if a particular mode observed is a fast or a slow wave (see Sec. 2). However, it 
can be decided by the following procedure. Suppose we measure the frequency/« of a betatron 
mode just above the n-th harmonic of the revolution frequency fQ. The focusing strength on the 
plane of interest is then increased and the mode frequency measured again: if the frequency is 
higher, the observed mode is a fast wave and the fractional tune is q = (fplfo ) - n. If the re-
measured mode frequency is lower, the observed mode is a slow wave and the fractional tune is 
q =n +l-(fp/fo). 

5. CONCLUSIONS 

The betatron tune measurement, besides involving much interesting Accelerator Physics, 
is a major diagnostic tool for the optimization of injection, extraction, current intensity and 
overall performance of accelerators. 

In the commissioning phase of a new accelerator, betatron tune measurements are 
performed to check and correct the real lattice to a precision higher than that obtainable from 
simulation programs. Tunes are also measured in order to: 

- Measure and correct the lattice chromaticity. 
- Measure local values of the betatron function and of the betatron phase advance [23]. 
- Calibrate magnetic elements and create a reliable operational model. 
- Fine-tune special insertions. 

In routine operation and during machine studies, the techniques exposed in the preceding 
section are used mainly to: 

- Identify dangerous resonances, control coupling, and implement closed loop control. 
- Study transverse dynamics and instabilities, study machine impedances, collective 

phenomena, damping and effectiveness of feedback systems [23-24]. 
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G A M M A TRANSITION J U M P SCHEMES 

T. Risselada 
CERN, Geneva, Switzerland 

Abs t rac t 

Beam intensity loss and longitudinal emittance blow-up of high intensity proton beams at 
transition can be avoided if the speed of transition crossing is artificially increased by a 
so-called gamma transition jump, in which the value of -ft is changed using fast pulsed 
quadrupoles. In order to improve the analysis of existing jump schemes and the preparation 
of new designs this lecture derives a simple expression for A~ft as a function only of the local 
unperturbed betatron and dispersion parameters at the jump quadrupoles and their integrated 
normalized gradients. The zero tune shift requirement has important consequences for the 
quadrupole layout and the number of families. The rules to be obeyed in the design of j t 

jump schemes are discussed, using the CERN PS and SPS machines as examples. 

1 I N T R O D U C T I O N 

In many medium and high energy (typically E > 5 GeV) proton accelerators the beams have 
to cross transition , i.e. in the energy range of the machine there is a beam energy at which the 
derivative of the revolution frequency with respect to the momentum error crosses zero. The 
longitudinal beam behaviour in the neighbourhood of transition, and the radiofrequency manip
ulations required to accelerate the beams through transition, have been described in previous 
lectures [1]. The present lecture will deal with the problems caused to high intensity beams by 
longitudinal space charge forces, and more particularly with the most successful remedy, namely 
a fast 7 t jump. This solution has in the past twenty years allowed several machines to con
siderably raise the beam intensities tha t can be accelerated without intensity loss or emittance 
blow-up at transition. 

The ratio between the beam energy at transition and the rest energy of the particles, called 
7< (gamma at transit ion), is independent of the particle mass. Its value depends only on the 
machine optics and geometry, and is close to the horizontal tune value in the case of a regular 
lattice. At constant magnetic field the velocity /3c, the circumference C, and thus the revolution 
frequency / = 0c/C of each particle depend on its relative momentum error 6 = Ap/p. The 
frequency spread in the beam is related [2] to its momentum spread by the parameter n: 

_1_ df_ J. \_dC_ m 

V ~ fo d6 " 7

2 C0 dS U 

where C0 and f0 are the circumference and the revolution frequency of a particle with nominal 
momentum on the reference orbit. At transition n = 0 and the value of 7 may be found from 

TT " c0dè J - yr^ (2) 

In the vicinity of transition n is approximately proportional to ft — f-

.2 ^2 
„ = J- _ -L = 7* ~ 7 

7 2 It 727? \7« 
( â ) (71-7) (3) 
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Figure 1: Schematic plot of equilibrium bunch length (in arbitrary units) before 
and after transition, without (solid) and with (dashed) space charge. The 
horizontal straight line between the arrows indicates the bunch length during 
a fast yt jump 

If the optics, and thus ft, is kept constant the speed at which the transition is crossed is 
determined only by the rate of acceleration df/dt. Beam intensity and emittances are in this 
case exposed to several intensity dependent space charge phenomena: 

• The space charge effect on the bunch length changes sign at transition (figure 1), causing a 
sudden change of the equilibrium bunch length at a time when the motion in longitudinal 
phase space is slow [3, 4]. If the bunch shape oscillations resulting from this mismatch 
are not damped they will eventually result in filamentation and longitudinal emittance 
increase. 

• Both the energy spread (Johnsen effect [5], intensity independent) and the space charge 
tune spread (Umstât ter effect [4]) produce a spread in the j t value of the particles, which 
consequently do not cross transition simultaneously. 

• Above transition the space charge forces make the bunches longitudinally unstable (neg
ative mass instability [3, 4, 6, 7]). The growth rate of this instability increases rapidly 
with dffdê and thus with the time elapsed since transition. After some time it slows down 
and eventually the instability disappears when the Landau damping due to the increasing 
frequency spread in the bunches becomes large enough. 

In the design of accelerators it is a t tempted wherever possible to locate the transition energy 
outside the energy range of the machine, and some machines have even been built (for example 
the CERN LEAR) or proposed [8] with an imaginary 7< value. On the other hand, the j t value 
of existing machines cannot be changed by a large amount without changing the ring geometry. 
If transition crossing cannot be avoided, the best solution to overcome the intensity limitations 
resulting from the above mentioned phenomena is an artificial increase of the transition crossing 
speed by means of fast pulsed quadrupoles. Such a -yt jump scheme makes it possible to keep 
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Figure 2: 7 of beam (dashed) and j t (solid) at transition in the CERN PS. 
The jump is made in 0.4 ms 

the beam at a safe distance from transition, except for the very short time during which the 
transition region is crossed (figure 2) at a speed increased by one or two orders of magnitude. 
The required jump amplitude and speed depend on the beam intensity [6, 9]: 

• The distance between 7 and j t just before and just after the jump should ideally be 
large enough for the space charge effect on the bunch length to be small compared to the 
unperturbed bunch length. With very high intensity beams this is not always possible, 
and it is therefore advantageous to use an asymmetric jump (figure 2), where the starting 
point of the jump is closer to transition than the end point. The equilibrium bunch length 
at the start and at the end (arrows in figure 1) can thus be made equal. The optimum 
asymmetry depends on the beam intensity. 

• The negative mass unstable region just after transition should be crossed fast enough for 
the emittance blow-up to remain small. An asymmetric jump as mentioned above is better 
centered with respect to the unstable region than a symmetric jump. 

For these reasons the optical design of a jump scheme, which is the subject of this lecture, should 
aim at a large Aft, while keeping the maximum dispersion and j3 values below reasonable 
values. The tune shift should be as small as possible. The use of a general purpose beam 
optics program does generally not allow an exhaustive study of a large number of possibilities 
(locations, polarities, families, etc.). Therefore we will first establish an analytical expression of 
the jump amplitude as a function of the quadrupole strengths, which will allow a preselection of 
a limited number of solutions. The performances (jump amplitude, maximum values of (3 and 
the dispersion, tune shift, etc.) of the selected candidate schemes may then be more precisely 
evaluated using a beam optics program. 
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Figure 3: Closed orbit in the presence of a single kick (sampled at locations with equal /?) 

2 E F F E C T OF QUADRUPOLES ON l t 

The modification of jf2 due to the presence of non-nominal quadrupole gradients may be found, 
according to equation (2), by calculating the corresponding circumference increase of the closed 
orbit of a particle with momentum error S. To this end we consider a machine containing a set 
of N special quadrupoles which are not used in the nominal optics configuration, but may be 
powered to modify the horizontal dispersion function, for example at transition crossing. The 
nominal (unperturbed) machine has central orbit momentum p, magnetic rigidity of the beam 
Bp = p/e, horizontal tune Q, and the following parameters valid at the special quadrupoles: 

S{ the longitudinal position at quadrupole i i = 1, N 
Dl the nominal horizontal dispersion 
Pi the nominal horizontal be ta 
fii the nominal horizontal betatron phase 

These parameters are here assumed to be independent of 6. The machine optics may be modified 
by powering the special quadrupoles (treated here as thin lenses), according to the parameters: 

Ki the strength fGds/Bp (integrated normalized gradient) of quadrupole i 
D* the modified dispersion at quadrupole i in the presence of all strengths A'i, ... A'jv 
[3* the modified horizontal be ta 

The nominal optics is characterized by the Courant - Snyder 'closed orbit distortion' function 
written here as 

(4) m(sus) = ^ y ^ y cos(*Q - \p(Sl) - a(s)\) 

which is the effect of a unit kick at location S\ on the beam position at location s (figure 3). 
The horizontal closed orbit change due to a set of N non-nominal short horizontal orbit kicks 
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Oi located at Si may be written: 

N 
Ax(s) = '$26im(si,s) (5) 

t'=i 

if 6 = / Bds/(Bp) is taken positive for a kick towards more positive x values. The same function 
m relates the nominal dispersion to the local bending radius p(s) in the bending magnets [10]: 

Cm^'^d> (6) 
Jo p(«) 

The parameter s denotes the projection of the longitudinal position onto the central orbit. To 
first order in x the ratio between a path length on an orbit x(s) and its projection is equal to 
1 -f x(s)/p(s) in the bending magnets and equal to 1 elsewhere [10]. The circumference increase 
of an orbit in the presence of kicks 0 t, calculated from the path length increase in the bending 
magnets, may thus be written 

A C - ' C A * < S > 

Using (5) and (6) this may be related to the dispersion: 

fc m(si,s) 

-jra* 

(8) 

Since we are only looking at the properties of one orbit at a time it is irrelevant whether a kick 
is caused by a dipole field or by a quadrupole field, provided both have the same field value at 
the radial position of the orbit. The special quadrupoles may thus be treated as kicks, and their 
effect on the orbit and the circumference may be calculated using the dispersion, /? values and 
phases of the nominal optics. On the other hand, the value of the orbit kick resulting from the 
strength K{ of (thin) quadrupole number i depends on the orbit position in the quadrupole, 
which is equal to the perturbed local dispersion D* multiplied by the momentum error 6: 

6i = -x(si) Kt = -SDÏKi (9) 

if K is taken positive for a horizontally focussing quadrupole. According to (8) the effect of a 
set of N quadrupole strengths /{",- on the circumference is then 

N 
AC = -6YiIUD^Di (10) 

;= i 

The dispersion functions are here assumed to be independent of S. Differentiation with respect 
to 6 yields the 7 t

- 2 change 

C 0 A ( 7 r

2 ) = A (%)= - £ KiBTDi (11) 

which thus depends only on the local values of the perturbed and unperturbed dispersion func
tions at the N quadrupoles. 

The nominal and perturbed dispersion functions are related by the closed orbit distortion 
function m. The closed orbit X(SJ) at quadrupole j of a particle with relative momentum error 
S in the presence of the N special quadrupole strengths A',- is: 

X(SJ) = 6Dj - Y, SKiD^mi^sj) (12) 
»=i 
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Differentiation with respect to 6 yields 

D* = D + M.D* (13) 

where vector D is defined as D = (D\,D2, .. .DJV) and matrix M as: 

Mij = -Kj mij = -Kj m(si,Sj) i,j = 1, JV (14) 

valid for the nominal unperturbed machine. The modified dispersion values may be found by 

£* = (1 - M)" 1 .Z) = (1 + M + M 2 + ...).£ (15) 

3 ZERO T U N E SHIFT AND NON-ZERO A( 7 < ) 
Equations (11) and (15) have a general validity and may be applied to any ft modification 
system, DC or pulsed. However, a pulsed jump scheme for transition crossing has to modify ft 

temporarily without creating additional instabilities or beam loss, and the optical design must 
therefore meet three requirements simultaneously: 

• produce a large ft change 

• leave the betatron tunes unchanged 

• keep Dmax and f3max below reasonable values 

The first two requirements may a priori seem incompatible, as ft is usually close to the horizontal 
tune. However, they may be met by locating the quadrupoles in such a way that they act strongly 
on the dispersion and little on /?, since ft is related to the dispersion and Q to the (3 function. 
This is possible by exploiting the difference in periodicity of the functions AD and A/3, as will 
be shown below. 

3.1 H o w t o o b t a i n AQ = 0 

To first order in K{ the tune shift is given by [10] 

Ag = -^5>Jir,- (i6) 

Thus Y^Pi^i = 0 is a first requirement to keep the horizontal tune constant. An equivalent 
condition should be respected in the vertical plane. Unfortunately, if no special precautions are 
taken the /? functions are modified by the jump quadrupoles, and the expression for the tune 
shift contains higher order terms in A',-. However, it is possible to keep the tunes constant during 
the entire transition process if the quadrupole locations are chosen with care. This is illustrated 
by a short review of early 7* jump schemes: 

• A non-zero AQ was tolerated at the CERN PS between 1969 and 1973 with the so-called 
Q-jump scheme [11, 12], using a set of 6 quadrupoles more or less regularly spaced around 
the ring with identical strengths and polarities. A tune change of 0.25 was required to 
obtain a Aft of 0.3. 

• In 1970 a scheme was proposed for the FNAL Booster using 12 regularly spaced quadrupoles 
with equal strengths but alternating polarities [13], yielding A7t = 1 at the expense of only 
AQ = 0.1. 
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• At the PS a large ft jump of 2.7 without tune shift is obtained [6] since 1973 by grouping 
16 quadrupoles together in doublets (i,i + 1) for i = 1,3, .. with Ki+i = —Ki and 
fJ-i+i - fii = ir. 

The last example is the only of the three cases where the /? values are kept constant at the 
jump quadrupoles. This can be obtained in any machine using the simple and yet extremely 
flexible solution of grouping the quadrupoles together as doublets in such a way that for each 
individual doublet the betatron transfer matrix (from the entrance of the first lens to the exit 
of the second) does not depend on the excitation level. It can be shown that this is equivalent 
to the two conditions 

ft Kx + 02K2 - 0 sin(/i2 - m ) = 0 (17) 

The second condition implies A/J = nir with integer n. Such doublets leave the /? values strictly 
unchanged outside the doublet interval, and thus at all quadrupole locations in the machine. 
The doublets must not overlap. Any scheme consisting of such doublets will then yield AQ — 0 
even for large K values. Due to the difference in periodicity of the AD and A/3 functions the 
effect on A ( 7 t

- 2 ) is zero or small for even n, and large for odd n values. In the following we will 
therefore assume a w phase advance in all doublets. 

3.2 Consequences of the use of x-doublets 

A X phase advance in a zero tune shift doublet eliminates all powers > 1 of matrix M in 
equation (15). This may be shown as follows: 

(M2),-,- = Y, KkmikKjmkj = Kj^f^jY^KkPkCosi^coskj (18) 

k k 

where 
C O S i J = 2simrQ c o s ^ Q ~ ^ ^ ~ M*i)l) (19) 

The contribution of doublet (k,k+l) to each element (M 2 ) , j is proportional to -/i'fc/?fc+-&Jc+iAfc+i' 
since cositk = — cosi^+i and coskj — —cosk+ij. The zero tune shift condition cancels this 
contribution and equation (15) has only 2 terms: 

D* = (l + M).D (20) 

Equation (11) then reduces to: 

N N N 

C 0 A( 7 ,-
2 ) = - Ê *«• C1 + M h D i D i = - E Ki°i2 + E KiKjmijDiDj (21) 

>,i=i t = i ',j—i 

valid for a 7r-doublet scheme with zero tune shift. 

The effects of a 7r-doublet with /?iA'i -f ^2^2 = 0 may thus be summarized as follows: 

• Q is unchanged 

• (3 is left unchanged at all jump quadrupoles 

• the dispersion change is linear in K 

• the jump amplitude has only linear and quadratic terms in K 
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The maximum /? value inside the doublet interval can easily be found in most cases. For example 
in a regular lattice where all horizontally focussing quadrupoles are located at /?,- = /3max the 
maximum perturbed /3* inside doublet (i, i+1) may be found [6] by 

Pmax _ 1 + s i n 4> / 2 2 ) 

Pmax l-sini/> 

where ^ is defined by tg ij) = \Ki\ /3max/2- On the other hand, the dispersion function modifi
cation is generally non-local and the maximum dispersion value cannot be estimated a priori in 
a simple way. 

3.3 Schemes with a constant normalized dispersion 

In schemes where the horizontal normalized dispersion D/y/fihas the same value at all quadrupoles 
the YsP*Ki — 0 requirement cancels the linear terms — ^KiD? of equation (21), and A(7 4~

2) 
will only have quadratic and higher order terms. If the scheme consists of 7r-doublets the higher 
order terms cancel and the ft change is given by the quadratic terms of (21): 

A ( 7 < _ 2 ) = 2C sinxQ £ DïbK*Ki c o s W " IW " WD ( 2 3 ) 

valid for a 7r-doublet scheme with zero tune shift and identical nominal normalized dispersion 
values D/y/fî at all N quadrupoles. 

4 CELLS, SUPERPERIODS AND FAMILIES 

As shown above, the expression for A(7 t

- 2 ) contains only first and second order terms in K in 
ir-doublet schemes. In other schemes the higher order terms are usually small and A(7 t~

2) is 
therefore in all cases dominated either by linear or by quadratic terms in K: 

• In machines where the normalized dispersion function has large variations from one po
tential quadrupole location to another the quadrupoles of a doublet may be located at 
(D Jy//T)max and ( f l / v ^ ) m i „ respectively, in order to maximize the linear term — £2 KiD? 
of equation (21) which dominates A(7 t~

2) in this case. In regular lattice structures these 
locations are separated by a ir betatron phase advance. 

• In machines with an equal normalized horizontal dispersion D/y/fi at all quadrupoles the 
value of A ( 7 t

- 2 ) depends quadratically on the quadrupole strengths K% for zero tune shift 
schemes. 

Most machines are made up of repetitive cells, each containing a small number of quadrupoles, 
for example (QF, QD). The vacuum chamber aperture is used in the most efficient way if the j3 
and dispersion functions are matched to these cells, i.e. have the same periodicity. Free space 
availability and the preference for cell phase advances of 45°, 60° or 90° require quadrupoles of a 
7r-doublet to occupy equivalent locations in different cells, resulting in identical D and (3 values 
(example of the PS). On the other hand, the presence of straight sections with zero dispersion, 
as required in some machines, induces Djyffi variations around the ring (example of the SPS). 
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Figure 4: Unperturbed dispersion (solid) of the PS and dispersion just before 
the polarity change of the gamma jump (dashed), sampled at locations with 
equal /?. Family 1 is shown as the smaller boxes, family 2 as the larger boxes 

4.1 Example of matched normalized dispersion: the CERN PS 
At the CERN PS {Q = 6.25, Emin = 2 GeV, Emax = 26 GeV, ft = 6.1, df/dt = 40 s" 1 ) D 
and /? have the same value at all potential jump quadrupole locations and consequently A ( 7 t

- 2 ) 
depends quadratically on the K values. This means that, with one power supply feeding all 
quadrupoles, it would only be possible to change 7 t in one direction, depending on the sign of 
sirnrQ. However in this case the maximum change of 7 t , and thus the maximum excursions 
of the dispersion and /? functions with respect to their nominal values, would be much larger 
than with a symmetric bipolar j t jump providing the same jump amplitude. At the PS the 
quadrupole doublets are for this reason separated in two families, each connected to a separate 
power supply [6]. If family number 1 has strengths +K\ or —K\, and family number 2 strengths 
+K2 or — K2, equation (23) may be rewritten as a sum of three terms: 

A ( 7 t - 2 ) = aK{ + bKxK2 + cK\ (24) 

The phases y,{ of the quadrupole locations have to be chosen in such a way that coefficient 6 is 
large, and larger than a or c. A polarity change of either K\ or Ki then changes the sign of 
A(7 t~ 2). At the PS both families are slowly pulsed with rise and fall times of about 20 ms. At 
the maximum of the current pulses the polarity of family 1 is reversed as fast as possible, which 
yields the j t curve shown in figure 2. 

The basic brick of the present PS scheme is 

(25) 

where +D\ denotes a doublet consisting of two quadrupoles at w phase advance, with strengths 
+K\ and — K\. The 45° phase advance per cell in both planes makes it easy in this machine to 
locate the doublet quadrupoles at the required phase advance. D\ is separated from the second 
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doublet D2 (strengths +K2 and —K2) by a space with <p betatron phase advance, not containing 
jump quadrupoles. In order to keep D*max low it is advantageous to make the quadrupole layout 
symmetric. The simplest symmetric configuration is: 

(+Dt) <j> (+D2) (~D2) <f> (-D1) (26) 

where -D has reversed polarities with respect to +D. The two central doublets together form a 
triplet with strengths +K2, —2K2, +K2. This will have the same effect on 7 t~ 2 as a single doublet 
with strengths +2K2 and — 2K2, but the local maximum /? value will be smaller, according to 
(22). Doublets or groups of doublets may be displaced by it phase advance if their polarities 
are reversed, without changing the A(7 t~ ) value, since the (3 and dispersion values are identical 
at all considered quadrupole locations. The 7t jump produced by the scheme depends thus on 
<f> modulo 7T. 

For 0 < <f> < 7r this configuration stretches over a phase advance between AT and 6ÎT, and 
with a tune of 6.25 there is space for installing two such configurations around the ring. A 
given jump amplitude may thus be obtained with smaller quadrupole strengths, resulting once 
more in smaller D^ax and fS^ax values. The value of 4> and the phase advance between the 
two configurations has to be chosen with care in order to optimize a, b and c. With the PS 
cell phase advance of 45° only 16 independent cases have to be taken into consideration. We 
will here limit the discussion to two solutions which we call 'symmetric' and 'antisymmetric' 
respectively. At this stage the manipulations may easier be understood by talking in terms of 
superperiods. With the above mentioned phase advances the machine may be divided either 
into two identical superperiods containing jump quadrupoles, or into two identical superperiods 
containing quadrupoles plus one transparent betatron wavelength without quadrupoles. 

The symmetric scheme corresponds to two exactly identical superperiods, each having a tune 
of Q/2. The coefficients a, b and c may be evaluated using equation (23) putting Q = 6.25/2. 
A large b value is obtained for (j> = 7r/2, but c is equally large (values in m 2 ) : 

a = 0 b = +7.2 c = -8 .7 (27) 

The jump is thus not bipolar, and the performance of this scheme is poor: 

A 7 t = 1.0 D*max = 21.0 m (28) 

However, with K\ — —K2 the scheme provides a very low 7̂  value of 4.3, which may be useful 
for other purposes [6]. 

The scheme may be made antisymmetric by either reversing the polarity of one of the two 
quadrupole configurations, or displacing one configuration over a n phase advance. The anti
symmetric case thus corresponds to two identical superperiods with a tune of (Q —1)/2, plus one 
'transparent' betatron period without quadrupoles (figure 4) and yields with (f> = x/2 (values in 
m 2 ) : 

a = 0 b = - 7 . 2 c = -1 .5 (29) 

The last solution was adopted for the jump scheme of the PS as it provides a large bipolar ~/t 

jump. The non-zero c coefficient makes A ^ - 2 ) slightly asymmetric: 7< increases first slowly 
from 6.1 to 8.3, jumps down to 5.6, and rises back slowly to 6.1 again (figure 2). The maximum 
dispersion and /? values just before or just after the jump are 9 m and 54 m respectively, to be 
compared with the nominal values of 3 m and 22 m (figure 4). The corresponding quadrupole 
strengths are 

Kx = 0.023 m _ 1 K2 = 0.037 m _ 1 (30) 
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Figure 5: A possible j t jump scheme for the SPS: unperturbed (solid) and 
perturbed (dashed) dispersion in one superperiod (SPS / 6), with proposed 
jump quadrupole locations 

The maximum current in the quadrupoles is 450 and 250 A respectively, and the polarity of 
K\ is reversed in 0.4 ms at transition, using special low inductance quadrupoles. This yields a 
transition crossing rate of —dft/dt — 6000 s _ 1 , which is 150 times larger than df/dt. 

4.2 E x a m p l e of m i s m a t c h e d normalized dispersion: the C E R N S P S 

Not all machines have equal D/y/fî values at all quadrupoles. As a counter-example we will 
briefly discuss a possible ft jump scheme for the SPS (Q = 26.6, Emin = 14 GeV, Emax = 
450 GeV, ft = 23.2, df/dt = 130 s _ 1 ) where presently high intensity proton beams cross 
transition without a ft jump. This machine has a regular lattice structure in the arcs, but 
the matching of the dispersion function is destroyed by the presence of 6 long straight sections 
with zero dispersion: the (3 values are equal at all F quadrupoles, while the dispersion oscillates 
between 1 and 4.5 m (figure 5). Since the cell phase advance is nearly 90° it is easy to form 
doublets yielding AQ as 0. 

With such a dispersion modulation the expression (21) for A ( 7 t

- 2 ) may contain a large linear 
term C~x 5Z KiD] and thus one quadrupole family is sufficient to produce a bipolar 7 jump. In 
the regular SPS arc lattice Dmax and Dmin are separated by a 7r betat ron phase advance, and 
doublet quadrupoles located there produce a large A7<. With one triplet (i.e. two contiguous 
doublets) per superperiod, centered in the arc, K values of only + and —0.010 m _ 1 are required 
to obtain a Aft of 3.6. Dmax increases from 4.5 to 9 m, and j3max from 104 to 226 m. 
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Figure 6: Dispersion in the PS machine perturbed by family 2 only (sampled 
at locations with equal /?), and optimum locations for family 1 

5 CONCLUSION 
A simple expression (11,15) has been derived relating A(7 t~ 2) to the integrated normalized 
gradients K% of the quadrupole scheme, using only the nominal unperturbed /? and dispersion 
values at the quadrupoles and their phase advances. At this stage no assumptions have been 
made about the layout of the quadrupole configuration, and the formalism may be used for 
the design of any jt modification scheme. Pulsed jump schemes have to meet the additional 
requirement of zero tune shifts, preferably obtained by the use of doublets, each consisting of 
two quadrupoles with opposite polarity at n (or Sir, Sir, ..) phase advance and fliKi +P2K2 = 0 
in both transverse planes. In this case terms of order higher than 2 in K cancel in the expression 
for A( 7 r 2 )-

In machines where the horizontal normalized dispersion D/y/J3 has the same value at all 
7t modification quadrupoles, the linear terms in K cancel for zero tune shifts. The remaining 
quadratic terms may easily be computed to allow the performance evaluation of the different 
design options, like the number of families and the super periodicity. A bipolar 7* jump provides 
a large jump amplitude while keeping the maximum /? and D excursions from the nominal values 
at a reasonable level. This requires two quadrupole families, as is shown in the example of the 
CERN PS scheme. The distribution of the doublets around the ring, and more particularly the 
superperiodicity, has to be chosen with care in order to maximize the mixing term bKiK? in 
equation (24) which produces the bipolar jump. 

On the other hand, in machines where the D/y/fi modulation is important a scheme may be 
found where A(7 f

- 2 ) has non-zero linear terms in K even for zero tune shifts, in which case a 
single quadrupole family is sufficient to produce a bipolar jump as is shown in the example of 
the CERN SPS. 

The difference between these two cases may easier be understood by the following. Any 
machine with a matched D/y/fi function may be converted into a mismatched machine by pow-
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ering one quadrupole family. A second family will then produce a A ( 7 t

- 2 ) which is linear in 
its strength value. Figure 6 shows that, as may be expected from the SPS case, in the PS the 
optimum locations for family 1 correspond to the minima and maxima of the dispersion in the 
presence of family 2. 

The superperiodicity plays an important role in matched D/y/fi lattices. A machine may be 
divided into n identical superperiods, each having a tune Q/n which determines the rriij values 
in machines where the quadratic terms in K dominate A ( 7 t

- 2 ) . Transparent betatron wave
lengths without jump quadrupoles may be inserted between these superperiods, thus offering an 
additional choice of superperiod tunes like (Q — l)/n, (Q — 2)/n etc., as shown in the example of 
the CERN PS. To increase the efficiency of a scheme n may be chosen such that the superperiod 
tune is close to an integer in the quadratic case. Unfortunately D^ax w m " generally also be 
larger in this case. On the other hand, machines where D/yffiis not matched are dominated by 
the first term of (21) and do not show this resonant behaviour of A(7 (~ ). 
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AN INTRODUCTION TO ELECTRON COOLING 

B. Seligmann 
Queen Mary and Westfield College 
University of London, UK 

Electron cooling is the reduction of the velocity spreads in all three degrees 
of freedom of a particle beam by a low divergence, low velocity spread (i.e.cold) 
electron beam. Besides stochastic cooling electron cooling is today's most 
powerful and versatile method to compress the phase space volume of charged 
particle beams. The basic concepts of the theory and of the technology of 
electron cooling are introduced here. Some typical results of electron cooling 
experiments are presented. Such results encouraged applications of electron 
cooling in virtually all branches of fundamental physics with particle beams, 
including accelerator physics itself. 

1 O P E N I N G R E M A R K S 

Electron cooling as a technique of improving or stabilizing the phase space density of 
a heavy particle beam, proposed by the late G. Budker in 1966 [1], is now widely used 
in laboratories all over the world. This paper endeavors to give an introduction to the 
physics of electron cooling (sections 2,3 and 5) and the techniques of production (sections 
4,6,7) and operation (sections 6,7,8) of cooling electron beams in circular heavy particle 
machines. In comparison to review articles about the subject - the most recent one of 
those is Ref. [2] - the physics parts are kept somewhat more tutorial here while the 
electron cooler as a special electron beam device is treated in a more detailed way. 

In the following the cooled particles are often refered to as 'ions' although they can be 
any kind of charged particle. The ion properties, like mass and velocity, are symbolized 
by capital letters or by the index i. Electron related entities are written as small letters 
without an index. Constants like the electron charge, vacuum dielectricity etc. are referred 
to in the usual notation. For beam geometry, in the ion- as well as in the electron beam, 
the conventional coordinate system (s,x,z) is used, s given by the beam direction and x 
(horizontal) and z (vertical) mostly replaced by the general transverse coordinate y. 

2 T H E C O N C E P T S O F B E A M T E M P E R A T U R E A N D P L A S M A R E L A X 
A T I O N 

Consider a beam of particles circulated in a storage ring at a velocity (s) = /30c. For the 
sake of clarity let us further restrict ourselves to sections of the ring where the dispersion 
of the optical system equals zero. Given a Gaussian distribution of particle velocities in a 
frame of reference moving at (i) (particle frame), the standard deviations of the transverse 
components of this distribution, cTy, the r.m.s. divergences, 0^, and the emittances ey 

are related via the betatron amplitude functions, (3y(s) : 

Then the r.m.s. beam radius at a position s is also a function of the width of the velocity 
distribution: 
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< * > = S j é • ( 2 ) 

For the longitudinal component the momentum deviation crp is the relevant phase 
space quantity. It is related to the longitudinal velocity width according to: 

'•-^HT' ( 3 ) 

Po is the average particle momentum in the laboratory frame, 7 is the Lorentz transfor
mation factor. 

Regarding the particle beam as a plasma ring rotating at a tangential velocity (i) we 
may take definitions of the temperature of this plasma from the kinetic gas theory. In the 
transverse components: 

kTlis) = f « ) 2 = f 7 2 & V ^ - , (4) 

and longitudinal one obtains 

«Ï = y « ) ! = T7'/?„V (-J (5) 
which we may as well call the transverse and the longitudinal beam temperatures. Beam 
cooling is the reduction of these temperatures and means the reduction of the phase space 
volume of a beam. 

Experimentalists using accelerator beams are in most cases not only concerned about 
reducing the phase space volume of the beams, which represents the beam precision and 
largely influences systematic errors in their experiments. They also do not want to loose 
particle intensity, in order to achieve sufficient statistical significance when measuring 
events of low probability. In that sense they ask for the highest possible phase space 
density. The demand for an increase in phase space density would fataly conflict with 
Liouville's theorem if the beam contained 

• an infinite number of non-individual particles, which are 

• non-interacting with each other, and which would 

• undergo coherent changes in motion only, forced by conservative forces in bending 
and focussing magnetic fields. 

In this case Liouville's theorem establishes the beam's phase space density as a con
stant of motion. Beam cooling can only work where 

• there is information obtained about the state of motion of individual particles, and 
this information is looped into a corrective feedback system (stochastic cooling [3]), 
or 

• there are additional degrees of freedom introduced into which temperature from the 
original 6N-dimensional (N: number of particles) phase space can flow. 

Radiative cooling methods (e.g. synchrotron radiation cooling and laser cooling) make 
use of the second prescription by dumping beam temperature into a photon field. On the 
other hand it has been known for long that in a plasma made up of two elements a 
temperature exchange (relaxation) takes place between the elements. In the same way a 
relaxation between beam temperatures must take place, when two beams are overlapped 
at zero relative velocity, forming a two-component moving plasma. As soon as the added 
beam is a low temperature electron beam, which is continuously renewed from an electron 
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injection 
^ " S _ . cooling effect 

Figure 1: A typical ion circulator (left) and the shrinking phase space ellipse of a cooled 
ion 

gun, and the other beam is an antiproton- or ion beam we have an electron cooling set-up 
proposed by Budker in 1966 for cooling of low and intermediate energy heavy particles. 
The scheme of such an ensemble including a cooling section of length L in a ring of nominal 
circumference C, an internal target and an extraction line is sketched in figure la. In figure 
lb a schematic picture is drawn of what happens to the phase space trajectory of an ion 
under the effect of electron cooling. Having identified beam temperatures with plasma 
temperatures we can apply a plasma physics equation derived by L. Spitzer 50 years ago 
[4] for an estimation of the relaxation time req after which the heavy particle beam arrives 
at the center of picture lb : 

(6) 

m is the electron mass, n the electron density, T the electron temperature. Z is the heavy 
particle charge number and Lc stands for the Coulomb logarithm, a quantity which will 
be explained in the next section. 

The temperature of a heavy particle beam in a rapidly cycling synchrotron accelerator 
is determined by the temperature of the particle source and, to a larger extent, by heat
ing processes during injection. Liouville's theorem implies that the beam temperature is 
reduced through acceleration, as Tx

acc — T/ n j//3o7- I Q rings designed for long recirculation 
times (e. g. accumulators and storage rings for colliding beam- or internal target experi
ments) heating is predominantly caused by multiple Rutherford scattering in the residual 
gas of the ring vacuum or by the same process in the gas target. W. Hardt derived a 
formula for the emittance (or temperature) growth of a charged particle beam (Z,A) in 
an atomic gas [5]: 

6.5TT • 1(T 3 [(Torr • s)'1} (3y • /3~ 37 
7 2 

-2 - p y ' 2 ^ _ _ mi 
A 

(7) 

V is the average gas pressure measured in the ring, Z' is the mean charge number of the 
gas constituents, 0y is the average over the betatron function along the ring. Without 
cooling the beam precision, measured in terms of phase space volume, degenerates quickly. 
After a time proportional to e'm,~X the emittance will reach the acceptance of the ring 
and the beam intensity will go down with an exponential decrement called the beam life 
time. This process is counteracted by cooling. An equilibrium beam temperature in the 
cooling region is reached when 

rpl rpt 
C m j (8) 
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The cooling rate Tc* can be estimated from equation (6). We assume exponential cooling 
with a time constant ( 2A C ) _ 1 : 

-~ = const. = 2AC . (9) 

The relation between Ac and r e q is 

(2A,)- 1 ~ Teq/n (10) 

(K being the number of exponential octaves between the beginning of cooling and equi
librium). Then the equilibrium temperature in the cooling section of the ring will be: 

Teq(s) = 7 W ( 2 A C ) • (11) 
Let us now look at the temperaure of the electron beam which, according to intuition 

and to Spitzers estimation, is crucial for fast equilibration. This temperature is first of all 
determined by the temperature of the electron source. In the same way as described for 
the particle beam it can be related to the velocity distribution width Ay in the moving 
electron plasma. Transversally, 

kTy = j(Ayy . (12) 

If the velocity distribution is isotropic at the source and the acceleration of the elec
trons is done adiabatically (that means without adding to the internal kinetic energy 
of the accelerated electron plasma) then the conservation of the internal energy (or Li-
ouville's theorem) demands a compression of the longitudinal velocity distribution. In 
non-relativistic approximation one obtains 

(eUo is the electron beam energy in the laboratory frame.) Relativistic exaction yields 
the relations 

A;U + W , / ( T + I)] O k Z = . . ̂ i _ 
27P0C Y 

The special shape of the electron velocity distribution bears important consequences for 
the potential performance of electron cooling, as will be shown in the following section. 

3 T H E COLLISIONAL P I C T U R E OF E L E C T R O N C O O L I N G 

3.1 Binary Collisions 

Consider an ion penetrating an isotropic cloud of stationary electrons. Figure 2 depicts 
the ion passing one of the electrons of the cloud at a velocity V and a distance b. The 
scattering of the ion into a solid angle element AO is governed by the Coulomb force and 
described by the Rutherford differential cross section: 

^ = ( ^ . - i - 2 l «n-«(*/2) , (15) 
dQ \47re 0 2MV2 j y ' ' V ' 

where the impact parameter b and the scattering angle 6 are related like 
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Figure 2: A Rutherford collision of an ion and an electron 

Small angle scattering is strongly favoured through the sin~A term in eq.(15). This justifies 
the approximation that in a single collision the ion follows a first order undisturbed 
trajectory (x = Vt). Then one obtains for the momentum transfer, Ap, in every such 
collision: 

Ap= £Vds = - / — dt=- — - . 17 
J-°o 47re0 •/-<» b2 iire0 V • b 

£ is the electric field of the ion at the position of the electron. Note that only the field 
component parallel to b remains relevant for the integral. 

The energy transfered from the ion to the electron equals 

Zm 
The energy lost to all electrons in the volume element 2pi • b • ds • db per interval ds is 

A F1 

—-(b) = 2TrnbdbAE . (19) 
ds 

Note that this expression has the dimension of a force. One obtains the energy loss of 
the ion in an electron cloud of an extension bmax by carrying out the integration over 
b. We make sure to choose a proper range for the integration. The low boundary is 
given by the maximum single scattering angle, 2ir. Inserting the classical electron radius 
r e = e 2 /(47re 0 mc 2 ) in eq.(16) yields 

bmm = Zrec2/V2 . (20) 
The upper boundary of the relevant impact parameter range is estimated through the 

following consideration: The characteristic time, tpi, in which the electron cloud can react 
adiabatically - that means without taking up energy - on a penetrating particle is given 
by the plasma frequency wpi: 

tPi = — = ( r e c V * ) - 1 ' 2 • (21) 
upi 

As only interactions of the ion leading to an energy transfer into the electron cloud are of 
interest here, we demand for binary collisions that the interaction time £; is shorter than 
tpi. The interaction time in a collision is usually approximated as £; = b/V. This implies 
a condition for the impact parameter region: 

2TT • V , n n . 
b < bmax = . (22) 

Thus the energy-loss integral emerges as: 
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dEi „ fb™* , A „ , , Z 2 n , „ s 

— - = 2TT / n6A£7i = 47rmc2r e

2 • — • Lc (23) 

(24) 

The Coulomb logarithm Xc fully contains the dependence on the choice of the impact 
parameter region. Its dependence on the the ion velocity is marginal in comparison with 
the factor V~2. 

In order to arrive at a realistic picture of electron cooling one has to take into account 
that neither the electrons are really at rest in the particle frame, nor have the ions a uni
form velocity. Both plasma components can rather be described by distribution functions 
f(v,t) and f(V,t), respectively. The temperatures introduced above are defined through 
the widths of these distributions at a fixed time. A dynamical description of the process 
of electron cooling required a model for the development of f(V,t) in time. Such a model 
was readily available in the form of the Fokker-Planck theory of small angle collisions in 
a fully ionized plasma. 

3.2 T h e F o k k e r - P l a n c k T h e o r y of P l a s m a R e l a x a t i o n 

Let us assume that multiple small-angle scattering is the only mechanism of energy trans
fer in the moving ion plasma - be it scattering with cooling electrons, with residual gas 
particles in the ring or even scattering among the ions (Intra-Beam Scattering). Then the 
distribution function f(V, t) at any time t can be expressed in terms of the same function 
at a time t — St, as: 

f(V,t) = Jf(V - AV,t - At)g(V-AV,AV) d{AV) (25) 

g is the normalized probality of a velocity change by a vector AV. In an expansion of 
the integrand terms from the order 3 in the small velocity change components can be 
neglected. We define the average rate of velocity change (the first velocity moment of f 
per unit time) as 

'AV_' 
At , = -^- J f(V,t)g(V,AV)AVd(AV) , (26) 

and for the squared velocity change components (the second velocity moment of f per unit 
time) we write 

( A y ^ K ) = ±-tff(V,t)g(V,AV)AVmAVnd(AV) . (27) 

The second order expansion in eq.(25) now transforms into the Fokker-Planck equation: 

The second term in this expression represents all effects that might further spread the 
initial velocity distribution of the beam ions, while the first term expresses the frictional 
deceleration of the particles which means cooling. The friction force F° is now introduced 
with the definition of the velocity decrement Xc: 

f° = M-(^) = -x'- ( 2 9 ) 
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The entities ( A V^fV" ) a r e called the diffusion coefficients Dmn. 
For the determination of the cooling force and of the diffusion coefficients in electron 

cooling one considers collisions of one test ion of a velocity V with electrons. Then one 
finds an approximation for the effective range of the ion potential (the screening distance) 
in an electron cloud. As a first approach, for electrons at rest, we went through these 
arguments in the preceeding section. The screening distance was derived from a condition 
of non-adiabacity of ion-electron gas interactions and was used as the maximum collision 
impact parameter. Then the cooling force is a vector opposite to the ion velocity vector 
whose length is equal to the energy loss (eq. 23): 

F°(V) = C0Lc(V)^-3 (30) 

Co = 47rmc 2 r 2 c 2 Z2 n . 

The rate of momentum transfer into transverse motion of the ion emerges from the Fokker-
Planck theory as 

Dmn = m.C0Lc(V) ^ - ^ ) . (31) 

For a general distribution f(v) the relative velocity u = V — v is substituted for the ion 
velocity before forming the statistical average over f(v) for the cooling force components: 

Fm(V) = - C o l e fd3v f(v)~S^ 1 } (32) 

Dmn(V) = rnCoLcjd3vf(v) 
82u 

SVmSVnj 

Following Chandrasekhars general treatment of plasma diffusion [6] both friction force 
and diffusion coefficients are evaluated by introducing scalar quasipotentials of a test ion 
in a given electron distribution. The quasipotentials are defined as 

*FlD(V) = f<Pvf(v)/\Û\ . (33) 

For an isotropic Maxwellian electron velocity distribution, like 

solutions for the potential integrals and the force and diffusion integrals can be found 
in the same classic literature. First we introduce with W = : V/A the statistical error 
integral 

err(W) = 2/v/ir / e~w' dW (35) 

and the function G(W) defined by Chandrasekhar: 

G(W) = [err{W) - err'(W)]/{2W2) . (36) 

For an ion moving in s-direction one then arrives at the following expressions for F: 
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F"° = Fi'° = -CF -Lc-(M + m)- G{W)/A2 (37) 
(38) 

Z2 

(CF = (47r r e r p c 4 )n—-) 

( r p is the classical proton radius, A is the ion mass number). In order to obtain a proper 
value for the Coulomb logarithm the maximum impact parameter for collisions with slow 
ions (W < 1) has now to be extrapolated from the screening of a charge at rest in a 
thermal electron gas, which is given by the well known Debye length: 

AD = A/w p l (39) 

For W > 1 the argumentation leading to eq.(22) stays valid. Thus we have two 
regions of definition for the Coulomb logarithm and therewith a first separation of cooling 
domains: 

- { 
Lc(V) = V/u;pl \tV>A ( . 

The non-vanishing diffusion coefficients Dmn are: 

Dt, = 2CFLcmMG{W) / V (41) 
Dxx = Dtz = CFLcmM\err{W) - G{W)] / V . (42) 

Instead of going further into diffusion at this stage it is useful to compare the impor
tances of cooling through friction and heating through diffusion, respectively. In Fig. 3 the 
relative energy change of an ion in a unit time is plotted for a mass relation M/m = 1836 
(protons cooled). It is calculated from 

Cooling obviously well outweighs heating as long as V > Jm/M • A is fulfilled. The dif

fusion terms only establish a theoretical equilibrium where V equals the fraction Jm/M 
of the electron thermal velocity. They may be neglected in any description of the cooling 
down process where the ion velocities are far away from that equilibrium. The integra
tion of the ion energy change in eq. (43) over a Maxwellian ion velocity distribution 
characterized by the temperature T; yields 

l<i(kTi)/dt = Jd3Vf(V)(AEi) =* ^ = ^ 7 ^ ( 4 4) 

where req is nothing else than Spitzers plasma equilibration time, given in eq. (6). 
For a flat electron velocity distribution with temperatures according to eq. (13), 

m = *~3/2 -& j - e^t e^t . (45) 
y ' 

The transversal velocity v± is by definition v\ = v\ + v\. The friction force F° (eq. 30) 
suffices as a correct approximation as long as the ion velocity is well above A y . For smaller 
ion velocities the friction force has to be split into a transverse component perpendicular 
to the electron beam axis (F[ ) and a longitudinal friction force parallel to it (F/1). 
The force components depend seperately on the respective ion velocity components. The 
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Figure 3: The relative energy loss of a proton in a frozen electron gas 

evaluation of the potential integral (eq. 33) has to be done numerically. For the friction 
force on an ion travelling in the transverse direction it yields [7]: 

V'-w-Wùi A„ 
(46) 

(Factors of the order Jit/2 have been omitted here.) 
For the s-component different expressions are found above and below the next bench

mark on the velocity scale, A, . The Coulomb logarithm becomes a function of V, (above) 
or A, (below). For the important upper velocity region one obtains: 

jrfi _ -\F°\ V2 

t>LcW 
v 

(for V. > A,) (47) 

The velocity characteristics of the longitudinal friction force in a flattened distribu
tion is sketched in Fig. 4 together with the corresponding curve for an isotropic velocity 
distribution (eq. 37). The velocity compression factor is 25 in this example. The longitu
dinal cooling force keeps roughly constant down to ion velocities far below the transverse 
thermal electron velocity. The transverse force after eq. (46) still decreases proportional 
to its related velocity vector. This means that the transverse velocity damping is of an 
exponential kind with a damping constant (or velocity decrement) 

A, = 
M • V 

(48) 

In analogy velocity decrements A,, for longitudinal cooling, and Ac for cases where the 
shape of the electron distribution is isotropic or irrelevant are defined. The inverse of A is 
often called the cooling time, r . We note that for a flattened distribution the longitudinal 
cooling becomes much faster than the transverse cooling for already cold ion beams. 
Consequently the equilibrium beam temperatures are different. Again neglecting diffusion 
processes which are not caused by ion-electron scattering in a cooler the following relation 
was found [8]: 

31 2 T ± 2A 
(49) 

In reality, intra-beam scattering becomes a limiting factor for the longitudinal beam tem
perature in a storage ring. Poth proposed a semiempirical formula for the exponential 
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Figure 4: The longitudinal cooling force in an isotropic electron velocity distribution 
(broken line) and in a compressed distribution (solid line) 

increment X!

t

BS of the momentum spread which together with the cooling decrement A, 
adjusts the equilibrium. It reads approximately: 

, /BS 6.0 -crl 
,CJ A2' ^ Z-.LC v W ^ g; 

-5 /2 

&" 37 -1/2 (50) 

C is the nominal ring circumference. Here the number of ions in the ring, N, appears so 
that in effect one has to consider an equilibrium phase space density instead of a phase 
space volume. When this quantity goes beyond a number given by the Keil-Schnell crite
rion [9] the beam enters into an unstable regime. The onset of longitudinal instabilities 
for a given phase space density depends on the degree of coupling between the beam and 
the vacuum chamber walls of the ring. 

A similar limit exists for the transverse phase space density. It is caused by the shift 
of the ion optical working point due to the ion beam space charge shielding the focussing 
fields. For an unbunched beam it is given by 

A Q , C = (Z/2A)rp ( T ^ ) " 1 • i V / ^ V 3 . (51) 
Further steps of refinements of the electron cooling theory were necessary only because 

of properties of an electron beam for application in electron cooling, which will be derived 
in the following section. For the present let us resume the basic features of electron 
cooling: 

• The cooling time r is independent of the ion intensity in a ring; 

• Electron cooling is not influenced by any bunch structure of the ion beam; 

• both the longitudinal and the transverse phase space are cooled 

• T is proportional to the inverse electron density in the reference frame moving at 
the beam velocity (particle frame) 

• T OC A/Z2 

The first two of the these points are of special interest in view of electron cooling being 
a technique complementary to stochastic cooling. 
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4 T H E E L E C T R O N B E A M FOR COOLING 

We shall now deduce the properties of a cooling electron beam. Our arguments are based 
on typical requirements of cooler users which in turn dictate the ways of electron beam 
producion and operation. 

4.1 T h e Electron B e a m Current 

We start from an example where a user has to maintain a certain ion beam equilibrium 
emittance eps — y in a storage ring by counteracting beam blow up in an internal target 
of a given thickness. Spitzers equation offers a valid approximation for this purpose. 
Inserting numbers for constants in eq. (6) one obtains 

req = 1.15 • 10 1 6 

cm3 
(52) 

Combining the definitions of the ion beam temperature (eq. 4), of the cooling temperature 
decrement (eqs. 9, 10) and Hardt's blow up expression (eq. 7) the equilibrium condition is 
set up as 

^ £ L = èmt . (53) 
' e g 

Transforming the equilibration time from the moving particle frame into the laboratory 
frame is taken care of by inserting the Lorentz 7. After collecting the constants and further 
assuming that the equilibrium thermal velocities in the two beams are approximately 
equal (Ti/M — T/m) the electron temperature can be eliminated from Spitzers equation. 
The residual gas pressure in equation (7) can be substituted by a target area density, 
pd[ng/cm2], if certain properties of the target material and the ring are known: 

0* 
V = 0.2 •pd(C[m]Atnt)-

1-^ . (54) 

(C is the ring circumference with the average beta-function /3 y , At is the mass number 
of the target material, nt the number of atoms in a target molecule, and /?' is the beta-
function through the target.) 

Inserting K = 7 as a conservative choice into eq. (53) one obtains for the electron 
density in the particle frame: 

B [ c m - ^ 2 . 1 0 . . 7 . : g . ^ A - î . v î ^ . w . <„> 
n has also to be translated into the laboratory frame by adding the fraction of the ring 
which is covered by the electron beam (77 = L/C, see Fig. la) and another 7 factor for 
the s-coordinate of volume elements: 

n* = Tf~l jn . (56) 

The related current density of the electron beam is 

j = n*e{30c . (57) 

Using for example a 0.1 fig/cm2 hydrogen gas target in a storage ring of 100 m circum
ference with the same focussing strength on the cooling section as through the internal 
target it would need a current density of 0.5 A/cm2 on a cooling section of 2 m length to 
stabilze a birmmmrad ion beam. Our example also implies that the temperature of the 
electron beam is as low as 0.1 eV and that the cross section of the electron beam fully 
covers the ion beam. Then for a betatron function value of 5 m on the cooling section the 
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electron beam diameter has to be at least 3 cm (eq. 2), necessitating an electron current 
of I = 3.5A 

Taking away the internal target, the same electron beam would suffice to cool down 
a proton beam of the same emittance by a factor of 20 in about 1 s. This is an excellent 
value in view of implementing electron cooling into a fast acceleration or deceleration 
cycle in a storage-synchrotron. 

4.2 The Magnet ic Immersion of the Electron B e a m 

Electron cooling requires an electron beam of the dimensions derived above drifting with 
the ion beam over a distance of about a hundredfold of its diameter. Such an electron 
beam represents a considerable space charge concentration. Demanding a constant charge 
density over the beam cross section one obtains from Poissons equation a space charge 
field of the strength 

£,c(r) 
j{r) 

2e0 \ 
(58) 

Here j(r) is the current density through a cross section 7rr2 and $ 0 

of a beam electron moving at the velocity of the ion beam. 
is the average po

tential of a beam electron moving at the velocity of the ion beam. In a region without 
external fields the space charge would cause a blow up of a cylindrical electron beam. 
For a beam drifting in s-direction from a source of radius TR the beam envelope develops 
approximately like 

R(s) = 1 + 4.78 
2P 0 

(59) 

where R is the ratio of the electron beam radius, rt, after a drift length s to the source 
3/2 radius. P is the quantity called the beam perveance, P = I • $ 0 . P0 is the constant 

P0 = -rreoy^/m = 16.5 / iA/V 3 / 2 = : 16.5\iPerv . (60) 

Such a beam would obviously be unsuitable for electron cooling. A parallel beam can be 
maintained in a simple way by immersing the electron flux from the source in a s-directed 
magnetic flux of constant density. A high enough flux density B, makes each electron 
hold to the magnetic field line on which it was started. Evaluating the radial equation of 
motion for the beam envelope together with Buschs theorem yields [10]: 

R = 1 1.8- 1 0 3 P 01 
B*[T]T*\cm* 

-1/4 
(61) 

Thus a longitudinal magnetic field of the order of 10 mT is necessary to immerse a cooling 
electron beam of typical specifications. 

The electron space charge causes another effect which can not be helped by a guiding 
magnetic field. This is the space charge depression of the potential at the beam center 
which causes a parabolic radial dependence of the electron drift velocity. The difference 
of the electron velocities at the beam edge and in the beam center is again derived from 
Poissons equation. Given a constant electron density one obtains: 

A«(r . ) 
P(30c 

4Po7(7 + 1) 
(62) 

which has to be taken into account for cooling time calculations. 
The crossed space charge- and magnetic fields cause a second kind of coherent velocity 

deviation in the form of an azimuthal twist of the whole electron beam. At a distance r 
from the beam axis electrons attain an additional velocity 

file:///iPerv
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1 2irr.c j . . 

<*>C!/ e (30 

(64 ) 

e-B, 

" c v = ~^r • 
m 

The theory of electron cooling as far as described in section 3 fails to account for the 
following properties of the cooling electron beam: 

• The electron beam is immersed in a strong magnetic field parallel to the s-axis; 

• the electrons have a coherent velocity in the moving frame of reference which is a 
function of the position on the beam cross section, the magnetic field strength, the 
beam energy and the electron beam density. 

The consequent extensions of the cooling theory will be discussed now. 

5 E L E C T R O N C O O L I N G T H E O R Y II 

5.1 Supercool ing 

In a magnetic field the transverse electron motion in the particle frame is bound to cy
cles of the radius rcy = v±/u>cy. The interaction time b/u has now to be compared with 
the cyclotron period, t m a g = 27r/u;c y. In collisions slower than tc the periodic transverse 
electron motion ceases to contribute to the temperature relevant for the energy exchange 
between ion and electron, so these collisions are called adiabatic. The longitudinal elec
tron temperature now determines the deep end of the cooling process. For ion velocities 
below Ax the transverse and the longitudinal cooling forces become functions of both ion 
velocity components each. The relative velocity û = V — v, which dominates the friction 
force in a binary collision picture, then has to be replaced by its adiabatic counterpart, 
uad — V — vB. This adiabatic relative velocity is for low ion velocities much smaller than u, 
leading to an immensely increased cooling force ('supercooling') for already cold light-ion 
beams or for beams of heavy ions. 

Figure 5 demonstrates the effect of the magnetic field on the longitudinal cooling 
force as compared to the force curve shown in Fig. 4. The new velocity characteristic 
(full line) was calculated from a collisional treatment analogue to the theory described in 
section 3, developed by the Novosibirsk group [11]. In this theory there appear several 
new marks on the impact parameter scale. At the high end, Lc(V) (eq. 40) has to be 
replaced by a corresponding Lc(uaj). On the low side the cyclotron spiral radius rcy and 
the longitudinal distance travelled by the ion in the particle frame during one cyclotron 
period (bmag = tmaguad) are characteristic lengths. 

An obvious prerequisite for supercooling is the existance of a positive range between 
Ajr) and the lower cut-off distance for adiabatic collisions. This is definitely the case 
for u>cy > ujpi which in turn sets a minimum condition for the cooler magnetic field at 
B,/\/n — 3 • 10~ 7 [Tcm 3 /2 ] . Then the collisional theory including non-adiabatic and 
adiabatic collisions results in a pattern of different cooling force expressions spread over 
the V-b plane [2]. The complete cooling force plotted in Fig. 5 is the sum of a force term 
corresponding to the case of a flat electron velocity distribution without magnetic field 

F{V)= f {Ffl(u)]b£tn + I [Fma°(Vx,Va,A±,As))
b

b:r . (65) 
Jf(v) Jf{v) 

bad is in the region of rcy and bmag. Its exact situation is crucial for the degree of supercool
ing which one can expect. This, however, can only be determined with some ambiguity 
in choosing the relevant electron temperature for a given ion velocity. 
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Figure 5: The sum of magnetic and non-magnetic cooling forces 

The dilemma of facing uncertainty in a key regime of the cooling force could only be 
overcome by using a completely different approach which led to a dielectric description 
of electron cooling [8]. There it is reasoned that for the typical electron densities and 
temperatures in electron cooling the number of electrons inside a Debye cube (n • A^) is 
much bigger than 1. Consequently the electron gas may duly be taken as a continuous 
charged medium whose dynamics can be derived from the Vlasov equation combined with 
Maxwells equations for an electron distribution f(r,v,t): 

Sf _ „ , e / - vxB 
jr + v-Vf+-[£+ 
bt 771 V C 

v„/ = o . (66) 

£ and B are the total average fields in the electron plasma, produced by the electrons 
themselves and by outside sources. In our context B is identified with the cooler magnetic 
field. A penetrating ion polarizes its surroundings inside the Debye sphere and induces, as 
the dielectric response of the electron plasma, an electric field £ind- The dielectric friction 
force is the quantity 

i ^ ( r , ( i ) ) = 
47re0 47Te0 

(67) 

where £, is the electric field in the undisturbed electron plasma. The Vlasov equation is 
evaluated in terms of the Fourier transforms of the total electric potential lé and of the 
charge density qo at the position rl of the ion: 

U{r\t),t) -» U{k,u>) 

q0(k,w) = 2ir6(kV + ivt) . 

(68) 

en(r'(t),t) 

The result is a complex dielectric function e(k,u>), 

e(k,w) = 
U{k,u) 

(69) 

file:///r--itik
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Figure 6: The dielectric cooling function (transversal) 

which includes all external fields as well as the shape and width of the electron distribu
tion function. For any e a cooling force integral of the following form has to be solved 
numerically: 

iZ2-2 

F{V) = l—^- J d3kdu;exp(i{kV + u/t)) 
47rg0 i-i 

Le 
(70) 

Results are conveniently expressed in terms of a characteristic function I, like 

Fu. = -T75 / '±AC)d< r 
Jo 

C 

Co 
V2 

f ln(kV/ucy) (V = VL) 
{ ln(k±V/Uey) (V = V.) 

(71) 

(72) 

Figure 6 shows this function in an example for the transverse force component and for 
typical electron density and magnetic field values. The abscissa is adjusted to the relevant 
velocity ratio W. The cooling force, represented by the area under a curve, is the sum 
over contributions related to resonance coupling of the ion wave with electron plasma 
oscillations at separate natural frequencies. At the right hand side the force function is 
cut off at an ion wave number k corresponding to the minimal impact parameter of the 
collisional theory. Approaching ( — 1 from the right hand side the solid curve goes first 
through a number of peaks belonging to harmonics of the electron cyclotron frequency 
before building up to the main contribution of the dielectric cooling force in peak related 
to the electron plasma frequency (plasma pole). The lower plot in Fig. 6 demonstrates 
the dominance of the plasma pole for very low ion velocities. It was shown that the 
integration over the cyclotron terms can be avoided without introducing a significant 
error. The complete cooling force then has to be calculated as: 

Fr = Ffl nfl\br, + F de\b„ 
bn (73) 

While the dielectric description of electron cooling has been widely accepted as the 
master model the collisional picture remains in use 
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Figure 7: Illustrating the charge sign dependence of the cooling force (from Ref.[2]) 

• for finding the cut off at the minimal impact parameter, 

• for providing the cooling force contribution of close collisions (6 <C rcy) 

• and as a pool of approximate analytical equations for a large number of different 
impact parameter and ion velocity ranges. 

5.2 The Charge Sign D e p e n d e n c e of Electron Cooling 

A second effect of a magnetic field is the dependence of the longitudinal cooling force 
on the charge product of electrons and ions. This is a consequence of collisions with im
pact parameters below bmin gaining importance in the magnetized case [12]. An intuitive 
understanding of the charge dependence in such collisions may be gained through consid
ering an electron approaching an ion at rest straight on a magnetic field line (Fig. 7). An 
electron will always pass a positive ion and the longitudinal force components will cancel 
out in the progress. Under the influence of a negative ion the electron will only continue 
its way along the field line if its kinetic energy is larger than the repulsive potential at the 
moment of closest encounter. Otherwise it will return on the field line. Then the force 
vectors belonging to the electron path sum up instead of cancelling out. The resulting 
drag force, which makes the difference for the overall cooling force, is approximately [2]: 

AF? 
LC(V) 

jpfl | "maj 
26min 

(74) 

5.3 T h e S imula t ion of E l e c t r o n Cool ing in S t o r a g e R ings 

The ingredients for a realistic prediction of cooling times and equilibrium beam temper
atures in a storage ring with electron cooling have to include: 

• the kind and the phase space distribution of the ion beam before cooling; 
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• the lengths of the cooling section in the ring and of the ring orbit; 

• the ion focussing strength and dispersion in the cooling section as well as the tune 
of the ion ring (which determines the change of the position in phase space of an 
ion through one revolution); 

• the electron beam density in the moving particle frame; 

• the thermal as well as the coherent (spatial) velocity distribution of the electron 
beam, including a flattened longitudinal distribution; 

• and the magnetic field strength in the cooling section. 

A computer simulation of electron cooling is performed in the way that a sample 
number of ions is 'injected' into the ring and the development of the sample distribution 
in phase space is adjusted after every passage through the cooling section. The adjustment 
is performed by applying the appropriate cooling force according to eq. (73) acted on every 
single ion by electrons surrounding it up to the maximal impact parameter. Note that the 
cooling force is a function of the betatron phase of the ion. In the same way the adjustment 
has to contain heating terms (diffusion) intrinsic to electron cooling (see section 3) and 
caused by scattering of the ions among each other and with residual gas atoms. The 
output of a simulation run will contain ion temperature decrements (longitudinal and 
transverse), equilibration times and equilibration temperatures. 

The presently most comprehensive electron cooling simulation code is the program 
SPEC [13] developed in the LEAR electron cooling group at CERN. Figure 8 demonstrates 
its usefulness in the example of calculations done in preparation of the cooler design for 
COSY [14]. The COSY cooler had to be layed out for cooling of protons at injection 
momentum (274 MeV/c) and at an intermediate momentum level of 615 MeV/c. Electron 
cooling will be one phase of an injection- cooling-acceleration-extraction-injection cycle. 
The operational target will be an external precision beam at a high duty cycle. For this 
class of cooling application a short cooling time for a relatively large initial phase space is 
essential. For a given length of the cooling section, a given electron beam cross section and 
for a certain upper limit of the cooling magnetic field a set of electron current, betatron 
focussing functions in the cooling section and magnetic field strength had to be established. 
Figure 8a shows the advantage of strong ion beam focussing. The dominating effect is 
the enhancement of cooling by having the ion beam covering only the center part of the 
electron beam where the systematic velocity deviation (eqs. (62) and (63) are small. The 
upper curve also shows a lower boundary to the favourable region of beta-functions where 
the increasing ion beam divergence starts to increase the average ion-electron relative 
velocity and thereby impedes the cooling process. Figures 8b and 8c together show that 
under COSY conditions optimum electron currents are under 2 A and under 6 A for 
cooling at injection energy and at the higher energy, respectively. It was also established 
that a further increment of the magnetic field does not help cooling in this particular case. 

In order to exploit the full potential of electron cooling, devices had to be designed to 
meet a number of stringent specifications concerning beam quality and beam intensity. 
As a rule, the technological limits in both respects can not be reached at the same time. 
In applications where fast cooling of a standard stored ion beam is asked for the electron 
cooler has to enable a high enough beam intensity at energies prescribed by the ion beam 
users. On the other hand, extremely low equilibrium temperatures can only be reached 
with electron beams of a relatively low intensity because of density dependent contribu
tions to the electron temperature like the ones mentioned above. Also, electron sources 
which deliver large electron densities do not do so at the lowest conceivable temperature. 

6 E L E C T R O N C O O L E R S 

Figure 9 shows a selection of electron coolers which represent different stages of technical 
development and different applications of electron cooling at the same time. Figure 9a, 
the electron cooler operating at LEAR [15, 16], and Fig. 9b, the cooler designed for future 
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Figure 8: Simulation results for electron cooling in COSY 
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Figure 9: Three typical electron cooler designs 
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operation in COSY [17], both visualize the common features off all coolers in storage rings 
(see also Ref. [18-25]): The electron beam is produced and accelerated in an electron gun 
and guided through solenoidal and toroidal magnet sections into the straight cooling 
region which is also imbedded in a solenoid magnet. At the end of the cooling section 
the electron beam is seperated from the ion beam in another toroid magnet, decelerated 
at the end of a third solenoid magnet and terminated in the so called electron collector. 
The path of the electron beam is measured with electrostatic pick-ups which form part of 
the drift tube at different locations between gun and collector. The boxes to the left and 
to the right of the COSY cooler symbolize additional coils which correct for ion orbit and 
phase space distortions caused by the cooler magnets (see section 4). 

The LEAR cooler has been dedicated to cooling of low energy antiprotons. The 
main technical challenge of the LEAR cooler was therefore to achieve the operation of 
around 100 kW continuous electron beam power in an ultra sensitive vacuum environment 
(average ring pressure below 1 0 - 1 1 Torr). Here the crucial method of solving the vacuum 
task was the implementation of non-evaporable getter pumps (NEG) close to the gun and 
in front of the collector. 

The COSY cooler technology, though specified for electron energies up to 100 keV, 
stems from developments at IUCF [18] and at CELSIUS [20] where beam energies of 300 
keV and a beam power up to 1.5 MW are envisaged. Only the approach to the vacuum 
problem is more similar to the LEAR design. By designing for redundant high voltage-
and vacuum capabilities one aims at a high operational reliabilty. 

Figure 9c shows quite a different cooler set-up. This is the MOSOL device which 
was built by the Novosibirsk group specifically for the verification of the charge sign 
dependence of electron cooling at low relative velocities [26]. But there are points of a 
more general interest regarding the actual cooling section. The gun and the collector are 
located inside the cooler solenoid. The ion beam - in the MOSOL experiment a single path 
H~ or p beam - is guided through a cylindrical hollow cathode or by the side of a small 
flat cathode and through a hole in the collector cup. Such a linear cooler design has still 
a certain appeal because of its conceptional simplicity. But its realisation will probably 
be restricted to applications with small electron currents because of the vacuum problems 
involved in the emitting and collecting surfaces so close to the ion orbit. However, where 
applicable it could increase the usable cooler length on a given free section of an ion ring 
and facilitate the adaptation of the cooler magnetic field in the ring. 

All present cooler designs have in common that the electron beam is started and 
collected at negative potential while the drift tube close to the ion beam remains grounded. 

6.1 Electron Guns 

Current densities of the order of 1A/ cm? on a cross section of some 10cm 2 , as specified in 
section 4, are easily available from i?a 203-coated thermionic cathodes. The temperature 
dependent emission can reach around 7 A / c m 2 at temperaures between 1080 K and 1550 
K [27]. These temperatures relate to thermal energies between 0.1 eV and 0.15 eV. 
However, the extracted current through an anode hole A (see Fig. 10) is for a cathode-
anode distance s A of the order of the cathode diameter and for an anode potential as high 
as several hundred kV far below the maximum thermal emission. This effect is called the 
space charge limitation of the current and is caused by a potential depression to $ m < 0 at 
a distance sm due to the charge accumulated in front of the cathode. Assuming a laminar 
current perpendicular to the cathode surface the solution of Poisson's equation for the 
s-direction yields the following dependence of the space-charge-limited current density j , c 

on the geometric and electrostatic properties of the cathode region: 

( \ 2 / 3 

9^U^L ( ^ - ' » ) 4 / 3 - ( 7 5 ) 
*e^2e/m) 

Since the charge density needed in electron cooling will always satisfy | $ m | <C \$A\ a n d 
s-m ^ SA Child's law is applicable: 
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Figure 10: Schematic electron-gun geometry and potential curve 

7.33/i Peru *f/4 (76) 

Pg ='• ISC$A 1S * n e definition of the gun perveance, with Itc being the total space-
charge-limited current through the anode diaphragm. In order to be consistent with a 
cylindrical beam the potential along s has to follow a Langmuir distribution ( ${s) oc s*?3 ). 
For the same reason the continuation of the cathode potential into the space surrounding 
the beam has to start at the Pierce angle [28] 

arctan TK 3 / T 

4 V2 
(77) 

which is marked in Fig. 10. A cylindrical beam can not be transfered from the cathode 
region to the drift space (where E, = 0) through a single thin anode because the electrons 
would pick up a radial velocity Ar: 

Ar 
4Pn 

A>(*;*)' (78) 

This equation follows from the Davisson-Calbrick formula for the focal length of an elec
trostatic lens. An undisturbed transition can be achieved in several ways: 

a. Resonant optics gun: 
As sketched in Fig. 10 the electron gun is imbedded in a longitudinal magnetic field 

Bs. A second lens A' (drift electrode) can be added to give the beam the same radial kick 
according to eq. (78) in the opposite direction. The resonance condition for the magnetic 
field strength, the distance L between A and A' and the mean beam momemtum /307 
between A and A'is: 

Brr m '21- 1 Pol 
L[cm] 

(79) 



196 

for a constant acceleration field £, between A and A', as sketched in Fig. 10. (1 is any 
natural number.) An application of this method is found in the LEAR gun, depicted in 
Fig. 11a . Under the cross section we see the development of the radial electric field, £r. 
The £ r-axis is drawn at a = 0 (cathode position). For a potential distribution along the 
beam axis as in Fig. 10 one would anticipate a box-shaped distribution of the radial field. 
Only then the resonance condition would be strictly valid. This, however, can not be 
achieved in reality. The resonance condition quoted above also neglects the space charge 
of the electron beam between A and A'. The true condition for the cancelling radial forces 
must be 

[(S,c(s) + ST(s))ds = 0 . (80) 

Geometrical and electrostatic configurations to meet this condition can only be found 
numerically or experimentally. The three additional electrodes in the LEAR gun were 
inserted in order to allow for the operation of several different but fixed beam perveances 
in the resonant focussing mode. This gun type is used in applications where a compact 
set up is required. Being compact, it is not best suited for acceleration voltages far 
above 50 kV. The rigid relation between beam perveance, beam energy and magnetic 
field coincidentally yields a constant cooling time over the energy range; but it also may 
impair the operational versatility of a cooler using this gun type. 

b. Smooth adiabatic gun: 
A more recent scheme is the gun type sketched in Fig. 11 b. It is based on the 

consideration [29] that the radial velocity picked up by electrons through acceleration 
becomes exponentially small, like 

2*1 

vT oc e *c» . (81) 

Provided that £, the characteristic length of change of the radial field, is longer than the 
electron spiral length Ac„ = 2Trfi0c/u)cy the impact of the focussing forces in the acceleration 
region becomes adiabatic in relation to the radial electron movement. In a smooth optics 
this is achieved by a smooth shape of the anode and by positioning the anode edge a 
considerable distance from the beam. This gun type can be operated over a wide range of 
perveances independent of the magnetic field setting. Adding another smooth electrode 
downstream allows a choice of the final beam energy indépendant of the magnetic field. 

c. Adiabatic long gun: 
Here the same principle is applied as for type b. Adiabacity is achieved by using a 

magnetic field much stronger than BT

a" or by building a very long acceleration column. 
Being not compact, this type is specially suited for high acceleration voltages between 
the anode and the drift electrode. However, the choice of perveances is more limited here 
than in case of the smooth gun. 

Figures 12 a and b show a LEAR-type gun and a smooth gun as imaged in the 
output from one of the computer codes which can be used in electron gun design [30], 
The program plots the gun geometry (optional: equipotential lines), electron trajectories 
and the magnetic field strength (left). It also evaluates and plots the ripple energy in 
the electron beam as a function of the radial coordinate. It is shown that the smooth 
gun can produce an equal or better beam quality at the same magnetic field setting. 
The focusssing quality is regarded as sufficient if the ripple energy is smaller than the 
azimuthal drift energy, which is plotted as a function of the magnetic field in Fig. 12 c 
for the typical perveance of 0.55fiPerv. The two technical solutions shown in Fig. 13 
are the gun used in the ESR cooler (right) and the CELSIUS cooler (left). The latter 
example is also similar to the IUCF version. ESR follows the smooth-gun concept with a 
specially shaped long anode, CELSIUS is modelled after the older adiabatic long concept. 
Both guns are designed for currents of up to 5 A at a beam energy of around 300 kV. 
In the CELSIUS design the high voltage is insulated in an SF$ atmosphere inside the 
gun solenoid. Inside the vacuum tank major voltage gradients are always in line with the 
magnetic field. For the ESR gun the necessity of an insulating gas system was avoided by 
locating the high-voltage gaps outside the solenoid and inside the vacuum chamber where 
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Figure 11: Sections and potential curves through three different gun types 
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Figure 12: EGUN output for two different gun types at 0.55/j.Perv 

they cross the magnetic field. It has been noted that the latter design can lead to Penning 
discharges in the cathode environment. In any case, high voltage devices like these need 
careful conditioning over weeks before they can reach the design current at the specified 
voltage. 

6.2 Electron Current and Power Recuperat ion 

6.2.1 The Current Circuit in Electron Coolers 

Figure 14 shows a schematic view of the current circuit in electron coolers. The cathode is 
kept on a potential Uo (acceleration voltage), given by the required beam energy, below the 
grounded drift tube. Any ripple on the acceleration voltage combines with the flattened 
thermal velocity distribution to an effective longitudinal temperature of the cooling beam. 
In order to maintain a velocity compression factor of about 30 the relative voltage ripple 
has to be kept below 1 0 - 4 to 10 , depending on the beam energy. The collector is 
separated from the cathode potential by the positive voltage Uc- The bulk of the electron 
beam ends on the collector surface if certain conditions are observed (see the following 
subsection). Only a fraction AI of the electron beam, symbolised by the two curved 
arrows in Fig. 14, hits the drift tube at the full beam velocity. Ionization losses can be 
neglected at vacuum pressures of below 1 0 - 6 Torr. Provided the primary beam does not 
touch the drift electrode the loss current consists of electrons not entering the collector 
or of electrons escaping from the collector. The latter may be electrons directly reflected 
from the collector surface or genuine secondary electrons. The circuit efficiency can be 
defined by two indépendant figures of merit: 

• The current loss fraction i — AI /I, and 

• the collector power consumption Nc = Uc • I• 

In todays electron coolers the acceleration power is supplied by cascade generators. 
A voltage ripple level as low as demanded for fast electron cooling can only be achieved 
as long as the load on the cascade output is constant and not above a few mA. Thus, 
considering a typical electron cooling beam of 5 A, the loss fraction aimed at is on the 
level of 1 0 - 3 to 1 0 - 4 or better. 
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Figure 14: The current circuit in electron coolers 
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Figure 15: Collector geometry 

Electrons hitting the drift tube cause considerable outgassing through thermal and 
impact desorption [10]. In that way, minimizing the loss current is essential for the 
feasibilty of electron cooling in sensitive vacuum environments as are met at LEAR or 
at heavy-ion rings. In any case the presence of a spray of loss electrons will impair the 
stability of the cooler high voltage system. 

The collector power consumption is not as critical a number. Providing there is a 
large enough collector surface, the power can always be cooled away. However, ways to 
reduce Nc have to be found as soon as cooling at a total electron current of the order 
of 10 A or more is demanded. Such a current has to be envisaged for fast cooling of 
low-charge-state ions at an electron energy of above 1 MeV ( / oc EXh) or of large beams 
(I oc ey). The understanding and proper design of the colllector is the way to achieve a 
high circuit efficiency. 

6.2.2 The Collector 

Let us consider the collector as a cylindrical cavity of a radius TQ and an entrance radius 
rCE into which the full primary cooler beam dissappears, after being decelerated to a few 
keV in front of the collector entrance. From this cavity escapes a spectrum of 'secondary' 
electrons back through the entrance hole. The geometry of the collector is sketched in 
Fig. 15. The collector is assumed to be free of external fields and the beam spreads over 
an angle Qmax. A secondary electron starting from point x sees the entrance hole under 
a solid angle fi. The escape probability integrated over the whole beam is a function of 
all the geometrical entities marked in Fig. 15. For a secondary emission coefficient of 
about 1 (metallic surface), a cos 6 distribution of the emitted electrons, 6max ~ 45° and 
b/l ~ 0.5 one obtains the approximate geometrical loss fraction 

"geo 0.2 • {rCE/rc)2 (82) 
In a second approximation we take into account the potential curve between the cath

ode and the collector surface (Fig. 16). The collector set-up is drawn more realistically 
now, with a collector entrance anode (CA), a pumping hole at the back of the collector 
covered by a grid electrode (CF), and surrounded by several coils (CCx) to shape the 
magnetic field in the collector region. The potential distribution along the beam is plot
ted in the lower part of the picture. In this typical case the beam is slowly decelerated 
behind the drift electrode, down to its lowest level in the collector anode, and from there 
accelerated into the collector. Under the position of the collector entrance the secondary 
electron spectrum is sketched. The collector anode behaves like a threshold which cuts 
into the secondary spectrum Ese and only leaves the high energy part of it free to escape. 
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Figure 16: The electrostatic confinement of electrons in the collector 

The supression factor depends on how slow the electrons can drift through the collector 
anode (UCA — Uo). For a cylindrical beam one finds by evaluating the radial part of the 
Poisson equation a maximum perveance of the collector anode: 

P £ £ x « 2 P o • (83) 
Note that starting from eq. (59), which was however derived for zero external field, 
one would expect a higher maximum perveance for a spreading beam. In this argument 
a spreading beam would be regarded as an intermediate state close to a stopping and 
'exploding' beam for which the notion of a beam perveance becomes meaningless. Lower 
electron velocities in the entrance anode can also be achieved if the electron space charge 
is partly compensated by ions trapped in the potential well. Supposing a compensation 
factor rii/n — i one could obtain a perveance of pr 7 1 0* — P^-axA/(l — i). However, taking 
only an uncompensated cylindrical beam through the collector anode for granted one 
expects an improvement of the loss fraction by i e t t « 0.3 due to electrostatic confinement. 

Electrons inside the collector cavity are also rejected from the collector entrance by 
the magnetic mirror formed by a magnetic field increase from B(C) to B(CA) in that 
direction. Electrons backscattered under angles larger than 

<j>m = 
B{C)${CA) 

\ B(CA)$(C) (84) 

will spiral back to the collector surface. This effect adds a another suppression factor 
i m = (f>m/ir ~ 0.2. Applying all the three confinement conditions discussed above one can 
expect an overall loss fraction as low as 

A = V ° ' 4e.e • i-m - {rcE/b)2 • 10" 
which is sufficient for all applications of electron cooling. 

(85) 
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Using electrostatic confinement of secondary electrons to the limit of minimal current 
loss fractions, which can be as low as 1 • 10~ 5 , the perveance of the collector, 

Pc = IUc3/2 (86) 

has always to be smaller than Pc A- The collector power consumption for a cooling beam 
of a perveance P , 

2/3 
Nc = N, ( P V* 

(a) ( 87 ) 

usually amounts to about 10% of the full beam power Nb. Higher collector perveances 
have been measured in set-ups with rigouros magnetic beam shaping in the collector 
entrance and in the collector cavity [26, 10]. In Fig. 17 three degrees of beam shaping 
and perveance enhancement are illustrated. The electron beam is represented by its 
accompanying magnetic flux. In the uppermost picture we see the basic arrangement for 
extremely low loss current. The collector sits outside the main collector solenoid. The 
beam is kept small in the collector entrance with the help of one additional coil (CCE). The 
center sketch shows how an additional coil (CCF) producing a mirror field and a weaker 
focussing field at the colletor entrance change the beam shape and double the collector 
perveance. In the set-up sketched in the lowermost diagram electrostaic confinement was 
given up ('open collector' )and an even stronger beam shaping was applied using a second 
mirror coil (CCA). The collector perveance is increased by nearly a factor of ten, but so is 
the loss fraction. The last set-up is similar to to a collector type developed in Novosibirsk 
(Fig. 18, from Ref.[26]). Such an arrangement is known from plasma physics as a cusped 
field magnetic trap. The maximum perveance of this device is estimated in analogy to 
the perveance of a hollow beam: 

PH - ^ ~ Po (88) 

(see Fig. 18 for notations) and has reached several hundred fiPerv. Here a considerable 
part of the loss current is caused by electrons which are reflected from the center of 
the cusped field. The ratio of the reflected current IT to the primary current has been 
estimated from a comparison between the minimum curvature radius of the field lines and 
the cyclotron spiral length [10]: 

h „ Ky(BCA,*CA)dB/ds 
I ~ 2BCAr2

b{ca) 
(89) 

(rb(ca) : beam radius at the collector entrance). This collector type generally necessitates 
a seperate 'loss collector' in front of the main collector. 

All presently operated and planned ion-ring electron coolers consist of a single, intensely 
cooled collector cup and use the described combination of electro-magnetic confinement of the 
secondary current. The CELSIUS collector depicted in fig. 19 is a typical example of a technical 
solution to the collector problem. 

6.3 T h e Coo le r M a g n e t s 

The electron beam is guided through an homogenous magnetic field in the direction of 
the beam velocity. The field has to meet a number of requirements in order to avoid 
a temperature rise of the electron beam on the way to and through the cooling region. 
There the field has to be aligned with the ion beam path. The field homogenity and 
its alignment are optimized with corrective dipole coils which are distributed along the 
electron beam path. Ideally the field corrections are done in a way that all remaining 
changes in the magnetic flux density are slower than the cyclotron spiral time \cy/((30c). 
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Figure 17: The effect of magnetic beam shaping in the collector region 
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Figure 18: A magnetic trap as electron collector 
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Figure 19: The CELSIUS collector 

Where this is not possible, the average angle of magnetic field lines with the field axis, 
OB(S), should be smaller than the beam divergence which is calculated from the thermal 
transverse electron velocity. For a beam accelerated smoothly from a thermionic cathode 
one obtains the condition: 

J^{s) < A ± /A)C ~ 6 • 1(T4/A> . (90) 
The transition through the gun toroid has also to be adiabatic in the way that 

lltRtor 3> •* cy (91) 

In the toroid (radius of curvature RtoT) a radial dipole field has to make up for the 
centrifugal force acting on the electron beam. The required dipole field strength Bd 
transverse to the beam motion is proportional to the beam momentum: 

Bn 
etitor 

(92) 

Bd is much smaller than the main field whose minimum strength is governed by several 
criteria: 

• The requirements of the gun optics have to be met. 

• In order to open up an impact parameter region for supercooling the condition 
u)cy ;» ujpi has to be fulfilled. 

• To make sure that no relaxation between the transverse electron temperature and 
the much lower longitudinal temperature can take place the average cyclotron radius 
of the electrons has to be smaller than the average spatial distance between them 
[31]. Quantitively that means 

£ [ T ] > 3.1 • 1(T 7 ^n [cm- (93) 

The quality of the cooler magnetic field has to be measured before the assembly of the 
vaccuum chambers inside the magnets. Field measurements are done by surveying the 
track of an electron pencil beam along a field line and by field mapping with Hall probes. 



205 

7 E L E C T R O N B E A M Q U A L I T Y D I A G N O S I S 

The first of the three important quality numbers for the electron beam - n, A„ and Aj_ -
is determined to a sufficient accuracy by measuring the current in the collector and the 
voltage between the cathode and the drift tube. 

The longitudinal velocity spread was determined by measuring the integral intensity 
distribution over energy for a pencil beam cut from the center of the cooler beam. The 
pencil beam was collected on a diaphragm whose potential was scanned over the electron 
beam energy. A non-destructive way to do an equivalent scan is the analysis of the 
Doppler shift in light Thomson scattered from beam electrons. This method was applied 
during the development of the LEAR cooler [32] and provided a first direct evidence for 
a flattened velocity distribution in a cooler beam. 

The transversal beam temperature can in principal be determined from measurements 
of the cyclotron spiral radius rcy in the beam or of fluctuations on the beam envelope 
over a cyclotron spiral length Xcy. To this end one has to visualize and/or destroy the 
beam on a scintillator screen or in a gas curtain. The transversal energy can also be 
deducted as the energy missing from the longitudinal energy measured through one of 
the methods outlined above in comparison to the voltage between gun and drift electrode 
[33]. At LEAR a non-destructive method proposed by C. Rubbia was applied. Here the 
microwave radiation input due to the magnetized (therefore spiralling) electrons into the 
cooler drift cavity was picked up and analyzed [34]. 

An upper limit for the overall electron temperature can also be gained during the 
operation of the beam for cooling of protons [15]. The method makes use of the known 
coefficient for the recombination of protons and electrons to neutral hydrogen [35]: 

aT = -2— RH n*T C = 0.8 • 1(T 1 2 cm3 a" 1 T " 0 6 4 5 (94) 
ep 0 c 

Np: proton current, n*: see eq. (56), C is the ring circumference. 
At LEAR the hydrogen rate RH was measured with scintillation counters behind the 

cooler straight section. From a rate of 6000/(mA(p)A(e)s) hydrogen atoms an upper limit 
of 0.25 eV was derived for the effective electron temperature. 

8 T H E A D A P T A T I O N OF C O O L E R A N D S T O R A G E R I N G 

8.1 The Vacuum 

In principle an electron cooler containing a hot cathode of a considerable surface and, 
when operated, a continouos beam power in the kW region presents a major technical 
challenge. The difficulties faced here are comparable to those connected with the operation 
of an internal gas target. 

Beam loss due to single large angle scattering in the residual gas is not counteracted 
by cooling. Thus, no matter if the electron beam is switched on or off, the vacuum in 
the cooling region should not contribute to the average ring vacuum to an extent that 
the single scattering beam lifetime r „ is significantly reduced. For each residual gas 
component g it is given by 

r „ [s] = 1.6 • 1 0 - ' • PW [Ç2 J f •) Co [mrad)f • ^ — j . (95) 

When cooling is not active the more stringent criterion given by the multiple scattering 
lifetime rm„ has to be observed. It can be shown [36] that f m j / r „ is generally of the order 
of 0.1 to 0.2. 

8.2 Ion Optical Compensat ion 

For the ion beam the cooler toroids present transverse dipole fields which distort the orbit 
by an angle 
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6y - (cos * (f}0 - l ) 
B,R 

Be 
tor (96) 

</>0 is the arc angle of the toroid, Bg is the magnetic rigidity of the ion beam. 
A correction for these kicks has to be provided on the cooling straight section as close 

as possible to the cooler. 
The cooler solenoid field rotates the transverse phase space as well as any spin com

ponent of the cooled particles about the field axis. The rotation angles are B,Lj Bg and 
(1 + G)BSL/Bg for the phase, space and for the spin, respectively, where (1 + G) is the 
magnetic moment of the ion in units of the nuclear magnetron. These effects can be 
corrected for by the insertion of one or several compensation solenoids next to the cooler. 

Like the ion beam (see eq. 51) the electron beam shifts the optical working point of a 
circular machine because of its space charge field. This tune shift amounts to 

IZv — 

l ee 
(97) 

and has to be taken account of when setting the machine working point. We note that 
AQec is proportional to the perveance of the cooling beam. 

9 A S E L E C T I O N OF E L E C T R O N COOLING RESULTS 

Switching on an electron cooler for the first time in a cooler ring the question worrying 
the experimenters is of course: Does it really cool? - Fortunately techniques exist in beam 
diagnostics which can answer this question immediately. An image of the longitudinal 
ion phase space is provided by the random noise picked up by cylindrical antenna around 
the beam (Schottky noise [37]). These signals represent statistical density fluctuations 
in the beam which are caused by its longitudinal velocity spread. In circular machines 
the Fourier analyzed Schottky noise forms peaks centered around the revolution frequency 
and its harmonics. The relative frequency width is proportional to the relative momentum 
spread of the the beam particles (the proportion factor is the off-momentum function). 
The squared amplitude of a peak is proportional to the number of stored particles. 
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Figure 20: Longitudinal Schottky scans before and after cooling 

Figure 20 is the kind of graph which gives the positive answer: Yes, it does cool. This 
measurement was done with i0Arls+ ions at an energy of 6.5 GeV in the Darmstadt ESR 
ring. The broad distribution corresponds to the uncooled beam after injection, the sharp 
peak represents the cooled beam with a momentum spread of Ap/p = 1 • 10~ 5 . 
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Figure 21, taken from proton cooling in LEAR [15], illustrates the development of the 
beam during cooling. It shows a longitudinal equilibration time of about 5 s for a beam 
which is initially hot both in the transverse and in the longitudinal phase space. In or
der to derive the pure longitudinal equilibration time one has to eliminate the transverse 
movement of the cooled particles. In LEAR this was done by the application of longitudi
nal stochastic heating to a beam which had been cooled already. For this method a kicker 
of the LEAR stochastic cooling system was used. Having prepared a beam with a known 
fruequency spread the filling up of the cooled beam signal is monitored. Figure 22 shows a 
plot of the signal intensity over time extracted from such a measurement with antiprotons 
at LEAR in comparison to cooling simulation results from the SPEC cooling simulation 
code [13]. The experiment is best reproduced by a simulation assuming a négligeable 
noise on the electron acceleration voltage and an equilibrium emittance of 2.hirmmmrad. 
Longitudinal cooling times between 60 ms and 100 ms have been measured for initial 
momentum spreads of between 1 • 1 0 - 3 and 1.2 • 1 0 - 2 . 

So far there does not exist a method to measure the absolute transverse emittance 
without destroying or disturbing a circulating beam. However, if the /?y-functions and 
dispersion at a given ring position are known the emittance can be derived from the 
actual beam size. The beam size can be measured by scraping the beam envelope in 
adjustable slits or by mooving the beam over a wire at a defined scanning speed. The 
beam size can also be derived from the decay curve of the beam steered against the 
vacuum chamber wall. At LEAR an upper limit for the proton beam size was measured 
by looking at the spatial distribution of the recombined hydrogen beam behind the cooler 
straight section [15]. 

The relative emittance shrinkage can be observed through the transverse Schottky side 
bands picked up in cylindrical antenna split symmetrically about the ion beam (Fig. 23). 
The heigth of the peaks is proportional to y/e^- Signal decay time constants measured for 
both the horizontal and the vertical emittances are consistent with cooling time constants 
predicted by theory. Very dense cooled beams may arrive at horizontal orbit instabilities 
as obeserved in LEAR. These instabilities are indicated by random side bands showing up 
in the transvers Schottky spectra (Fig. 23 c). They cure themselves only by shaking off a 
large fraction of the beam intensity which is unwanted in most cases. At LEAR transverse 
instabilities of this kind can be damped without loss of beam by feeeding back a coherent 
kick to the beam. Generally the stability limits can be adjusted to by stochastically 
counter-heating the beam during cooling without impairing the cooling strength. Where 
there is no stochastic heating available the cooling force itself has to be limited by adding 
noise to the electron acceleration voltage or by a deliberate misalignment of the beams. 

The longitudinal drag force is measured straightforwardly by offsetting the electron 
gun high voltage after cooling down the beam. The voltage step, corresponding to a 
velocity difference AV, from the beam velocity V 0. The cooling force (Fs = M • AVJAt) 
is derived from the time At the beam velocity takes to adjust to the new value V0 ± AV,. 
Figure 24 shows Poth's compilation of longitudinal cooling force measurements plotted 
over the ratio W between the velocity offset and the electron transverse velocity spread 
(y2<x). The different data sets are scaled to r\ = 1 and n = 10 8 cm~ 3 . The cooling 
force clearly continues to rise for W well below 1, which is expected in the presence of 
'magnetic' supercooling with a flattened electron distribution. The voltage step used in 
the measuring method described above can only be as small as the regulation of the 
cooler high voltage allows. In order to measure the longitudinal cooling force at much 
lower relative velocities a new technique was developed for measurements at LEAR [38]. 
This method makes use again of the stochastic cooling (and heating) facilities at LEAR. 
It is based on practically balancing the cooling and diffusion terms in the one-dimensional 
Fokker-Planck equation: 

6 f { y " t ) - 8 (' .F.(V.)f + D V ) = 0 (98) St 6V. \ - • ^ * " 6\.r 

F(v)-n Sf'/sv' 
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Figure 21: The development of the proton momentum band in LEAR 
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Figure 23: Horizontal Schottky sidebands, uncooled (a), cooled (b) and unstable (c) 
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Figure 24: The longitudinal cooling force (compilation from ref.[2]) 
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The method is illustrated in Fig. 25. The distribution factor Jv / is derived directly 
from an analysis of the shape of the equilibrium distribution (solid curve). The diffusion 
coefficient D,to related to a given stochastic heating power is determined in an indépen
dant measurement without cooling. In this way the theoretically predicted dispersionlike 
behavior of the cooling force around zero relative velocity was verified at LEAR (Fig. 26). 
The full curve was calculated from 

3V 
F.(V.) = C o M K ) | y J 3 + ' 2 A 3 (99) 

which was hereby established as a valid approximation for the cooling force in this velocity 
regime. From the location of the extrema one extracts a compression factor of 20 for the 
electron velocity distribution under the given conditions. 

Turning from the size of the phase space to its density one finds that the equilibrium 
momentum width of a cooled beam in a ring is, as expected because of the limiting effect 
of intra beam scattering, a function of the number of stored particles (Fig. 27). Taking 
into account the stability limits of a machine one might as well reverse the argument and 
call the number of particles possibly stored in a cooled beam a function of the equilibrium 
momentum width which one aims at. In fact, a close look at the longitudinal Schottky 
signals for an increasing beam intensity reveals a double peak substructure which reminds 
one of beam self-bunching due to longitudinal instabilities (Fig. 28). This effect was first 
observed by the Novosibirsk group in measurements at NAP-M [39]. Since then it has 
been reproduced wherever electron cooling was applied. The growing of the substructure 
is understood to be related to a rising coherent contribution to the ion motion in the 
particle frame. The simple identification of the width of the Schottky signal with the 
velocity width of the beam, which is based on the assumption that the particles move 
independently, ceases to be valid. The thermal velocity spread read from such a signal 
becomes a complicated function of the number of stored particles, the longitudinal cou
pling impedance of the ring, the frequency distance between the two maxima and the 
relative depth of the center dip [15, 40]. The integrated peak power is not proportional 
to the beam intensity but becomes a fixed function of a critical number which is given by 
the momentum spread and the Keil-Schnell criterion. Shortly after the first observation 
this situation was interpreted as the onset of ordering effects in the beam which could 
finally lead to a genuinely new class of particle beams dubbed longitudfinally frozen or 
'crystallized' beams [41]. 

Empirical formula for the (laboratory frame) cooling time for protons, orientated at 
the collisional theory, were given by the Novosibirsk group [42]. Transversal: 

rl = (I27ry/^rerplnrjci)-1 [ ( M Y J & c ) 2 + (av

±f + l l ^ ) 2 ] ^ + 2(<rv)* , (100) 

and longitudinal: 

247rr er pn7/c 2 \ 
6B{s)P0c\ , A 2 , / Dcdv 2 

2 i + A ! + r - ^ i 7 v-- <ioi> 
With 6B{S) and Dc a magnetic field ripple and misalignment, and the value of the disper
sion function on the cooler section are taken into account. 

The feasibilty of electron cooling for bunched beams (LEAR) and polarized beams 
(IUCF) has been studied and proven experimentally. For example cooling a bunched 
beam in LEAR, dense bunches of 2 m length with an RF bunching voltage of 2 kV were 
maintained. 

So far the charge sign dependence of electron cooling could only be seen in the single 
path MOSOL experiment [26](see Fig. 9c). Changing the kinetic energy of proton and 
H~ beams by a few electron volts an enhancement of the cooling force for H~ by a factor 
of about four was observed. 
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10 C O N C L U D I N G R E M A R K S 

Over the years of spectacular successes of stochastic cooling, electron cooling has been 
developed into an excellent tool of particle physics in the low and intermediate energy 
range. Electron cooling has up to now been used with heavy ion, light ion, proton and 
antiproton beams at velocities between /?o = 0.11 and j30 = 0.65. Electron cooling is 
complementary to stochastic cooling in the sense that electron cooling works efficiently 
in regimes where stochastic cooling power fades, and vice versa. Electron cooling times 
are not impaired by rising beam intensities and, in contrast to stochastic cooling, electron 
cooling is most efficient for smallest phase space dimensions. On the other hand stochastic 
cooling works at any energy while electron cooling depends on the availability of intense 
continuous electron beams. Although there have been production and recuperation test 
with electron beams of up to 2 MeV kinetic energy and some hundred mA current (e.g. 
Ref. [26]), the ceiling for actual cooling beams appears to be closer to 300 keV at the 
moment. Consequently, in the foreseeable future high energy electron cooling seems to 
be feasible only for heavy ions at high charge states. 

Within its energy regime electron cooling is able to produce beam temperatures down 
to the 'freezing' point of the beam material. The investigation of such beams, and their 
application, is now an active field of accelerator- , atomic- and particle physics [43]. In 
order to achieve cryostatic temperatures a thermionic cathode as electron beam source is 
replaced by a room temperature source, e.g. a photo cathode. 

The process of recombination of cooled protons/ions with cooling electrons was men
tioned in the context of electron temperature measurement. Beyond this application 
recombination processes are of general atomic physics interest [44]. In atomic physics 
experiments the electron beam is in fact not only used for cooling but also as an internal 
electron target. With a laser beam coming in as a third partner atomic systems can be 
prepared at an even higher degree of specification. Finally, bringing in a positron beam 
of similar intensity to the electron beam could open up a route to the production and 
investigation of atomic antimatter [45]. 

Today's applications of electron cooling go far beyond the initial intention of using it 
as a technique to achieve high phase space densities in storage rings or accumulators over 
long periods of time. An up-to-date account of electron cooling applications can be found 
in Poth's review articles [2, 46]. 
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SUPERCONDUCTING ACCELERATOR MAGNET DESIGN 

S. Wolff 
DESY, Hamburg, Germany 

ABSTRACT 
Superconducting dipoles, quadrupoles and correction 
magnets are necessary to achieve the high magnetic 
fields required for big accelerators presently in 
construction or in the design phase. Different designs 
of superconducting accelerator magnets are described and 
the designs chosen at the big accelerator laboratories 
are presented. The most frequently used cos 9 coil 
configuration is discussed in detail. Approaches for 
calculating the magnetic field quality including coil 
end fields are presented. Design details of the cables, 
coils, mechanical structures, yokes, helium vessels and 
cryostats including thermal radiation shields and 
support structures used in superconducting magnets are 
given. Necessary material properties are mentioned. 
Finally, the main results of magnetic field measurements 
and quench statistics are presented. 

1. INTRODUCTION 

Superconducting accelerator magnets are being used worldwide in the 
new generation of big particle accelerators. The goal of higher and higher 
energies in synchrotrons and storage rings can be reached only if the 
bending fields or the diameters of these rings, or even both, are increased 
to the upper limits. Sometimes ring diameters are limited by local boundary 
conditions or even by the fact that existing tunnels should be used. In 
this case increasing the magnetic fields is the only way to reach higher 
energies. In standard normal conducting magnets the field strength and 
quality are determined by the gap width and the shape of the magnetic steel 
poles. However, because of saturation already below 2.0 Tesla, the use of 
these magnets is rather limited. For higher fields yokeless magnets could 
be used but they are normally not economical due to their big volume and 
high energy consumption. Superconducting magnets are, therefore, the only 
reasonable solution to this problem in spite of their greater technical 
complexity. 

A large series of superconducting accelerator magnets was built for 
the TEVATRON at Fermilab from 1979 to 1980. Industrial mass production of 
such magnets occurred for the first time from 1988 to 1990 for HERA. Other 
accelerators under construction or in the planning phase making use of 
superconducting accelerator magnets are UNK at Serpukhov, RHIC at BNL, SSC 
in Texas and LHC at CERN. 

2. SUPERCONDUCTING MAGNET CONFIGURATIONS 

Superconductivity can be used in accelerator magnets to save electri
cal energy or to increase the field strength or to do both. Several 
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different approaches have been made so far to reach the desired goals 
including: 

Superferric Magnets: 
These magnets have the same structure as standard normal conducting 
magnets. Only the coil is replaced by a superconducting one. Magnetic 
steel yokes are still used to determine the field quality (Fig. 1 a). 
The yoke is cooled down to liquid helium temperature. 

Window Frame Magnets : 
The yoke has the form of a rectangular box in which the superconducing 
coils cover two sides. The iron poles are further away from the 
magnetic center. Saturation effects are still big. Corrections coils 
are usually required to compensate for field distortions at high 
currents (Fig. lb). 

V//A V/A W//A M X 

1 X W/A X I 1 I 1 I 1 X W//A X I 
Y/A //// 

% x; WA m, XX-

i I 1 
i // m V/X % 

Fig. 1 Superconducting magnet configurations. Superferric (a), 
window frame (b) and cos6 approximation (c) magnets 

Cos G Approximation Magnets : 

The yoke, if existing at all, is far away from the magnet center. The 
field quality is determined by the position of current carrying 
elements arranged in blocks or shells (Fig. 1 c). 

All three approaches have been realized for building accelerator magnets. 
The one most commonly used today is the cos 6 approximation type. It allows 
high fields to be reached with the most economic use of the very expensive 
superconducting material. 

A coil consists of a long straight section and of coil ends of the 
race track or saddle type (Fig. 2). 

B 

Fig. 2 Coil types. Race track (a) and saddle shape type (b) 
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3. FIELD ANALYSIS 

Field quality plays an important role in accelerator magnets. Pure 
dipole fields are used for bending purposes, i.e. keeping the accelerated 
particles on a circular track. Quadrupole fields are used for focusing 
particle beams. Sextupole fields are needed for chromaticity corrections. 

Field distortions lead to beam perturbations. The aim, therefore, is 
to build magnets with very high field quality. This means that only the 
desired pole is present and that distortions of this pole are as small as 
possible. 

3.1 Field Representation 

A convenient method to describe the field quality is a Fourier series 
representation in a polar coordinate system. The azimuthal field B and 
radial field B around an axis of symmetry (Fig. 3) are then 

B^ = B . 8 main 
oo z n-1 

(r/ro) (b cos n6 + a sin n6) n (1) 

B = B main 
oo 

2 n-1 
(r/ro) cos n9 + b sin n6) n (2) 

with r = reference radius at which the field distortions are compared, 
B . = main pole field, n = harmonic number. The harmonic coefficients b 
ana a are called "normal" (b ) and "skew" (a ). In an ideal dipole for 
instance B . is the field on the axis in vertical direction, b = 1 and 
all other narmonics are equal to zero. In an ideal quadrupole B is the 
maximum field at r - r , b„ = 1 and all other harmonics are zero. 

o 2 

Fig. 3 Definitions for field representation 

Magnets with main m pole symmetry normally have b f o for harmonic 
numbers 

n = (1 + 2k)m, k = 1, 2, 3 ... 
(i.e. for m = 1 (dipole), n = 3, 5, 7 ... 
and for m = 2 (quadrupole), n = 6, 10, 14) 
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Real magnets have all kinds of harmonic coefficients, also of the skew 
type (a ) because of symmetry distortions. 

3.2 Field Calculations 

For field calculations elaborate computer programs are available which 
consume a lot of computer time if iron saturation is taken into account. 
For many applications where iron saturation can be neglected simpler 
analytic methods give much faster results. 

3.2.1 Field of Current Carrying Wires 

In a two-dimensional problem where a current I. is entering into the 
plane at a location described by the radius r. and the angle $. (Fig. 4) 
the z-component of the vector potential at a point P (r, 6) with r < r. is 
[1] X 

\x I. ^~i n 
A (r, 6) = -2-i > - ( — ) cos (n(<|>. - 6)) 
z. 2n Z_J n r. l (3) 

with u = magnetic permeability. 

1 Y 
P(r,0) 

i • T i 

0 y r: 

X 

Fig. 4 Definitions for field calculations 

Because of 

e. 
1 

"3ï 
d\ 

B r. r ge (4) 

we get 

H I. 
n-1 

B„ = - T—^ / ( — ) cos n 4>. - 6)) e. 2nr. Z_J xr. * V Ti " 
l l . i n = 1 

(5) 

2nr 

n-1 
o i X"1 r 

/ (—) (cos nd>. cos n0 + sin nd>. sin n6) 
nr. Z_J r. v Yi ^i 

1 i 1 

n = 1 
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and w i t h Eq. (1 ) n - 1 r 
b = (—) cos n<t>. (6 ) n . r . l v ' 

1 X 

n - 1 
r 

a = (—) s i n né. . (7 ) n . r . l v ' 
l l 

If there are m wires, the field of the individual wires is superposed. 
Therefore, we get 

m 

Z v (8> v 
i ~ i x 

m °° 
u __̂  I. ^—, n-1 o \ ' l \ r = - — > — / ( — ) (cos nd>. cos n© + sin né. sin nG) . 2n Z_i r. ±—i vr. l Tx ' x l 

i = 1 n = 1 

As the main pole of order p at a reference radius r is given by 
m u I . r p - 1 

B = - - 2 " 
main 2n . . 

l l 

x. r p - x 

2 (^ } (^ } C O S P < t , i ( 9 ) 

we g e t 
i = 1 

m T n 

^—, I . r n - 1 
/ — ( — ) c o s n é . ./—t , r . r . v x x = 1 x x 

b = 7 : (10) 
n m I . r p - 1 

V ~ (~) c o s p < t > -
/ . r . r . x 

x = 1 

m ^_, I . r n - 1 
> — (—) sxn né. .Z_i . r . r . x 

1 = 1 1 X 

a = . (11) 
n m I . r p - 1 

V 1 — ( — ) c o s p<|>. / , r . r . x 
i ^ i x 1 

3.2.2 Field of Current Distribution 

Assuming the current carrying elements are all at a constant radius 
"a" (Fig. 5) with the current varying according to a simple function 

I(4>) = I cos p<J> (12) 
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Dipole l ( * I = I„ cos * 

I I » ) S 

Quadrupole I ( * I = Io cos 2* 

o 

Sextupole I ( * ) = I 0 cos 3* 

© 

® o 

) _( 
N J V IN 

S 

Fig. 5 Current distributions for pure dipole, quadrupole, 
and sextupole. On the right side the equivalent iron 
pole shapes are shown [2] 

integration of Eq. (3) gives [2] 

u o I Q 1 r
 r 

Az(r,e) = -—• - (̂ ) cos P e (13) 

and, therefore, a pure field of order p 

, 1 ^ o o ,r. n 

B 9 = - 1 7 (ë> c o s p e (14) 

o o ,r. . „ 
I T (â> S l n pe- (15) 

Because 

B cos 9 - B^ sin 6 r 6 (16) 

and 
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we get for a dipole 

B = B sin 6 + B„ cos 9 y r G 

B = 0 x 

B = - -f£ y 2a 

(17) 

(18) 

(19) 

for a quadrupole 

with 

and for a sextupole 

B = g y x 
B = g x Y 

g = o o 
2a 2 

B x = g x y 

1 ' 2 2 B y = 2 g (x - y ) 

(20) 

(21) 

(22) 

(23) 

(24) 

with 

u I o o (25) 

3.2.3 Field of Intersecting Ellipse Current Distribution 

Instead of having cos p<f> current distribution at a constant radius, we 
may have constant current density j at specific coil cross sections. Ideal 
field configurations are achieved by intersecting circles or ellipses 
(Fig. 6). For a dipole configuration the field is [3] 

u jsc o 
(b + c) (26) 

B = 0 x (27) 

with s, b and c indicated in Fig. 6. 

For intersecting circles Eq. (26) reduces to 

B V s 
(28) 
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and is independent of the radius of the circles. 

Fig. 6 Intersecting ellipses for dipole (a) and quadrupole (b) [3] 

3.2.4 Approximation of Intersecting Ellipses 

Filling the non-overlapping areas of intersecting ellipses with con
stant current density is not easy in practice. In order to simplify 
fabrication procedures, one would like to use not more than one or two 
different conductor types of round, rectangular or trapezoidal cross 
section. A convenient method, therefore, is to approximate the intersecting 
ellipses with blocks or azimuthal shells of conductors (Fig. 7). 

Fig. 7 Approximations of intersecting ellipses for dipoles 

In a two-dimensional problem the z-component of the vector potential 
azimuthal current shei; 

and current density j is [1] 
of an azimuthal current shell of radii a and a , angle <j>, pole symmetry p. 

o . \ ' 2p r cos n6 Az (r'9) = - 3 Z. 2 sin n<{> da 
n-1 

n - 1 

for 

with 

r < a. 

(29) 

n = ( 2 k + l ) p , K = 0 , 1, 2, 3, [30) 

Because of Eq. (4) we get 



224 

2u n-1 
„ o . p r cos n& . 
B 0 = — D sin n«>/ -737 (31) 

2 * f da 

iin nd> ; -/ n-1 J a ai 

For a dipole we have p = 1, k = 0,1,2,3 ... and, therefore, we get the 
dipole component (k = 0, n = 1) 

2M Q 
B 0 = - ~ 3 cos 6 sin <t> (a2 - a^ (32) 

the sextupole component ( k = l , n = 3 ) 

2M-
B R = TTT 3 r c o s 3 e s i n 3(t> (— " — ) • (33) 

y3 J T l a2 ai 
The sextupole component is zero if $ = n/3. 

In this case the dipole strength is 

V3 u 
B Q — j cos 9 <a2 - a^ . (34) 

3.2.5. Fields at Coil Ends 

The calculation of the fields at the coil ends is more complicated and 
depends on the complexity of the current distributions. No analytic 
formulas exist. The simplest method is to approximate the conductors at the 
ends by a polygon and to apply Biot Savart's Law which gives a field vector 
at a point P 

TJ o . dl x r ,__. 
d B = 4^ 1 — a " " ( 3 5 ) 

r 
for a current i flowing in direction dl with r being the vector from P to 
the starting point of dl. 

The calculated fields in the whole space must then be subjected to a 
Fourier analysis. Another method is to cut the coil end into small sections 
in longitudinal (z) direction. This gives conductor cross sections in 
planes in which the field harmonics can be calculated in the same manner as 
in the straight sections. The whole end field is then obtained by 
integration (summation) over the z-direction. For up-down symmetric coil 
ends the z-component of the coil end field vanishes. 

3.2.6 Iron Contribution to Field 

Soft iron is used around superconducting coils for two purposes: to 
enhance the field at the coil center and to reduce the stray field on the 
outside. For accurate field calculations programs are used which take into 
account a finite permeability u and saturation effects. Such computer 
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programs are for instance MAGNET, GFUN, POISSON, TOSCA, PROFI. Some of them 
are able to do three-dimensional calculations but may be difficult to use. 

As saturation in superconducting magnets of the cos 0 type starts at 
high currents only a much simpler calculation method can be used for quick 
analysis. In this case u = ™ is assumed and the iron boundary is treated as 
an ideal mirror. The field on the axis is then obtained from a superposi
tion of the fields from the real coils and from the image coils. 

With a circular iron boundary of radius b we get the following para
meters of the image currents (Fig. 8): 
For individual wires (radii, angles and currents): 

r \ = b 2/^ (36) 

<*>' ± = 4>L (37) 
I . = I. (38) 

i l 
For coil segments (radii, angle and current density): 

a \ = b 2/a 2 (39) 

a 2 = b 2 ^ (40) 

4>' = <t> (41) 
2 2 

j = J " V • (42) 
b 

Fig. 8 Current images from a circular yoke boundary 
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The dipole field component for the coil segments of Section 3.2.4 and yoke 
radius b is, therefore, 

V3 u a, a. B Q = ~ j cos e (a2 - a x) (1 + - ^ p ) (43) 
b 

3.2.7 Lorentz Forces 

Forces play a big role in the design of superconducting magnets. 
Sudden cable motion of a few urn in a magnetic field will release magnetic 
energy which may be sufficient to introduce a transition to normal con
ductivity (quench). Therefore, the main concept of the design is that the 
conductor should not be able to move under magnetic forces. Big computer 
programs used for field calculation with iron saturation normally have 
subroutines which are able to calculate the forces also. 

Simpler routines can, however, be used if iron saturation can be 
neglected. In case of individual wires - and each coil can be approximated 
this way - the forces in the straight section of length 1 are obtained 
simply by summation over individual force contributions between wire pairs. 

x 2n 
k

 ( Y i " V (44) 

k f i 
rik 

U 1 TT—| V—1 L I , ( X . ~ X, ) 
x ' x i k i k y 2n. Z-l /_1 (45) 

k f i 
rik 

where x., y. describe the wire position in the coil cross section and r., 
are the distances between wires with index i and with index k. 

4. EXAMPLES OF EXISTING MAGNET DESIGNS 

For more than 10 years superconducting dipoles and quadrupoles have 
been designed for use in large accelerators. 

The Tevatron dipole [4] at Fermilab was the first one built in large 
series (Fig. 9). It consists of a two-layer coil surrounded by laminated 
stainless steel collars inside a very narrow cryostat. The yoke is at room 
temperature. The support structure is relatively complicated as it has to 
take the forces between the yoke and the coil in case of asymmetry. 
Therefore, the heat load on the cryostat is rather high. 

In the HERA dipole [5], [6], [7] (Fig. 10) the coil is clamped by 
laminated aluminium collars surrounded by the cold yoke. The support system 
consists of glass-fiber tapes and transversal rods. It is the first magnet 
built in series by industry. 

In the RHIC magnet [8] (Fig. 11) the one-layer coil is surrounded by 
the yoke without any collars. The necessary pre-compression of the coil is 
achieved with the aid of an aluminium tube fitted around the yoke. 
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Fig. 9 Tevatron warm yoke dipole 

Fig. 11 RHIC dipole 

Fig. 13 LHC dipole 

Fig. 10 HERA dipole 

Fig. 12 SSC dipole 

Fig. 14 HERA quadrupole 
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For the SSC dipole [9] (Fig. 12), which has a two-layer coil, stain
less steel collars and a cold yoke, a new support system consisting of 
posts of glass-fiber and carbon-fiber reinforced material has been 
developed. This leads to very low heat load. About 8000 pieces will have to 
be built by industry. 

The LHC dipole [10] (Fig. 13) has two coils in one aluminium collar 
surrounded by the yoke. Also here an aluminium cylinder is used to achieve 
the necessary pre-compression. The support structure is similar to the one 
at the SSC magnet. The magnet will be cooled to 2 K in order to reach 10 T. 

As an example of a guadrupole the HERA version [11] is shown in 
Fig. 14. It has a two-layer coil surrounded by laminated stainless steel 
collars and by a cold iron yoke. A special inertia tube made from stainless 
steel is used to assure a very accurate alignment of the magnet axis. 

All these magnets are made using NbTi superconductor. 

5. DESIGN DETAILS 
After the overview of superconducting accelerator magnets, details of 

the design of individual magnet components are presented and discussed. For 
many of the details the HERA magnet [6], [7] is taken as the reference be
cause it is the one which has been built in series just recently. However, 
deviations in the design details are also discussed. 

5.1 Superconducting Cable 

The superconducting (SC) cable presently used in practically all 
accelerator magnets is a keystoned cable of the so-called Rutherford type. 
It is made from superconducting wires (strands), each containing many fine 
superconducting filaments embedded in a copper matrix (Fig. 15). 

h-d?-H 

fit 

95 V. Sn / 5 7. Ag. 

composite conductor 
NbTi filaments 

strand before cabling 

U d H 
cable (24 strands) 

Fig. 15 HERA cable, d = 1.28 mm, d = 1.67 mm, - 1200 NbTi filaments 
of 14 um diameter per strand, critical short sample current 
> 8000 A at 4.6 K and 5.5 Tesla 
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5.1.1 Superconducting Wire 

Important properties of the wire are 
the Cu/SC ratio which is between about 1.0 and 1.8, 
the filament diameter which is less than 20 urn. 

The superconductor normally is NbTi alloy (~47 weight% Ti). But also 
attempts to use Nb Sn have been made [12]. Copper is needed to protect the 
superconductor in the case of a quench since it is able to carry the 
current for the short time that the superconductor material is highly 
resistive. It is also used to remove heat which may be produced in a 
superconductor during flux jumps. 

Fine filaments are necessary to stabilize the superconductor against 
flux jumps which may create sufficient heat for it to quench. The so-called 
dynamic stabilization concept [3] leads to a filament diamter of < 50 urn 
for NbTi at 6 T and 4.2 K. 

Stronger requirements for the filament diameter come from persistent 
current phenomena. During ramping of the field, shielding currents are 
induced in the filaments in order to keep the superconductor free of field 
(below H ). Nevertheless, in hard (Type II) superconductors field may even 
penetrate into the superconductor (between H and H ) resulting in 
shielding currents also in the superconducting material (Fig. 16, [2]). 
This leads to field distortions at low fields, i.e. dipole, sextupole 
(Fig. 17), decapole etc., hysteresis in dipoles and quadrupole, 12-pole 
etc., hysteresis in quadrupoles [13]. 

( b I I t 1 

Fig. 16 Superconducting shielding currents at up-ramping (a), 
at full field penetration (b), at down-ramping (c) 

This phenomenon can also be described as a magnetization of the 
superconductor material. It is possible to calculate a peak magnetization 

M = f- u j a (46) 
p 3rt o c 

with a = filament radius and j (B,T) = critical current density. This 
shows that the filament diameter d = 2a should be kept small. 

The filaments inside the copper matrix are twisted in order to avoid 
long eddy current loops in which the current may decay leading to a change 
of fields with time. For HERA cable the filament twist pitch is 25 mm. 
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Fig. 17 Averaged sextupole coefficient with rms variations for 
315 HERA dipoles as a function of current [13]. The solid 
curve is a model calculation 

The wires may be tinned in order to avoid corrosion and make soldering 
easier. For a.c. application the wires may be covered with an oxide layer 
in order to reduce eddy currents in the cable. 

5.1.2 Cabling 

The wires are cabled and keystoned to the desired shape given by the 
coil design. Important properties are the filling factor A f, the keystone 
angle a, and the compaction factor A . The filling factor is defined as : 

A 
n f s s 

f F cos 6 c 
(47) 

with n = number of strands in the cable s 
f = cross sectional area of strand 
B = twist angle of cable 
F = cross sectional area of cable, c 
The keystone angle is 

a, = arctg 
d 2 " d l (48) 

with d , d inner and outer cable thickness, h 

The compaction factor is 

cable width. 

A c 2d (49) 

with d = strand diameter, s 
The values for the HERA cable are 
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A^ = 0.93, a, = 2.33°, A =0.76. f k c 
The cable corners must be round in order not to cut through the insu

lation. 

The residual resistivity ratio (RRR) of resistances at 295 K (R-,qq v) 
and at 10 K (R1() R ) 

RRR = (50) 
R10 K 

is about 70 for HERA. 

5.1.3 Cable Insulation 

The requirements for the cable insulation are 
good electrical properties (i.e. high break-through voltage) 
good mechanical properties (i.e. elasticity, yield strength, 

also at liquid helium temperature) 
good resistivity against radiation damage (lifetime dose for HERA 

is - 5 x 10 Gray). 
The type of insulation commonly used today is shown in Fig. 18 (for HERA). 

- GIASSFIBER TAPE 

CABLE 

KAPTON TAPE 

Fig. 18 Cable insulation 

Although Kapton is a very good material for this purpose, it is 
difficult to use above 70 MPa compression at room temperature because it 
will start flowing under this load. The material is relatively sensitive to 
breaks and cut-throughs due to burrs and sharp edges. Therefore epoxy-im-
pregnated glass-fiber tape is used to strengthen the insulation. Before 
insulating, the cable is cleaned in an ultrasonic bath in order to remove 
dirt. During the insulation process a high voltage insulation test is 
performed (i.e. 1 kV, 1000 Hz). 

5.2 Collared-Coil Design 

The collared coil is probably the most critical part in the magnet. 
Therefore, the design and the manufacturing require special attention. 
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5.2.1 Straight Section Coil Design 

Non-overlapping areas of overlapping circles or ellipses must be 
filled with conductor shells (see Section 3.2.4). Usually at least two 
shells are necessary in order to achieve the required field quality. 
Preliminary calculations can be made with uniform current density. The 
shells are then segmented so that they can be filled with cable. Here the 
cable thickness and insulation thickness (in the fully compressed state) is 
important. 

Coil layer angles are adjusted so that the field quality is optimized, 
i.e. all higher harmonic coefficients < 1 x 10 at a reference radius of 
about 2/3 of the coil radius with the inner yoke radius chosen properly. 

In order to avoid 14 and 18 poles wedges of copper or glass-fiber 
epoxy have to be put in. The HERA coil (Fig. 19) [6] may serve as an 
example for the obtained field quality given in Table 1. The accuracy of 
the coil angles and radii is limited, however, due to manufacturing errors. 
Such errors can be characterized by a set of transformations (Fig. 20) 
which result in harmonic changes (Table 2). The load line for this coil 
with yoke is shown in Fig. 21. The forces on individual cables are shown in 
Fig. 22. 

Fig. 19 HERA coil cross section 

5.2.2 Coil Ends 

Standard race track coils result in field enhancements at the inner
most cable in the coil ends beyond the field maximum in the straight 
section. When a yoke is used this enhancement can be avoided if the yoke 
ends at or before the end of the straight section of the coil. 
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Table 1 

Calculated harmonie coefficients at r = 2.5 cm in a straight HERA dipole 
section, without iron saturation and persistent current effect 

b 3 0.0 X io"4 

b 5 0.9 X io"4 

b 7 0.3 X io~4 

b 9 - 0.6 X io"4 

bll - 0.1 X io"4 

b13 - 0.4 X io"4 

bl5 - 0.3 X lu"4 

R AI A2 

Fig. 20 Transformations needed to determine the influence of tolerances 
on harmonic coefficients (see Table 2) 
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Table 2 

Effect of mechanical tolerances 
on harmonic coefficients at HERA dipole coil 

The effect was calculated for transformat ions R, A3 , A2, Bl, B2, 
Cl, C2 , DO, Dl, XO YO illustrated in Fig . 20 . The amplitude of 
deformatior l was chosen to be 5 = 0 1 mm. Numbers ir i brackets are 
for a coil without yoke. 

n inner coil outer coil 

b x 
n 

io4 b x 
n 

io4 

R 1 -9.0 (-14.6) -3.5 (-7.1) 
3 2.2 

b x 
n 

(2.) 

io4 

-1.7 

b x n 

(-2.2) 

10 4 

Al 2 7.5 (9.1) 2.4 (2.7) 
4 -1.2 

b x n 

(-1.5) 

io 4 

0.9 

b x n 

(1.2) 

io4 

A2 1 6.4 (6.8) 1.7 (1.6) 
3 2.4 (3.1) 1.7 (2.2) 
5 -1.1 (-1.4) 0.3 (0.4) 
7 0.3 

a x 
n 

(0.4) 

io4 a x n 

( - ) 
io4 

Bl 1 5.8 (6.0) 3.6 (3.4) 
3 -4.3 

a x n 

(5.4) 

1 04 

0.3 

a x 
n 

(0.4) 

io4 

B2 2 -1.2 (-1.4) 1.8 (2.1) 
4 -2.3 (-2.9) -0.3 (-0.3) 
6 0.5 

a x 
n 

(0.6) 

io4 

-0.2 

a x n 

(-0.3) 

io4 

CI 1 8.1 (8.4) 4.0 (3.7) 
3 2.0 (2.6) 1.5 (1.8) 
5 

a x n 

( - ) 
io4 

0.3 

a x 
n 

(0.4) 

io4 

C2 2 -5.3 (-6.5) -2.7 (-3.1) 
4 -0.4 (-0.4) -0.7 (-0.9) 

4 4 b x 10 b x 10 n n 
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Fig. 22 Forces on individual 
turns of HERA coil 

Standard race-track coils also result in higher harmonic coefficients 
he coil ends, i.e. b and 1 

putting spacers between the turns. 
at the coil ends, i.e. b and b in a dipole. This can be avoided by 

As an example the HERA dipole coil end is shown (Fig. 23) and the sex-
tupole harmonic coefficient in the end region (Fig. 24) [14]. The integral 
of this harmonic coefficient along the magnet axis cancels more or less. 

z 0 T 

Fig. 23 HERA coil end, inner layer Fig. 24 Sextupole at HERA coil end, 
z = 0 at yoke end 
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5.2.3 Collars 

Magnetic (Lorentz) forces tend to disrupt the coil horizontally. They 
must be taken by a rigid mechanical structure. In order to avoid quenches 
introduced by coil motion, the coil must be held so tightly that the turns 
will not move when the coil is powered. The coil may be surrounded by the 
yoke directly (as at RHIC magnets [8]) but normally there are separate 
collars of non-magnetic material like stainless steel or aluminium. If 
stainless steel is used, care must be taken that material can not become 
magnetic either by welding or by cold work (stamping) or during cool-down. 
Only a few steel types can be used (i.e. 316 LN, Nitronic 40, DIN standard 
steel 1.4429). But it is not sufficient to order just the right steel type. 
The chemical content (in %) is the important critérium. So-called 
5-Ferrites can be present in steels. They are normally converted to 
austenite by annealing but can re-appear by cold work or welding. To 
determine the 6-Ferrite content, one can use the Schaeffler diagram 
(Fig. 25), in which the Ni equivalent promoting the austenite is plotted 
versus the Cr equivalent promoting the ferrite [15]. 

Ni equivalent = Ni + 0.11 Mn - 0.0086 Mn + 18.4 N + 24.5 C 

Cr equivalent = Cr + 1.21 Mo + 0.48 Si 

(51) 

(52) 

< > 

18 20 22 2U 26 

CHROMIUM EQUIVALENT 

Fig. 25 Schaeffler diagram 

Suitable steels should sit above the 0 % ô-Ferrite line. Steels below 
the 5 % 6-Ferrite steel line are questionable. In addition, Fe-Cr-Ni steels 
may transform to martensite at low temperature which also results in the 
appearance of ferromagnetic regions. The temperature M is defined as the 
one at which martensite forms in the absence of plastic deformations. 



237 

M (±50 K) = 1578 - 61.1 Ni - 41.7 Cr - 33.3 Mn (53) 
S -27.8 Si - 1667 (C+N) - 36.1 Mo 

This value should be around 0 or below. For plastic deformations martensite 
may already form at temperatures which are 300 - 400 K higher than M . 

How a partly magnetic material may influence the field quality (main 
pole and higher harmonics) may be seen from a calculation for the HERA 
quadrupole magnet (Fig. 26, [16]). 

Aluminium alloys are fully non-magnetic and, therefore, such an alloy 
has been used for the HERA dipole (Al Mg 4.5 Mn, G 35). Another advantage 
is that aluminium shrinks more than stainless steel during cool-down, 
practically in the same manner as the coil. Therefore, when using aluminium 
alloy no excessive pre-load (which is released during cool-down) is 
necessary. For instance, if stainless steel collars had been used the coil 
would have required about 12.5 % more pre-load at room temperature than is 
actually used at helium temperature. 

The collars must be designed carefully because an optimum must be 
found. On the one hand they should be as thin as possible radially in order 
not to lose too much field contribution from the iron. On the other hand 
they must stand the mechanical and magnetic forces safely. For optimiza
tion, finite element programs are commonly used which allow the areas of 
maximum stress to be investigated. 

The tensile yield strengths of stainless steels and high strength alu
minium alloys do not differ much at room temperature. The yield strength 
for DIN stainless steel 1.4429 is about 295 MPa compared to 270 MPa for the 
aluminium alloy used for HERA. 

magnetic permeability 

Fig. 26 Influence of magnetic permeability u on field 
quality in HERA quadrupoles [16] 
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The collars are built up from laminations of thickness 1 - 4 mm. For 
aluminium collars for HERA (4 mm thick) the fine blanking method was used. 

There are different methods for locking the collars. Besides welding 
(TEVATRON), rods (HERA, LHC) or keys (SSC) are applied. Rods have the 
advantage that the stress distribution around them is optimal (Fig. 27) 
[17]. 

0=141 
/ ' , 

a=5 l ' 

a=82 , 

E 
=1 
m P 

• ^ 

f ~ ~ - ^ \ . 
F ^ - ^ 
a=-64 s 

07 
"b=-82i 

- 6 4 
^ < ^ 

a=-64 

\ 

(=-82, 

a =51 

rr 

a=-37" 

/ 

104 Jim 

141 

Fig. 27 Local stresses (a [N/mm ]) in HERA aluminium collars 
and elastic deformation at 4 K and zero current 

During the collaring the coil is slightly over-compressed. Then the 
rods are inserted and the pressure is released. The compression of the coil 
during collaring, cool-down and current ramping has been measured on a 1 m 
HERA model magnet (Fig. 28). The measurement showed that due to the use of 
aluminium no decrease of compression occurs during cool-down [18]. 

5.3 Iron Yoke 

The collared coil is surrounded by a laminated iron yoke. The material 
is a low-carbon steel with specified maximum coercive force and minimum 
inductance at given field values. A measured magnetization curve (HERA) is 
given in Fig. 29. A histogram of the coercive force is shown in Fig. 30 
[19]. 

Lamination thicknesses can be chosen to minimize cost, the fine 
blanking method being used for thick laminations (HERA: 5 mm). Changes of 
the permeability in the stamping region may occur but are not important for 
superconducting magnets, where the iron is far away from the region of 
interest. A vertical split of the half yokes is usually preferred. 
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N /mm 

100 200 300 p [bar] IlkAl 

Fig. 28 Stress in the HERA coil during collaring (a) as a function of 
closing pressure in the press, external force release (b), cool-
down (c), stay at helium temperature (d), magnet powering as a 
function of current (e). Circles are for outer coil layer, bars 
for inner coil layer 

25 

Fig. 29 Permeability of HERA 
yoke steel, annealed 

Fig. 30 Coercive force distribution 
of HERA yoke steel 

The centering of the collared coil inside the yoke is achieved by keys 
at the collars fitting into grooves at the yoke. For the HERA dipoles 
bronze channels are used around the keys in order to avoid too much 
friction. The gaps between yoke and collars can be designed such that the 
yoke will take over the radial forces when the collars are loaded to their 
limits (Fig. 31), [7]. The half yokes are welded together longitudinally. 
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The radial thickness of the yoke influences the saturation occurring 
at high currents (Fig. 32) [14]. 

A X jailor [ Jl m ) 

[B(I)/I] /[B(3000A)/3000A] 

.000 

0.995 -

0.990 -

-J 1—I 
2000 4000 6000 A 

Fig. 31 Calculated deformation of Fig. 32 Normalised central HERA di-
collar and its force on pole field as a function of 
yoke for HERA dipole [7] current [14] 

5.4 Electrical Connections 

There may be splices in the coil which must be soldered with _siiffi-
cient overlap (~ 100 mm) that the resistance is small (~ 2 x 10 Q). 
Soldering is done without acid flux and with silver-tin solder 
(5 % silver). 

At the coil ends and in the interconnection area the superconductor is 
reinforced with either copper braid - where flexibility is needed - or with 
solid copper of sufficient cross section. The cross section depends on the 
allowed maximum temperature T ("hot spot"! and the time-constant z for 
discharge of the system. Here the allowed / j dt is important. 

The temperature increase in a normal conductor due to Joule heating is 

d T = C|T7 P ( T ) j 2 ( t ) d t ( 5 4 ) 

with C(T) = specified heat per unit volume, Q(T) 
and j = current density. 

electrical resistivity. 
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By separating the terms of independent variables one obtains 

j2(t)dt = £j|j dT (55) 

and by integration 
oo T 

(56) 

As the material properties as a function of temperature are known, this 
function can be calculated. For copper the curve given in Fig. 33 is 
obtained. 

100 200 300 400 500 600 T I K ] 

Fig. 33 f(T ) max 
CO 

dt for copper 

Assume the current in a magnet starts with I and decreases with time 
constant i, q being the effective copper cross section, then 

oo oo 9 oo T 

o q 

°? I e 

2~ 

2 t 
x 

dt = 
I 2 x o 

2q 
( 5 7 ) 

With this value the temperature T is obtained from Fig. 33. T should 
v. u. i cor, v m a x max 
be below 500 K. 

In the HERA magnets there is a forward and return bus bar running 
along the outside of the magnet yoke. Here the same consideration applies. 
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During a quench the quenching coils or groups of coils must be pro
tected by bypassing the main current around them. This is done by either 
cold diodes at each magnet (HERA) or warm diodes at groups of magnets 
(TEVATRON, SSC). Warm diodes require that safety current leads pass from 
the coils to the room-temperature diodes at regular intervals along the 
magnet string. 

Voltage taps at main or correction coils are required for quench de
tection. Usually there is a center tap at each coil in order to achieve 
high sensitivity by balancing the half coils. 

Quench heaters (HERA: stainless steel strips) may be necessary to dis
tribute the quenching zone over the whole length of the magnet in order to 
limit the hot-spot temperature. 

During a quench high voltages, which may be between 500 V and 1 kV, 
may occur at a magnet or magnet string. The coil insulation must stand 
these voltages safely. Therefore, a test voltage of about 5 kV to ground in 
dry air is applied. 

The most critical points are the electrical feedthroughs at the warm 
side with 2 - 3 bar helium gas pressure inside and air outside. One must 
take into account that the electrical breakdown voltage in 1 bar helium is 
about a factor 10 lower than in air. Therefore 5 kV in air at 1 bar is 
equivalent to 0.5 kV or 1.5 kV in helium, at 1 or 3 bars respectively. 

Appropriate insulation material is Kapton or glass-Kapton-glass compo
site tape, Tefzel and PEEK (polyether-etherketone). All these materials are 
good both for cryogenic and high radiation dose applications. 

Temperature sensors such as platinum or carbon resistors are fre
quently used for diagnosis. 

5.5 Cryostat 

The cryostat serves to insulate the cold part of the magnet from the 
room temperature surroundings. The design aims to obtain the lowest 
possible heat loads and relatively simple support structures. 

5.5.1 Helium Vessel 

The helium vessel consists of half shells surrounding the yoke, end 
plates, the beam tube and tubes for the 1-phase and 2-phase helium, all 
made from stainless steel. 

The half shells are longitudinally welded, which, if necessary, allows 
a curvature to be introduced into the cold mass. For the HERA dipoles the 
yoke end plates were welded to the inside of the half tubes in order to 
prevent the longitudinal motion of the coil ends. 

Special care must be taken in selecting the material for the beam tube 
because it is nearest to the good field region. The same criteria apply as 
were discussed already for the collars. The beam tube may also be equipped 
with correction coils (sextupole, guadrupole, decapole for HERA dipoles, 
12-pole for HERA quadrupoles) [21]. 
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The helium vessel end plates are welded to the ends of the half 
shells. One- and two-phase tubes as well as safety tubes welded to the end 
plates contain bellows to accommodate thermal expansion. Stainless steel 
forcings for flanges must be selected carefully so that they do not have 
microcracks which may result in leaks. 

All cold parts are covered with superinsulation consisting of 5 -
10 layers of Mylar aluminized on both sides (0.04 urn thick) in order to 
reduce heat flow due to thermal radiation. 

5.5.2 Vacuum Vessel 

The vacuum vessel can be made from stainless steel or from magnetic 
steel. The latter may be required if additional magnetic shielding is 
necessary. If the vacuum vessel is made from magnetic steel, the inner 
surface is painted with epoxy in order to reduce outgassing of the surface. 

5.5.3 Radiation Shield 

Heat flow due to thermal radiation from the warm vacuum vessel is re
duced by heat intercepts at one or sometimes two intermediate temperature 
levels. Such radiation shields consist of a tube made from material of good 
thermal conduction (aluminium or copper) equipped with cooling tubes. The 
cooling may be achieved with liquid nitrogen or helium gas. If the cooling 
tubes are made from aluminium, transition pieces to the stainless steel 
flanges are required. They are made by friction welding. 

The radiation shield is covered with many layers of superinsulation. 
For the HERA magnets there are 30 layers, each consisting of a perforated 
sheet of Mylar, aluminized on both sides, and a glass-fiber net as spacer. 
The perforations and the glass-fiber net are chosen to improve pumping-
This kind of superinsulation reduces the heat load to about 0.7 W/m 
between 300 K and 70 K. 

It is extremely important that no direct view of the helium vessel is 
possible through the thermal shield. Each tiny open space would lead to an 
increased heat load because the radiation of a black radiator between 300 K 
and 4 K is about 500 W/m . 

As the radiative loss follows the law 
• 4 4 
Q ~(V " T

2 > ( 5 8 ) 

the radiation from the shield at 77 K (T ) to the 4 K (T ) area is almost 
negligible. But some magnets are built with an additional second shield 
(SSC : 20 K, LHC : 5 K). 

5.5.4 Supports 

To support the cold mass inside the vacuum vessel several approaches 
have been used. 
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In the TEVATRON magnets [4] a structure of glass-fiber epoxy blocks 
has been used with a 77 K liquid nitrogen temperature intercept. As the 
thickness of the blocks is small because of the limited space, the heat 
load through them is rather high. The positioning of the supports in this 
case must be very accurate as an off-centering of the warm yoke would 
introduce not only forces but also quadrupole harmonic field distortions. 
The effect of thermal shrinkage is compensated by using so-called "smart 
bolts" (spring loaded bolts) for the upper supports. 

For cold-yoke magnets like at HERA and UNK a system of transversal 
rods and vertical bands (belts) or rods is used. For HERA there are such 
support systems at three longitudinal positions (Fig. 34). The transversal 
rods are made from glass-fiber epoxy, the belts from unidirectional glass-
fiber impregnated with epoxy. At UNK the vertical supports are made from 
titanium. 

Fig. 34 Support system of HERA dipoles 

The advantage of these support systems is relatively low heat loads 
because of the space available. A certain disadvantage is the fact that 
many penetrations through the radiation shield must be closed carefully. 

A different system is used for SSC and is planned for LHC magnets. 
Here fiber-reinforced epoxy cylinders are used as support posts (Fig. 35). 
There is only one hole in the thermal shield from the bottom of the magnet 
for each support. The thermal intercepts at shield temperature are rela
tively easy to arrange. Such systems, therefore, lead to the lowest heat 
loads known so far. 

Fig. 35 SSC dipole support post 
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6. TEST RESULTS AT HERA SERIES MAGNETS 

A total of 445 HERA standard dipoles of 9.7 m length, 8 vertical de
flecting dipoles of reduced length and 246 HERA quadrupoles of various 
types have been built, many also containing correction coils or correction 
magnets. Most of these magnets have been tested cryogenically. 

The magnets have been built at several industrial firms: 

Dipoles at ANSALDO/ZANON and ABB, 
quadrupoles at ALSTHOM and KWU/NOELL, 
correction coils at HOLEC and NOELL. 

Superconducting cable for these magnets was fabricated at Europa-
metalli - LMI and the Swiss Superconductor Consortium (Leadership ABB) for 
dipoles, and at Vacuumschmelze for quadrupoles. 

6.1 Quench Behaviour 

Dipoles and quadrupoles have been quenched at about 4.7 - 4.8 K 
several times. There is only negligible training, i.e. saturation of the 
quench current at constant temperature is reached immediately after one or 
two quenches (Fig. 36). 

Average maximum quench current for the dipoles is about 6500 A, 
however, with two peaks, that of the Italian dipoles being a little lower 
and with wider distribution (Fig. 37). The reason is the performance of the 
cable. 

The quench current of the quadrupole is considerably higher (Fig. 38). 
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Fig. 36 Number of quenches to reach Fig. 37 Statistics of maximum quench 
maximum quench current of current for German (ABB, 
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6.2 Field Quality 

The normalized field integral (/ B dl/I) in the dipoles shows two 
peaks differing by about 2 %., with the ABB magnets on the high side 
(Fig. 39). The reason must be the different tooling used by the firms which 
results in different radii of the coil and in slightly different coil 
lengths. 

5.6 6.0 6.4 6.8 7.2 7.6 8.0 
Iq I kA 1 

B.21 8.23 8.25 8.27 
/Bdl / I [ Tm / kA 1 

Fig. 38 Statistics of maximum quench 
current for HERA quadrupoles 

Fig. 39 /Bdl/I at 2100 A for HERA 
dipoles, German magnets (ABB, 
solid curve), Italian mag
nets (A/Z, dashed curve) 

The field quality expressed in harmonic coefficients at 5000 A is very 
good (Fig. 40). Some larger spread in the measurements of the sextupole 
(b ) and the skew quadrupole (a ) reflect the achieved accuracy in the arc 
length of the coil and the difficulty in fixing the midplane between the 
half coils. 

The correlation between cold measurements at 5000 A and warm measure
ments at a few amperes for collared coils is generally good (Fig. 41) [21]. 

As has been explained earlier, in the dipoles there are sextupole and 
decapole coefficients of considerable strength at low currents and which 
are the result of inducing currents in the superconducting filaments during 
current ramping (see Fig. 16). This results in the need to have sextupole 
and decapole correction coils. 

At injection (250 A) there is also a time dependence of the sextupole 
(and also decapole) component as indicated in Fig. 42 [22]. Here the 
harmonic coefficient is plotted versus the logarithm of time. A certain 
linearity in this plot is visible. This indicates that a main fraction of 
the time dependence results from a phenomenon known as flux creep. 

The time dependence is different for cables from different firms 
(Fig. 43) [22]. It also depends on the current ramping history of the 
magnet. 
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Figure 44 shows that a current cycle with a lower maximum current has 
a smaller time dependence [22]. This effect allows the bad influence of the 
changing b at injection to be minimized by appropriate current ramp 
cycles. Another sensitive parameter for hysteresis is the temperature of 
the dipole coils (Fig. 45) [13]. For the quadrupoles similar field results 
are obtained. Here, however, the 12-pole and the 20-pole are the ones which 
show persistent current effects. 
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7. CONCLUSIONS 

The experience with present superconducting magnets shows that the 
design of such magnets is fully understood and that they can be built in 
large series by industry. With NbTi superconductors fields of about 6 Tesla 
at 4.6 K are easily reached. The necessary structural and insulating 
materials suitable for low temperature and for high radiation dose level 
are available. Many elaborate design tools in the form of finite element 
and field programs including saturation exist. 

The achieved field quality is fully sufficient for accelerator opera
tion. Static and dynamic field distortions at injection fields can be com
pensated by suitable correction magnets. 
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DESIGN OF A RING LATTICE 

P J. Bryant 
CERN, Geneva, Switzerland 

ABSTRACT 
The design of the linear lattice for an alternating gradient ring is 
discussed, along with the first steps towards designing the correction 
and compensation schemes. The linear lattice is the foundation of the 
synchrotron and to a large degree determines the quality of what is 
finally obtained. Some emphasis is put on simple analytical solutions, 
which can be used to guide numerical minimisation programs. 

1 . INTRODUCTION 

It was natural to consider the early accelerators as single units. Cyclotrons and betatrons 
had 360° magnets and in the early weak focusing synchrotrons, the introduction of straight 
sections was thought to be a rather daring innovation. The invention of strong focusing 
replaced the "single-unit" concept by the "multi-segment" machine. A great deal of ingenuity 
has since gone into designing lattice modules with a small number of elements for specific 
functions. A modern machine designer will automatically think in terms of these modules and 
will assemble a lattice from such units as matched cells, dispersion suppressors, low-P 
insertions and achromats. 

There is no foolproof way of proceeding with a lattice design and there is often much 
contention over what is optimum. This is partly due to the wide range of requirements of 
different machines and to the advances in technology and understanding of lattice optics. 
Consequently there are still ample opportunities for newcomers to contribute to this art. In large 
machines, the different modules will be well defined and the various functions of the lattice 
more easily understood, whereas the lack of space in small machines often puts many 
requirements onto the same elements and the functions of the different parts of the lattice are no 
longer so obvious. This paper will therefore address the problems of large colliders, similar to 
the fictitious machine shown in Figure 1, and will omit the specialist problems to do with the 
optimisation of small-ring lattices, e.g. for stochastic cooling. 

Some analytic solutions for lattice modules will be discussed and some tools will be 
developed for insertion design with the aim of guiding numerical minimisation programs. 
Finally preliminary steps for laying out correction and compensation schemes will be reviewed. 

Interaction 
region 

Dispersion Dispersion 
suppressor 

Unused / 
crossing / 

Injection 
insertion 

Injection 
insertion 

Fig. 1 Sectors in a fictitious large collider 



252 

2 . LATTICE CELLS 

2 .1 The humble FODO cell 

The humble FODO cell (see Fig. 2) is used in nearly all long transfer lines, high-energy 
accelerators and large storage rings. In Fig. 1, for example, the FODO lattice would extend 
throughout the arcs and dispersion suppressors would be embedded in the FODO lattice at the 
entry to the straight sections, but would not actually interrupt the focusing structure, which 
would continue right up to the insertion for the interaction region. The injection insertions may 
have some special features, but the majority of the lattice would be basic FODO cells. One class 
of storage rings, the synchrotron-light sources, often use special modules called achromats but 
even for this application die FODO cell is often considered. 

Beam 

Fig. 2 Symmetric FODO cell 

For preliminary design calculations, it is convenient to replace the quadrupoles by thin 
lenses and to assume that the dipoles extend right up to the quadrupoles with no intermediate 
drift spaces. A necessary condition is that the bending radius in the dipoles is large compared to 
the focal length of the quadrupoles. There is little to be gained from considering anything 
beyond this simple situation, since the value of this analysis lies in the physical insight it gives 
and the simplicity of the expressions, which can be quickly used for 'back of envelope' 
estimates. In order to take account of complications such as long lenses and asymmetries in a 
specific design, a lattice computer program will in any case be needed. 

The analysis of this simple symmetric FODO cell can be found in Refs. [1] and [2] and 
leads to the simple results, 

* ^ 2 L 1 + sinqt0 / 2) 
sin^i. 

where 

y = 2 L l-sin(n 0 /2) 
— - r - o S m ^ 0 

P m =-^-H-js in 2 ( | i 0 /2) | , s infcO = IgL , 
sin|i0 2 V 2 ) 2 

* f2n 2 [ 1 + ô s i n ( ^ ° / 2 ) ] v f 2 U2[l--sin(^ 0 /2)] 
D = i±y 2_ and D = ̂  2 _ 

p 0 4 s in 2 (^ 0 / 2 ) p 0 4s in 2 ( | i 0 /2) 

A V 

P and P are the extrema of the betatron function which occur at the 
centres of the lenses, 
Bm is the betatron amplitude mid-way between the lenses, 

(1) 
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D and Dare the extrema of the dispersion function, 
L is the half length of the cell, 
| i 0 the phase shift through the whole cell, 
g is the integrated strength of the lenses (- for F-units and + for D-units) 

g = ~~—^ * , where the symbols have their usual meanings. 

Figure 3(a) contains typical plots of the beam parameters through the half-FODO cell and 
3(b) shows the universal curves for the betatron function extrema normalised by the cell half-
length and the dimensionless parameter p 0D/L 2 versus the phase advance. The turning point in 

the P/L curve indicates the minimum aperture required for a beam in a cell of half length L. The 

exact position of this minimum can be found by differentiation of p with respect to [i0 and this 
yields |io = 76°. 

10 

0 
30 60 90 120 150 180 

HO [degree] 

Fig. 3 Universal curves for matched, symmetric FODO cells 

The dispersion function D in Figure 3(a) is close to being a straight line, which suggests that for 
a machine comprising only FODO cells and no drift spaces the momentum compaction factor a 
can be estimated as, 

a = —<t—— ds = —(D+ D) 
r J o c (2) 

and since it is often the case that the FODO cells occupy virtually all positions where p is finite, 
(2) will be the dominant contribution to the momentum compaction in many practical machines. 
For a machine comprising N c FODO cells alone, 
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2n = N c (2L /p 0 ) and Q = N c ^ 0 / ( 2 n ) . 
(3) 

Substitution for D and D from (1) into (2) and the use of (3) yields the momentum compaction 

-a. 
a = 

QÎ 
^ o / 2 

sin(^ 0 /2) (4) 

The approximation that is frequently used is a = 1/Q2

X. Equation (4) shows that this is true 
within an error of 5% up to a phase advance of 60° or 11% up to 90° for a FODO lattice. 

The chromaticity can be found from (3) by differentiation and it can be seen from the 
result that the chromaticity rises rapidly for phase advances above 90°. 

dQ - N „ 

dAp / p 0 7i 
tan(u. 0/2) 

(5) 

These simple results already give the main characteristics of the larger machine lattices, 
which are normally of the FODO type. Equation (5) suggests that the phase advance should not 
exceed 90° and the universal curves in Fig. 3(b) define 76° as the optimum for aperture 
reasons. The choices of 45°, 60° and 90° are usual, but 60° has the best all-round 
characteristics. 

2.2 Dispersion suppressors embedded in a FODO lattice 

The presence of the dipoles in a FODO cell makes little difference to the focusing 
properties, so that the quadrupoles can continue uninterrupted from the arcs into the rf straight 
sections (see Fig. 1). The dispersion function, however, will sense the missing dipoles and 
become mismatched. The most convenient solution therefore would be to suppress the 
dispersion at the exit to the arc, so that it remains zero until the next bend. This is in fact a 
requirement for the rf cavities, as well as a great simplification for the interaction insertion and 
can be solved in a rather elegant way by acting only on the dipoles, which leaves the focusing 
unperturbed. The analysis of dispersion suppressors involves more algebra than is convenient 
to include here, so the reader is referred to Ref. [3]. 

The Fig. 4 shows the general layout of a dispersion suppressor. The regular arc is on the 
left, the straight section on the right and in between there is a 'missing magnet' (dipole) gap and 
a section of cells with bending. The 'missing magnet' gap may be of zero length and the special 
section of cells with bending need not have the same strength as the normal arc. 

Dispersion suppressor 

Regular 
arc 

Uniform strength 
dipoles 

Straight 
section 

3h 

Nth cell 
1st cell 

Fig. 4 General layout of a dispersion suppressor 
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Two conditions must be satisfied to reduce the matched dispersion in the arc to zero in the 
straight section, i.e. 

Ho(N - i/2) = (2n - l)rc/2 (6) 

~ = ô ( - l ) n + 1 s i n « / 2 ) 
2 P o (7) 

where n is an integer (n=l, 2, 3 ...), 
|io is the phase advance in a cell, 
N is the number of cells in the suppressor, 
i is the number of cells in the suppressor with bending, 
8 is the angular kick of the dipoles in the i cells of the suppressor, 
L/po is the angular kick of the normal dipoles in the arc. 

(Ô and L/po correspond to a single dipole in the half FODO cell and, as before, the dipole is 
assumed to be the whole half cell length.) 

It is quickly verified that the two conditions set by (6) and (7) are satisfied by the 
examples given in Table 1, which are known as missing-magnet dispersion suppressors. The 
most convenient configuration is that in which the remaining dipoles retain their full value. 

Table 1 
Examples of missing-magnet dispersion suppressors 

N i n Ho S 
2 
3 
4 

1 
2 
1 

1 
1 
2 

60° 
45° 
77° 

(L/po) , 
(L/H0W2 
-(L/p0)/1.25 

There is also the class of solutions which occur when N = i. This corresponds to there 
being no empty magnet gap and these suppressors just rely on having 6 different to the normal 
value in the arcs. In this case (6) reduces to, 

N(i 0 = (2n- l)7t (n = 1,2,3...) 

and (7), from which the dipole strength is derived, becomes, 

1 L 

(8) 

5 = 
2p 0 (9) 

This extremely simple result has given rise to the name reduced-field dispersion suppressors. 
Table 2 list some specific solutions. 

Table 2 
Examples of half-field dispersion suppressors 

N n ^ 0 8 
2 1 90° (L/Ho)/2 
3 1 60° n 

4 1 45° 11 

5 2 108° M 
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The simplicity of these solutions is at first sight remarkable. A simple gap with all 
dipoles of the standard strength, or a region of half-field dipoles are extremely practical 
solutions in terms of power supplies and magnet design. The half-field case is especially 
attractive since by leaving out half of the dipoles in a half cell, the remaining units can be moved 
longitudinally so as to give a fine adjustment to the matching. 

There are simple explanations for these solutions. In the 'missing magnet' case, the 
phase condition (6) has the physical meaning of requiring the phase shift from the mid-point of 
the group of i cells to the end of the suppressor to be an odd number of quarter betatron 
wavelengths. This scheme will therefore operate by kicking the beam and arranging for the 
subsequent oscillation of the dispersion function to reach its maximum at the end of the 
suppressor and to be equal to the matched value in the arc cells. 

In the half-field suppressors, the dispersion coming from the arc finds itself mismatched 
in the half-field region and having twice its local matched value. Consequently it oscillates and 
half a wavelength later it has dropped to zero. By moving directly into the straight section the 
dispersion is matched to zero. 

2.3 Matching 

It is frequently necessary to match beam parameters over a short distance using 
quadrupole lenses, for example at each end of a transfer line or for a low-|3 insertion in a 
collider. Some analytic solutions do exist and can be of considerable help in guiding computer 
computations. The early work contains both thick and thin lens investigations [4, 5], but thin-
lens solutions are more than adequate when backed-up by a computer program for numerical 
matching. The four examples presented here are a variable-geometry doublet, two triplets and a 
quadruplet, which use the lens positions as well as their strengths to obtain a match* This 
needs a stable optics environment, as in a collider, but if it is known that many widely different 
optics will be needed, as for example in a switch yard, a fixed-geometry solution must be 
adopted in which only the gradients are varied. 

(i) Variable-geometry doublet in a dispersion-free region [6] 

Figure 5 shows the layout of a quadrupole doublet. Gradients and positions are taken as 
variables in order to match (3 and a in both planes. The insertion is assumed bending-free and 
dispersion-free. 

L = L+L+l, 
U.A1 

P,2 

PZ2 
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<*x2 

<* Z 2 

^_ 
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D x 2 

D,2 

= D'»2 = 0 
= 0 L_ . J 

Anx,Am 

Entry 

Pxl.«xl 

Pzi.a.i 

D.. = D 'x. = » 

Beam 

Fig. 5 Quadrupole doublet 

* The examples given here have been programmed as part of a package named AGILE230 (Alternating Gradient 
Interactive Lattice dEsign) for the IBM PC, or compatibles. The program is menu-driven and will perform many 
of the usual lattice calculations. The compiled and source versions are available from the author. 
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The doublet has only five free variables (A>g2> 3̂>g4> 5̂)> while the beam is described by 
eight matrix elements, which have six degrees of freedom (the condition for unit determinants 
reduces the degrees of freedom by two). Thus it is not possible to find a solution for all sets of 
beam parameters. Consistent solutions will only exist when the transfer matrix elements are 
related in a suitable way. 

The elements of the transfer matrices of the doublet can be written in terms of the 
boundary conditions (for each plane) in the general form: 

T(s2ls,) = 
(P2 / Pi ) 2(cos A|i + a, sin A\x) (p\P 2) 2 s i n AVi 

-(P,P 2) 2[(l + a,a 2)sinA|i + (a 2 -a,)cosA|j .] (p\ /P 2 )2(cosAji-a 2 sinA|i) 
(10) 

where Afi is considered as a free parameter in both planes. 

The same transfer matrices can be expressed in terms of the thin lens expressions for the 
elements. 

T = 
Vv 

[ l ± ^ g 2 ± ^ g 2 ± ^ g 4 + ^ 5 g 2 g 4 ] 

[±g 2±g 4+* 3g 2g 4] 
± V 5 g 4 ± V 5 g 4 + W 5 g 2 g j 

[ l±/ l g 2 ±/ 1 g 4 ±/ 3 g 4 + V3g2g4] (ID 
where the upper sign corresponds to the horizontal plane and the lower sign to the vertical 
plane. The inter-lens spaces are ix,i3 and i5 and the integrated lens strengths are g2 and g4. 
The comparison of the terms in (10) and (11) leads to the solution of the needed parameters. 

In order to have compact expressions, sum and difference matrices T + , T - are first 
defined whose elements are given by, 

t i . j ~ 0 l t h . i , j + t v, i , j )> l i , j _ ~ (^h.i.j tv. i . j j-
2 V « . . . . j V . . . J , . , . j 2 X , .,..,, ( 1 2 ) 

With the use of (12), the horizontal and vertical transfer matrices (11) can be re-expressed as, 

T + = 
fegj [1 + V 3 g 2 g4] 

%&2 + ' 5 g 2 + ^ g 4 ] [IA&2 + W&2 + V S g 4 + V j g J 
[g2 + g4] Kg 2 +Ag 4 +^ 3 g 4 ] (13) 

and similarly the elements of T+ and T- can be found in terms of the boundary conditions from 
(10). Direct inspection of matrices (13) leads to the solutions for the doublet parameters of, 

£x = (t+

22-\)/t+

2l 

£5=(t+

u-\)/t+

2l 

L = (tn + t22)/t21 
L = L - L - L . (14) 

A little manipulation of elements l

2 i a n c ^ *22 yi^ds a quadratic equation for the gradients, 
from which the two solutions are found, 
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E2.4 = 2[tji ± V C Q ) 2 - 4 ^ / ^ ] (g 2 takes+sign) 
(15) 

The insertion parameters expressed in (14) to (15 ) will be non-physical in certain cases. The 
distances must of course be positive and the gradients in (15) must be real, i.e. 

( t - ) 2 > 4 t 2

+ , / * 3 (16) 

However, this is not sufficient to ensure a solution since there is one more equation to satisfy 
than parameters to vary. A further boundary condition must therefore be satisfied, 

(tii) tû " (t» - DtutJ, - (tJi - Dt^ta + (& - l)(tf, - l)t» = 0 (17) 

This condition is found by substitution into t 1 2 , which has remained unused up to this point. It 
is assumed that the phase advances can be varied at will in (10) in order to satisfy (or nearly 
satisfy) this condition. The evaluation of (17) acts as a mismatch factor and as a guide when 
searching for a solution. The thin lens result thus obtained can then be used in a standard lattice 
program as the starting point for optimising a 'thick' lens lattice. 

(ii) First variable-geometry triplet 

Figure 6 shows the layout of a simple triplet. Note that the elements have been 
numbered from g2 in order that the results can be used directly in the next section where drift 
spaces will be added on either side to increase the number of variable parameters. 

Exit 
h = l5 + l3 

Entrv 

Px2.«x2 
— £5-+ — / 3 * 

Entrv 

Pz2.<*z2 i i i ki .a» i 

D.2 = D'»2 = 0 1 \—i D , a = D : . = 0 

D Z 2 = D ' Z 2 = 0 A 1 A D z l = D ' z l = 0 
Am, An, g 6 

p §4 §2 Beam 

( 2 

Fig. 6 First variable-geometry triplet 

The same basic principles are applied to solving this triplet as for the doublet, except on 
this occasion it is easier to solve the parameter matrices in two stages. The central elements 
comprising the P matrix give, 

ph,v = 
-i±g4*5 * , ± g 4 / s / s + v 
, ±g4 l±g4^3 . 

which can be re-expressed in the sum-difference format as, 
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P + = 
1 U +1, 

,0 \ ) • 

Equation (18) can be easily inverted to give, 

g4 = Pi 

^3 = P22 / P21 = P22 / g 4 

^5 = Pn / P21 = Pn / g 4 

P" = 
'g 4' 5 g ^ V 
v. g4 g 4 ^ 3 j 

Pu = P22 = ! 

P 2

+ i = 0 

P12 = ^3 + ^5 (19) and 

The overall matrices for the whole insertion are then given by, 

f -+ J_ ~ „ - -+ A 

Q + = 
PÎ2 

Q" = 

Pll +g 2Pl2 

IP21 + gePn + g2P22 + g2g6P?2 P22 + gôPn 

Pn + g2Pi2 Pn 
f 

VP2! + g 6 Pll + g2P22 + g2g6Pl2 P22 + g 6Pl2. 

In order to arrive at this result it should be noted that, 

Main terms Sum term Diff. term 

P i j - * PÏ Pii 
SIPLJ -» g2PÛ g2Pu 

g2g6Pij - » g 2 g 6 PÎ g2g6PÔ 

^ P , j - > * 3P^ **P* 

Equations (21) can be inverted, with the help of (20) to give, 

g 2 = 
q n - P n 

ge = 

P12 J V 
/" + _ + "\ 

Q22 P22 

I Pn 

P12 J 

= (q22-i) /qû 
q^ - i 

Ji2 y 

(18) 

(20) 

(21) 

(22) 

With some more manipulation it is now possible to re-express the intermediate results (19) in 
terms of the overall matrix coefficients as, 

g 4 = qii - g 6 - g 2 - g2g 6qû 

^ 3 = ( q 2 2 - g 6 q i + 2 ) / g 4 

* 5 = ( q n - g 2 q n ) / g 4 • (23) 

As with the doublet there are insufficient parameters to unambiguously satisfy all 
boundary conditions and an extra boundary condition is needed. This is found by substitution 

into the q£i coefficient, which has, as yet, not been used. 
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(q» - i)(qûqû - q^qî! + q^) + (qn - Ofeq 

+(qn - i)(qÎ2 - !)<& - (qr2)
2q2i = ° • 

•qiVia+qw) 

(24) 

Equation (24) can be treated as a mismatch factor when searching for a true solution. This is 
done in the same way as for the doublet in the previous section by varying the horizontal and 
vertical phase advances until the mismatch factor (24) is zero and suitable parameters for the 
insertion have been obtained. 

(iii) Second variable-geometry triplet 

Figure 7 shows the layout of a triplet with two more variable parameters. The extra 
flexibility makes it possible to find exact solutions directly and to also match the dispersion. An 
analytic solution to this triplet can be found in Ref. [7], 

Exit 

Px2><*x2 

P z 2 > a z 2 

D X 2 , D ; 2 

D Z2.E>; 2 

1 L = £7 +15 + £3 + / , 1 
Entry 

Pzi.a*i 

Beam 

Fig. 7 Second variable-geometry triplet 

The addition of two drift spaces appears simple, but vastly complicates the algebra. The 
inclusion of the outer drift spaces yields new sum and difference matrices T + and T" for the 
overall insertion. The Q + and Q" matrices can be taken directly from the previous section. 

('„± 
T* = qfi + ̂ qà Aqfi + qf2 + iM% + M l 22 

C] 2 1 ^ 2 1 + q22 

The T + and T" matrices combined in (25) can be inverted to give, 

q 2 i _ l 2i 

(25) 

qn ~ h\ *7q2i— l n *7^2i 

n * - t* - / n * = x± - f x ± 

422 ~~ L22 , C]M2] l 22 c l l 2 1 
n * - t * -fx± - / f* -1 f X± 

4l2 — l l 2 *"l llî c 7 l 2 2 * l * 7 l 2 \ (26) 

Thus all the qij's are known if /, and I-, are fixed. It is convenient to redefine £] in terms of 
the total length L, 

( i — \-t <.-1 Z. c £ n (27) 
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A further relation is now needed to establish ln. This is achieved by substitution into the 
boundary condition (24) in the previous section. The algebra is very tedious but results in a 
quadratic that determines the values of tn that will ensure the boundary condition is true. 

* 2(ebt 2 1 - edt 2 1) + ^ 7(abt 2 1 + eat2 1 - ebt n - ect 2 1 + def + fb2) 

+(a2t2i - eat" + ecf + fab) = 0 (28) 

where 

a — *12 ^1*11 ' " ~~ ' l * 2 1 *22 

C = t + - / t + d = / t + - t + 

u M 2 4 l l l l ' u * l l 2 1 l 2 2 

e = t 2 2 - lxl\x ~ ! » f = lîi ~ ! • (29) 

Now that i-j is known all the elements of the Q matrices can be found and by 
substitution into the results obtained in the previous sections the insertion parameter can be 
determined. 

g 2 = ( f - ' 7 t 2 i ) / ( a + / 7 b) , g 6 = e/(a + ^7b) 

g 4 = ta ~ g 2 - g 6 - g 2g 6 ( a + A b ) 

*3=[-b-g 6 (c + *7d)]/g4 » ^5=[tn-^21-g2(c + M)]/g4- ( 3 0 ) 

A search is then made for suitable solutions by introducing a range of values for lx and A|i z. 
Since there are now seven variables, it is possible to satisfy the boundary condition (24) and all 
solutions will be exact. Horizontal dispersion matching is introduced by the restriction this 
imposes on the horizontal phase advance through the insertion, which is given by, 

D,D 2 + ( 0 ^ , +p 1DQ(q 2D 2 + P 2D 2) 
C O S A ^ = ( P l P 2 f H 

s i n A = D 2 ( a 1 D 1 + P 1 D O - D 1 ( a 2 D 2 + P2DQ 
(PiP 2)U 2H ' ( 3 1 ) 

Equations (31) can be derived by considering the dispersion function in a bending-free region 
as a betatron oscillation. The function H is defined below as, 

H = 'jO(s) 2+2aD(s)D ,(s) + PD ,(s)2 (= constant). ( 3 2 ) 

It should be noted that H is an invariant (dispersion invariant) in a bending-free region. 
Equations (31) and (32) are sometimes of use when designing an injection insertion and 
transforming beam parameters from septum to kicker. 

(iv) Variable-geometry quadruplet 

Figure 8 shows the layout of a simple quadruplet. This insertion has the same number 
of variables as the previous triplet and can therefore also be used to match dispersion. 
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Exit 

P*2 ' a x2 

Pz2>«z2 

D 2 2 , D : 2 

( A R ) 

Entry 

P z l . a z l 

Beam 

Fig. 8 Simple variable-geometry quadruplet 

In order to analyse this insertion recourse is again made to the results already obtained 
for the simple variable-geometry triplet. The overall transfer matrices are then found by 
multiplying in the extra quadrupole and drift space at the entry to give, 

R* = 
± \ 
12 (qn+goMn+goqn ^ n + q 

q» + ëo^l + ë0<in Aq*i + q^ ) (33) 

The intermediate inversion of the equations (33) enables all the elements of Q to be expressed in 

terms of the elements of R and g 0 and £l. 

C 1 l 1 = r i l — êo ri2 = C 

qû = r n - ëori2 = d 

q21 = r21 - g o r 2 2 = a 

q â = r2"i - Eor2+2 = b 

q22 = r22 ~" A(F2+1 ~~ S o 1 » ) = r22 ~ A a 

<hl = r2~2 - £ \ (r2~l ~ g0 r 2 +

2 ) = r22 - A b 

q« = ri2 - A (""H - g0r!+

2) = r!2 - A C 

q-2 = r 12-^ 1(r 1^-g 0ri +

2) = r~ 2-*id. ( 3 4 ) 

The strategy is to choose a value for g 0 and to solve for l v by substitution into the 
boundary condition (24). This is a very long and tedious algebraic task, but it leads to a 
quadratic in / , . given in (35). Thus / , . is fixed in such a way that the boundary condition (24) 
is satisfied, so all solutions will be exact. If the phase advances are now fixed, either by the 
dispersion or by choice the quadruplet can be solved. 

t\(fbd + aj - ad2 ) + tx (2adr,"2 - ah - eg - fbr12 - fdr2"2) 

+(eh + ft£r,-2 - (r,-2 )
2 a) = 0 . ( 3 5 ) 
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Once the values of £l are established by solving the above quadratic, the remaining parameters 
can be found by back substitution into the earlier expressions to give, 

g 2 = f / ( r - - / , d ) 

g 6 = ( e - / I a ) / ( r - - / , d ) 

g4 = b - g 2 - g 6 - g 2 g « ( r , W , d ) 

^ = [(r 2 2-^b)-g 6(r 1

+

2-^ 1c)]/g 4 

t,=[d-g2(r»-*ic)]iS4 ( 3 6 ) 

where the addition symbols are defined as, 

e = r 2

+

2 - l ; f = c - l 

h = dr~ - fr12 ; 

j = d 2 - c 2 + c . 
By treating g 0 and one, or both, of the phase advances as free parameters a range of 

solutions can be calculated and the most suitable selected. 

3 . ADJUSTMENT AND COMPENSATION IN A LATTICE 

3.1 Closed orbit monitors and correctors 

The layout of the closed orbit monitoring and compensation schemes are problems 
which occur in all machines and consequently there is no lack of examples for study. For a 
fairly regular lattice some criteria are given in Ref. [8] for the required number of monitors or 
correctors for a certain quality of correction. As a rough guide this reference gives, 

No. of correctors or monitors = 4Q + 5 

peak of corrected orbit 
for peak of uncorrected orbit = 0.1 (averaged over many machines) 

This assumed that the monitors and correctors are equal in number and positioned 
together with no errors. This should perhaps be interpreted in very general terms as not less 
than four monitors or correctors per wavelength. In practice, it is more important to have extra 
monitors rather than extra correctors. In large FODO lattices the determining factor is usually 
the modularity of the structure. The monitors/correctors will sit next to the quadrupoles and the 
question is how many, if any, to omit. This and the correction of very irregular lattices is 
usually decided on the basis of many numerical simulations. 

3.2 Tune adjustment 

The tune change due to a small change in integrated normalised gradient Ag is given by, 

A Q = T J _ p A g 

4K (37) 

and the upper sign corresponds to the horizontal plane and the lower sign to the vertical. 
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The above is true for small gradient changes since large increments in g will affect the P-
values significantly. Thus, from this point of view, it is best to control the tunes with the main 
lattice quadrupoles using very small increments, 

-1 
A Q x = - i [ z ( P x A g ) F + S(p xAg) u] 

4n 

AQ z=i-[z(P zAg)F + E(Mg) D ]- ( 3 8 ) 

In most cases the F-quadrupoles and D-quadrupoles will be in a matched lattice with regular 
lattice functions which simplifies the summations. This scheme runs into the problem that the 
main quadrupole power converters may not be easily regulated for very small changes or very 
quick changes. In these cases a sub-set of quadrupoles must be used. 

3.3 Simple chromaticity correction 

The simplest chromaticity scheme controls only the global tune spreads with momentum 
in the two planes in an exactly analogous way to the tune control. Two families of sextupoles 
are needed. The F-family are usually placed beside the F-quadrupoles where the large 
horizontal betatron amplitude ensures that they influence mainly the horizontal plane. The D-
family sit close to the D-quadrupoles where they will influence mainly the vertical plane. For 
reasons of resonance excitation, it is better that the sextupole correction appears like a zero-
order harmonic round the ring. Thus many regularly placed sextupoles with a low excitation 
are much preferred to a few strong lenses. The change in tune spreads is given by, 

AQl = T - [ Ï ( P A Ag')F + l(P2DxAg')D] 

4ft ' 

^ x " * ~ ' h v * A ~ / U J (39) 

where 

g Bp 3x2 

and is the integrated sextupole gradient. 

3.4 Compensation of large chromatic errors 

For many accelerators this simple scheme is quite adequate, but the introduction of low-
P insertions into colliders made it necessary to add more sophistication to account for the large 
chromatic errors arising in the low-P quadrupoles. This particular problem is partly due to the 
fact that such errors are very large and partly due to them occurring in a dispersion-free region. 
This problem led machine designers to formulate a theory for chromatic effects in terms of a 
first-order perturbation of the lattice functions for off-momentum particles. First developed by 
Zyngier [9], this theory was elaborated by Montague [10] whose analysis is outlined here. 

Two chromatic variables A and B with a new phase y and a chromatic error term AK 
are defined as, 
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D _(P . -Po) . A _(g,P. -g .P, ) 

V = ^(Ho + ^ , ) ; AK = ( K , - K 0 ) 
(40) 

where K = p - 2 - k and the suffices 0 and 1 denote the central orbit and an off-momentum orbit 
respectively. The differences in the lattice functions between these two orbits will be due to the 
chromatic perturbations in the lattice, expressed by ÀK. This chromatic error term contains all 
the effects from dipoles, edge focusing and multipoles. With the use of the well-known 
equations 

ds p ds ds 2 H H 

applied separately to each trajectory, the equations governing the propagation of the chromatic 
variables can be derived. 

dB/ds = -2Ad\|//ds 

dA/ds = 2Bd\)//ds + Vp\p\AK. ( 4 1 ) 

In an achromatic region, where AK = 0, 

dB/d\|/ = -2A ; dA/d\|/ = 2B 
(42) 

and 

d 2A / d\|/2 + 4A = 0 with an identical equation for B, (43) 

so that 

A2 + B2 = Constant. (44) 

It can be seen from (42) and (43) that in an achromatic region A and B will oscillate at twice the 
average betatron frequency and that (44) is an invariant of the motion. In non-achromatic 
regions, AK becomes finite and both A and B become modified. Up to this point the theory is 
exact and the accuracy of any calculation depends only on the ability of a computer program to 
calculate the lattice functions on the two trajectories correctly. Since dipole errors are generally 
small and the present analysis is directed towards the large quadrupole errors arising in low-P 
insertions, AK will be approximated by 

A K s - ( k , - k 0 ) = -Ak (45) 

When designing a chromaticity compensation scheme, the first stage is to lay out the 
sextupoles using the central orbit parameters and a linearised theory. The above equations are 
therefore linearised by defined normalised variables for a vanishingly small momentum 
deviation between the two orbits, i.e. 
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. . . A . ,. . B 
a = limit ; b= limit 

Ap/p. -*o Ap / p 0

 AP/PO -»o Ap / p 0 

AI i- • Ak 
Akn = limit ; \|/ —> \i0 

Ap/p0->o A p / p 0 

(46) 

so that the basic equations (42) become, 

db / ds = -2a d(i0 / ds 

da/ds=2b d^0/ds-(P0p1) l / 2AkBJ ' ( 4 ? ) 

It will be useful to define a complex vector w*, which by comparison with the invariant of the 
motion (45), can be seen to also be an invariant in an achromatic region 

w = (a + ib). (48) 

It is always possible to resort to the computer to find 'a' and 'b', but it is more 
informative to have analytical expressions. This is very simple in the thin-lens approximation. 
It can be seen from (47) that by concentrating a chromatic error in a thin lens Ab = 0, since the 
input and output (3-values will be equal, and only Aa is finite and equal to, 

For a quadrupole: Aa = -(p 0 p, )"2Ak„As = p 0 g 0 

For a sextupole: . Aa = —(p0Pi )" 2 A k n A s = ~PoDigo 

(49) 

since, 
1 Ak. = 

Ap /p 0 3.3356p0 (l + Ap/p 0 ) 
- 1 

Ap/p 0 3x 
^ - - k 

— Ko 

In this model, the w-vector rotates at twice the betatron frequency through achromatic regions 
and suffers jumps in the imaginary component 'a' at quadrupoles and sextupoles in regions of 
finite dispersion according to (49). Thus at some point downstream of a thin-lens chromatic 
error in an otherwise achromatic lattice the w-vector will be 

Aa0i 0 )2-P 0 D x g;,cos(2n 0 ) , 
For a quadrupole: ,, , , „ ^ , . ,„ 

v Ab0 t 0 ) s -p 0 D x g ; s i n (2n 0 ) . 

(50) 
Aa (^ 0 ) s -P 0 D i g ; co s (2^ 0 ) , 

For a sextupole: ,, , N _ ^ , . ._ . 
v Ab(^0) = -P 0 D x g ; s in(2 | i 0 ) . 

More accurate expressions for a thick lens can be found in Ref. [11]. 

Thus the w-vector and its propagation through a lattice gives a convenient way of 
graphically representing the chromaticity. This is for example a convenient way of showing the 
effect of sextupoles in a matched cell. The main application, however, is for the correction of 

* Where w is complex and i = V-1 
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the chromatic error from a low-p insertion. The main doublet in a low-|3 insertion is usually 
very strong and the largest source of chromatic error in the ring. It cannot be corrected in situ 
since it is usual to design these insertions in dispersion-free regions. The w-vector can be used 
to show how this chromatic error is propagated out from the insertion into the arc and how it 
can be reduced to zero in steps by suitably placed sextupoles. 

It is easily seen from (50) that by placing sextupoles with a phase separation of nn (n = 
1, 2, 3 ...) their effect on the w-vector is in phase and is additive. Two separate series strings 
of sextupoles would each excite their own w-vector and by arranging a phase shift A|i. between 
the two strings their w-vectors would be shifted by 2A|i. Thus by simple vector addition a w-
vector of any phase can be created. The situation is, however, slightly more complicated, since 
both the horizontal and vertical plane w-vectors need to be controlled so that four families are 
needed. 

The use of (50) to sum the effects of a series of sextupoles is only approximate and 
more accurate thick-lens expressions, which use the results of Ref. [11], can be found in 
Ref. [12]. 

The main problem with sextupoles, however, is excitation of the third-order integer 
resonance. In order to avoid this excitation, the phase shift between adjacent series sextupoles 
should be arranged so that, 

3Au = (2n +l)7t. (n = 1, 2, 3 . . . ) . 

This requirement linked with the need for four families to control the w-vector and two 
families to control the tune spreads in both planes make the 60° phase advance lattice the most 
convenient. The various possible combinations of numbers of families and phase advances per 
cell and the question of interleaved or non-interleaved layouts are discussed in Ref. [13]. The 
most usual combinations are, 

Cell phase advance: u u = 7i / 2 with four families 
| i 0 = 7t / 3 with six families 
(i 0 = 7C / 4 with eight families 

In general, the arcs are FODO cells and the sextupoles are placed directly beside the 
quadrupoles. Depending on the cell's phase advance, the number of families are chosen and 
usually the layout is interleaved. The interleaved layout is shown in Fig. 9. 

{| Sp SDJ S p i , S Q 1 | S p 2 , S D 2 | ... | $FN_V
 S DAM1 SF?V' SDN^ 

4 1st Group of (A/f 1) cells • 

{| Sp S Q | S p i , S Q 1 | S p 2 , S D 2 | ...| S F N _ 1 5 S D N _ i 1 S p N , 3D N1> 
2nd Group of (N+1) cells — • 

{| S p 3 D | S p i , S D 1 | S F 2 , S D 2 | ...} S p ^ , S Q N _ 1 | S p w , 3 D W | } 
< nth Group of {N+i) cells • 

Fig. 9 Layout of (N + 1) interleaved F and D sextupole families 
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4 . CONCLUSION 

The essential aspects of the lattice design and compensation schemes have been touched 
upon. In addition, a coupling compensation scheme will probably be needed and in some cases 
also the compensation of a limited number of individual non-linear resonances. In small rings 
there will almost certainly be some special requirements, for example, for an electron cooling 
section, or a stochastic cooling system, or for the use of special achromats in the so-called high-
brightness lattices. The overall design of any machine is potentially very complex. The basic 
lattice design has implications for many aspects of the operations, such as the scraping and 
trapping of large amplitude particles, the shielding of experiments and very cold sections of the 
vacuum chamber from synchrotron light, etc. Thus apart from some rather general indications 
it is difficult to give a complete recipe for designing a lattice. 
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CONVENTIONAL RF CAVITY DESIGN 

M. Puglisi 
Sincrotrone Trieste, Trieste, Italy 

ABSTRACT 
With the exceptions of DC machines, betatrons and collective-ion 
accelerators, all operationally-proven accelerators rely on some form of 
RF cavity for containing and forming their accelerating field. For a 
simple, single resonant cavity, a physical picture is developed by 
progressively enclosing a capacitive gap by inductive circuits. Several 
practical designs are given illustrating this basic cavity. The concept is 
then extended to co-axial, half-wave and radial cavities. The theory of 
an ideal cavity is given before discussing technical considerations and in 
particular input coupling and tuning. 

1 . INTRODUCTION 

In electrodynamic accelerators, with the notable exception of the betatron, the energy is 
delivered to the particles by means of a large variety of devices normally known as cavity 
resonators. From the dawn of the age of the electrodynamic accelerators (1931, the cyclotron 
of E.O. Lawrence at Berkeley) to the present day, both the theory and the technology of these 
devices have undergone a tremendous development. Yet new and important innovations are 
still to be expected in this field as a consequence of the continuous demand for better 
performance that, in turn, follows and conditions the progress of accelerators. A historical 
record of this rapid development can be found by looking at the many names with which these 
devices have been, and currently are, known, i.e. cavity, resonant cavity, RF cavity, klystron 
cavity, re-entrant cavity, coaxial cavity, quarter-wave cavity, foreshortened coaxial cavity, 
foreshortened quarter-wave cavity, folded cavity, pill-box cavity, hollow cavity, holrhaum. 

Even though the development of the cavity resonator has been strongly influenced by the 
needs of the particle accelerators it is also true that these devices find a large variety of 
applications in the field of the electrical communications and, in general, in those applications 
where the distinctive characteristic of the cavity is used, i.e. to contain in a limited volume a 
standing electromagnetic field. This means that a cavity is an electromagnetic device that must 
not radiate. Consequently it is clear that a volume of perfect dielectric totally limited by 
perfectly conducting walls is a good operative definition of an ideal cavity. In fact a wave can 
travel indefinitely inside its dielectric through an endless number of reflections at the walls 
without suffering any loss, i.e. a standing electromagnetic field can be "contained" inside the 
device. Alternatively we could conclude that if a cavity contains a standing field this field could 
not be detected from the outside. Consequently, a charged particle which comes from the 
outside and enters the cavity would experience the field only at the last moment inside the 
cavity. Then a net exchange of energy between field and particle would be perfectly possible, 
even if the particle travelled along a closed orbit including the cavity. 

2 . THE RESONANT CAVITY - PHYSICAL PICTURE 

Consider two equal washers, made from a perfectly conducting material, axially separated 
by a small distance d, as shown in Fig. 1. If the separation d is much smaller than the radius r\ 
and the hole has a negligible area then the two washers create a capacitor that, in air or vacuum, 
has a capacity C = Eo nxi2/d. If this capacitor is charged then it is well-known that the lines of 
force of the electric field are nearly uniform at the inside and spread outside to have zero 
intensity at infinity. 
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Fig. 1 Section and perspective view of the two washers 

Now we connect the two washers with one loop of perfect conductor as indicated in 
Fig. 2 and it is clear that we have made a parallel resonating circuit with resonant frequency 
ft = 1 / (27cVLC) if L is the inductance of the loop. This resonant circuit "radiates" energy with 
an efficiency that depends upon the resonant wavelength and the mechanical sizes of the circuit. 
Consequently we note that, due to the radiation, the oscillations will be damped. (This 
accounts for the fact that the formula for f j cannot be exact.) 

I 
I I 

Fig. 2 Section and perspective view of the two washers connected with a loop 

As a next step we add a second loop, equal and opposite to the first one. If we ignore the 
small coupling between the two loops we can then conclude that, because the capacity is nearly 
unchanged and the total inductance is just halved, the resonant frequency fj of the new device 
becomes: 

U=-
1 

271 
• = 1.41f, 

(1) 

If we try to increase the number of loops then we encounter some conceptual 
complications. Consider Fig. 3 where eight equal loops now connect the washers. We cannot 
expect that the actual resonant frequency fs would be near to twice f2 because with this 
geometry we should take into account the mutual couplings, at least between neighbouring 
loops. In general we see that the more we increase the number of loops the more the inductance 
of a single loop increases (the wire becomes thinner) as well as the mutual coupling between 
adjacent loops. So we have two processes in competition: 

i) Increasing the number of loops in parallel tends to reduce the total inductance. 
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ii) Increasing the number of loops tends to increase the inductance of each loop together with 
their mutual coupling. 

Fig. 3 Front and perspective view of the device with eight loops 
(for clarity four loops are omitted in the latter) 

The more we increase the number of loops the larger is the modification of the shape of 
the magnetic field created by a single loop, as shown in Fig. 4 a-b). 

a) 

Fig. 4 Section normal to the axis in two different situations: 
a) loops well separated, b) loops very close to each other 

It is evident that when the loops are very close to each other the magnetic lines of force 
strongly interact, trying to enhance the field inside and to cancel the field between the wires. In 
the limit of an infinitely large number of loops we can conclude that: 

i) In the process of increasing the number of loops the oscillating (resonant) frequency of 
the device increases but a limit should be expected. 

ii) The electromagnetic field remains confined inside the dieletric volume limited by the 
perfectly conducting walls. 

iii) Due to the confinement, the device cannot radiate and, as a consequence, any oscillations 
are undamped. 

To summarize, when the number of loops tend to infinity we have a resonant cavity with at 
least one definite mode of oscillation. In this scheme, the so-called LC mode, the electrical 
energy initially stored inside the capacitor is converted, without losses, into magnetic energy 
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inside the toroidal part of the cavity. This energy is then converted back to electrical energy and 
so on. 

3 . FIRST APPROXIMATION FOR THE RESONANT FREQUENCY OF THE 
*LC MODEL 

We have seen that our device becomes a closed, toroidal, structure when the number of 
loops becomes infinite. The dielectric volume of this structure can be broadly split into the two 
parts, E and H, as shown in Fig. 5. The volume between the two disks contains the largest 
part of the electrical energy and for this reason is indicated at the E part of the cavity. The 
remaining volume contains the largest part of the magnetic field generated by the currents that 
flow over the inner surface of the conducting walls and for this reason is indicated as the H part 
of the cavity. It is important to recognize that the H part can also be seen as a "magnetic 
circuit". 

Fig. 5 Views of the toroidal volume of the cavity 

In Fig. 6 is sketched the axial cross section of a cavity very similar to the one already seen 
except that, in this case, the loops are placed only on one side of the capacitor. We consider the 
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Fig. 6 Cross section of the "LC" cavity with the gap on one side 
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magnetic circuit defined by the cylindrical sleeves of radii n and xi limited by the two circular 
crowns separated by the distance k. The currents injected onto the inner walls by the capacitor 
create a flux (|) whose lines of force are circular and are centered on the axis of the cavity. If the 
cross section of the toroid is approximately square and if we suppose that the magnetic field 
obeys the Biot-Savart law then the flux which passes through the cross section dA of a 
cylindrical crown with thickness equal to dr is: 

d(f>(r) = |!0H(r)dA = ( i 0 —-k dr 
2m- (2) 

where I is the peak of the alternating current due to the capacitor. 

The total flux is obtained by integrating Eq. (2). Taking into account that: 

L = ())/i = Equivalent Inductance for one loop 

we obtain: 

L = ±^-khA . 
2TI r, ( 3 ) 

If C = eo7rri2/d is the capacity due to the central disk we obtain for the resonant frequency: 

1 0.225 
1 _ 27tA/i^ror1 _ ^ T 

I n — _ i — — r—. — rz 
0 2TWLC 

(4) 

It should be emphasized that the heuristic procedure already outlined cannot give a very 
good approximation unless special geometrical conditions are realized. In fact: 

i) The fringing field around the capacitor has been ignored but the contribution of this field 
to the total capacity may be large. 

ii) The magnetic field in the cross section is a function both of r and z. Consequently the use 
of the Biot-Savart law may result in a very naive approximation. 

iii) It is immediately seen, from the Maxwell equation, that the magnetic field cannot be zero 
inside the capacitive region. Similarly, the electric field cannot be zero inside the 
inductive, or H, region. 

At this point the temptation of going through the many semi-theoretical artifices that until 
about 20 years ago were used for improving the accuracy of the formula should be rejected. 
Now, in fact, powerful computer programs exist that can easily calculate the resonant frequency 
of a cylindrical cavity with an accuracy better than 10"4. Consequently, analytical methods are 
no longer used for this purpose. 

It seems important to point out some consequences of Eq. (4): 

i) In passing from a finite number of loops to a "closed volume" the resonating frequency 
tends to a finite value fn. 

ii) The electromagnetic field in the cavity can oscillate sinusoidally with frequency fo and 
maintains a fixed shape. In other words the field is standing and is monochromatic. 
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iii) Since the geometrical shape of the loops has not been specified, it follows that the 
previous procedures are applicable to cavities of different shape as shown, for example, 
in Fig. 7. 

1) 2) 3) 4) 

Fig. 7 Four different cross sections of fundamentally similar cavities. In spite of their 
similarity they are given different names: 1 and 2) nose-cone cavities, 3 and 4) disk-
loaded cavities 

The above heuristic treatment should have shown that a cavity resonator is basically a 
device with distributed inductance and capacitance. Consequently, we conclude that the 
behaviour of a resonant cavity can be solved by using the Maxwell equation inside the volume 
of the cavity, as will be seen later on. 

Figure 8 shows three examples of LC cavities together with the lines of force of the 
electric fields and the value of the resonant frequencies. (The sizes of typical cavities are V2 = 
0.40 m, n = 0.10 m, k = 0.3 m. The gaps are 0.01, 0.02 and 0.06 for a), b) and c) 
respectively.) 

The analytic formula* (4) gives a good result for the a) cavity while the approximation is 
very poor for the cavity c). This should have been expected since in the latter case the electrical 
energy stored in the gap volume no longer dominates the total electrical energy stored in the 
cavity. 

4 . THE COAXIAL CAVITY 

A very important class of cavity resonators are defined by the relation £ > d > r2 - n . In 
this case the cavity is made from a piece of coaxial cable short-circuited at one end and 
capacitively loaded at the other as sketched in Fig. 9. For these cavities the previous 
approximation no longer holds mainly because the fundamental resonant wavelength becomes 
"comparable" with the geometrical length of the cavity. Consequently, the magnetic field 
between the cylindrical walls cannot be uniform along the axis as was assumed for the previous 
LC cavity. 

The resonant cavities have many different uses and the dielectric volume can be made from many different 
dielectrics. In the case of the accelerating cavities, the dielectric is vacuum or part air and part vacuum. In 
order to avoid confusion from now on, we will assume that the dielectric is isotropic with permittivity e and 
permeability u. 
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J. ; / / / > 

D. 
a) 

v 0 = 84.2 MHz (104) 
b) 

VQ = 107.8 MHz (148) 
c) 

v 0 = 153.3 MHz (256) 

Fig. 8 Three different profiles of an LC cavity (the cavities are symmetric and only half the 
section is shown), vo is the resonant frequency from a computer program while the 
value in parenthesis comes from the analytical formula. 
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Fig. 9 Cross section of a coaxial cavity 

If we assume that inside the really coaxial part of the cavity the field has no longitudinal 
components (transverse electromagnetic mode), then the uniform transmission-line theory 
applies and the treatment becomes straightforward and rather accurate. The equations for 
lossless uniform transmission lines are well-known and can be written as follows: 

V(z) = V, cos(3z + jz 0 I L sin(3z 

V 
l(z) = j—L-sin(3z+ ILcos(3z 

(5) 

where: z is the distance from the end of the line (the origin); VL and I I are the voltage and the 
current at the end of the line: z = 0; ZQ and (3 are respectively the characteristic impedance and 
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the phase constant of the line*. We assume that the origin of the axis of the cavity is at the 
shorted end. Then VL = 0, by definition, and (5) becomes: 

V(z) = jz 0I Lsinfiz; I(z) = ILcos|3z . 

This means that at distance "1" from the origin the shorted line has the impedance: 

z(*) = jz 0tanp7 . 

(6) 

(7) 

The equivalent scheme of the coaxial cavity is given in Fig. 10 so that the admittance Yaa at the 
section a-a (open end of the cavity loaded with the capacitor C = 7tr32/d) is as follows: 

Y„=jO)C + 
1 

2TC . 
J Z ° t a n _ r 

The condition: 
Y„ = 0 

(8) 

(9) 

determines the frequencies and wavelengths at which the cavity resonates. In fact if the 
admittance is zero at the section a-a then a sinusoidal voltage could oscillate, for ever, across 
this section with the frequency defined by the condition of resonance. 

Fig. 10 Equivalent scheme of the coaxial cavity 

If Z a n d c arc the inductance and the capacity per unit of length, then for a coaxial cable we have: 

2TC r, 
2rce 

In* 

Consequently: 

__L /Ki^ik. = VZ7c=-^,pin^-; P = œVî  
27i V e r. 

where to = 2TTV is the radian frequency. 

Rearranging: 
„ _ 2 T C 1 _ 2n 

T Vp ~ X 

where V p is the velocity of propagation and X the wavelength inside the medium characterized by e and u.. 
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It should be pointed out that: 

i) Given the parameters p\ ZQ, 1 and C (that is: given a coaxial cavity) then the number of 
resonant frequencies is infinite because the tangent is a periodic function. 

ii) The resonant frequencies calculated with Eq. (8) are the "TEM" resonant frequencies. 
Other resonant modes are possible as will be seen later on. 

iii) The lowest resonant frequency is known as the fundamental. Other solutions of Eq. (9) 
give the so-called superior or higher-order modes (HOM). 

iv) The voltages and the currents at resonance create a standing wave inside the cavity 
accordingly to Eq. (6). 

If the value of the loading capacitor tends to zero then the condition (9) can be satisfied 
only for very large positive values of the tangent, i.e. the geometrical length of the cavity 
becomes equal to any odd integer number of quarter wavelengths. Obviously the fundamental 
resonance is met when: 

4 (10) 

where X is the length of a free wave in the cavity dielectric. This explains the name of quarter-
wave resonator that seems appropriate when the capacitive load is very small. 

When the capacitive load is large the geometrical length of the cavity becomes much 
shorter than X/4 and the name of foreshortened coaxial cavity is more appropriate even though 
both are used indifferently. It is interesting to note that the larger the characteristic impedance 
of the coaxial cable is the larger is the sensitivity of the resonant frequency to the loading 
capacity. 

If the resonant frequency vo = <UQI2% of the cavity is known then the distribution of the 
voltage and of the current can be calculated. Let V(l) = Vo be the gap voltage at resonance. 
Then from the first expression of Eq. (6) we obtain the amplitude of the current I I on the 
shorted end (z = 0): 

z 0sinp7 z0"Y tan 2p* (11) 

Introducing the value of tan pi obtained from (8) and (9) we obtain: 

i L =+j -N 1 + K C z o) 2 

z o 

Substituting this value in (6) the required current and voltage distributions are found and we 
conclude: 

i) The amplitude of the current is maximum at the short and its value is always larger than 
VQ/ZO. 

ii) The current lags the voltage by n/2 and a purely standing wave is set up. 

iii) The voltage and current have sinusoidal distribution. 
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iv) At the open end the current is equal to coo C Vo and this current accounts for the 
"shortening" of the cavity with respect to X/4. 

Before ending this section it is important to note that a coaxial cavity can be used in two 
different ways a) and b) as shown in Fig. 11. In a) the beam transits one gap and it is well-
known that for each particle the net energy gain depends upon many factors (gap voltage, phase 
of the particle, transit time, etc.). In b) the beam transits two gaps in series, where the E fields 
are always at 180* to each other. Consequently the effect of one gap can cumulate with the 
effect of the other if and only if the distance L between the mid-planes of the two gaps obeys 
the synchronism law that the transit time over the distance L should be equal to half of the 
period T of the RF voltage. 

w/////////////////////^^^^^ 

%;/;//MMM;M/;;MMMMMmzâ. 

WM;WM;;/M;;;MM/;;M;/MZV^ Jp 

yMMMMMMMMMWM^XTZ^A 

a) b) 

Fig. 11 Two ways of using the coaxial cavity. The dashed lines indicate the beam axis. 

L _ V « T = V < T C = X 
2 C* 2 ~ 2 (12) 

where p is the relative velocity of the particle and X is the free space wavelength of the 
accelerating field. It is unfortunate that the phase constant of a transmission system and the 
relative velocity of the particle have the same symbol. 

The reader may wonder why a coaxial resonator is not always used in the "b" mode in 
view of the fact that the effect of one resonator can be doubled. The answer is very complex 
and demands a careful analysis of the accelerator in which the coaxial cavity should be used. 
Broadly it can be said that optimization between voltage on one side and mechanical size and 
complication on the other is the most important element for the final choice. 

THE Xll CAVITY 

The X/2 cavity is made with a stub or coaxial cable loaded with two equal capacitors ki at 
each end and with another capacitor k2 placed at the middle as shown in Fig. 12. In this case 
the two gaps will efficiently be cumulative in their effect if and only if: 

i) The distance L between the mid-planes of the two gaps is equal to |W2. (For highly 
relativistic particles (3 ~ 1 and consequently L ~ X/2.) 
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ii) The E fields at the two gaps must be 180" apart and this means that the two ends should 
oscillate in phase. 

w/M/wwmw^^^ 

% 
V, h»»»»?>»»»»})>j>»»»»r»»»/T7rA 

1 

mww/mw/w/^^ 
I 

Beam axis 

L = 2 / 
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/ ; Z Q ; P 
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mmW///Mr ws/w/sw/M-

Fig. 12 Simplified axial section and equivalent scheme of the A/2 cavity 

The calculation of the fundamental resonant frequency is straightforward and is derived in 
Appendix 1. 

Let co = coo be the calculated resonant frequency and X =Xo fhe corresponding 
wavelength. Consequently P = 27tAo = Po is t n e actual phase constant of the line. 

From the first expression in Eq. (5) the voltage VK (at distance £ from the gap) becomes: 
VK = V^cospy-co^ZopV) . ( 1 3 ) 

Since the cavity can work if po^ ~ n/2 then it follows that VK is negative and less than Vn. In 
conclusion: 

i) The cavity can be fed from the centre of the inner electrode and the output capacity of the 
feeding electron tube (the power amplifier) can be part of the capacity k2. 

ii) Because the voltages Vn and VK have opposite sign then a section of zero voltage must 
occur along each line. The supports for the inner electrode can be positioned on those 
sections. 

iii) Even if, at resonance, the admittance Y a a is zero this does not mean that the current 
through the capacitor k2 should vanish. On the contrary, this current IK2 = "^0^2 VK is, 
normally, very large (as in the familiar LC parallel circuit). 
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A difficulty can arise from the so-called common mode. In fact another resonant 
frequency v s should exist for which no current flows inside the capacitor. This happens at a 
frequency for which the two ends oscillate with equal amplitude and opposite phase. This 
frequency, normally very near to vo, can be calculated and implies that the two sections with 
zero voltage reduce to one at the section aa. 

6 . THE RADIAL CAVITY 

This cavity is complementary to the coaxial one and can be derived from the "LC" cavity 
if we let r2-ri » k-d. Figure 13 shows the cross sections of a radial cavity which can be derived 
from a stub of radial transmission line short-circuited at the outer radius and capacitively loaded 
at the inner radius where the gap is made. 

Fig. 13 Cross sections of a radial cavity 

The radial cavity has never been used "alone" for particle accelerators mainly because its 
size is too large even at high frequencies. However, it is widely used at microwave 
frequencies. For instance the corrugated waveguide used in linear accelerators can be 
schematized as a chain of coupled radial cavities (Appendix 3). 

The theory of this cavity, based on transmission-line theory, is very complicated and 
obscures rather than enlightens, the physics of the device. However, a more general approach, 
based on the Maxwell equation gives a very good understanding of this device. Here the reader 
is reminded that any cylindrical cavity can be completely evaluated with the powerful computer 
programs now available. Consequently, the analytic treatment is important for a full 
understanding of the properties of the resonators while the numerical results are better obtained 
by the computer programs. 

7 . THE THEORY OF THE IDEAL CAVITY 

The general theory of the real resonators was established some 30 years ago but due to its 
intrinsic complication it cannot be adapted to the modest limits of this lecture. Fortunately, the 
theory of the ideal lossless cavity is rather simple and can be outlined as follows. 

The Maxwell equations for an isotropic linear and normal dielectric are: 
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V . £ = 0 

VxH = £ ^ 
at 

V « H = O (14) 

where £ and H are respectively the electric and the magnetic fields which both depend upon the 
coordinates and the time. Due to the previous hypothesis the permittivity £ and permeability [i 
are constant. Taking the curl of the first equation and substituting for V x H from the third we 
obtain the fundamental equation: 

V x V x £ = -e\i 9
2 £ 

9t 2 

(15) 

Using the vector identity: 

A x V x A = V V « A - V 2 A 

and the second expression of Eq. (14), Eq. (15) becomes: 

a2E 
V 2£ = en 3t2 

V « £ = 0 in the volume (16) 

and this equation should be solved inside the dielectric volume t, limited by perfectly 
conducting walls, which constitute the ideal cavity we are now considering. (Even if it may be 
considered superfluous we recall that if n is the normal to the walls then n x £ = 0 on the 
boundary is the condition that must be identically verified by the solution of (16).) 

From the mathematic theory of the linear operators we know that the vector eigenfunction 
E, satisfying the problem: 

V 2E = A.2E = 0 
V • E = 0 in the volume 
n x E = 0 on the boundary of the volume n _ . 

exists for an infinite discrete set of real values for the parameter A,. Moreover the set constitutes 
a complete basis for representing any divergenceless field perpendicular to the boundary. In 
particular the eigenfunctions E can be used to expand the electric field in the cavity. We have: 

£ = Xa i(t)E i 

where the coefficients a; are unknown. 

(18) 

obtain: 
Taking into account Eqs. (18) and (17) both sides of Eq. (16) can be transformed to 
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- l a ^ E ^ e u I . E , ^ ^ 
3t (19) 

Collecting the functions Ei (19) can be rewritten as: 

I . j a . a ^ + e n ^ J E - O 
(20) 

This fundamental equation can be verified if, and only if, each of the bracketed terms is 
identically zero. This means that each of the a;(t) must be a sinusoidal function with frequency 
vj given by the formula: 

1 
2TI yen ( 2 1 ) 

The above results are of overwhelming importance and deserve some comments: 

i) The electric field inside an ideal cavity is made up of the sum of standing fields each of 
which has a form and a frequency respectively defined by a couple eigenfunction •*• 
eigenvalue of the set. These fields are named "resonant modes" and their frequencies are 
named "resonant frequencies". 

ii) Because the set of the Xj is discrete, it follows that for each cavity there is only a discrete 
set of resonant frequencies. 

iii) Each mode is undamped and satisfies the boundary conditions of the cavity. Moreover at 
any point the electric and magnetic fields depend sinusoidally upon the time. This means 
that for each resonant mode the maximum value of the stored electrical energy is always 
equal to the maximum value of the stored magnetic energy. 

The introduction of losses in the dielectric is straightforward. However, losses on the 
walls demand some theoretical complications since, in this case, the E field is not normal to the 
boundary. Nevertheless in both cases the result is the same. The resonant frequencies and the 
modes still exist but are damped and, consequently, the amplitude of each mode Ei depends 
upon the time as follows: 

E ;=E 0 e ''[cos^Tt.t + cpo)] (22) 

where Eo (the amplitude) and cpo (the phase) depend upon the initial conditions. (It should be 
remembered that, in general, both the electric and the magnetic field are present and 
consequently two initial conditions must be specified for each mode.) 

The time constant tj is related to the dissipation of energy which takes place inside the 
cavity. Normally if Vj is the resonant frequency of the considered mode then it is convenient to 
write: 

T , =

 2 Q . = Qi 
27W, rev, ( 2 3 ) 



283 

where Qi is the well-known quality factor of the considered mode. It is interesting to note that 
the modes of the usual cavities have always a very high Q factor. Quality factors ranging from 
103 to 10 4 should be considered "normal" and quality factors of 10 9 are met in superconducting 
cavities. 

The use of the quality factor Qi in place of the time constant depends upon the fact that 
this parameter can be measured easily and with a high degree of accuracy. 

8 . TECHNICAL CONSIDERATIONS 

Now we consider a physical cavity, i.e. one that could be mounted in an accelerator. It 
differs from the corresponding ideal cavity for at least the following reasons: 

i) The walls have a finite conductivity so the currents that flow there cause energy 
dissipation. 

ii) The cavity must be connected to the power amplifier, to the tuner, and to the sensors for 
the feedbacks, the monitors and meters. Each of these devices requires the creation of a 
hole and the use of non-perfect dielectric which introduces energy dissipation. 

iii) The internal surfaces of the cavity (metallic and dielectric) and the microscopic level are 
highly complex and irregular from the chemical, physical and mechanical point of view. 
This promotes local electrical micro-discharges and heating. The consequent power 
dissipation may induce localized avalanche and or thermionic discharge with severe 
effects on the behaviour of the cavity. 

iv) Poor vacuum is responsible for "dark" and or luminescent discharges which in turn 
introduce erratic and unpredictable loads. 

v) Electrons inside the evacuated part of the cavity are accelerated by the existing field and in 
colliding with the cavity walls extract new electrons. If the extraction efficiency is larger 
than one and the transit time between two impacts is very near to a half period of the 
accelerating voltage then a large cloud of electrons is built up which severely loads the 
cavity (the multipacting phenomenon). 

Even if all the previous effects can be minimized or even prevented we can easily 
conclude that some power will be spent in supporting the required E field inside the cavity. In 
the large majority of cases (ignoring the ferrite loaded cavities) this power loss depends upon 
the Joule effect on the walls. 

In general a physical cavity should be considered as derived from an ideal one, the 
lossless model, through a series of small perturbations (holes ... electrodes ... dielectrics). 
Consequently, the modes of the model and the corresponding ones of the physical cavity 
should have, practically, the same form. 

To evaluate the Joule losses we assume that: 

i) The working mode of the physical cavity and the value of the electric field required at a 
convenient point are given. 

ii) The quality factor of the considered mode is, a priori, very large. 

If the above hypotheses are verified then we can assume that the working mode of the 
physical cavity practically coincides with the corresponding one of the model and that the 
amplitude of the magnetic field H is known everywhere inside the cavity and, in particular, on 
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the walls where the H field is assumed to be purely tangential: H = Ht. (This is, in fact, the 
consequence of our approximation because the lossless model demands ideal walls where, on 
the other hand, the magnetic field cannot have the normal component.) 

Since on a perfectly conducting wall the amplitude j of the linear density current must be 
equal to the amplitude of the magnetic field j = n x Ht then the power lost on the walls in 
maintaining the required level of excitation is obtained by integration on the surface S of the 
cavity: 

W = £ t f H 2ds 
2 J> (24) 

where R s is the surface resistivity of the walls (Appendix 2). 

It is evident that the value of the power consumption depends upon the level of excitation 
of the cavity. On the other hand when the excitation at one point is given (for the selected 
mode) the excitation level is defined for the whole volume of the cavity. This means that 
Eq. (24) relates only the power consumption and the amplitude of the electric field at the 
selected point. 

When a cavity is used for energy exchange with charged particles then the important 
parameter is the total voltage VQ that can be developed along the axis of the gap in the 
fundamental of the accelerating modes. (For the higher-order accelerating modes many 
definitions for VG are possible, but this topic will not be discussed here since it is of little 
practical relevance.) 

Let E z = E(z) be the component of the geometrical part of the electric field along the axis 
of the gap and g the portion of the axis where the field is not negligible. (As has been seen, the 
electric field of a mode depends upon the product of a function of the coordinate and of a 
function of the time, the amplitude of the field is always included in the function of the 
coordinates.) In this case we can assume that: 

VG = f E(z)dz 
h (25) 

is the voltage "developed" across the gap of the cavity. Now if W G is the power spent in 
creating the voltage VQ then we can define the parallel shunt resistance Rsh of the cavity for this 
situation by: 

V 2 

ksh 2W„ (26) 

Together with the mathematical definition it is important to note that: 

i) For each cavity the parallel shunt resistance is not uniquely defined. In fact its value 
depends upon the integration path selected for defining the VG-

ii) The voltage VQ is only the integral along a prescribed path of the component of the 
geometrical part of the field and, due to the transit time effect, does not coincide with the 
voltage that a charged particle would experience in passing through the same path. 

iii) The accelerating voltage developed by the cavity is always sinusoidal and consequently 
the factor two must appear in the formula. (Local small deviations from sine wave-form 
are possible when short and highly charged bunches are accelerated but those deviations 
introduce a negligible amount of higher-order harmonic.) 
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Also, for each mode the time constant x is uniquely defined while the resonant shunt 
resistance Rsh is not. This is not a contradiction because Rsh is the parameter that accounts for 
the losses but is always referred to an arbitrarily chosen voltage, even if the choice is the most 
rational one. Conversely, the parameter Q is uniquely defined for each mode, because it is 
proportional to the time constant and to the resonant frequency of the mode. 

The definition (23) is the same for all oscillatory systems which obey a second-order 
linear differential equation with constant coefficients. From this we know that for each mode 
the quality factor can be directly calculated by the formula: 

n Energy stored 
Energy lost per cycle nj\ 

For instance using (27) for a parallel R, L, C, circuit we obtain: Qo =27tvo RC = 

RVC / L where vo = 1/271 VÏX is the resonant frequency. From (23) we obtain: x = 2 RC as 
is well-known. 

The parallel shunt resistance (improperly called parallel shunt impedance) is one of the 
most important parameters to be considered in designing a cavity because it dominates the 
power balance in the steady state operation. 

The transient behaviour of a cavity depends upon the energy storage of the cavity which 
is directly proportional to the quality factor Q. 

Consequently in designing a cavity it should be remembered that: 

i) The gap voltage and the aperture required are the relevant parameters for defining the 
geometry of the gap. 

ii) The available volume and its geometrical shape together with the required resonant 
frequency determine the choice of the kind of cavity and of its operating mode. 

hi) The final mechanical sizes depend upon the requirements laid on the quality factor and on 
the parallel shunt resistance, 

iv) Experience suggests that, as a rule, the cavity should be designed to work in the 
fundamental rather than higher-order mode. 

9 . EXCITATION AND TUNING OF A CAVITY 

Power is brought to the cavity with a waveguide, a coaxial cable or by direct connection 
to a power amplifier. In bringing the power from the power supply (the final amplifier) to the 
cavity two conditions should be fulfilled: 

i) The transmission system must not radiate. 

ii) The cavity should be matched to the transmission system. 

The first condition is satisfied by the use of coaxial cables and waveguides which, practically, 
do not radiate. The second depends upon the device which "couples" the cavity to the line. 
Very many solutions are possible and these can be grouped as described in the following 
sections. 
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9 .1 Magnetic Coupling 

Here electrical power excites a loop that is coupled to the cavity. This means that the 
magnetic field created by the loop should have a component in common with the magnetic field 
of the mode we wish to excite in the cavity. As shown in Fig. 14 the loops are placed in the 
region of the cavity where the magnetic field is stronger. 

Fig. 14 Two examples of loop coupling 

9.2 Electric Coupling 

In this case a capacitive coupling is created by placing the exciting electrode where the 
electric field is stronger. This coupling is simple and efficient but is inherently connected with 
the creation of high gradients which must be carefully evaluated to avoid the risk of dark and or 
glow discharges. 

Fig. 15 Two examples of electric coupling 

9.3 Direct Coupling 

In this case the transmission system should be connected directly to the "hot" electrode of 
the cavity. This may be convenient if, avoiding the transmission line, the plate or the cathode 
of the final tube can be directly connected with the hot electrode of the cavity. 

GRID PLATE 

Fig. 16 Two examples where the plate of the final tube is 
directly connected to the "hot" electrode of the cavity 
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This solution is particularly useful when the electrode connected with the plate is DC-
isolated from the remainder of the cavity (for instance as in the Segal cavity sketched on the left 
side of the figure). In the majority of the cases this does not happen and a decoupling capacitor 
is normally used. Obviously other solutions are possible such as feeding the tube via the 
cathode with a negative voltage and allowing the potential of the shell of the cavity to float. 

9.4 Window Coupling 

At very high frequencies the waveguide becomes the most useful way for feeding the 
cavity. The loop or capacitor coupling are still possible but requires a microwave device to be 
designed to interface the guide with the cavity. Conversely, coupling between the waveguide 
and the cavity can be achieved in a very straightforward way through a window created in a 
wall common to cavity and guide. 

The modes in the guide and in the cavity, their mechanical orientations, the form and the 
sizes of the window need to be properly selected since both the strength and the kind of the 
coupling depend upon the amplitude and the distribution of the fields which become common to 
both the devices. 

The other important item is the tuning of the cavity. In fact a good design and 
measurements on models cannot guarantee errors less than ± 0.5% on the resonant frequency 
of the finished cavity. On the other hand thermal variations, operating conditions (beam 
loading) and changes required in the coupling with the power amplifier require that a 
continuous tuning of the cavity should be always possible. 

As a rule any change in the shape of the cavity may introduce a shift in the resonant 
frequency and consequently could be used for tuning the cavity. In general movable pistons or 
paddles are introduced into the cavity in order to vary the stored magnetic or electrical energy 
with consequent variation of the frequency. These devices introduce losses and, in general, 
tuning ranges between two and three per cent are the most that one can hope for. Variation of 
the position of the short circuit at the end of the coaxial cavities is very effective if applicable. 

Sometimes axial squeezing of the cavity has been used. This method has the advantage 
of perturbing the electrical behaviour of the cavity but requires a precise, powerful, mechanical 
device. Moreover the axial compression and extension should be so small as to avoid 
mechanical fatigue failure of the material, the creating of microcracks in the welds or damage to 
the vacuum joints. 

It should be noted that heat due to electrical losses introduces small changes in the 
mechanical size of the cavity and consequently can be used for fine tuning the device. In this 
case it is enough to control the local temperature of the cooling fluid. 

* * * 
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APPENDIX 1 

TRANSMISSION LINE ADMITTANCE 

Consider an element of transmission line terminated on a load ZL. The input admittance, 
at a distance t from the load can be calculated from the ratio of the expressions in Eq. (5): 

I Lcosp^ + j ^ s i n p i l + j^ tanfW 

Y(/) = %-
VLcosp* + jz 0 I L s inp/ z L +jz 0 tanP^ (Al.l) 

For ZL = 1/jcùki we obtain: 

j cok^p + tanft£ 
Y{£) 

z 0 l -œk,z 0 t anp^ ' (A1.2) 

From the scheme given in Fig. 12 we see that the admittance between the points aa is as 
follows: 

Y a a=j(0k 2 + 2 
j cok,z() +tanP^ 

z 0 l -cok ,z 0 t anp / ( A 1 3 ) 

The resonance at the terminals aa is obtained if Y a a = 0. In our case the length £ of the two 
lines should be very near to 7t/2 if the condition L = 2£ ~ X/2 is to be fulfilled and, 
consequently, the capacity ki of each gap should be as small as possible. 

It follows that in the design all the mechanical sizes of the cavity are tentatively assigned 
and the value of k2 calculated. Solving Eq. (A 1.3) with the condition of resonance Y ^ = 0 we 
obtain: 

0 (OokjZ,, + tan—— 
k = t Ç _ 

^ o Z o i - ^ k . Z o t a n ^ 
c (A 1.4) 

where COQ is the required frequency and c the speed of light in vacuo. 
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APPENDIX 2 

EQUIVALENT RESISTANCE OF A CAVITY SURFACE 

With reference to a left handed cartesian system of axes x, y, z, let the plane z = 0 be the 
boundary between two regions. Region (1), for which z is negative, is filled with a perfect 
dielectric while region (2) is filled with a material with conductivity equal to a. Suppose that 
on the plane z = 0 there is an electric field £ such that: 

£(z,t) = iE 0e
j < m 

where i is the versor of the x axis, Eo is a constant and co = 27tv is the radian frequency of the 
field. 

The Maxwell equations, written for the fields in the region (2) are as follows: 

V x £ = -jco(iH ; V x H = o £ + jœe£ ; V » £ = V « H = 0 

where £ and K are functions only of z. Making the curl of the first equation and substituting 
the V x H from the second we obtain: 

V x V x £ = -ja>n[c£ + jcoe£] . (All) 

Taking into account that V x V x A = W « A - V2A and the condition on the divergence Eq. 
(A2.1) becomes: 

V 2 £ + (û2e\x - jco|!o-£ = 0 . ( A 2 2) 

Since we assumed that £ has only the x component we can put £ = £ x = E when 
(A2.2) can be rewritten in a more tractable form: 

dz2 V ax.) (A2.3) 

Equation (A2.3) describes the behaviour of the fields in the conducting medium and could 
be integrated easily. However, we must take into account that the normal RF range does not 
include wavelengths shorter than 0.1 mm and that at extremely high frequencies the non-
dimensional quantity o/coe is larger than 105 even for a very poor conductor such as lead. This 
means that the contribution of the electrical displacement in Eq. (A2.3) can be ignored and we 
can write: 

d ' E • n « 
dz 2 ^ (A2.4) 

Integrating and taking into account the boundary conditions that for z = °°, E must remain 
finite, and for z = 0, E must be equal to EQ we obtain: 

E = E 0exp —7= -̂y/(0|iO"z =E 0 exp - ( 1 + j ) | 
(A2.5) 
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where 8 = 1/ -y/7CVfj.a is called the penetration, or the skin depth, constant. 

The infinitesimal current which flows through any cross section (normal to the x axis) 
with unitary width and height equal to dz is: 

dl =aE(z) dz . 

Integrating between z = 0 and °° we obtain the total current which flows across any section of 
the conducting medium which has unitarian width and infinite length: 

1 + j (A2.6) 

(It should be noted that I has the dimension of amperes/meter; the same as for a magnetic 
field.) 

The ratio z s between the already defined current and the value of the surface field which 
causes the current is called the surface impedance of the conductor. 

I 0-8 (A2.7) 

where R s = 1/So is the surface resistance of the material at the considered frequency. 

We conclude that: 

i) The electromagnetic field penetrates inside the conducting medium but undergoes a strong 
attenuation. As a matter of fact for frequencies above 1 MHz the penetration depth is less 
than 7»10"5 meters for copper. 

ii) The surface impedance offered by the conducting surface is complex with an angle of 45° 
electrical. 

The power wasted in a prism with unit width and length and height (along z) from zero to 
infinity is easily calculated by integrating along z. It is interesting to note that the same result is 
obtained if one assumes that the total current I flows in a slab of the same prism which has 
height equal to 8. It follows that we can assume that any element of the conducting surface 
offers an equivalent resistance Rcq: 

_ 1 Length _ 1 Length _ Length 
"" ~ a 8 • Width ~ 8a Width ~ ' Width * (A2.8) 

Equation (A2.8) can be extended for evaluating the equivalent resistance of any element 
of surface by taking the infinitesimal length and width parallel and normal to the line of the 
current respectively. (In this general case these elements are both functions of the coordinates.) 
Once the equivalent resistance of an element of surface is defined then the formula (25) can be 
immediately derived. For example, for a tubular element with constant cross section (A2.8) can 
be rewritten: 

J ^ n g t h ^ 
"" s Perimeter (A2.9) 
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It should be noted that the surface resistance R s is defined for smooth surfaces. In other 
words the microscopic irregularities of the surface must be much smaller than the penetration 
depth. If this is not the case then the lengths and widths must be evaluated taking into account 
the irregularities. The conductivity, penetration depth and surface resistance for the more 
common conductors are given below: 

a Ô R s 

Silver 6.17-107 0.066/Vv 2.53»10-7Vv 
Copper 5.8O10 7 0.060/Vv 2.61»10"7Vv 
Aluminium 3.72* 10 7 0.082/Vv 3.28»10"7Vv 

where a is in Mhos/meter, 5 is in meters and R s in ohms. 
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APPENDIX 3 

RADIAL CAVITY AND RELATED ACCELERATING STRUCTURES 

We consider the radial cavity (normally known as the pill-box cavity) sketched in Fig. 
A3.1 and referred to cylindrical coordinates. In this particular (but important) exercise we 
assume that the electric field E is parallel to z and depends only upon the radius and the time. 
Due to these hypotheses the general equation (17) reduces to the familiar Bessel equation of 
zero order: 

d2E(r) 13E(r) 
• + + A2E(r) = 0 

Br2 ' r Br 

for which the general solution is: 

E(r) = AJu(Ar) + BN0(Ar) 

(A3.1) 

(A3.2) 

where: Jo and No are (respectively) the Bessel and the Newman function of zero order while 
A, B and A are the integration constants and the eigenvalues to be determined. 

*• O = 0 

Fig. A3.1 The pill-box cavity 

Because the volume of the cavity includes a portion of the z axis then B should be equal 
to zero. Moreover the condition n x E = 0 on the wall is automatically satisfied for z = 0 and 
z = h. Conversely, because E is parallel to z it follows that the above condition can be met if, 
and only if, the vector E is equal to zero for r = a and just this condition determines the 
eigenvalue. In fact the condition JQ(A) = 0 means that we should have: 

p 
a 

* = 1,2,3, 
(A3.3) 

where Po^ is the "£" zero of the Bessel function of zero order. 

Assuming that the permittivity and permeability of the dielectric that fills the cavity are eo 
and (io respectively, the resonant frequencies of the cavity (for the described mode) are: 
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v,= ^ = = 0.477 10 8 ^Hz . 
' 2 W o a ( A 3 4 ) 

For £ = 1 (po^ = 2.405) we obtain the lowest resonant frequency to which corresponds the 
wavelength X = 2.61 a. 

It is interesting to note that a series of pill-box cavities, coupled through the central holes, 
makes the most elementary accelerating structure used for the electron linac as shown in Fig. 
A3.2 (the corrugated waveguide). 

Fig. A3.2 The corrugated waveguide 

Under the pressure of continuous demand for more stringent requirements the above 
basic structure underwent many different evolutions (special nose cones at the gaps, slot 
coupling between adjacent cavities, side-coupled cavities, double periodicity,...). In particular 
when the elimination of the multipacting is of primary importance (as in the cryogenic 
structures) then an elliptical form for the cavities is preferred as sketched in Fig. A3.3. 

Fig. A3.3 Axial section of a cryogenic cavity 
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DESIGN OF A RING RF SYSTEM 

D. Boussard 
CERN, Geneva, Switzerland 

ABSTRACT 
In a circular accelerator or collider, the excitation of coherent 
longitudinal oscillations (dipole and quadrupole) by RF noise, magnetic 
fluctuations and the like may cause indésirable effects, for instance 
emittance blow-up or even beam losses. The RF system architecture 
can be designed to damp these oscillations using feedback techniques. 
These will be presented in this paper, both for the low intensity case and 
when cavity beam loading becomes important. 

1. INTRODUCTION 

Conceptually the radiofrequency system of a circular accelerator or collider is, at first 
sight, very simple. The accelerating cavity which acts on the beam is driven by an RF power 
amplifier. The amplitude of the accelerating voltage is adjusted with a modulator (assumed 
linear), and its frequency (which must be programmed according to the desired radial position, 
for a given bending field) is controlled with a frequency generator (Fig.l). Despite large 
variations in the technical solutions adopted (different frequency ranges, different RF powers 
and voltages) this basic scheme applies to most ring type machines. 

However, in many cases such a simple arrangement is inadequate, because it is 
sensitive to errors, the most common being for instance: 

fluctuations of the magnetic field 

phase errors at injection of a bunched beam 

RF noise in the frequency generator 

ripple in the RF power amplifiers. 

The effects of these is to excite coherent longitudinal oscillations of the beam (dipole, 
quadrupole, etc) which ultimately may lead to emittance blow up and even beam losses. In 
electron machines, where natural damping is present, those effects may be neglected if they are 
weak enough. For hadron machines, on the contrary, there is no such damping; consequently 
the RF system must be designed to damp coherent longitudinal oscillations (dipole and 
quadrupole) in order to avoid uncontrolled emittance blow-up. The purpose of this lecture is to 
review the means to achieve this objective, first for low intensity beams, and thereafter, when 
cavity beam loading becomes important. 

2 . DIPOLE AND QUADRUPOLE MODE DAMPING AT LOW INTENSITY 

2.1 Basic principle 

To damp the dipole mode of oscillation we must introduce a friction term in the 
linearized synchrotron equation (for the center of gravity of the bunch): 

^ | + c 3 + aft = 0 (1) 
dt 2 dt 

0 : phase deviation with respect to the synchronous particle, 
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Cù312 n : synchrotron frequency. 

The damping term a— = jû) ccQ which is in quadrature with 0 can be obtained if the 
dt 

original scheme of Fig. 1 is somewhat modified as in Fig. 2. The RF component of the beam 
is obtained with a pick-up electrode followed by a filter centered at the RF frequency. By 
measuring the relative RF phase between this beam signal and that of the frequency generator, 
one obtains the phase deviation <f> (equation 1). In reality the measured phase deviation 
contains in addition a steady, or slowly varying offset due, for instance, to the delays in the 
measuring equipment or to the varying synchronous phase. Damping is achieved if the phase 
deviation signal, 0, is shifted by 90° at the synchrotron frequency (Fig. 2). The shifted-in-
phase signal modifies the original RF via a controllable phase shifter inserted in the cavity drive 
chain. Such a system follows equation (1), in which a is proportional to the loop gain. 

This is not the only conceivable scheme to damp coherent phase (dipole) oscillations. 
Instead of measuring the phase error, one can look at the energy deviation, in which case no 
90° phase shift is needed in the feedback path. The energy deviation being proportional to 
radial displacement, can be measured with a radial pick-up electrode located in a region of large 
dispersion. In practice, there is a limited resolution in the radial measurement (betatron 
oscillations, noise, etc) which leads to rather small loop gains and slow damping. 

2.2 Damping rate 

The system of Fig. 2 can be conveniently analyzed using the concept of beam transfer 
function B(s), defined as the ratio of beam phase pB to cavity phase pv (measured with respect 
to the RF reference). For small oscillations (linearized synchrotron equation): 

*(*) = - T ^ - T (2) 
s2 + cos

2 

where s is the complex variable. As expected B(s) has poles s — ±jcos for the real frequency 

(O, (no damping). 

With the transfer function of the electronic feedback return path, G(s) (from beam 
phase measurement to cavity phase), one obtains the characteristic equation of the system: 

G(s) • B(s) -1 = 0 . (3) 

s In the simple (ideal) case G(s) = G0 — (pure differentiator) one obtains the following 
0). p 

equation: 

for which the two roots: 

„2 ~ (O. , * 
sz-sG0^- + col=0 (4) 

*i.2 = ± M J i -
rG0co^ 2

 + %£ (5) 
2<yn V 2c°p J 
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(ù1 

have a damping term G0 —— provided G0 is negative. 
2cop 

Critical damping is achieved for: 

lmG(s = jcot) = ^ L = -2 . (6) 
cop 

2.3 A real differentiator in the feedback path 

The ideal differentiator G (s) = G0sl CÙP is not realizable in practice, since it has 
infinite gain at infinite frequency. The gain must roll off at some frequency (1 lxx) >fs. 
Moreover, the loop gain at the revolution frequency/„v must be small, in order to avoid the 
excitation of coupled bunch modes. Therefore a second roll off point at a frequency 
(1 /T 2 ) <frev must be provided (Fig. 3). This second roll off may indeed be given naturally 
by the cavity bandwidth itself. 

The overall transfer function G(s) for a realistic differentiator can be written as: 

G(s) = Q£ —^— — — (7) 
CÙp 1 + Stx 1 + SX2 

which leads to the characteristic equation: 

x,x2s
4 + (x, + x 2)s 3 + (l + C Ù S V 2 ) S 2 + T 1 + t 2 - - * CÙ,2S + C Ù 2 = 0 . (8) 

The system is stable if all roots of this 4th-degree polynominal have negative real parts. This 
can be checked without actually solving the characteristic equation by using the Routh-Hurwitz 
[1] criterion which for a 4th-order equation: 

can be written: 

and: 

aAs
A + a3s + a2s + a^s + a0 = 0 

a 4 > 0 , a 3 > 0 , a2-^
±>0 

a3 

a\a2aï ~ a\a4 ~ ala0 > 0 • 

Applied to equation (8), the Routh's inegalities lead to the following conditions: 
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1 I 1 1 

Û>;VTI V 

Go/û)p>-„2 col T+~ r(T» + T 2) 
yT, T 2 

GJ<Q.<0 . 

The first two conditions impose a limit on the loop gain, which for tx » T 2 can be written: 

1 
*i " -,2 

Û > ; ^ 2 

< SL < o 
<tf„ 

(9) 

It can be shown that even for the highest possible gain the quantity (im G(s = jcos)) is smaller 
than unity, which means that critical damping cannot be reached in practice. 

In conclusion damping with a differentiator circuit is limited in gain; this is particularly 
true for machines with high Qs. There is another reason for limiting the gain: at the frequency 
2fs, the loop gain should not be large, as the phase detector is never completely insensitive to 
amplitude fluctuations (quadrupole mode of oscillation of the beam). If the gain is too large the 
loop may excite the unwanted quadrupole mode. 

A variant of the differentiator scheme has been proposed [2] [3] in which the 
differentiator is replaced by a 90° phase shifter at/, , based on analog or digital delays. A 
similar study has been made [3], leading also to the result that the loop gain is limited. 

The differentiator scheme can easily be implemented (the DC or slowly varying offsets 
are automatically rejected); it is well adapted in cases where relatively slow damping is 
sufficient. In particular it is generally adopted for individual bunch damping in addition to a 
phase loop, as described in the following section, acting on all bunches at the same time. 

A typical result [2] is given on Fig. 4, showing the damping of dipole oscillations at 
injection in PETRAII. 

2.4 Feedback path with integrator 

The required 90° phase shift at fs can also be obtained with an integrator in the 
feedback path, with the transfer function: 

G(s) = -&-
V } 1 + ST 

(10) 

The loop gain at multiples of the synchrotron frequency, as well as at frev is smaller, 
as compared to the differentiator case, because the loop gain already rolls off at fs . 

Conversely, the loop gain is higher for frequencies below / , . This is generally an 
advantage for several reasons: 

the sources of excitation are usually stronger at low frequencies; a higher loop 
gain is more likely to reduce their effect on the beam. 
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the incoherent synchrotron frequency band extends from / , (for the 
synchronous particle) downwards. A large gain below/, will prevent excitation 
of parts of the beam, especially in the case of long bunches. 

as will be seen in section 3.2, the coherent synchrotron frequency decreases 
when the beam intensity increases, making the feedback with integrator better 
suited for high intensity beams. 

The Routh inequalities for a 3rd-order polynominal : 

a 3 > 0 , a2 > 0 , ax - - L - i > 0 , a0 > 0 

applied to the characteristic equation: 

TS3 + S 2 + TÛ>,2S + Û>, 2 (1 -G 0 ) = 0 (11) 

lead to the stability criterion: 

0 < G 0 < 1 . (12) 

The loop gain is also limited to keep the system stable, and therefore such a scheme is 
not very interesting as it can only provide weak damping and does not reject the static offsets. 

At the gain limit, G 0 = 1 one of the roots of the characteristic equation (11) becomes 
s = 0 : the system gets unstable at a very low frequency. A possible way to overcome the 
G0 < 1 limitation would be to reduce the overall loop gain at very low frequencies. To achieve 
this we can measure the beam-cavity phase error instead of the beam-reference phase error, as 
depicted in Fig. 5. This is equivalent to replacing the beam transfer function B by 5-1 in the 
characteristic equation. 

With B-l = -s2 /{s2 + to2) , the overall loop gain has a double zero at s 
anticipated. The characteristic equation can now be written as: 

rs* + (l + G0)s
2 + Tû)2s + û)2 = 0 . 

Application of Routh's criterion: 

T > 0 ; 1 + G 0 > 0 ; G°X(0* >0 ; © 2 > 0 
\ + GQ 

shows that there is no limitation on the loop gain: the system is unconditionally stable, 
more realistic case of a double integrator: 

G(s)= - ^ L_ 
1 + ATj 1 + ST2 

in which the term 1 /( l + st2) may account for the cavity bandwidth, the result is the same: 
there is no gain limitation connected with the stability of the system. 

Although this scheme with its unlimited gain has the capability of suppressing any 
dipole motion, it may not be very practical. This is because the large DC gain will amplify 

= 0, as 

(13) 

For the 

(14) 
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considerably any phase detector offsets, thus requiring unpractically large dynamic range of the 
phase shifter. A much better solution is to replace this phase shifter by a voltage controlled 
oscillator (VCO), equivalent to a phase shifter with an infinite range and integrator transfer 
function eop / s. (conversion frequency -> phase). The overall transfer function (10) can be 
restored by having a loop amplifier AC-coupled (transfer function GQS / (1 + sx)). 

This scheme: beam-cavity phase detector, AC-coupled amplifier and VCO is of 
common use in proton machines [4], provided the VCO stability and linearity are adequate to 
control the average radial position of the beam. Slowly varying offsets or stable phase 
variations are automatically rejected by the amplifier AC coupling. If the delays between cavity 
and phase detector and between pick-up and phase detector are made equal, the slowly varying 
phase offsets due to RF frequency variations are automatically eliminated. 

Such a system has, however some limitations; for instance if transition has to be 
crossed, it is easier to control the radial position of the beam directly rather than through the RF 
frequency (dR/df becomes infinite at transition). In such a case a DC-coupled VCO 
complemented with additional loops is a possible solution. 

2.5 DC-coupled phase loop with radial correction 

Assume for the moment that the VCO is driven by a DC-coupled loop amplifier, of 
constant gain GQ. 

The characteristic equation: 

'o* 0, s G M - / \ - l = 0 (15) 
co: + s 

s 2 -G 0 o) p s + 0) s

2=0 

has two roots, one strongly damped, for G0û> I » 0)s and G 0 negative, and a second one, 
weakly unstable in the vicinity of s = 0. As such, the system is therefore not stable (as 
expected); a fact which can be also analyzed by looking at its closed-loop response, including 

beam. If a perturbation Afin is introduced at the VCO input, the beam frequency deviation Afoul 

can be calculated, giving the closed loop response: 

Af o u l_ B o>2 ~ co 2 

^ P / n ,x „2 , „ 2 n , r t „ G nSC0 Af,, i - G 0 - E - ( B - l ) s' + o) g ' -G 0a) ps 0J 

p 

s (16) 

for G 0 large. 

The closed loop response is that of an integrator (1/s). This is because the strong phase 

loop imposes the beam-cavity phase to be proportional to the perturbation AfiH . For instance, 

for a constant Afin , the beam energy increases linearly with time (constant stable phase error), 

and so does the frequency deviation Afoul . This is just the characteristic of an integrator. 

To restore stability we can use an additional loop which measures the beam frequency 
error (or the radial position of the beam) and corrects the VCO input signal (Fig. 6). In the 
limit of G 0 large, the response of the overall system becomes simply: 
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A f ^ . 1 ( 1 ? ) 

Af:_ , G 0 S ( 0 p 

Gfco^ 
1-

where Gf is the radial (or frequency loop) gain (Fig. 6). This is just the response of a single-
pole low-pass filter with a time response: 

t r ^ -^ - f - (18) 
Gfcos 

which, for a large phase loop gain G0cop and small radial loop gain Gf, can be made much 
larger than the synchrotron period. 

In other words, the perturbations to the overall system (magnetic fluctuations, noise, 
etc) are filtered and look adiabatic to the beam, as the time constant xf can be made very long 

compared to the synchrotron period (even in the vicinity of transition, where a>s —» 0). 

The DC-coupled phase loop and radial loop combination has been in use for decades on 
proton accelerators and storage rings [5][6]. In addition to providing a strong damping of the 
coherent dipole mode (which can never be observed with such a system) it gives a convenient 
way of controlling the radial beam position without precise frequency synthesizers and 
magnetic field measurements. 

If the beam frequency must be synchronized with an external reference, the radial loop 
can be replaced by a so called "synchronization loop" (Fig. 7). The phase difference between 
beam and reference is used to correct the input of the VCO. However such a system has two 
integrators in cascade (frequency-to-phase conversion with the phase detector of the 
synchronization loop, and phase loop itself) and is therefore sitting at the limit of stability if Gf 
is purely real (Fig. 8a). To overcome this problem, the classical solution is to introduce a 
phase advance network in Gf as shown in Fig. 8b, which restores stability. 

2 .6 Quadrupole-mode damping 

Similar methods can be applied to damp the coherent quadrupole mode. The detection 
of quadrupole oscillations usually relies on the measurement of the peak line density of the 
bunches. A wide band pick-up electrode followed by a peak detector is the most commonly 
used technique (Fig. 9). The detector time constant must be long enough to reject 
components at frev and higher. 

The beam transfer function: amplitude cavity voltage A V/V -> quadrupole mode 

amplitude &*/*(* = b u n c h l e n ê t h ) i s simply: 

""•¥#T • ( 1 9 ) 

s 2 + (2û>,) 

the factor a depending on the bunch length. In particular, for very short bunches a = 1 / 4. 

Damping of the quadrupole mode again requires 90° phase shift at 2 / s , as for the 
dipole mode. The differentiator technique is always used, because it automatically rejects the 
large DC offset of the peak detector (which depends on the bunch intensity and is therefore 
difficult to compensate). 
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The gain limitation of the differentiator scheme is generally unimportant, as the 
quadrupole excitations are usually weak. If <j>s * 0, the loop amplifier can also act in the VCO 
input, and not on the RF modulator [7] [8]. 

3 . HIGH INTENSITY CASE 

Up to now, the influence of the beam current on the accelerating voltage has been 
neglected. To study the case of high intensity beams, where this effect becomes important, we 
start with the usual cavity model (Fig. 10), in which the cavity itself, as seen from the 
accelerating gap, is represented by a lumped elements RLC circuit. The beam is a pure current 
source IB (assuming that the beam energy is much larger than the cavity voltage), and the 
power generator a second current source IG . In this model the generator impedance, 
transformed to the accelerating gap has been included in the shunt resistance R. 

The vector diagram of Fig. 11, at the RF frequency represents the steady state situation 
in the case of a single cavity (or if all cavities are in phase and identical). The cavity voltage V 

results from the total current IT =Ia+IB flowing into the parallel RLC circuit impedance, 

characterized by the on-tune current I0=V/R and the detuning angle 

<pz (tan 0 Z = 2(2 A/lfRF, where Q is the cavity quality factor, including generator, A/ the 

cavity detuning with respect to the RF frequency fRF ). 

-* - » 
The phase of the beam current IB with respect to V is simply <pB + n/2 (below 

transition case) where <PB is synchronous phase angle determined by independent machine 
parameters (rate of rise of magnetic field and (or) synchrotron radiation). Our free parameter is 

the generator phase angle 9L (phase between IG and V ) which can be adjusted via the 

cavity tuning. The normal operating condition is <f>L ~ 0 , which corresponds to a resistive load 
to the power generator. 

3 .1 The Pedersen model [9][10] 

In the low intensity case, we have only considered the transfer function from cavity 
—> —» 

phase (voltage) to beam phase, including the cavity response itself (from IG and V ) in the 
electronic transfer function. Analysis of the high intensity case is far more complicated, not 

—> 
only because V is now influenced by IB, but also because the cavity may be largely detuned 
giving cross modulations from amplitude to phase and vice-versa. 

In the following we shall follow the analysis of F. Pedersen [9]. The variables are the 
—» - » —* 

phase and amplitude modulations of IG, V and IB. They are related by the cavity transfer 
functions GG and GB from generator and beam respectively and beam transfer function (B) as 
shown on Fig. 12. For simplicity we now only consider the case of short bunches, so that the 
amplitude of IB is constant, (IB = 2IDC) and the corresponding variable disappears. The 
transfer function tan <pB comes from the fact that B is the transfer function for phase 

—» 
modulations around the stable phase QB, which itself depends on the amplitude of V. 
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Phase and amplitude modulations can be represented by their two rotating vectors at the 
—» 

modulation frequency. The cavity transfer functions from modulation of IT to modulation of 
—» 
V are therefore given by: 

r _ r ^Az(s + jû)RF) Z{s-jcoRF)} 
U» U~ ~2\ Z(jœ„) Z(jcoRF) j 

G pa = Gap = 
r\z{s + jQ)RF) Z(s-jct)RF)} 
*1 Z(j(oRF) Z{jaRF) 

where Gpp, G M are the transfer functions from phase modulation to phase modulation, or 
amplitude modulation to amplitude modulation, and G^, G v are the transfer functions from 
phase modulation to amplitude modulation and vice versa. The cavity impedance Z (s) is given 
by: 

2aRs 

s1 +2as+û)t 
* ( ' ) = 2 . " ' 2 (2D 

where O" = cor / 2Q is the half cavity bandwidth (in rad/s) and cor the cavity resonant 

frequency. (ùr is related to the detuning angle by: 

œr = aRF + a tan <j>x . (22) 

Combining equations (20) and (21) one finds: 

CT2(l + tan 20 t)+(T5 
G°° = s2+2<jS + G2(l + tm2<l>t)

 ( } pp 

r ot&n<t>,s 
pa / + 2 a 5 + o 2 ( l + t a n 2 ^ ) ' K } 

- » - » -* 
The final transfer functions from IB and IG to V are obtained by projection of the modulations 

of IB or IG on / r according to: 

c J a C ^ c w ( w ) + ^ ^ ( W ) (25) 

and similar relations for G° a , Gpp and G^, etc. Finally one obtains the complete transfer 
functions: 
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G^ = 
CT^I + tan 2 # 2 + F(sin <j>B - tan 0 2 cos<I>B)) + <r(l + 7sin ^ ) J 

«p D 

T C _ -CT2K(COS 0 f l + tan 0, sin 0 B ) + <j(tan <f>,-Y cos 0 B )s 
•pa D 

_ r ( < 7 2 ( t a n 0 1 c o s ^ - s i n ^ ) - ( T s i n ^ 5 ) 
PP- D 

B y(<7 2(tan0 lsin0B+cos0B)+a"cos0 1,.s) 
G - = D 

D = s2+2(Ts + o2(l + vm2<l>l) Y = IB/I0 

GZ = Gl ap=-Lrpa • 

(26) 

3.2 System stability without loops 

Even without electronic loops built around the RF system, stability is no longer 
guaranteed at high intensity because of the reaction from the beam to the cavity voltage. If the 

—» 
cavity is driven open loop, as in Fig. 1, there are no modulations on I a, neither phase nor 
amplitude, and therefore Fig. 12 simplifies considerably, leading to the characteristic equation: 

fl(Gi + t a n ^ G i ) - l = 0 (27) 

which can be written in polynominal form: 

/ + 2 a J 3 + (o>2+ <r2(l +tan 2 0,))s 2 + 2 CTÛ)2S + o 2 ® ^ ! + tan2 0, - F t a n 0 , /cos0 B ) = O (28) 

Routh's stability conditions: 

and: 

a&i&i - c%aA - a%aQ > 0 

applied to (28) lead to the two inequalities: 

K sin 2 <t>, 

cos <PB 

and 
t a n 0 x > O 

(29) 

(30) 
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These two inequalities are referred to as the Robinson stability limits [11]. The second 
one (equation 30) is independent of intensity (low intensity limit), whereas the first puts a 
threshold on the beam current (proportional to Y). 

The low intensity limit has often been described in the literature on bunched beam 
instabilities. The RF cavity is a narrow band resonator whose resistive part may be different 
for the two synchrotron side bands at fRF +fs andfRF -fs. Below transition, stability of the 
n = 0 mode(all bunches in phase) is achieved if R(RF + /,) > R(fRF - / , . ) , which also 

corresponds to a positive detuning, or 0, > 0 (Fig. 13). 

To interpret physically equation (29) (high intensity limit), let us consider the beam 

induced voltage VB = ZIB and the generator induced voltage VG = ZIG, whose sum 
—» - » —» 
VB+ VG is simply V. The corresponding vector diagram (Fig. 14) is the same as the current 

diagram of Fig. 11 IB+IG=IT but shifted in phase by 0 2 . 

If the quantity tan (0, - QL) is evaluated at the stability limit: 

r = 2 c o s 0 B / s i n 2 0 I (31) 

using the relation: 

tan 0, -YcosèR ,„„,, 
tan0L= / 7 . WB (32) 

1 + Y sin 0 f l 

obtainedfromFig.il, one easily finds: 

t a n ( 0 , - 0 j = — 1 — (33) 
tan 0B 

- » - » 
showing that the vectors VG and IB are in opposition. The stability condition (29) can 
therefore be interpreted as the limit where the beam sits on the crest of the generator induced 
voltage. For the coherent dipole motion of the bunch, only this voltage can provide a restoring 
force (the beam induced voltage simply follows the bunch motion and cannot contribute). 
Therefore when the vector combination is such that the beam reaches the crest of the generator 
driven voltage, longitudinal focussing (or stability) is lost for the dipole mode. 

The stability limits (29) and (30) are shown on the diagram of Fig. 15, where the 

dashed areas are forbidden. The curve tan 0Z = 0 or Y = tan <t>z / cos (f>B, corresponding to a 
resistive load to the power source is also shown on this diagram. 

Combining (31), (32) and the following equation obtained from Fig. 11 : 

/ c = / o ( l + Ksin0 i ( ) /cos0 L (34) 
one finds, at the threshold current: 

' G = 2 / 0 

for the optimum power transfer situation (<j>L = 0). In other words, the power delivered to the 

beam is just equal to V2 H R at the current limit. In the case of a current source type generator 

http://obtainedfromFig.il
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(tetrode, for instance) this corresponds to the power lost in the cavity walls and the tube. If a 
matched generator is used (klystron and circulator for instance) in conjunction with a lossless 
cavity (superconducting), when all power is transferred to the beam (matched generator 

IG = 2 I0), one is sitting just at the stability limit [12]. 

3 .3 The case of long bunches 
- • 

For long bunches, the amplitude of IB is no longer independent of the amplitude and 

phase of V. In the simple case of a stationary bucket (<t>B = 0), the amplitude of the RF 
component of IB depends only upon the amplitude of the RF voltage through a transfer 
function: 

„ a' (2asf B"= 2

 l. s\2 (35) 

where ct' depends on the bunch length ( a ' = 0 for short bunches, a ' > 0 ) . Note that cc' is 
—> 

different from a (§2.6) as it is defined for the RF component of IB, and not for the 
quadrupole mode amplitude. 

Conversely the amplitude modulation of IB perturbs the amplitude and phase of V, via 
the cavity response. The relevant transfer functions: 

_ r B _ r o - 2 t a n ^ 
D G><ft= r * (36) 

Y (a2 + as) 
<%=-<£=-" V V ~"; (37) 

are valid for <j)B = 0 (Fig. 12, dashed lines). Without electronic loops, the system relations: 

pB = Bpv = B{GB

pppB + GB

apaB) 

aB = B'av=B'(GB

papB+GB

aaaB) ( 3 8 ) 

lead to the characteristic equation: 

( l - f i G „ , ) ( l - f l ' G j - BB'G^G^Q. (39) 

A detailed analysis of this case where there is coupling between the dipole and quadrupole 
mode has been given in Ref. [13], the result being that the Robinson stability limit (29) may 
be considerably different for long bunches. 

3.4 Stability limits with phase loop 

Consider again the phase loop of Fig. 6 which provides strong damping in the low 
intensity case. The diagram of Fig. 12 must be completed by the phase loop path: 
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measurement of the phase difference between IB and V and correction via the phase of the 
—* 

generator current/G (Fig. 16). 

For simplicity assume (j>B = 0, short bunches, and an idealized transfer function: C = cop/ s 
for the VCO. 

The characteristic equation can now be written: 

(s2 + co2)(s2 + las + CT2(l + tan2 <p2)) = co2

scr2Ytan<p, - a>ps(a2(l + tan2 fa-Ytan^) + os). (40) 

Applying again Routh's criterion to this 4th-order equation gives the following sufficient 
stability conditions for a large loop gain: 

0 2 >O Y< - \ - (41) 
sin2<pz 

fc<0 Y< ] r \ - (42) 
tan 20 I 

as plotted in Fig. 17. Comparing with Fig. 15, the effect of the phase loop is to remove the 
low intensity Robinson limit (<pz > 0). In other words, the strong damping imposed by the 
phase loop at low beam currents, overrides the small antidamping which would prevail at 
<(>z< 0. 

On the other hand, the high current limit is not affected by the phase loop, as shown by 
equation (41). This can also be understood in the following way: the high current limit 

corresponds to s = 0, for which the overall phase loop transfer function (cop / s)(s21 [cû2 + s2)) 
vanishes. The phase loop becomes inefficient when the frequency of the dipole mode 
approaches zero, i.e. when the high current Robinson limit is reached. 

3.5 Complete RF system 

In practice a complete RF system comprises in addition to the phase loop of Fig. 6, a 
tuning loop to keep <pL = 0 (static case) and an amplitude loop to regulate the amplitude of V. 
These loops which are sketched in Fig. 18, can easily be added to the block diagram of 
Fig. 12. Assuming simple integration type transfer functions for the loop amplifiers (tuning 
loop CT = 0>r /s, amplitude loop Ca = coa /s), one obtains an 8th-order characteristic equation, 
which can hardly be treated analytically. 

The only simple analytical result known to the author is the following: with tuning and 
phase loop only (no amplitude loop) Y is limited by the stability condition: 

Y < — — . (43) 
sin <pB 

In the case <PB = 0, <pL=Q, a large, and assuming fî(s) = 0,Pedersen has derived 
an analytical criterion [9|: 



307 

„ L COa 0)T (QT 0)a CO 

Y<J2+-JL + -I- + —L+—<*• + —*- . (44) 
^ COT COa COp Û)p 0)a 

Numerical solution of the characteristic equation for various values of the parameters 
leads to stability diagrams like those of Figs. 19, 20 and 21 [14]. When the individual loop 
bandwidths û)p) coa are equal to a, the loops are strongly coupled and the stability margin is 
very small, even at zero beam current (Fig. 19). Separating these frequencies as in Fig. 20 
improves the stability margin at IB = 0, but Y is limited to about 2 for the matching condition 
<pL = 0. The same result is found in Fig. 21 where Cûp, Cûa are much smaller than o~, giving 
unconditional stability at lB = 0. There again Y is limited to Y ~ 2 for fyL = 0. 

All these results show that exceeding Y = 2 may lead to beam loading instabilities of the 
RF system, depending on its operating conditions. 

As a general rule the design condition Y < 1, equivalent to: 

R Ib<V (45) 

provides a reasonable safety margin. 

3.6 Cures for heavy beam loading cases 

In the situation where the inequality (45) is not satisfied one can try to reduce the 
parameters Ib or R, as seen by the RF system. 

In the so-called "feedforward technique", the power amplifier is driven, not only by the 
signals generated by the amplitude and phase loops, but in addition by an RF signal derived 
from a beam monitor. The amplitude and phase of this signal is such that it generates in the 
cavity a current approximately equal to-IB. From the system dynamics point of view, this is 
equivalent to reducing the beam current by a large factor (beam loading compensation) 
[15][16]. The result is a considerable increase of the stability threshold current. Notice that 
the static power balance of the RF amplifier is not affected; simply the drive signal from the 
VCO and modulator are now different. 

Although this solution is conceptually very simple, it maybe in practice be difficult to 
implement for various reasons: 

Non-linearities of the power amplifier limit the cancellation effect (at best a factor 
10 can be achieved in practice), as well as phase and amplitude stability of the 
various elements in the compensation chain. 

For a varying RF frequency, all these problems are even more difficult: tolerances 
on gain and phase are very critical. 

To avoid coupled-bunch effects, the overall delay from beam monitor to cavity 
should be small, or exactly equal to one turn. 

A better, widely used solution, is to use RF feedback around the amplifier, as sketched 
in Fig. 22. Its effect is equivalent to introducing a shunt resistance across the accelerating gap, 
whose value is inversely proportional to the loop gain. In such a way R in equation (45) can 
be reduced by a large factor, increasing in proportion the beam current threshold. For large 
gains, it can be shown easily that the RF amplifier delivers to the cavity an additional current 
approximately equal to - IB, as in the case of the "feedforward technique". However the 
tolerances on phase and gain are far less critical, provided loop stability is maintained. 
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The overall loop delay td, limits the maximum gain, and therefore the minimum 
resistance Rmin which can be achieved with RF feedback. For a reasonable stability margin 
(45° at unity loop gain), Rmin can be evaluated easily in the case of a large loop gain. 
Combining: 

45° additional phase shift due to xd 8a> xd = nl 4 

cavity impedance far from resonance Z = 
R 

2jQ— 
co. 

one obtains [17]: 

R^-^fr- (46) 

The cavity half bandwith Of is increased in the same proportion: 

5f = - - -£- . (47) 
2 Q Rmm 

At the design limit Rmin • IB = V (equation 45), one obtains the ratio of cavity half bandwidth to 
revolution frequency: 

(48) 

where h is the harmonic number. If this quantity is small compared to unity, the stability of 
the RF system only involves modulations of the fundamental RF, as analyzed in the previous 
sections. This is typically the case of small rings where h is small. For large rings, usually h 
is larger (several hundreds to several thousands) and Of I frev can be much larger than unity. 
There the cavity impedance becomes large at the revolution frequency sidebands, and coupled-
bunch modes can be strongly excited by the RF system. The parameter (R IQ )(1/ V) would 
be more favourable if superconducting cavities could be employed. 

Figures 23 to 25 show a few examples of RF feedback technique applied in various 
cases: low power, varying frequency around 100 MHz (Fig. 23), high power in the megawatt 
range (Fig. 24) and superconducting cavity with extremely high feedback gain (Fig. 25). 
Many more examples are described in the literature [4, 18-22]. 

Although the equilibrium power conditions are not affected by either feedforward or RF 
feedback techniques, this is not true during transients, at injection or at the revolution 
frequency harmonics. In the case of large rings, with slow acceleration rate, this effect may 
even be dominant and the RF power requirements be determined only by the correction of fast 
beam loading transients. 
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INTRODUCTION TO CYCLOTRONS 

H.L. Hagedoorn, W.J.G.M. Kleeven 
Technical University, Eindhoven, The Netherlands 

ABSTRACT 
The Hamiltonian description is used to illustrate several properties of 
orbit beam dynamics in cyclotrons. Starting from a general orbit 
theory, transverse and longitudinal effects are treated for accelerated as 
well as stationary orbits. The relation with other circular accelerators is 
discussed. The notion of orbit centre is introduced and the influence of 
first and second harmonic field errors is discussed. 

1 . INTRODUCTION 

Since 1959 the cyclotron community has organised many conferences. The technological 
and theoretical information regarding the development of cyclotrons can be extensively found in 
their proceedings [1]. Nowadays practically all cyclotrons are of the AVF (Azimuthally 
Varying Field) type. These machines have complicated electric and magnetic fields and their 
design requires the use of elaborate analytical theories and numerical codes. Nonlinear motion, 
coupled motion (between transverse modes or between transverse and longitudinal modes), 
space charge and limitation of emittance together with many technological improvements such 
as control instrumentation, ion sources, field shaping and superconductivity are still topics of 
interest. 

In this paper the relation of the cyclotron to other circular accelerators will first be 
discussed, and then the motion of the orbit centre will be treated. This will be done starting 
from a general orbit theory. 

2 . THE GENERAL HAMILTONIAN AND SCALING 

Using curvi-linear coordinates the relativistic Hamiltonian is given by 

H = 

( 

\ 2 „ 2 E 2 + ( P x - e A x ) c 2 + ( p z - e A j c 2 + 
1 + - X 

eA. 

P(s) 

c 2 

where E r is the rest energy of the particle, x, z represent the transverse coordinates with respect 
to a reference orbit and s is the coordinate along that orbit. The radius of curvature depends on 
s. In this equation the electric accelerating field is not explicitly shown. In fact, if there is only 
one cavity there is no way to add a potential term to the Hamiltonian as is normally done when 
dealing with the Dee structure in cyclotrons where at a certain time J Eds = 0 along the orbit. 

Keeping in mind that the electric field in general can be written as 

E = -grad V - — 
at 

one sees that acceleration must be described by the time dependence of the vector potential. 
Two types of time dependency may be examined: 
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1) a high frequency part, denoted A f 

2) a constant or slowly varying part, which must take into account betatron acceleration, 
denoted by A 5 

So 

Â = Â . + Â f . 

For a convenient expansion of the Hamiltonian one likes to have all variables as small 
quantities. Therefore we first define a reference momentum Pso(t) 

p s o(t) = P(x = 0=z , t ) + eA s s(x = 0 = z,t) 

in which P(x = z = 0,t) is the kinetic momentum on the reference orbit and A S j S is rather free in 
constant field machines but must be defined carefully when betatron action has to be taken into 
account: / A s ds = enclosed flux. A second step is to separate the fast changing Asf. 

The transformation is now defined by a generating function G 

G = p xx + p zz + pss + p s o(t)s + ejA s f (s , , t)ds ' 

yielding the transformation relations: 

x = x z = z s = s 
Px = Px P Z = P Z P. = P.-P«,(t)-eA i > f (s, t) 

BG 
H = H + at 

The new Hamiltonian becomes: 

H = E 2 + p 2 c 2 + p z

2c 2 + 

\ 2 

Ps + Pso _ e A 

v s,s 

1 + -
V P 

c '+s l -P -W-erE .Cs ' .Dds ' 
dt J 

where 

E s(s,t) = - - A s f ( s , t ) . 

The potential-like function is written as: 

s 

ej E(s')ds'*cosJco I IF(t)dt 

in which COHF is the angular frequency of the HF accelerating system. 
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The geometrical factor is a unique function of s but only in the case of a cyclotron or a 
synchrotron with two cavities in push-pull mode also a function of azimuthal position (notice 
that s increases after each turn). 

V(s) 

T 
Î 

T % T 
i 2 T T I 

> s 1 1 
cyclotron 

> s 
one cavity 

- J Fig. 1 TheshapeofV(s) = J E(s')ds' for a cyclotron and for a one-cavity ring accelerator 

The above transformation is correct if the cavity is outside magnetic fields as is the case in 
synchrotrons and in racetrack microtrons. However, in the case of a cyclotron or a classical 
microtron the transformation is more complex, but ends with a similar result. 

Instead of polar or orbit coordinates, cartesian coordinates are sometimes more 
convenient. In the latter case, the transformation to remove the rapidly varying vector field 
component again becomes simple. As a further development the vector potential should have a 
dependency on the transverse coordinates, yielding (de)focusing forces. 

Scaling 

It is useful to take relative coordinates 

= x 
x = — 

R 
P = K 

" P. 

z = R 

P = K 

fz p 

s 

p. 

where Po is a constant reference kinetic momentum and R is the effective radius (L/2K). 
Furthermore, a new time coordinate coo* = t is defined, where coo is the angular revolution 
frequency. 

In this case the Hamiltonian must be adjusted to: 
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H= H 

û)0P0R 

Remark 

In some cases, instead of t = C0ot> it is useful to define dx = co(t)dt. The new coordinate s may 
be regarded as an azimuthal coordinate 9. 

= C E ? =2 =2 

co0R V p 0c 

f Ps + Pso eA ^ 
2 

1 + x / p P0 ) 

d _ 
^-- i^rf 1 *-** dx ' " P„co o w o 

For the study of non-accelerated orbits, the last two terms outside the square root in the above 
equation must disappear. For betatron orbits only the last term can be skipped. 

3 . ACCELERATION 

The most simple case is for the betatron acceleration where there is no RF component of 
the vector potential. Further for simplicity cylindrical symmetry is taken. This means that the 
longitudinal canonical momentum must be a constant. Therefore also PSo(t) = constant: 

P s o = P(x = 0,z = 0,t) + eAs(x = 0,z = 0,t) = constant 

For an equilibrium orbit, first-order terms in the Hamiltonian have to be zero. It is convenient 
to choose P s o = 0. Further, since the kinetic longitudinal momentum equals eBp with p the 
radius of curvature, we must find a representation of A s around the equilibrium orbit which has 
the value: 

R 2 ( R N\=2 R 2 =2 
A = - B R - - p + b, x + — b.z +....A =0 A =0 

2 VR ) 2 

with 

OB. 
b,= 

3x / x = 0 

The Hamiltonian now has no first-order terms and we have 

P(x = 0, z = 0, t) = -eA s = -eB 0R 

Because of the cylindrical symmetry 

A f= — ffBdS 

and 

B0=—UrffBdS . 
° 2 K R 2 J J 
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The last expression shows the condition for betatron acceleration: i.e. the average magnetic 
induction inside the orbit equals twice the magnetic induction on the orbit. 

For the study of the HF acceleration by cavities or Dee structures a number of 
manipulations have to be carried out which will not be detailed here. Only the final result will 
be given for the linear uncoupled motion: 

H = lco„K ' A W A 
2 

2 W. v w o y 

eVsinhe W„ J 1 dû) 
e 'HF 

n h coK o)„ dt 

In this Hamiltonian, AW/co0 is the generalized momentum and 8 the coordinate. The quantity 0 
represents the phase of the particles with respect to the HF phase. Furthermore, CÙ0> W 0 , K 0, 
B 0 are quantities defined on a reference orbit, 0)0 the angular frequency, W 0 the relativistic 
energy and B 0 the magnetic induction on the reference orbit which in the above given formula is 
taken to be azimuthally independent, 

1 
« 2 

K „ = - Y o 

where a is the momentum compaction factor. The harmonic number of acceleration is 
represented by h while AW is the energy deviation with respect to the reference particle's 
energy. The Hamiltonian is written in the independent variable t, the time and two accelerating 
gaps are taken. 

For a synchrotron both quantities Û)HF a n d B change with time. For a synchrocyclotron 
only COHF

 =
 Û)HF(I)

 a r , d B is time independent. For an isochronous cyclotron both CÛHF and B 
are time independent and K 0 = 0. This means that such a cyclotron in principle always operates 
on transition. 

The resulting Hamiltonian now simplifies to 

__ -eVsinh9 
H — 

h 

and the energy increase is given by 

AW 

"• e V c o s h e ^ = o dt 7t dt 

or per turn 

dW „ „ u r t d6 n 

= 2eVcosh9 — = 0 . 
dn dn 

Just the normal increase in energy shows up. To find the influence of the HF structure on the 
orbits one has to go to higher-order terms in the Hamiltonian presentation. Especially in the 
central region and near resonances these may become important. 



328 

One finds the condition that for all orbits in the isochronous or AVF cyclotrons a=l/y 2 . 
This is in practice only approximately true, so that phase excursions occur (normally these are 
about 10° over 500 turns for magnetic fields and frequencies that are known to 10"5 precision). 

Non-accelerated orbits 

For simplicity we take a cylindrically-symmetrical field that is constant in time. Further, a 
vector potential that equals zero on the central orbit, and a reference momentum pso = eB 0 R 0 are 
chosen. In this way there are no first-order terms for the transverse coordinates under the 
square root of the Hamiltonian and the work of expanding it is significantly reduced. 

In the azimuthally varying fields the problem of eliminating the first-order part in the 
Hamiltonian is more complicated. In ring accelerators one defines the central orbit 
geometrically. In cyclotrons one has to find the central orbit by application of the analytical 
theory as a first approximation, and then by numerical orbit integration in order to find the orbit 
revolution frequency with a high degree of precision. One finds in the linear approximation 

1 =2 I =2 1 =2 1 =2 1 =2 = 
- p x + - ( l - n ) x + - p 2 + - n z + — y p e + p e 

The longitudinal momentum p e is a constant, as the azimuth 0 is not present (9 = s). By 

making p e = 0, this means that the reference energy is taken, one observes just the betatron 

oscillations. However, the coupling term p e x still has a special meaning: 8 = - x +1 , showing 
that the revolution frequency of the particle is not exactly equal to the angular frequency of the 
HF. This is a coupling term which can be removed by a suitable transformation: 

1 — n 

z = z Pz = P z 

e=ë+-^ 
1-n Pe 

This transformation is canonical. It separates x into two parts; one due to Pe ~ Pe * 0, a 
wrongly chosen energy, and one due to the normal betatron oscillation. Further the azimuth § 
is represented by a new azimuth 0 and a correction term p x / (1 - n) which will be explained 
below. 

The resulting linear Hamiltonian now becomes fully separated in the three dimensions: 

1 - 2 . U , v-2 , 1-2 . 1 -2 , l ~ 2 f l l 

H = - ft + - ( 1 - n)x z + - ft + - nz z + - ft 2 , i + Pe U- l~n. 
~ 1. 

In view of the large difference in the coefficient of p e , this transformation must always be 
carried out if longitudinal effects are to be investigated. 
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reference 
orbit 

xR 
x ^ 

centre of 
reference orbit 

Fig. 2 Schematic illustration of the relation between p x ,x and the orbit centre: ©centre of 
reference orbit, • centre of instantaneous orbit 

The meaning of the quantity p\ / (1 - n) or, in a more extensive theory, p x / v R where the 
radial betatron frequency VR in cyclotrons has a value slightly differing from unity, can be 
observed in Fig. 2. The position of the orbit centre of a particle with a relative radial 
momentum p x = p x / p 0 is shifted by an amount p x • R. Thus the correction in the azimuth § 
to get a fully separated linear Hamiltonian means that we have to regard as a new coordinate §, 
the azimuthal position with respect to the instantaneous orbit centre. Note, however, that 
though modified, this is still a correction in machines which do not have VR = 1. In cyclotrons 
accelerating on higher harmonics this correction, which should always be applied to get 
separated oscillations, may have important consequences. 

A particle at a certain azimuthal position with radial coordinate x and radial momentum p x 

has its instantaneous orbit centre shifted by xR and PXR as shown in Fig. 2. If VR equals unity 
this orbit centre remains fixed in place. If VR -1 > 0 the orbit centre moves with a frequency 
-(VR -1), i.e. it rotates in the opposite sense to the particle motion. 

The notion of the orbit centre motion is thus very convenient in understanding cyclotrons. 

4 . THE ORBIT CENTRE 

The motion of the orbit centre is conveniently described in cartesian coordinates X,Y. 
The X-Y system is fixed in the cyclotron (see Fig. 3). 

To find the actual position of the particle one has to add its radius of curvature at its 
azimuth to the orbit centre position (see Fig. 4). 
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a-o 

Fig. 3 The orientation of the X-Y system with respect to the azimuthal zero point of a cyclotron 

Fig. 4 The actual position of the particle 

The radial motion of the particle is now represented by a slowly moving orbit centre. Suppose 
that there is a magnetic bump (Ô shaped) at a certain azimuth. Then, due to that bump, the 
value of p x will decrease (if the bump is positive) and the orbit centre moves to the left (see Fig. 
5). 

particle 
motion 

orbit 
centre 

Fig. 5 The influence of a magnetic bump 

A magnetic bump gives a shift in the orbit centre at right angles to the original azimuthal 
orientation of the particle. In the same way, one can see that an accelerating gap moves the 



331 

orbit centre along the line of its own orientation. So electric fields behave in the same way as 
magnetic field bumps lying about 90° away. 

With this moving-orbit-centre picture a rather simple presentation can be made of the 
influence of a first harmonic field perturbation. 

The new equilibrium orbit 

Let the radial frequency be VR > 1 and the magnetic bump be described by an 
enhancement AB over an azimuthal interval A0. The resulting first-harmonic field perturbation 
is given by 

1 A e Aft 
A 1 = - f A B d 6 = —»AB 

K J % 

The bump has its orientation in the -X direction. The requirement for an equilibrium orbit is 
that it is closed after one turn (see Fig. 6). The change in radial momentum due to the bump is 
given by 

A p x = ^ . A 0 . 

The orbit centre thus shifts in the Y direction by 

A D 

A6«R = AY . 
B 

Fig. 6 Shift of the equilibrium orbit due to a bump 

The rotation of the orbit centre after one revolution is given by 27t(vr - 1). Thus for an 
oscillation amplitude A one gets a shift AY = 2ît(vr - 1)A as shown in Fig. 6. 
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Putting 

- — AG • R = 27i(vr - 1)A 
B r 

the new equilibrium orbit centre is shifted in the X-direction away from the perturbation 

AX = l- • — A 6 « R = — ^ *R 
2rc(v r -l) B 2 ( v r - l ) 

in which £1 is the relative first harmonic ei=Al/B. Often the expression 

v ? - l 

is given. As VR ~ (1 + a small quantity) both expressions can be used. As a numerical 
example ei = 10~4, R = 1 m, VR -1 = 0.01 we find Ax = 5 mm. This shows the extreme 
sensitivity for first-harmonic perturbations. 

- An extraction scheme 

In Fig. 7 a possible scheme for extracting particles out of a cyclotron is given. A first 
harmonic is taken which increases with radius. As the particle has an increasing radius on each 
turn one may also say that the first harmonic increases each turn. In Fig. 7 the motion in X-Y 
space is shown. The separation between successive turns is even more increased due to the 
growing radius. 

Fig. 7 An extraction scheme for a cyclotron 
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- An accelerated equilibrium orbit 

In a one-Dee system, two accelerating gaps opposite to each other, the orbit centre moves 
as given in Fig. 8. The Dee gap is along the Y direction. For VrVE ~ 10' 2 and R = 0.5 m, one 
finds AY = 1/2»10"2»0.5 m = 2.5 mm. For VR -1 « 0.05 one finds Ax « 0.2 mm. The actual 
position of the particles is always at another radius than one would expect. This effect may 
have an influence on the revolution frequency in some cases. 

Fig. 8 The accelerated equilibrium orbit in a one-Dee cyclotron 

- The general orbit centre motion 

In practical cases for AVF cyclotrons there is an azimuthally varying field. Together with 
the radial dependency and wanted or unwanted perturbing fields one has rather complicated 
centre motions, due to non-linearities and coupling. However, the description in X-Y 
coordinates can still be made. As an example, the result for a second harmonic perturbation is 
given in terms of a Hamiltonian description 

H = - { ( v R - l ) + - A , + - A 2 2 1 2 2 4 2 
X 2 + ^ ( v R - l ) -A 2--A 2!>Y 2 

2 2 4 2 

As the Hamiltonian is time independent, it is a constant. The coefficients A 2 and A 2 are the 
relative second-harmonic perturbation and its radial derivative (rdA2/dr). For A 2 = A 2 = 0 one 
observes circles as flow lines. ForA 2 , A 2 * 0 one obtains either ellipses or hyperbolae. In 
the latter case instability occurs. The condition for stability is 

1|> A 2 + 
1 

CONCLUSION 

In many cases the analytical results are sufficiently reliable for a first machine study. In 
all cases they help in understanding the necessary numerical calculation. 
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