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SUMMARY

In order to assess the suitability of acoustic tomography in the steam generator, detailed
information on its acoustic transmission properties is needed. We have developed a model which allows
one to calculate the sound field produced by an incident wave in the steam generator. In our model we
consider the steam generator as a medium consisting of a two-dimensional array of infinitely long cylindrical
tubes. They are thin-walled, made of metai and are immersed in a liquid. Inside them there is a liquid or a
gas. The incident wave is plane and perpendicular to the cylindrical tubes.

When a sound wave crosses the tube bundle, each individual tube is exposed to a fluctuating
pressure field and scatters sound which, together with the incident wave, influences the pressure at all
surrounding tubes. The motion of an individual tube is given by differential equations (Heckl 1989) and the
pressure difference between inside and outside. The interaction of a tube wall with the fluid inside and
outside is treated by imposing suitable boundary conditions.

Since the cylinder array is periodic, it can be considered as consisting of a large number of tube
rows with a constant distance between adjacent cylinders within a row and constant spacing of the rows.
The sound propagates from row to row, each time getting partly transmitted and partly reflected. A single
row is similar to a diffraction grating known from optics. The transmission properties of one row or grating
depend on the ratio between spacing and wavelength. If the wavelength is larger than the spacing, then the
wave is transmitted only in the original direction. However, for wavelengths smaller than the spacing, the
transmitted wave has components travelling in several discrete directions,.

The response of one row to sound scattered from a neighbouring row is calculated from
Kirchhoffs theorem. An iteration scheme has been developed to take the reflection and transmission at
several rows into account
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Sound propagation in the sfajam generator - a theoretical approach

by

Maria A. Heckl, Department of Physics; University of Keele, U.K

1. Introduction

A steam generator is a complex anisotropic medium. It consists of a large bundle of

identical periodically positioned cylindrical steel tubes which are filled with steam and

surrounded by a liquid. Our aim is to model the sound transmission properties of this

medium. The medium has the following characteristics.

(1) cylindrical geometry,

(2) interaction between steam, walls, and liquid,

(3) interaction between all cylinders,

(4) periodicity.

We consider these points in more detail.

(1) The tubes in the bundle are considered as infinitely long and thin-walled. The

acoustic behaviour of a single cylindrical tube is described in section 2.1.

(2) Boundary conditions requiring continuity of velocity on either side of a cylinder

wall enable us to describe the interaction between the steam and the wall and between

the wall and the liquid.

(3) When a sound wave crosses the tube bundle, each individual tube is exposed to a

fluctuating pressure field and radiates sound which, together with the incident wave,

influences the pressure at all surrounding tubes. This interaction can be treated with

Green's theorem and the two-dimensional wave equation.

(4) The periodicity of the medium is modelled in the following way. The tube bundle is

considered as a number of rows of tubes; the rows are equally spaced and the tubes in a

row are also equally spaced. This is described in more detail in sections 2.2 and 2.3.

Our investigations on the tube bundle are based on the work by Twerski (1956, 1962)

and Achenbach (1986). Twerski considers a grating of periodically spaced cylinders

with simple boundary conditions and calculates the reflection and transmission
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coefficients of an incident wave. Achenbach considers a two-dimensional array of

spheres and analyses the reflection and transmission processes. Both authors only

consider the wave propagation across a single layer of scatterers. Our problem differs in

that we are dealing with a medium consisting of many layers of scatterers and with

waves that penetrate the many layers. Also, our considerations are for cylindrical tubes

with flexible walls that require rather more complex boundary conditions than those

used by Twerski.

The scatterers have to be arranged in a regular pattern, though not necessarily a square

one. Our analysis will be valid for a large frequency range. The range has an upper

limit which is imposed by the condition that the wavelength has to be large compared

with the thickness of a tube wall. For the geometry of interest this limit is about

100,000 Hz.

2. Theoretical analysis

2.1. Single cylindrical tube immersed in a fluid

We start our considerations with a single cylindrical tube filled with a fluid and

immersed in another fluid (see fig.2.1). When dealing with vibrations of cylinders it is

convenient to decompose their motion into modes, e.g.

(2.1) v . I

for the radial velocity. The factor e denoting the time dependence will be dropped

throughout. The equation of motion of the cylinder wall can be written as

( 2-2» P n - % •*„"„•

with

(2.3) Z • -Eh \ -2(^^)2 4 + co

cw

P and Q are the pressure modes at the outside and inside surface of the wall

respectively, Z is the cylinder impedance of mode n, a is the cylinder radius, h is the



wall thickness, v is the Poisson ratio, E is the Young's modulus, c is the speed of

sound in the wall material (compressional waves in plates) and ß = ,4* • (2.2) and

(2.3) have been obtained from equation (9.16) in Junger and Feit (1972).

For the problem of a bundle of tubes it is useful to know the relationship between P

and v . This can be obtained by eliminating Q . According to Morse (1948, p.305) the

pressure field inside the cylinder is

« J (kr)
(2.4) Q(r,q>)= I J L J _ Q e«<P,

J(k) n

where r is the radius and q> the angle in cylindrical co-ordinates, k- = ^- is the wave

number inside the cylinder and J is the Bessel function of order n. c- and g. are the

speed of sound and density respectively of the medium inside the cylinder. We apply

continuity of the radial velocity as a boundary condition at the inside surface; this

gives, in combination with the momentum balance,

r=a
(2.5) icoQv

or

JJka)

If (2.6) is inserted into equation (2.2) we obtain

f Jn(k?}

2.2. One-dimensional array of cylindrical tubes in a fluid

We consider the arrangement shown in fig. 2.2. The cylinders are numbered by the

integer s ( s = -°°, ... °°). Their spacing is d. The incident wave is perpendicular to the



rube axes and the anale between the x-axis and the incident wave is q> .
1 Q

The total pressure field P between the scarterers is composed of the incident wave

and the sump of all the scattered waves,

(2.8) P(r) = p(r) + $ (r) .

The scattered pressure field p can be expressed with Kirchhoff's equation

(2.9) p (rj - \[G(CQ) dS- - P(Q) ^

where G fr,Q) is the Green's function, r is an observer point outside all the cylinders, Q

is the source point on the surface S of the cylinder s = 0 and cp' is is the angle between

Q and the x-axi.s. -r- is the derivative with respect to | Q\ .

The Green's function for a row of periodically spaced cylindrical tubes is (Twerski

1956)

(2.10) G(r_Q)=-^ I H(IJ (k \r-Q-sd\)e ° ° ;

it contains contributions from each individual cylinder, k = — is the wave number in

the outside medium, H is the Hankel function of the first kind and of order zero,

(1)
JH

cos^o^ cos ^o(k \r- Q\) is the Green's function for a single cylinder, and e is

the phase difference between adjacent cylinders introduced by the incident wave. This

phase difference is constant because of the periodicity of the cylinders.

The Green's function can also be written as a sum of plane waves scattered in different

directions

(2.11) G (r_o) - - ^ l J u r ¥ ; e

The derivation of this result from (2.10) is shown in Twerski (1956). v is an integer,



denoting the direction of the scattered plane waves,

(2.12a) cos <pv = cos cpQ + | ^ ,

V l-cos2^ for \cos <pj
(2.12b) sin cp = •

i\J,cos2cp-1 for \cos cp \ > 1 .

:,_yj are the co-ordinates of the observer point r and % r\) those of the source point Q.

The fact that sin q> can be real or imaginary divides the range of v in two as far as the

wave propagation in the y-direction is concerned:

X
| v -4- | < i propagating waves,

(2.13)
X

| v -T- | 2-1 exponentially decaying waves.

X = T ^ is the wavelength of the fluid outside the cylinders.
O KQ

Equation (2.11) indicates that we are dealing with the acoustic analogy of a diffraction

grating well known in optics.

The pressure and its derivative in Kirchhoff's equation (2.9) can be expressed in terms

of modes,

(2.14) />= I Pmeim(p',
m=-°°

vm

* .

In (2.15), the boundary condition of continuity of velocity at the outside surface of the

wall was used in combination with the momentum balance, as well as (2.7). If G(r,g)



from (2.11), its derivative with respect to g, (2.14) and (2.15) are inserted into (2.9) and

the resulting expression inserted into (2.8), we get

(2.16)
p 1 *o(x-acoscp>)cos cpv jk

_0L_ Y P I Jm(P y . - c - • e

-ICOQO

Jm(kia)

1 ' *

- ikQ fcoscp' coscpy + sincp' sirupysgn(y-a sincp')] i dcp'

This equation contains P(r) and P as unknown quantities, where r is a point outside

all cylinders and not on their outer surfaces and P are the pressure modes of the

cylinder s = 0. In order to determine P it might be obvious to evaluate (2.16) at

\r\ = a. This, however, leads to numerical difficulties because the sum over v will not

converge at the points y = a sin <p, where source and observer point coincide. In order

to avoid this problem, (2.16) is evaluated close to, but outside the cylinder surface at

\r\= a + 6a, and the pressure at | r | = a is approximated with a first order Taylor

expansion,

(2.17) P (a,<p) = P

or with the momentum balance

(2.18) P (a,cp) = P (a+M,cp) - icoQo Aa v(a) .

(2.16) is inserted for P(a+&a,q>) and (2.18) Fourier transformed; this gives a linear

equation to determine P ,
00

(2.19) P = I P f + ib ,
n m^M mJmn ^n

where
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ikß((a+&a)coscp-acos(p')cos(p
e

+ ,ym<p' sinq> sgn(y-a sinq>']\ dcp'dcpI

and

(2.21)

-ICOQ

1 ljm(

iüi

0

(k

(k

" + Zm

^6mn

I** , T

ta)
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which is the modal decomposition of the plane incident wave. The numerical

calculation of/ presents a number of difficulties: (i) the sum over v converges very

slowly for sin q> - sin q>', and (ii) the integration with respect to q>' is over a function

with discontinuities, cusps and large variations.

2.3. Two-dimensional array of cylindrical tubes in a fluid

We now consider a number of cylindrical rows as shown in fig. 2.3. The rows are

numbered by the integer t.

(i) Direct sound propagation

The following scheme gives the directly transmitted wave from an iteration method

progressing from row to row. The wave scattered from one row (t) acts as an incident

wave on the next row (t+1). Only the transmitted waves are considered; waves

reflected at the rows are ignored.

The pressure modes P , necessary to determine the sound scattered from row t are

calculated from (see equ. (2.20))



(2.22) p(n - I fmnPm ^ n '
m

where i/' are mode? of the pressure at row t scattered by row t-1. Kirchhoff s equation

(2.16) evaluated at

x = a cos (p,

y = (t+l)d + a sin q>, (cpef-^xj),

i.e. at the surface of the centre cylinder of the next row, gives the incident wave

iff + (x,y + ) ; this is Fourier transformed and used in an equation like (2.21) for row

t+1. This procedure yields the speed and attenuation of a wave travelling across the

rows, for frequencies where A > d, because then there is only one direction of

propagation (see (2.13)) and the waves scattered from one row are essentially plane

when they reach the next row. The cylinder rows can be treated like walls with a

complex transmission coefficient T. It can be shown with Bloch's theorem (Brillouin

1946) that the speed c of a wave passing through a layered medium of walls a distance

d apart is

cud
(2.23) c =

phase (T) + ^
co

\T\ is the ratio of the pressure amplitude of the transmitted wave at row t+1 to that at

(ii) Multiple scattering

For high frequencies where A < d, there are two or more distinct directions in which

waves can travel, and the approach using the transmission coefficient of a cylinder row

is no longer possible. In order to get the pressure field in the tube bundle, the iteration

scheme described in section (i) has to be extended to include also the reflections.

3. Numerical Results

The numerical calculations were performed for a bundle of steel tubes filled with and

surrounded by water. This allows comparison with measurements on a tube bundle in a

water tank (Rowley 1990). The following parameters for materials and geometry were

used in our numerical calculations.



o-

<p = J-K (perpendicular incidence at first row)

c = c = 1460™- (water)

Q = Q. - 1000 ±fi (water)
m-'

cw = 5000

Q = 8000

.. a = 0.0085

ill

T
iiS
m3

m

h = 0.001 m

a* = 0.0255

v= 0.3

m

(steel walls)

(steel walls)

(tube radius)

(wall thickness)

(tube spacing)

(Poisson ratio)

3.1. Single cylindrical tube

It is of interest to determine the resonance frequencies of a single immersed tube. They

were determined as the zeros of the imaginary part of

• Hn><koa>

1pn

which is proportional to the ratio — and can be seen as the impedance of a
n

fluid-loaded cylinder wall. The resonance frequencies and their corresponding mode

numbers are listed in table 3.1 for frequencies ranging from 0 to 100 kHz.

/ [Hz] mode number

6390

19060

37860

56940

82130

92830

2

3

4

1

0

2

Table 3.1 Resonance frequencies of a cylindrical tube in water
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3.2. One-dimensional array of cylindrical tubes in a fluid

We now consider the arrangement shown in fig. 2.2, where a plane wave is scattered

from a single row of tubes. According to (2.13), the transmitted wave has only one
c

propagation direction (that of the incident wave) if/ < -r- . This critical frequency/ is

at 57255 Hz in our case. For frequencies between / and 2f there are two or three

propagating directions, depending on the angle <p. At frequencies higher than 2/ there

are even more propagating directions, but these frequencies are not of interest here. Fig.

3.1 shows the amplitude ratio in1 . of the transmitted wave where \P I and \P | are
I 0\ l

the pressure amplitudes corresponding to v=0 and v=l respectively. The numerical

calculations are based on equations (2.22) and (2.16) which was Fourier transformed

with respect to the space co-ordinate x. It can be seen from the figure that \P | is a

considerable fraction of \P \ for frequencies above/ . This means that a considerable

part of the original sound signal is scattered away from the original direction and a high

attenuation is perceived in the direction of the incident wave. The sudden increase in

attenuation a t / has been observed by Rowley and Airey (1990).

3.3. Two-dimensional array of cylindrical tubes in a fluid

The speed of sound c and the magnitude of the transmission coefficient \T\ of a wave

travelling perpendicularly through a two-dimensional array of tubes (arranged in a

square pattern) was calculated as described in section 2.3 for frequencies below/ . The

results are shown in fig. 3.2. The sound speed (fig. 3.2a) is not very different from that

in pure water except at some of the resonance frequencies where the numerical

calculations are not very reliable. The magnitude of the transmission coefficient is

shown in fig. 3.2b for the same frequency range. At nearly all frequencies, \T\ is

between 0.8 and 1.0, suggesting that the sound waves pass through the tube bundle

without considerable transmission losses. It is interesting to note that at a frequency of

about 50 kHz there is total transmission and no sound is reflected at the tube walls. The

fact that the values for \T\ are relatively close to 1 indicates that acoustic tomography

techniques are quite feasible to detect and locate leaks in a steam generator unit.



A. Discussion

The acoustic behaviour of a bundle of cylindrical tubes, as found in a steam generator

unit, has been examined, and the speed and attenuation of a sound wave passing

through such a bundle were calculated for a large range of frequencies. It was found
co

that for frequencies below the critical frequency / = -7- , where the spacing of the

tubes and the wavelength coincide, sound propagates with a speed which is similar to

that in the surrounding fluid, they suffer little attenuation, and show no strong

frequency-dependence of the speed of sound. There is a sudden change in the acoustic

behaviour for frequencies above / because then several propagation directions occur

and a rather larger attenuation seems to take place. This case still requires more

detailed examination. It is however clear that sound waves of frequencies below the

critical frequency travel through the bundle without much attenuation and without

strong dispersive effects. They are therefore suitable for acoustic monitoring of steam

generator leaks.
o
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Fig. 2.1 Fluid-filled cylindrical tube immersed in a fluid

Fig. 2.2 One-dimensional array of cylinders in a fluid
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Fig. 2.3 Two-dimensional array of cylinders in a fluid
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Fig. 3.1 Amplitude ratio -rry1!- as a function of frequency
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Fig. 3.2 Speed of sound (a) and magnitude of the transmission coefficient (b) in the

two-dimensional array as a function of frequency. (The resonance frequencies of the

single cylinder are marked by dashed lines.)


